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�.�. �®à¥«¨ª, �.�. �ãà ¢ì¥¢ 

� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã ¬¨¨¬ «ì®© ª®àà¥ªæ¨¨ ¥-

á®¢¬¥áâ®© á¨áâ¥¬ë m «¨¥©ëå ãà ¢¥¨© Ax = b á n ¥¨§-

¢¥áâë¬¨:

�(H; h) = kHk
2 + khk2 ! inf (1)

£¤¥ ¨ä¨¬ã¬ ¡¥à¥âáï ¯® á®¢®ªã¯®áâ¨ ¬ âà¨æ H ¨ ¢¥ªâ®à®¢

h, ¤«ï ª®â®àëå M(H; h) = fx 2 Rn j (A+H)x = b+ hg 6= ?,

khk { ¥¢ª«¨¤®¢  ®à¬  ¢¥ªâ®à , kHk { á¯¥ªâà «ì ï ®à¬ 

¬ âà¨æë (¢á¥ à¥§ã«ìâ âë á¯à ¢¥¤«¨¢ë ¨ ¤«ï ¥¢ª«¨¤®¢®© ®à¬ë

¬ âà¨æë).

�®ª § ® ¢ [1], çâ® § ¤ ç  (1) íª¢¨¢ «¥â  § ¤ ç¥ ¡¥§ãá«®¢-

®© ¬¨¨¬¨§ æ¨¨ äãªæ¨¨ '(x) =
kAx�bk2

1+kxk2
,   ¨¬¥®

inf
(H;h) : M(H;h)6=?

�(H; h) = inf
x2Rn

'(x);

¯à¨ç¥¬ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¤®áâ¨¦¨¬®áâ¨ ¨¦¨å £à ¥© ¢

®¡¥¨å ç áâïå íâ®£® à ¢¥áâ¢  ï¢«ï¥âáï áãé¥áâ¢®¢ ¨¥ ã ¬ âà¨-

æë BTB, £¤¥ B = (�b; A), á®¡áâ¢¥®£® ¢¥ªâ®à , á®®â¢¥âáâ¢ãî-

é¥£® ¬¨¨¬ «ì®¬ã á®¡áâ¢¥®¬ã § ç¥¨î �min(B
TB), á ¥-

ã«¥¢®© ¯¥à¢®© ª®¬¯®¥â®©, ¯à¨ íâ®¬ min
x2Rn

'(x) = �min(B
TB).

�®ª ¦¥¬, çâ® íâ® ãá«®¢¨¥ ï¢«ï¥âáï â ª¦¥ ¨ ¥®¡å®¤¨¬ë¬, â®

¥áâì ¨¬¥¥â ¬¥áâ®
�� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®¢¥â  �à®£à ¬¬ë ¯®¤-

¤¥à¦ª¨ ¢¥¤ãé¨å  ãçëå èª®« (£à â 00-15-96137).
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�¥®à¥¬ . inf
(H;h):M(H;h)6=?

�(H; h) = �min(B
TB) ¨ ¤®áâ¨£ ¥â-

áï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â z� = (z�0; z
�

1; : : : ; z
�
n)

| á®¡áâ¢¥ë© ¢¥ªâ®à, á®®â¢¥âáâ¢ãîé¨© ¬¨¨¬ «ì®¬ã

á®¡áâ¢¥®¬ã ç¨á«ã ¬ âà¨æë BTB, â ª®©, çâ® z�0 6= 0.

�¡®§ ç¨¬ S(�min(B
TB)) { ¬®¦¥áâ¢® á®¡áâ¢¥ëå ¢¥ªâ®-

à®¢ ¬ âà¨æë BTB, á®®â¢¥âáâ¢ãîé¨å ¬¨¨¬ «ì®¬ã á®¡áâ¢¥-

®¬ã ç¨á«ã. �áâ «®áì ¤®ª § âì, çâ® ¥á«¨ z�0 = 0 ¤«ï «î¡®£®

z� 2 S(�min(B
TB)), â® inf

x2Rn
'(x) = �min(B

TB) ¨ ¥ ¤®áâ¨£ ¥âáï.

