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�¢¥¤¥¨¥

� §¢¨â¨¥  ãª¨ ¨ â¥å¨ª¨ ¨¬¥¥â ¥áâ¥áâ¢¥ãî â¥¤¥æ¨î ª â®¬ã,

çâ® ¯à¨å®¤¨âáï ¨¬¥âì ¤¥«® á® ¢á¥ ¡®«¥¥ á«®¦ë¬¨ ã¯à ¢«ï¥¬ë¬¨ ¤¨-

 ¬¨ç¥áª¨¬¨ ¯à®æ¥áá ¬¨. �à¨ íâ®¬, à §ã¬¥¥âáï, á®§¤ îâáï ¨ ¢á¥ ¡®«¥¥

á«®¦ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¤«ï íâ¨å ¯à®æ¥áá®¢. � ç áâ®áâ¨,  

á¬¥ã «¨¥©ë¬ ã¯à ¢«ï¥¬ë¬ ¤¨ ¬¨ç¥áª¨¬ á¨áâ¥¬ ¬

_y = Ay +Bu; y 2M � Rn; u 2 Rr ; (1)

£¤¥ A;B | ¯®áâ®ïë¥ ¬ âà¨æë, ¢á¥ ç é¥ ¯à¨å®¤ïâ ¥«¨¥©ë¥ ã¯à -

¢«ï¥¬ë¥ ¤¨ ¬¨ç¥áª¨¥ á¨áâ¥¬ë

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr ; (2)

¯à¨â®¬ á®áâ®ïé¨¥ ¨§ ¡®«ìè®£® ç¨á«  ãà ¢¥¨©.

�¥è¥¨¥ § ¤ ç ¤«ï ¬®£®¬¥àëå ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬

á®¯àï¦¥® á ¡®«ìè¨¬¨ âàã¤®áâï¬¨, ª®â®àë¥ ®áïâ ª ª ¬ â¥¬ â¨ç¥-

áª¨©, â ª ¨ íªá¯«ã â æ¨®ë© å à ªâ¥à, ¨¡® ç áâ® âà¥¡ãîâáï ¥¯à¨-

¥¬«¥¬ë¥ § âà âë ¬ è¨®£® ¢à¥¬¥¨. �®íâ®¬ã  ªâã «ì®© ï¢«ï¥âáï

à §à ¡®âª  ¬¥â®¤®¢ à¥¤ãªæ¨¨ ¥«¨¥©ëå á¨áâ¥¬, â.¥. ¯à¨¢¥¤¥¨ï á¨á-

â¥¬ (2) ª ¡®«¥¥ ¯à®áâ®¬ã ¢¨¤ã,  ¯à¨¬¥à, ª ¤¥ª®¬¯®§¨æ¨¨   á¨áâ¥¬ë

¬¥ìè¥© à §¬¥à®áâ¨. �®¤å®¤ë ª ¯à®¡«¥¬¥ à¥¤ãªæ¨¨ ¬®£ãâ ¡ëâì à §-

ë¥, ¢ ç áâ®áâ¨, ¨á¯®«ì§ãîé¨¥ ¯à¨¡«¨¦¥ë¥ ¬¥â®¤ë. � ¤ ®© ª¨-

£¥ à §¢¨¢ ¥âáï  ¨¡®«¥¥ ¥áâ¥áâ¢¥ë© ¨ ®ç¥¢¨¤ë© (¯® ¬¥¨î  ¢â®à )

