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0\RSLF�DGDSWDWLRQ�LQ�JDPHV�ZLWK�VWUDWHJLF�FRPSOHPHQWDULWLHV
1LNRODL�6��.XNXVKNLQ

$EVWUDFW
,Q�D�ILQLWH�JDPH�ZLWK�VWUDWHJLF�FRPSOHPHQWDULWLHV��HYHU\�VWUDWHJ\�SURILOH�LV�FRQQHFWHG�WR�

D�1DVK� HTXLOLEULXP�ZLWK� D�XQLODWHUDO� LPSURYHPHQW�SDWK�� ,I� DOO� EXW� RQH�SOD\HUV
� VWUDWHJLHV� DUH�
VFDODU�� HYHU\� VWUDWHJ\� SURILOH� LV� FRQQHFWHG� WR� D� 1DVK� HTXLOLEULXP� ZLWK� D� EHVW�UHVSRQVH�
LPSURYHPHQW�SDWK��,I�DOO�SOD\HUV�KDYH�VFDODU�VWUDWHJLHV�DQG�HDFK�SOD\HU�LV�RQO\�DIIHFWHG�E\�WKH�
VXP�RI� WKH�SDUWQHUV
�FKRLFHV� �LQ�SDUWLFXODU�� LI� WKHUH�DUH� MXVW� WZR�SOD\HUV���HYHU\�EHVW�UHVSRQVH�
LPSURYHPHQW�SDWK�HYHQWXDOO\�OHDGV�WR�D�1DVK�HTXLOLEULXP�
.H\ZRUGV� 6WUDWHJLF� JDPH�� ,QGLYLGXDO� LPSURYHPHQW� SDWK�� %HVW�UHVSRQVH� LPSURYHPHQW� SDWK��
6WUDWHJLF�FRPSOHPHQWDULWLHV�
-(/�&ODVVLILFDWLRQ��&��

���,QWURGXFWLRQ
,QGLYLGXDO�P\RSLF�DGDSWDWLRQ�LQ�VWUDWHJLF�JDPHV�KDV�EHHQ�VWXGLHG�VLQFH�WKH�WLPH�RI�$��

&RXUQRW�� $Q� LPSRUWDQW� VWHS� ZDV� PDGH� UHFHQWO\� E\� 0RQGHUHU� DQG� 6KDSOH\� �������� ZKR�
HVWDEOLVKHG�D�OLQN�EHWZHHQ�XQLODWHUDO�LPSURYHPHQW�G\QDPLFV�DQG��SRWHQWLDO�IXQFWLRQV��LQ�ILQLWH�
JDPHV�

0LOFKWDLFK� ������� VLQJOHG� RXW� WKUHH� OHYHOV� RI� QLFH� EHKDYLRXU� RI� P\RSLF� DGDSWLYH�
SURFHVVHV� LQ� D� ILQLWH� JDPH�� �L�� WKHUH� LV� QR� LQILQLWH� XQLODWHUDO� LPSURYHPHQW� SDWK�� L�H�� HYHU\�
LPSURYHPHQW� SDWK� HYHQWXDOO\� OHDGV� WR� D� 1DVK� HTXLOLEULXP� �0RQGHUHU� DQG� 6KDSOH\
V� ),3�

 5XVVLDQ� $FDGHP\� RI� 6FLHQFHV�� &RPSXWLQJ� &HQWHU�� ���� 9DYLORYD��0RVFRZ� �������
5XVVLDQ�)HGHUDWLRQ���(�PDLO��TXTX#FFDV�UX��7HO��������������������)D[�����������������
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SURSHUW\��� �LL�� WKHUH� LV� QR� LQILQLWH� EHVW�UHVSRQVH� LPSURYHPHQW� SDWK� �)%53��� �LLL�� IRU� HYHU\�
VWUDWHJ\�SURILOH�WKHUH�LV�D�EHVW�UHVSRQVH�LPSURYHPHQW�SDWK�OHDGLQJ�IURP�WKH�SURILOH�WR�D�1DVK�
HTXLOLEULXP��<RXQJ
V��������ZHDN�DF\FOLFLW\���7KH�ODVW�SURSHUW\�HQVXUHV�WKH�FRQYHUJHQFH�WR�DQ�
HTXLOLEULXP�ZLWK�SUREDELOLW\�RQH�RI�D�EHVW�UHVSRQVH�LPSURYHPHQW�SURFHVV�ZLWK�D��VXIILFLHQWO\�
UDQGRP��FKRLFH�RI�DQ�LPSURYHPHQW�DW�HDFK�VWDJH��<RXQJ��������VXJJHVWHG�D�PRUH�FRPSOLFDWHG�
�DQG� QRW� TXLWH� P\RSLF�� VWRFKDVWLF� VFHQDULR� XQGHU� ZKLFK� WKH� SURSHUW\� LV� DOVR� D� VXIILFLHQW�
FRQGLWLRQ�IRU�FRQYHUJHQFH��$�IRXUWK��ZHDNHVW�SURSHUW\�VKRXOG�EH�DGGHG���LY��IRU�HYHU\�VWUDWHJ\�
SURILOH�WKHUH�LV�D�RQH�VLGHG�LPSURYHPHQW�SDWK�OHDGLQJ�IURP�WKH�SURILOH�WR�D�1DVK�HTXLOLEULXP��LW�
HQVXUHV� WKDW� VXFK� DQ� DGDSWLYH� SURFHVV� ZLWK� D� �VXIILFLHQWO\� UDQGRP�� FKRLFH� DW� HDFK� VWDJH�
FRQYHUJHV�WR�DQ�HTXLOLEULXP�ZLWK�SUREDELOLW\�RQH���,W�LV�XQFOHDU�ZKHWKHU�WKH�SURSHUW\�FRXOG�EH�
JLYHQ�DQ�DOWHUQDWLYH�LQWHUSUHWDWLRQ�LQ�WKH�VW\OH�RI�<RXQJ���������

.XNXVKNLQ� ������ ������ VXJJHVWHG� WR� XVH� WKH� ODQJXDJH� RI� ELQDU\� UHODWLRQV�� ERWK�),3�
DQG�)%53�DUH�HDVLO\�UHVWDWHG�DV�WKH�DF\FOLFLW\�RI�DSSURSULDWH�LQGLYLGXDO�GRPLQDWLRQ�UHODWLRQV��
$�SRWHQWLDO�LV�DOVR�XQGHUVWRRG�DV�D�VWULFW�RUGHU�UDWKHU�WKDQ�D�QXPHULF�IXQFWLRQ��,QILQLWH�JDPHV�
DOORZ� YLUWXDOO\� WKH� VDPH� WUHDWPHQW� DV� ILQLWH� RQHV� LI� WUDQVILQLWH� LPSURYHPHQW� SDWKV� DUH�
FRQVLGHUHG��

9RRUQHYHOG� ������� LQWURGXFHG� WKH�QRWLRQ�RI�D��EHVW�UHVSRQVH�SRWHQWLDO�JDPH���GHYRLG�
RI� FRQQHFWLRQV� ZLWK� DQ\� UHDVRQDEOH� DGDSWLYH� SURFHVV�� P\RSLF� RU� QRW�� 7KH� SURSHUW\� LPSOLHV�
)%53��EXW�LV�QRW�LPSOLHG�HYHQ�E\�),3��VR�LW�KDV�QR�GHILQLWH�SODFH�LQ�0LOFKWDLFK
V�FODVVLILFDWLRQ��
1R�QDWXUDO�FODVV�RI�JDPHV�ZLWK�WKLV�SURSHUW\�ZDV�SURGXFHG��

7KLV� OHWWHU� DGGUHVVHV� P\RSLF� DGDSWDWLRQ� SURFHVVHV� LQ� JDPHV� ZLWK� VWUDWHJLF�
FRPSOHPHQWDULWLHV� �7RSNLV�� ������ 9LYHV� ������ 0LOJURP� DQG� 5REHUWV�� ������ 0LOJURP� DQG�
6KDQQRQ�� ������� 7RSNLV� ������� $OJRULWKP� ,�� SURYHG� WKH� FRQYHUJHQFH� RI� EHVW�UHVSRQVH�
LPSURYHPHQW� SDWKV� VWDUWLQJ� IURP� WKH� YHU\� ERWWRP� �RU� WKH� YHU\� WRS�� RI� WKH� VWUDWHJ\� SURILOHV�
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VSDFH��9LYHV��������H[WHQGHG�WKH�UHVXOW�WR�SDWKV�VWDUWLQJ��YHU\�KLJK��RU��YHU\�ORZ���0LOJURP�
DQG�5REHUWV� ������� FRQVLGHUHG� UDWKHU� JHQHUDO� DGDSWLYH� OHDUQLQJ� SURFHVVHV�� EXW� GLG�QRW� VWXG\�
WKHLU� FRQYHUJHQFH��+HUH�ZH�DUH� LQWHUHVWHG� LQ�FRQYHUJHQFH� WR�DQ�HTXLOLEULXP�RI� LPSURYHPHQW�
SDWKV�ZLWK�DUELWUDU\�VWDUWLQJ�SRLQWV��

7KH�PDLQ� ILQGLQJV�DUH� WKHVH�� ,Q�D� ILQLWH�JDPH�ZLWK�VWUDWHJLF�FRPSOHPHQWDULWLHV��HYHU\�
VWUDWHJ\� SURILOH� LV� FRQQHFWHG� WR� D� 1DVK� HTXLOLEULXP� ZLWK� D� RQH�VLGHG� LPSURYHPHQW� SDWK�
�7KHRUHP�����,I�WKH�VWUDWHJLHV�RI�DOO�SOD\HUV�DUH�VFDODU��ZKLFK�KROGV�IRU�DOO�DSSOLFDWLRQV�FLWHG�E\�
9LYHV�� ������ RU� 0LOJURP� DQG� 5REHUWV�� ������� WKHQ� WKHUH� LV�� DW� OHDVW�� WKH� ZHDN� DF\FOLFLW\�
SURSHUW\� �7KHRUHP� ���� ,I� HYHU\� SOD\HU� LV� RQO\� DIIHFWHG� E\� WKH� VXP� RI� WKH� SDUWQHUV
� FKRLFHV�
�ZKLFK�KROGV�IRU�HFRQRPLF�PRGHOV�VXFK�DV�WKH�SULYDWH�SURYLVLRQ�RI�D�SXEOLF�JRRG�RU�D�SXEOLF�
EDG��RU�&RXUQRW�ROLJRSRO\��� WKHUH�LV�WKH�)%53�SURSHUW\��7KHRUHP�����LQ�WKH�WZR�SHUVRQ�FDVH��
WKH�UHVXOW�LV�H[WHQGHG�WR�LQILQLWH�JDPHV��7KHRUHP����

���%DVLF�GHILQLWLRQV
$�VWUDWHJLF�JDPH� LV�GHILQHG�E\�D� ILQLWH� VHW�RI�SOD\HUV�1 DQG�� IRU� HDFK� 1L� �� D�VHW�RI�

VWUDWHJLHV� L; DQG� DQ� RUGLQDO� XWLOLW\� IXQFWLRQ� ��[XL GHILQHG� RQ� � � L1L ;; ��:H� DOZD\V�
DVVXPH� WKDW� HDFK� L; LV� D� FRPSDFW� PHWULF� VSDFH� DQG� HDFK� IXQFWLRQ� LX LV�� DW� OHDVW�� XSSHU�
VHPLFRQWLQXRXV�LQ�RZQ�YDULDEOH� L[ ��WKHQ�IRU�HDFK� 1L� DQG� � z��  � MLMLL ;;[ ��WKH�EHVW�
UHVSRQVH�FRUUHVSRQGHQFH�LV�ZHOO�GHILQHG��

�`��PD[���_^�� LLL;\LLLLLLL [\X[[X;[[5 LL ����  � �
:H�DOVR�GHILQH�WZR�W\SHV�RI�LQGLYLGXDO�LPSURYHPHQW�UHODWLRQV�RQ�;��

�@���	> [X\X[\[\ LLLLL ! � ��� ���� @> [\1L[\ L�� ��� �
�@�	> LLLLL [5\[\[\ ��� � ���� @> [\1L[\ L  ��� �
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%\�GHILQLWLRQ�� ;[� LV�D�1DVK�HTXLOLEULXP�LI�DQG�RQO\�LI�[ LV�D�PD[LPL]HU�IRU�WKH�UHODWLRQ�� ��
L�H��LI� [\ � IRU�QR� ;\� ��8QGHU�RXU�WRSRORJLFDO�DVVXPSWLRQV��WKH�VDPH�LV�WUXH�IRU� �

$�0RQGHUHU�6KDSOH\� �0�6�� SDWK� LV� D� �ILQLWH� RU� LQILQLWH�� VHTXHQFH� �����`^  NN[ �� VXFK�
WKDW� NN [[ ��� ZKHQHYHU� N[ DQG� ��N[ DUH�GHILQHG��:LWK�HYHU\�0�6�SDWK� NN[ `^ ��D�IXQFWLRQ�

��NL LV�DVVRFLDWHG��XQLTXHO\�GHILQHG�E\� NNLN [[ ��� �� ��$Q�0�6�F\FOH�LV�DQ�0�6�SDWK�VXFK�WKDW�
P[[  � IRU�VRPH�P!���DQG� N[ LV�GHILQHG�MXVW�IRU� PN ����� ���$�&RXUQRW�SDWK�>F\FOH@�LV�DQ�

0�6�SDWK�>F\FOH@�VXFK�WKDW� NN [[  �� IRU�DOO�N�
)URP�QRZ�RQ��ZH�FRQVLGHU�JDPHV�ZKHUH�HDFK� L; LV�D�FRPSOHWH�ODWWLFH�DQG�HDFK�XWLOLW\�

IXQFWLRQ� LX KDV� WKH�SURSHUWLHV�RI�VLQJOH�FURVVLQJ� LQ� ��� LL [[ � �0LOJURP�DQG�6KDQQRQ��������
DQG�RI�SVHXGRVXSHUPRGXODULW\�LQ� L[ �$JOLDUGL��������

��@����VLJQ�������>VLJQ�@	> [X[\X\[X\X[\[\ LLLLLLLLLLLL �t��!! ���� �6&�
�`�������������VLJQ�PD[^ �`�������������VLJQ�PD[^

LLLLLLLLLLLLLL
LLLLLLLLLLLLLL ]\[X]\X]\[X][X ]\X]\[X][X]\[X

����
���� ���� t���� �3�

ZKHUH� 1L� �� LLL ;\[ �� �� ��� LLLL ;]\[ ���� � DQG�VLJQ�W��LV����LI�W������LI�W � ��DQG���LI�W!��
�DOWKRXJK�VXEWUDFWLRQ�LV�XVHG�LQ�ERWK�GHILQLWLRQV��WKH�SURSHUWLHV�WKHPVHOYHV�DUH�SXUHO\�RUGLQDO���
�3��LV�VDWLVILHG�DXWRPDWLFDOO\�ZKHQ� L; LV�D�FKDLQ��ZKLFK�LV�TXLWH�RIWHQ�WKH�FDVH�LQ�WKH�WKHRUHPV�
EHORZ��

/HPPD�� ,I� D� JDPH� VDWLVILHV� �6&�� DQG� �3��� WKHQ�� IRU� HDFK� 1L� �� LLL ;\[ �� �� DQG�
LLL ;\[ ��� �� ��

�@�	��>�@�	��	> LLLLLLLLLLLLLLLL [5[\\5[\[5[\5\[\ ������ �������t �
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7KH� VWDWHPHQW� PHDQV� WKDW� �� LL [5 � LV� D� VXEODWWLFH� RI� L; �SLFN� LL [\ ��  �� DQG� ���L5 LV�
LQFUHDVLQJ�Z�U�W��WKH�VWURQJ�VHW�RUGHU�GHILQHG�E\�9HLQRWW��VHH�7RSNLV���������

,QGHHG�� �� LLL [5[ �� LPSOLHV� ����� LLLLL [\[X[X ��t �� KHQFH�� E\� �3���
������ LLLLLLL [\X[\[X �� t� �� KHQFH�� E\� �6&��� ����� \X\\[X LLLLL t� � �� KHQFH�

�� LLLL \5\[ ��� �� 2Q� WKH� RWKHU� KDQG�� �� LLL \5\ �� LPSOLHV� WKDW� ����� LLLLL \\[X\X ��t ��
KHQFH��E\��6&��� ������ LLLLLLL [\[X[\X �� �t ��KHQFH��E\��3��� ����� [X[\[X LLLLL t� � ��KHQFH�

�� LLLL [5\[ ��� ��
5HPDUN��7KH�OHPPD�LV�REYLRXVO\�LQVSLUHG�E\�3URSRVLWLRQ���RI�$JOLDUGL���������EXW�LV�

IRUPDOO\�LQGHSHQGHQW�RI�LW��
,Q� WKH� IROORZLQJ��D�JDPH� VDWLVI\LQJ�ERWK� �6&��DQG��3�� LV�FDOOHG�D�JDPH�ZLWK�VWUDWHJLF�

FRPSOHPHQWDULWLHV��
$�JDPH�ZLWK�DGGLWLYH�DJJUHJDWLRQ� �DQ�$$�JDPH�� LV�FKDUDFWHUL]HG�E\�WKHVH�SURSHUWLHV��

HDFK� L; LV� D� FRPSDFW� VXEVHW� RI� WKH� UHDO� OLQH� DQG� ����� ¦ z LM MLLL [[8[X �� ZKHUH� L8 LV�
GHILQHG�RQ� LL 6; u DQG� ¦ z LM ML ;6 ��

$�JDPH�ZLWK�DGGLWLYH�VLQJOH�FURVVLQJ��DQ�$6&�JDPH��LV�DQ�$$�JDPH�VXFK�WKDW��IRU�HDFK�
1L� DQG� c!s LL [[ �� WKH� IXQFWLRQ� �������VLJQ� LLLLLL V[8V[8 c�s LQFUHDVHV� �QRW� QHFHVVDULO\�

VWULFWO\��LQ� LV ��2EYLRXVO\��DQ�$6&�JDPH�VDWLVILHV�ERWK��6&��DQG��3��DERYH��KRZHYHU��LI�DQ�$$�
JDPH� VDWLVILHV� �6&��� LW� QHHG� QRW� EH� DQ� $6&� JDPH� XQOHVV� WKHUH� DUH� MXVW� WZR� SOD\HUV� RU� WKH�
VWUDWHJ\� VHWV� DUH� UHJXODU� HQRXJK� �H�J�� DOO� DUH� FORVHG� LQWHUYDOV�� RU� DOO� DUH� LQWHJHU� LQWHUYDOV���$�
VWURQJHU�YHUVLRQ�RI�WKH�/HPPD�KROGV�IRU�$6&�JDPHV��ZKHUH� LLL ;\[ ��� �� DUH�UHSODFHG�ZLWK�

LLL 6VV �c � ��UHVSHFWLYHO\��



�

���5HVXOWV
7KHRUHP����/HW�WKHUH�EH�D�WZR�SHUVRQ�JDPH�ZLWK�VWUDWHJLF�FRPSOHPHQWDULWLHV�VXFK�WKDW�

ERWK� VWUDWHJ\� VHWV� L; DUH� FRPSDFW� VXEVHWV� RI� WKH� UHDO� OLQH� DQG� ERWK� EHVW�UHVSRQVH�
FRUUHVSRQGHQFHV� L5 DUH�XSSHU�KHPLFRQWLQXRXV��7KHQ�HYHU\�LQILQLWH�&RXUQRW�SDWK�FRQYHUJHV�WR�
D�1DVK�HTXLOLEULXP��

/HW� WKHUH� EH� DQ� LQILQLWH� &RXUQRW� SDWK� �����`^  NN[ �� :LWKRXW� UHVWULFWLQJ� JHQHUDOLW\��
��� [[  �� KHQFH� NN [[ ����  � DQG� ����� �� NN [[  IRU� DOO� N�� 6LQFH� ���� [[  DQG�
��� [[  �� ���� [[  LV� LPSRVVLEOH�� ZLWKRXW� UHVWULFWLQJ� JHQHUDOLW\�� ZH� PD\� DVVXPH� WKDW�

���� [[ ! �ZH� FRXOG� WXUQ� �; XSVLGH� GRZQ� LI� QHHGHG��� 1RZ� ZH� KDYH� ��� [[  �� KHQFH�
�� ����� [5[ � DQG� ��?�� ���������� [5[5[[ � �� WKHUHIRUH��E\� WKH�/HPPD�� ���� [[ ! ��5HSHDWLQJ�

WKH�VDPH�UHDVRQLQJ�LQGXFWLYHO\��ZH�REWDLQ� NNN [[[ ��������  ! �� DQG� ��������� ���  ! NNN [[[
IRU�DOO�N ��������

1RZ�ZH�PD\�DUJXH�H[DFWO\�DV�LQ�7RSNLV���������6LQFH�HDFK� L; LV�FRPSDFW��WKHUH�H[LVW�
NLNL [[ fof  OLP IRU� ERWK� L ����� 0RUHRYHU�� ������ ������� ff� o [[[[ NN LPSOLHV�

�� ��� ff � [5[ �� DQG� ������ �������� ff�� o [[[[ NN LPSOLHV� �� ��� ff � [5[ �� 7KHUHIRUH��
��� �� ff [[ LV�D�1DVK�HTXLOLEULXP��

7KHRUHP���REYLRXVO\�LPSOLHV�WKH�DEVHQFH�RI�&RXUQRW�F\FOHV��ZKLFK��IRU�D�ILQLWH�JDPH��
LV� HTXLYDOHQW� WR�0LOFKWDLFK
V�)%53��*HQHUDOO\�� WKH�DEVHQFH�RI�&RXUQRW�F\FOHV�GRHV�QRW�HYHQ�
LPSO\�WKH�H[LVWHQFH�RI�DQ�HTXLOLEULXP��VHH�([DPSOH���RI�.XNXVKNLQ���������
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5HPDUN��%\�WKH�ZHOO�NQRZQ�WULFN�ZLWK�UHYHUVLQJ�WKH�RUGHU�RQ�RQH�RI�WKH�VWUDWHJ\�VHWV�
7KHRUHP���FDQ�EH�DSSOLHG�WR�WZR�SHUVRQ�JDPHV�ZLWK�VWUDWHJLF�VXEVWLWXWHV�DV�ZHOO�

7KHRUHP��� $�JDPH�ZLWK�DGGLWLYH�VLQJOH�FURVVLQJ�DGPLWV�QR�&RXUQRW�F\FOH��KHQFH�LQ�D�
ILQLWH� $6&� JDPH� HYHU\� &RXUQRW� SDWK�� LI� FRQWLQXHG� ZKLOH� SRVVLEOH�� OHDGV� WR� D� 1DVK�
HTXLOLEULXP���

/HW� `���^ ��� [[[[ PP   ; �� EH� D� &RXUQRW� F\FOH� LQ� DQ� $6&� JDPH�� 3LFN� N[
PD[LPL]LQJ�WKH�VXP�¦�1L NL[ DQG�GHQRWH�L L�N��� ¦ z LM NML [V ��WKHUH�PXVW�EH� �� LLNL V5[ � ��

��� LLNL V5[ �� �� DQG� NLNL [[ ��� � 6LQFH� ; LV�D�F\FOH�� WKHUH�PXVW�EH�D�VWDJH�K VXFK� WKDW� L�K� L�
DQG� NLKL [[  �� ��GHQRWH� ¦ z c LM KML [V �WKHQ� �� c� LLNL V5[ ��DQG�FRQVLGHU�WKUHH�DOWHUQDWLYHV��,I�

LL VV !c ��WKHQ�¦ ¦� ��  �!c� 1M 1M NMLNLLNLKM [V[V[[ � ��FRQWUDGLFWLQJ�WKH�FKRLFH�RI� N[ ��,I�
LL VV  c �� WKHQ� �� LLNL V5[ � DQG� �� LLNL V5[ � VLPXOWDQHRXVO\�� ,I� LL VV �c �� WKHQ�

��?�� LLLLNL V5V5[ c� DQG� ��� LLNL V5[ �� FRQWUDGLFW�WKH�/HPPD��IRU�$6&�JDPHV��
5HPDUN��$Q�H[DFW�DQDORJXH�RI� WKH�WKHRUHP�LV�YDOLG�IRU�JDPHV�ZLWK�DGGLWLYH�VWUDWHJLF�

VXEVWLWXWHV� �FI��.XNXVKNLQ��������7KHRUHP�������KRZHYHU�� WKH�SURRI� LV� WRR�FRPSOLFDWHG�WR�EH�
SUHVHQWHG�KHUH��

7KHRUHP��� /HW� WKHUH�EH�D� ILQLWH�JDPH�ZLWK�VWUDWHJLF�FRPSOHPHQWDULWLHV�VXFK� WKDW�DOO�
EXW� RQH� SOD\HUV
� VWUDWHJ\� VHWV� L; �� �zL �� DUH� FKDLQV�� 7KHQ�� IRU� HYHU\� VWUDWHJ\� SURILOH� ;[� ��
WKHUH�LV�D��ILQLWH��&RXUQRW�SDWK�OHDGLQJ�IURP� [ WR�D�1DVK�HTXLOLEULXP��
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:H� GHQRWH�� IRU� HYHU\� ;[� �� `	_^�� [\[\;\[< !� �  DQG�� IRU� HYHU\�
�� �� � ;[ �� �� �� �[U WKH� JUHDWHVW� HOHPHQW� RI� �� �� �[5 �� :H� FDOO� D� &RXUQRW� SDWK� NN[ `^

DGPLVVLEOH�LI��ZKHQHYHU� ��N[ LV�GHILQHG��WKH�IROORZLQJ�UHTXLUHPHQWV�DUH�VDWLVILHG��
�L� LI� �� ��� NN [5[ �� ��WKHQ�L�N� ��DQG� �� ���� NN [U[ ��  ��
�LL� LI� �� ��� NN [5[ �� DQG� �z� �� N[< ��WKHQ� ��� NN [<[ �� � �
/HW� XV� FRQVLGHU� DQ� DUELWUDU\� DGPLVVLEOH� &RXUQRW� SDWK�� UHTXLUHPHQW� �L�� DOORZV� XV� WR�

DVVXPH�� ZLWKRXW� UHVWULFWLQJ� JHQHUDOLW\�� WKDW� �� ����� �� [5[ �� 6XSSRVH� ILUVW� WKDW� � � �� �[< ��
WKHQ� � ���� ��� LL [[ � �� ,I� WKHUH�ZHUH� 1M� DQG� �� �[<\ �� VXFK�WKDW� �[\ M �� WKHQ��REYLRXVO\��

���LM z �� KHQFH� �� MM [[  DQG� �� MM [[ �� � �� QRZ� WKH� /HPPD� LPSOLHV� WKH� H[LVWHQFH� RI�
�� � MMM [5] �� VXFK� WKDW� MM \] t �� KHQFH� ����� �� [<[] MM �� � �� D� FRQWUDGLFWLRQ�� $Q� HDV\�

UHFXUVLRQ� XVLQJ� WKH� PRQRWRQLFLW\� RI� �U VKRZV� WKDW� � � �� N[< DQG� NN [[ ��� IRU� DOO�
N ���������KHQFH�D�UHWXUQ�WR� �[ LV�LPSRVVLEOH��

1RZ� LI� �z� �� �[< �� WKHQ� �� [[ ! �� DQG�� DJDLQ�� DQ� HDV\� UHFXUVLRQ� VKRZV� WKDW�
NN [[ !�� DV�ORQJ�DV� �z� �� N[< ��VR�QR�F\FOLQJ�LV�SRVVLEOH�KHUH��/HW�P EH�WKH�ILUVW�VWDJH�DW�

ZKLFK� �� ��� PP [5[ �� DQG� � � �� P[< ��$UJXLQJ�H[DFWO\�DV�LQ�WKH�SUHYLRXV�SDUDJUDSK��ZH�VHH�
WKDW�WKH�SDWK�FDQQRW�UHWXUQ�WR� P[ �

7KHRUHP� �� )RU� HYHU\� VWUDWHJ\� SURILOH� ;[� LQ� HYHU\� ILQLWH� JDPH� ZLWK� VWUDWHJLF�
FRPSOHPHQWDULWLHV��WKHUH�LV�D��ILQLWH��0�6�SDWK�OHDGLQJ�IURP� [ WR�D�1DVK�HTXLOLEULXP��
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:H� GHQRWH� `	_^�� [\[\;\[< !� � � DQG� `	_^�� [\[\;\[< �� � � IRU�
HYHU\� ;[� �� DQG� FDOO� DQ�0�6� SDWK� NN[ `^ DGPLVVLEOH� LI��ZKHQHYHU� ��N[ LV� GHILQHG�� HLWKHU�

��� NN [<[ �� � ��RU� � � �� N[< DQG� ��� NN [<[ �� � ��$UJXLQJ�YLUWXDOO\�LQ�WKH�VDPH�ZD\�DV�
LQ�WKH�SUHYLRXV�SURRI��ZH�FDQ�VHH�WKDW�DQ�DGPLVVLEOH�F\FOH� LV�LPSRVVLEOH��/HW�XV�SURYH�WKDW�DQ�
DGPLVVLEOH�SDWK�FDQ�RQO\�VWRS�DW�D�1DVK�HTLOLEULXP��

6XSSRVH�WKH�FRQWUDU\��WKHUH�LV� ;[� VXFK�WKDW�ERWK� � � ��[< DQG� � � ��[< ��EXW�
����� [X[\X LLLL !� IRU�VRPH� LL ;\ � �LQFRPSDUDEOH�ZLWK� L[ ���:H�KDYH� LLL [\[ �� ��KHQFH�

�������� LLLLLLLL [\X[X[\[X �� �d� �� VLPLODUO\�� LLL [\[ !� �� KHQFH�
�������� LLLLLLLL [\X[X[\[X �� �d� ��1RZ�ZH�KDYH�D�FRQWUDGLFWLRQ�ZLWK��3���

([DPSOHV�VKRZLQJ�WKDW�WKH�DVVXPSWLRQV�RI�WKH�WKHRUHPV�DUH�WLJKW�HQRXJK�DUH�DYDLODEOH�
IURP� WKH� DXWKRU�� +HUH� ,� FDQ� RQO\� OLVW� WKHP�� HYHQ� D� WZR�SHUVRQ� JDPH� ZLWK� VWUDWHJLF�
FRPSOHPHQWDULWLHV�QHHG�QRW�EH�ZHDNO\�DF\FOLF��D�WZR�SHUVRQ�JDPH�PD\�DGPLW�D�&RXUQRW�F\FOH�
HYHQ� LI� WKH� VWUDWHJ\� VHW� RI� RQH� SOD\HU� LV� D� FKDLQ�� D� WKUHH�SHUVRQ� JDPH�PD\� DGPLW� D�&RXUQRW�
F\FOH�HYHQ�LI�WKH�VWUDWHJ\�VHWV�RI�DOO�SOD\HUV�DUH�FKDLQV��D�WZR�SHUVRQ�JDPH�QHHG�QRW�KDYH�WKH�
),3�SURSHUW\�HYHQ�LI�WKH�VWUDWHJ\�VHWV�RI�ERWK�SOD\HUV�DUH�FKDLQV��HYHQ�D�WZR�SHUVRQ� ��u JDPH�
QHHG�QRW�DGPLW�D�9RRUQHYHOG�SRWHQWLDO��
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9DOHQFLDQD� �JUDQW� ,19����������� ,� WKDQN� )UDQFLVFR� 0DUKXHQGD� DQG� &DUPHQ� +HUUHUR� IRU�
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