�«ï ¤®ª § â¥«ìáâ¢  áä®à¬ã«¨àã¥¬ ¥áª®«ìª® ¢á¯®¬®£ â¥«ì-

ëå á¢®©áâ¢.

�¥¬¬  1. [2] �ãáâì § ¤ ë á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ  �A

à §¬¥à  n� n, ¢¥ªâ®à y 2 Rn ¨ ç¨á«® a 2 R. � áá¬®âà¨¬ á¨¬-

¬¥âà¨ç¥áªãî ¬ âà¨æã ~A à §¬¥à  (n+1)� (n+1), ¯à¥¤áâ ¢«ï-

îéãî á®¡®© à¥§ã«ìâ â ®ª ©¬«¥¨ï ¬ âà¨æë �A ¢¥ªâ®à®¬ y ¨

ç¨á«®¬ a:

~A =

�
a yT

y �A

�

�à¥¤¯®«®¦¨¬, çâ® á®¡áâ¢¥ë¥ § ç¥¨ï �i( �A) ¨ �i( ~A) ¬ -

âà¨æ �A ¨ ~A á®®â¢¥âáâ¢¥® ã¯®àï¤®ç¥ë ¯® ¢®§à áâ ¨î:

�1( �A) 6 � � � 6 �n( �A); �1( ~A) 6 � � � 6 �n+1( ~A): �®£¤ 

�1( ~A) 6 �1( �A) 6 �2( ~A) 6 �2( �A) 6 � � �6 �n( �A) 6 �n+1( ~A):

�®ª   §   â ¥ « ì á â ¢ ®. �«ï ¯à®¨§¢®«ì®£® k = 1; : : : ; n ¤®ª -

¦¥¬ ¥à ¢¥áâ¢® �k( ~A) 6 �k( �A) 6 �k+1( ~A): �ãáâì ~x = (�; x) 2

R
n+1, x 2 Rn, � 2 R, ~yi = (�; yi) 2 R

n+1, yi 2 R
n, i = 1; : : : ; n,

� 2 R, e1 = (1; 0; : : : ; 0) 2 Rn+1. �® â¥®à¥¬¥ �ãà â -�¨è¥à  ®

¬¨¨¬ ªá®¬ ¯à¥¤áâ ¢«¥¨¨ á®¡áâ¢¥ëå ç¨á¥«

�k+1( ~A) = min
~y1;:::;~yn�k2R

n+1
max

~x6=0;~x2Rn+1;~x?~yj ;j=1;:::;n�k

~xT ~A~x

~xT ~x
>
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> min
~y1;:::;~yn�k2R

n+1
max

~x6=0;~x2Rn+1;~x?~y1;:::;~yn�k ;~x?e1

~xT ~A~x

~xT ~x
=

= min
y1;:::;yn�k2R

n
max

x6=0;x2Rn;x?yj;j=1;:::;n�k

xT �Ax

xTx
= �k( �A):

�á¯®«ì§ã¥¬ ¬ ªá¨¬¨®¥ ¯à¥¤áâ ¢«¥¨¥:

�k( ~A) = max
~y1;:::;~yk�12R

n+1
min

~x6=0;~x2Rn+1;~x?~yj ;j=1;:::;k�1

~xT ~A~x

~xT ~x
6

6 max
~y1;:::;~yk�12R

n+1
min

~x6=0;~x2Rn+1;~x?~yj ;j=1;:::;k�1;~x?e1

~xT ~A~x

~xT ~x
=

= max
y1;:::;yk�12R

n
min

x6=0;x2Rn;x?yj ;j=1;:::;k�1

xT �Ax

xTx
= �k( �A):

�¥¬¬  ¤®ª §  . �

�¥¬¬  2. �á«¨ ¤«ï «î¡®£® z� 2 S(�min(B
TB)), z�0 = 0, â®

�min(B
TB) = �min(A

TA) ¨ kbk2 > �min(B
TB).