¯®¤å®¤, ª®â®àë© ¯à¨áãâáâ¢ã¥â ¯® áãé¥áâ¢ã ¢ «î¡®© â¥®à¨¨ ¬ â¥¬ â¨-

ç¥áª¨å ®¡ê¥ªâ®¢, áª ¦¥¬, ¢ â¥®à¨¨ «¨¥©ëå ¯à®áâà áâ¢, ¢ â¥®à¨¨

£àã¯¯ ¨ â.¤. �¥¤ãªæ¨ï, ® ª®â®à®© §¤¥áì ¨¤¥â à¥çì, | íâ® à¥¤ãªæ¨ï,

®á®¢  ï   á®¯®áâ ¢«¥¨¨ ¨áå®¤®¬ã ®¡ê¥ªâã ¨§®¬®àä®£® ®¡ê¥ª-

â , ä ªâ®à®¡ê¥ªâ  ¨ ¯®¤®¡ê¥ªâ . � ¯à¨¬¥à, ¢ â¥®à¨¨ «¨¥©ëå ¯à®-

áâà áâ¢ íâ® à¥¤ãªæ¨ï ª ¨§®¬®àä®¬ã «¨¥©®¬ã ¯à®áâà áâ¢ã, ä ª-

â®à¯à®áâà áâ¢ã ¨ ¯®¤¯à®áâà áâ¢ã. �®¡áâ¢¥®, ¨§«®¦¥¨¥ í«¥¬¥â®¢

«î¡®© â¥®à¨¨  ç¨ ¥âáï á ¢¢¥¤¥¨ï íâ¨å à¥¤ãæ¨à®¢ ëå ®¡ê¥ªâ®¢ ¨

®¯à¥¤¥«¥¨ï ®á®¢ëå ¨å á¢®©áâ¢ ¯® ®â®è¥¨î ª ¨áå®¤®¬ã ®¡ê¥ªâã.
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�®íâ®¬ã ¬®¦® áª § âì, çâ® â¥®à¨ï à¥¤ãªæ¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥-

¬ëå á¨áâ¥¬ ¢¨¤  (2), ®¯¨á  ï ¢ íâ®© ª¨£¥, ¯à¥¤áâ ¢«ï¥â á®¡®© í«¥-

¬¥âë ®¡é¥© â¥®à¨¨ â ª¨å á¨áâ¥¬. �  ï â¥®à¨ï, ª ª ¡ã¤¥â ¢¨¤® ¢

¤ «ì¥©è¥¬, ¨¬¥¥â ç¨áâ® ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨© å à ªâ¥à.

�®à¬ «ì®¥ ®¯à¥¤¥«¥¨¥ ãª § ëå à¥¤ãæ¨à®¢ ëå ®¡ê¥ªâ®¢, ª®-

â®à®¥ ¯®¤å®¤¨â ¤«ï «î¡®© ¬ â¥¬ â¨ç¥áª®© â¥®à¨¨, ¬®¦® á¤¥« âì ¢

à ¬ª å â¥®à¨¨ ª â¥£®à¨© ¨«¨ â¥®à¨¨ áâàãªâãà �ãà¡ ª¨. �  ®¯¨á -

â¥«ì®¬ ãà®¢¥ â  ¨«¨ ¨ ï ª â¥£®à¨ï ( ¯à¨¬¥à, ª â¥£®à¨ï «¨¥©ëå

¯à®áâà áâ¢ ¨«¨ ª â¥£®à¨ï £àã¯¯) ¯à¥¤áâ ¢«ï¥â á®¡®© ª« áá ®¡ê¥ªâ®¢,

¯à¨ç¥¬ ª ¦¤ë© ®¡ê¥ªâ S ï¢«ï¥âáï ¬®¦¥áâ¢®¬ M á § ¤ ®©   ¥¬

¥ª®â®à®© áâàãªâãà®© ®¤®£® ¨ â®£® ¦¥ à®¤ . �âã áâàãªâãàã ¬®¦®

âà ªâ®¢ âì ª ª á®¢®ªã¯®áâì á¢ï§¥© ®¯à¥¤¥«¥®£® ¢¨¤  ¬¥¦¤ã í«¥¬¥-

â ¬¨ ¬®¦¥áâ¢  M . �à®¬¥ ®¡ê¥ªâ®¢ ¢ ª â¥£®à¨î ¢å®¤ïâ ¬®àä¨§¬ë,

®áãé¥áâ¢«ïîé¨¥ ¢§ ¨¬®á¢ï§¨ ¬¥¦¤ã ®¡ê¥ªâ ¬¨. �á«¨ ®¡ê¥ªâë S1, S2
§ ¤ ë   ¬®¦¥áâ¢ å M1, M2, â® ¬®àä¨§¬®¬  ®¡ê¥ªâ  S1 ¢ ®¡ê¥ªâ

S2 ï¢«ï¥âáï ®â®¡à ¦¥¨¥  :M1 !M2, á®åà ïîé¥¥ áâàãªâãàã ¤ ®-

£® à®¤  (â.¥. á®åà ïîé¥¥ á®®â¢¥âáâ¢ãîé¨¥ á¢ï§¨ ¬¥¦¤ã í«¥¬¥â ¬¨

¬®¦¥áâ¢). � ¯à¨¬¥à, ¢ ª â¥£®à¨¨ «¨¥©ëå ¯à®áâà áâ¢ ¬®àä¨§¬ -

¬¨ ï¢«ïîâáï «¨¥©ë¥ ®â®¡à ¦¥¨ï,   ¢ ª â¥£®à¨¨ £àã¯¯ | £®¬®¬®à-

ä¨§¬ë.