�®ª   §   â ¥ « ì á â ¢ ®. � ¬¥â¨¬, çâ® ¨§ à ¢¥áâ¢ BTBz� =

�min(B
TB)z� ¨ z�0 = 0 á«¥¤ã¥â, çâ® x� = (z�1; z

�
2 ; : : : ; z

�
n) 2

R
n { á®¡áâ¢¥ë© ¢¥ªâ®à ATA ¨ � = �min(B

TB) ï¢«ï¥â-

áï â ª¦¥ ¨ á®¡áâ¢¥ë¬ ç¨á«®¬ ATA â®© ¦¥ ªà â®áâ¨, § -

ç¨â �min(B
TB) > �min(A

TA). �® ¯® «¥¬¬¥ 1, �min(B
TB) 6

�min(A
TA), § ç¨â §¤¥áì ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®.

�á¯®«ì§ã¥¬ á¢ï§ì ¬¥¦¤ã á®¡áâ¢¥ë¬¨ ç¨á« ¬¨ ¬ âà¨æë ¨

¥¥ á«¥¤®¬:
nP
i=1

�i(A
TA) = tr(ATA),

n+1P
i=1

�i(B
TB) = tr(BTB) =

tr(ATA) + kbk2. �®£¤ 

kbk2 =

n+1X
i=1

�i(B
TB) �

nX
i=1

�i(A
TA) =
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=

n+1X
i=3

�
�i(B

TB) � �i�1(A
TA)

�
+ �2(B

TB) (2)

� ª ª ª ¯® «¥¬¬¥ 1, �i(B
TB) � �i�1(A

TA) > 0; i = 3; : : : ; n+ 1,

â® kbk2 > �2(B
TB),   § ç¨â ¨ kbk2 > �min(B

TB).

� ¬¥â¨¬, çâ® ãá«®¢¨ï «¥¬¬ë ¨áª«îç îâ à ¢¥áâ¢®. �¥©-

áâ¢¨â¥«ì®, ¥á«¨ kbk2 = �1(B
TB) = �, â® ¨§ (2) ¯®«ãç ¥¬

�i(B
TB) = �i�1(A

TA); i = 3; : : : ; (n+ 1), �2(B
TB) = kbk2 =

�. �®£¤  �2(A
TA) = �, çâ® ¢«¥ç¥â �3(B

TB) = �,   ®âáî¤ 

�3(A
TA) = � ¨ â ª ¤ «¥¥. �¬¥¥¬ �k(B

TB) = �; k = 1; 2; : : : ; n+1,

â® ¥áâì ¢á¥ á®¡áâ¢¥ë¥ ç¨á«  ¬ âà¨æë BTB à ¢ë �min ¨ ¢á¥

á®¡áâ¢¥ë¥ ¢¥ªâ®àë ¨¬¥îâ ¯® ¯à¥¤¯®«®¦¥¨î ¯¥à¢ãî ã«¥-

¢ãî ª®¬¯®¥âã. � ç¨â ã ¬ âà¨æë BTB ¥â (n + 1) «¨¥©®

¥§ ¢¨á¨¬ëå á®¡áâ¢¥ëå ¢¥ªâ®à®¢, çâ® ¥¢¥à®, â ª ª ª BTB

á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ . �®íâ®¬ã kbk2 > �min(B
TB). �

�¥¬¬  3. �ãáâì x = �e, £¤¥ � | áª «ïà («î¡®£® § ª ),

e | ¥¤¨¨çë© ¢¥ªâ®à, '(x) = f(�; e) =
kb��Aek2

1+�2
. �®£¤ 

1. �á«¨ hb; Aei 6= 0, â® inf
�2R

f(�; e) ¤®áâ¨£ ¥âáï (  ª®¥ç®¬

� 6= 0).

2. �á«¨ hb; Aei = 0, â®

(a) ¥á«¨ kAek < kbk, â® inf
�2R

f(�; e) = kAek2 ¨ ¥ ¤®áâ¨-

£ ¥âáï, f(�; e)! kAek2 ¯à¨ �! �1;

(b) ¥á«¨ kAek > kbk, â® inf
�2R

f(�; e) = f(0; e) = kbk2 8e;

(c) ¥á«¨ kAek = kbk, â® f(�; e) � kbk2 ¤«ï «î¡ëå �; e.

�®ª   §   â ¥ « ì á â ¢ ®. � ä¨ªá¨àã¥¬ e.

f(�; e) =
kbk2 + �2kAek2 � 2�hb; Aei

1 + �2
:

39



�®£¤ 

@f

@�
= 2

�2hb; Aei+ �
�
kAek2 � kbk2

�
� hb; Aei

(1 + �2)2
=

2r(�)

(1 + �2)2
:

1. hb; Aei 6= 0. �ãáâì �1; �2 | ª®à¨ ãà ¢¥¨ï r(�) = 0 (®¨,

®ç¥¢¨¤®, ¤¥©áâ¢¨â¥«ìë ¨ à §«¨çë) ¨ �1 < �2. �®£¤ ,

¥á«¨ hb; Aei > 0, â® @f
@�

> 0 ¯à¨ � 2 (�1; �1) [ (�2;1),
@f
@�

< 0 ¯à¨ � 2 (�1; �2). � ç¨â �2 | «®ª «ìë© ¬¨¨¬ã¬,

  â ª ª ª ¯à¨ �! �1, f(�; e) áâà¥¬¨âáï ª kAek2 á¢¥àåã,  

¯à¨ �!1 f(�; e) áâà¥¬¨âáï ª kAek2 á¨§ã, á«¥¤®¢ â¥«ì®

�2 | £«®¡ «ìë© ¬¨¨¬ã¬. � «®£¨ç®, ¥á«¨ hb; Aei< 0,

â® �1 | £«®¡ «ìë© ¬¨¨¬ã¬.

2. hb; Aei= 0. �®£¤  f(�; e) =
kbk2+�2kAek2

1+�2
, @f
@�

= 2
�(kAek2�kbk2)

(1+�2)2
.

(a) �á«¨ kAek < kbk, â® @f
@�

< 0, ¯à¨ � > 0 ¨ @f
@�

> 0, ¯à¨

� < 0, � = 0 { £«®¡ «ìë© ¬ ªá¨¬ã¬ á® § ç¥¨¥¬

kbk2. �®çª¨ £«®¡ «ì®£® ¬¨¨¬ã¬  ã äãªæ¨¨ f(�; e)

¥â, ¨¦ïï £à ì à ¢  kAek2, f(�; e) ! kAek2 ¯à¨

�! �1.

(b) �á«¨ kAek > kbk, â® @f

@�
> 0, ¯à¨ � > 0 ¨ @f

@�
< 0, ¯à¨

� < 0. � = 0 { «®ª «ìë© ¨ £«®¡ «ìë© ¬¨¨¬ã¬,

f(0; e) � kbk2.

(c) �á«¨ kAek = kbk, â® f(�; e) � kbk2.

�¥¬¬  ¤®ª §  . �

�®ª   §   â ¥ « ì á â ¢ ® â ¥ ®à ¥ ¬ë. �ãáâì z�0 = 0 ¤«ï «î¡®£®

z� 2 S(�min(B
TB)) . �à¥¤¯®«®¦¨¬, çâ® § ¤ ç  ¬¨¨¬¨§ æ¨¨

'(x) ¨¬¥¥â à¥è¥¨¥ ~x, â® ¥áâì inf
x2Rn

'(x) = '(~x) =
kA~x�bk2

1+k~xk2
. �¡®-

§ ç¨¬ F (z) =
kBzk2

kzk2
(®â®è¥¨¥ �¥«¥ï) ¨ § ¬¥â¨¬, çâ® ¤«ï «î-

¡®£® z : z0 6= 0, F (z) > �min(B
TB) = F (z�). �¡®§ ç¨¬ ~z = (1; ~x),
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'(~x) = F (~z) > �min(B
TB). �®«®¦¨¬ x� = (z�1 ; : : : ; z

�
n) 2 R

n.

�§ à ¢¥áâ¢  BTBz� = �min(B
TB)z� á«¥¤ã¥â, çâ® hb; Ax�i = 0.

�ãáâì e� = x�=kx�k, f�kg ! 1; �k 2 R. �®£¤  ¯® «¥¬¬¥ 2

�min(B
TB) = �min(A

TA) = kAe�k2 < kbk2, á«¥¤®¢ â¥«ì®, ¯®

«¥¬¬¥ 3 f(�k; e
�) ! �min(B

TB) < '(~x) ¯à¨ �k ! 1. �â® ¯à®-

â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î, çâ® ¢ â®çª¥ ~x à¥ «¨§ã¥âáï ¬¨¨¬ã¬

'(x). � ç¨â, inf
(H;h):M(H;h)6=?