�«ï ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ (2) ¬®¦® ¯®áâà®¨âì ª â¥£®-

à¨î á«¥¤ãîé¨¬ ®¡à §®¬. �¡ê¥ªâ ¬¨ íâ®© ª â¥£®à¨¨, ª®â®àãî ®¡®§ -

ç¨¬ ç¥à¥§ AS, ï¢«ïîâáï á¨áâ¥¬ë ¢¨¤  (2),  §ë¢ ¥¬ë¥ ç áâ®  ää¨-

ë¬¨ á¨áâ¥¬ ¬¨. �®àä¨§¬ë ®¯à¥¤¥«ïîâáï â ª. � áá¬®âà¨¬  àï¤ã á

¥ª®â®à®© á¨áâ¥¬®© S, ®¯¨áë¢ ¥¬®© á®®â®è¥¨ï¬¨ (2), ã¯à ¢«ï¥¬ãî

á¨áâ¥¬ã S0, ®¯¨áë¢ ¥¬ãî á®®â®è¥¨ï¬¨

_x = g0(x) + g(x)v; x 2 L � Rm; u 2 Rs: (3)

�®àä¨§¬®¬ á¨áâ¥¬ë S ¢ á¨áâ¥¬ã S0  §ë¢ ¥âáï (£« ¤ª®¥) ®â®¡à ¦¥-

¨¥  ä §®¢®£® ¯à®áâà áâ¢  M á¨áâ¥¬ë S ¢ ä §®¢®¥ ¯à®áâà áâ¢® L

á¨áâ¥¬ë S0, ¯¥à¥¢®¤ïé¥¥ à¥è¥¨ï (ä §®¢ë¥ âà ¥ªâ®à¨¨) á¨áâ¥¬ë S ¢

à¥è¥¨ï á¨áâ¥¬ë S0. (� ¯®¬¨¬, çâ® à¥è¥¨¥¬ ¨«¨ ä §®¢®© âà ¥ª-

â®à¨¥© á¨áâ¥¬ë (2)  §ë¢ ¥âáï ¤®áâ â®ç® £« ¤ª ï äãªæ¨ï y(t), ¤«ï

ª®â®à®© áãé¥áâ¢ã¥â â ª®¥ ¤®¯ãáâ¨¬®¥ ã¯à ¢«¥¨¥ u(t), çâ® äãªæ¨¨

y(t), u(t) ã¤®¢«¥â¢®àïîâ (2).)

�§®¬®àä¨§¬ ¢ â®© ¨«¨ ¨®© ª â¥£®à¨¨ | íâ® ¬®àä¨§¬  , ¯à¥¤áâ ¢-

«ïîé¨© á®¡®© ¢§ ¨¬® ®¤®§ ç®¥ ®â®¡à ¦¥¨¥, ¯à¨ç¥¬ ®¡à â®¥

®â®¡à ¦¥¨¥  �1 â ª¦¥ ï¢«ï¥âáï ¬®àä¨§¬®¬. �á«¨ ¤«ï ®¡ê¥ªâ®¢ S1
¨ S2 áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ S1 ¢ S2, â® ®¡ê¥ªâë S1 ¨ S2  §ë¢ îâ-

áï ¨§®¬®àäë¬¨. �§®¬®àäë¥ ®¡ê¥ªâë ¨¬¥îâ ®¤¨ ª®¢ë¥ á¢®©áâ¢ 

¢ à ¬ª å ¤ ®© ª â¥£®à¨¨. � ¯à¨¬¥à, ¢ ª â¥£®à¨¨ «¨¥©ëå ¯à®-

áâà áâ¢ ¨§®¬®àä¨§¬ë | íâ® «¨¥©ë¥ ¨§®¬®àä¨§¬ë.
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�¥¤ãªæ¨ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (2) ª ¨§®¬®àä®© ¨«¨, ª ª ¥é¥ £®-