�(H; h) ¥ ¤®áâ¨£ ¥âáï. �áâ «®áì ¤®-

ª § âì, çâ® ® à ¢¥ �min(B
TB) ¨ ¢ íâ®¬ á«ãç ¥. �¥©áâ¢¨â¥«ì®,

á ®¤®© áâ®à®ë '(x) = F ((1; x)) > �min(B
TB), á«¥¤®¢ â¥«ì-

®, ¢á¥£¤  ¨¬¥¥â ¬¥áâ® inf
x2Rn

'(x) > �min(B
TB). � ¤àã£®© áâ®à®-

ë, ¯ãáâì x� { ¥¤¨¨çë© á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë ATA,

á®®â¢¥âáâ¢ãîé¨© �min(A
TA), â®£¤  lim

�!1
'(�x) = kAx�k2 =

�min(A
TA), § ç¨â ¢á¥£¤  ¢ë¯®«ï¥âáï inf

x2Rn
'(x) 6 �min(A

TA).

� ª ª ª ¢ ãá«®¢¨ïå â¥®à¥¬ë �min(A
TA) = �min(B

TB), â®

inf
(H;h):M(H;h)6=?

�(H; h) = �min(B
TB). �

�«¥¤áâ¢¨¥ 1. �á«¨ kbk2 6 �min(A
TA), â® à¥è¥¨¥ § ¤ -

ç¨ (1) áãé¥áâ¢ã¥â.

�®ª   §   â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® à¥è¥¨ï § ¤ -

ç¨ (1) ¥ áãé¥áâ¢ã¥â. �®£¤  ¯® â¥®à¥¬¥ ¤«ï «î¡®£® z� 2

S(�min(B
TB)), z�0 = 0. �® «¥¬¬¥ 2 kbk2 > �min(A

TA), ¯à¨è«¨ ª

¯à®â¨¢®à¥ç¨î. �

�«¥¤áâ¢¨¥ 2. �á«¨ kbk2 > �min(A
TA) ¨ ATb = 0, â®

à¥è¥¨ï § ¤ ç¨ (1) ¥ áãé¥áâ¢ã¥â.

�®ª   §   â ¥ « ì á â ¢ ®. � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥ ¤«ï «î-

¡ëå �i, xi { á®¡áâ¢¥®£® ç¨á«  ¨ á®®â¢¥âáâ¢ãîé¥£® á®¡áâ¢¥-

®£® ¢¥ªâ®à  ¬ âà¨æë ATA, �i, (0; xi) { á®¡áâ¢¥®¥ ç¨á«® ¨

á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë BTB. �¬¥áâ¥ á
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� = kbk2 ¨ z = (1; 0; : : : ; 0) 2 Rn ®¨ ®¡à §ãîâ ¢¥áì á¯¥ªâà ¬ -

âà¨æë BTB. � ª ª ª kbk2 > �min(A
TA),â® ¢ë¯®«ï¥âáï ãá«®¢¨¥

â¥®à¥¬ë: ¤«ï «î¡®£® z� 2 S(�min(B
TB)) z�0 = 0 ¨ à¥è¥¨¥ § -

¤ ç¨ (1) ¥ áãé¥áâ¢ã¥â. �

� ¬¥ç ¨¥. � à ¡®â¥ [3] á®¤¥à¦¨âáï à¥§ã«ìâ â ® à ¢¥áâ¢¥

min
(H;h):M(H;h)6=?

�(H; h) = �min(B
TB) (¢ ¥ï¢®¬ ¯à¥¤¯®«®¦¥¨¨

® ¤®áâ¨¦¨¬®áâ¨ ¨¦¥© £à ¨), ®¤ ª® ¥®¡å®¤¨¬ëå ¨ ¤®áâ -

â®çëå ãá«®¢¨© ¤®áâ¨¦¨¬®áâ¨ ¥â.
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