¢®àïâ, íª¢¨¢ «¥â®© á¨áâ¥¬¥ (3) (£¤¥ m = n) æ¥«¥á®®¡à §¥, ¥á«¨ ¯®-

á«¥¤ïï ¨¬¥¥â ¡®«¥¥ ¯à®áâ®© ¢¨¤. � ¯à¨¬¥à, á«®¦ ï ¥«¨¥© ï á¨á-

â¥¬  (2) ¬®¦¥â ¡ëâì íª¢¨¢ «¥â  «¨¥©®© á¨áâ¥¬¥ (1). � íâ®¬ á«ãç ¥

¥«¨¥©®áâì ï¢«ï¥âáï úá«ãç ©®© ç¥àâ®©û, ª®â®à ï áâ¨à ¥âáï ¯à¨ ¯¥-

à¥å®¤¥ ª íª¢¨¢ «¥â®© á¨áâ¥¬¥. �ãé¥áâ¢¥ë¥ á¢®©áâ¢  ã¯à ¢«ï¥¬ëå

á¨áâ¥¬, â ª¨¥, ª ª ã¯à ¢«ï¥¬®áâì, ãáâ®©ç¨¢®áâì, ®¯â¨¬ «ì®áâì à¥è¥-

¨©, á®åà ïîâáï ¯à¨ ¯¥à¥å®¤¥ ª íª¢¨¢ «¥â®© á¨áâ¥¬¥. �®íâ®¬ã

¥áâ¥áâ¢¥® ¯®¯ëâ âìáï à¥è¨âì âã ¨«¨ ¨ãî § ¤ çã ã¯à ¢«¥¨ï ¤«ï

íª¢¨¢ «¥â®© á¨áâ¥¬ë ¡®«¥¥ ¯à®áâ®£® ¢¨¤ ,   § â¥¬ ú¯¥à¥¥áâ¨û ¯®-

«ãç¥®¥ à¥è¥¨¥   ¨áå®¤ãî á¨áâ¥¬ã á ¯®¬®éìî ¨§®¬®àä¨§¬ .

�®ïâ¨¥ ¯®¤®¡ê¥ªâ  ¢®§¨ª ¥â ¢ á¢ï§¨ á ¦¥« ¨¥¬ ª®àà¥ªâ® ¯®-

áâà®¨âì áã¦¥¨¥ (®£à ¨ç¥¨¥) ¤ ®£® ®¡ê¥ªâ  S, § ¤ ®£®   ¬®-

¦¥áâ¢¥ M ,   ¯®¤¬®¦¥áâ¢® N � M . �®®¡é¥ £®¢®àï, ®¡ê¥ªâ S áã§¨âì

  ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® ¥«ì§ï. �¡ê¥ªâ S, § ¤ ë©   ¯®¤¬®-

¦¥áâ¢¥ N �M ,  §ë¢ ¥âáï ¯®¤®¡ê¥ªâ®¬, ¥á«¨ ª ®¨ç¥áª®¥ ¢«®¦¥¨¥

i:N !M ï¢«ï¥âáï ¬®àä¨§¬®¬. � ¯à¨¬¥à, ¢ ª â¥£®à¨¨ «¨¥©ëå ¯à®-

áâà áâ¢ ¯®¤®¡ê¥ªâë | íâ® «¨¥©ë¥ ¯®¤¯à®áâà áâ¢ .

�®âà¥¡®áâì ¢ áã¦¥¨¨ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë S, â.¥. ¢ ¯¥à¥å®¤¥ ª

¯®¤á¨áâ¥¬¥ S, § ¤ ®©   ¯®¤¬®¦¥áâ¢¥ N � M , ¢®§¨ª ¥â, ¥á«¨ ¨§

¯à ªâ¨ç¥áª¨å á®®¡à ¦¥¨©   í«¥¬¥âë ¬®¦¥áâ¢  M  «®¦¥ë ¥-

ª®â®àë¥ ®£à ¨ç¥¨ï ( ç «ìë¥ ãá«®¢¨ï, £à ¨çë¥ ãá«®¢¨ï ¨ â.¤.).

� íâ®¬ á«ãç ¥ ¥áâ¥áâ¢¥® ¯®¯ëâ âìáï áã§¨âì á¨áâ¥¬ã S   ¥ª®â®à®¥

¯®¤¬®¦¥áâ¢® N � M , ¤«ï ª®â®à®£® íâ¨ ®£à ¨ç¥¨ï ã¤®¢«¥â¢®àïîâ-

áï. �®¤á¨áâ¥¬  S, § ¤  ï   N , ®¯à¥¤¥«ï¥â ç áâì à¥è¥¨© ¨áå®¤®©

á¨áâ¥¬ë S, «¥¦ é¨å ¢ N ¨, ¢ ç áâ®áâ¨, ã¤®¢«¥â¢®àïîé¨å § ¤ ë¬

®£à ¨ç¥¨ï¬. �®íâ®¬ã à¥è¥¨¥ § ¤ ç¨ ã¯à ¢«¥¨ï, ¯®áâ ¢«¥®© ¤«ï

á¨áâ¥¬ë S, ¬®¦¥â ¡ëâì á¢¥¤¥® ª à¥è¥¨î   «®£¨ç®© § ¤ ç¨ ¤«ï

¯®¤á¨áâ¥¬ë S á ä §®¢ë¬ ¯à®áâà áâ¢®¬ ¬¥ìè¥© à §¬¥à®áâ¨.

� â® ¢à¥¬ï ª ª ¯à¨ áã¦¥¨¨ ã¯à®é¥¨¥ ¤®áâ¨£ ¥âáï §  áç¥â ¯¥à¥å®-

¤    ¯®¤¬®¦¥áâ¢® N � M , ¯à¨ ä ªâ®à¨§ æ¨¨ ã¯à®é¥¨¥ ¤®áâ¨£ ¥â-

áï §  áç¥â úá¦ â¨ïû ¬®¦¥áâ¢  M , â.¥. ¯¥à¥å®¤    ä ªâ®à¬®¦¥áâ¢®

M=R ¯® ¥ª®â®à®¬ã ®â®è¥¨î íª¢¨¢ «¥â®áâ¨ R. �à¨ íâ®¬ ¯¥à¥-

å®¤¥ â®çª¨, ¯à¨ ¤«¥¦ é¨¥ ®¤®¬ã ª« ááã íª¢¨¢ «¥â®áâ¨, úáª«¥¨-

¢ îâáïû ¢ ®¤ã â®çªã ä ªâ®à¬®¦¥áâ¢  M=R. �¡ê¥ªâ ~S, § ¤ ë©

 M=R,  §ë¢ ¥âáï ä ªâ®à®¡ê¥ªâ®¬ ®¡ê¥ªâ  S, § ¤ ®£®  M , ¥á«¨

ª ®¨ç¥áª ï ¯à®¥ªæ¨ï ':M !M=R ï¢«ï¥âáï ¬®àä¨§¬®¬. � ¯à¨¬¥à,

¢ ª â¥£®à¨¨ «¨¥©ëå ¯à®áâà áâ¢ ä ªâ®à®¡ê¥ªâë | íâ® ä ªâ®à¯à®-

áâà áâ¢ .

� ç¥¨¥ ä ªâ®à¨§ æ¨¨ ¤«ï à¥¤ãªæ¨¨ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ (2) § -

ª«îç ¥âáï ¯à¥¦¤¥ ¢á¥£® ¢ â®¬, çâ® ®  ¯®à®¦¤ ¥â ®¯à¥¤¥«¥ãî ¤¥-

ª®¬¯®§¨æ¨î ¨áå®¤®© á¨áâ¥¬ë. �®ç¥¥, ¥á«¨ ã á¨áâ¥¬ë (2) áãé¥-
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áâ¢ã¥â ä ªâ®àá¨áâ¥¬  (3), § ¤  ï   ¥ª®â®à®¬ ä ªâ®à¬®¦¥áâ¢¥

L =M=R, â® á¨áâ¥¬  (2) íª¢¨¢ «¥â  á¨áâ¥¬¥ ¢¨¤ 

_z = g0(z) + g(z)v; (4)

_x = h0(x; z) + h(x; z)v; (5)

z 2 L � Rm; x 2 P � Rn�m; v 2 Rs:
�§ ¢¨¤  á¨áâ¥¬ë (4), (5) á«¥¤ã¥â, çâ® «î¡®¥ à¥è¥¨¥ z(t), x(t) íâ®© á¨-

áâ¥¬ë ¬®¦¥â ¡ëâì ¯®«ãç¥® á«¥¤ãîé¨¬ ®¡à §®¬. � ç «  ã¦®  ©-

â¨ à¥è¥¨¥ ä ªâ®àá¨áâ¥¬ë (4) (á®®â¢¥âáâ¢ãîé¥¥ ¥ª®â®à®¬ã ã¯à ¢-

«¥¨î v(t)),   § â¥¬, ¯®á«¥ ¯®¤áâ ®¢ª¨ z(t) ¢ (5),  ©â¨ x(t). �  íâ®¬

ä ªâ¥ ®á®¢   ¤¥ª®¬¯®§¨æ¨ï  «£®à¨â¬®¢ à¥è¥¨ï § ¤ ç ã¯à ¢«¥¨ï.

� ¬¥â¨¬ â ª¦¥, çâ® ¬®£¨¥ á¢®©áâ¢  ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ( ¡«î¤ -

¥¬®áâì,  ¢â®®¬®áâì ¨ ¤à.) ®¯à¥¤¥«ïîâáï áãé¥áâ¢®¢ ¨¥¬ ä ªâ®àá¨-

áâ¥¬ á¯¥æ¨ «ì®£® ¢¨¤ .

�®ïâ¨ï ¨§®¬®àä®£® ®¡ê¥ªâ , ä ªâ®à®¡ê¥ªâ  ¨ ¯®¤®¡ê¥ªâ  ¬®£ãâ

¯à¨¬¥ïâìáï ¤«ï à¥¤ãªæ¨¨ ¨áå®¤®£® ®¡ê¥ªâ  á®¢¬¥áâ® ¨ ¢ à §«¨ç-

®© ¯®á«¥¤®¢ â¥«ì®áâ¨. �â¬¥â¨¬, çâ® ¢¥¤ãâáï ¨áá«¥¤®¢ ¨ï ¯® à §-

à ¡®âª¥ ®¡é¨å ã¨¢¥àá «ìëå á¯®á®¡®¢ à áá«®¥¨ï   ä ªâ®à®¡ê¥ªâë

¨ ¯®¤®¡ê¥ªâë, ¯à¨£®¤ëå ¤«ï à¥¤ãªæ¨¨ ¬ â¥¬ â¨ç¥áª¨å ®¡ê¥ªâ®¢ ¯à®-

¨§¢®«ì®© ¯à¨à®¤ë [4, 5].

�¤¨ ¨ â®â ¦¥ ¬ â¥¬ â¨ç¥áª¨© ®¡ê¥ªâ ¬®¦® ¯®£àã¦ âì ¢ à §ë¥

ª â¥£®à¨¨. � §ã¬¥¥âáï, ¦¥« â¥«ì® ¢¢®¤¨âì ª ª ¬®¦® ¡®«¥¥ ®¡é¨¥ ª -

â¥£®à¨¨, ¨¡® ¢®§¬®¦®áâ¨ ¤«ï à¥¤ãªæ¨¨ ¯à¨ íâ®¬ à áè¨àïîâáï. �¤ -

ª® §¤¥áì ¨¬¥îâáï ®£à ¨ç¥¨ï, ®¡ãá«®¢«¥ë¥ â¥¬, çâ® á«¨èª®¬ ®¡é¨¥

¬®àä¨§¬ë ¬®£ãâ ¯¥à¥áâ âì ®âà ¦ âì áãé¥áâ¢¥ë¥ á¢ï§¨ ¬¥¦¤ã ®¡ê-

¥ªâ ¬¨. �«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ª ¦¤®© ª â¥£®à¨¨ á®®â¢¥âáâ¢ã¥â,

¢®®¡é¥ £®¢®àï, á¢®© ¬ â¥¬ â¨ç¥áª¨©  ¯¯ à â.

�¥à¢ë¥ à¥§ã«ìâ âë ¯® à¥¤ãªæ¨¨ ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ¯®«ãç¥ë¥

¢ ®á®¢®¬ ¢ 70-¥ £®¤ë, ¬®¦® âà ªâ®¢ âì ª ª à¥¤ãªæ¨î ¢ ª â¥£®à¨¨

ASP, ª®â®à ï ï¢«ï¥âáï ¯®¤ª â¥£®à¨¥© ¢¢¥¤¥®© à ¥¥ ª â¥£®à¨¨ AS
¨ ¬®àä¨§¬ë ª®â®à®© ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬. � áá¬®âà¨¬

 àï¤ã á á¨áâ¥¬®© (2) á¨áâ¥¬ã (3). �â®¡à ¦¥¨¥  (ï¢«ïîé¥¥áï ¤®áâ -

â®ç® £« ¤ª¨¬) ä §®¢®£® ¯à®áâà áâ¢  M á¨áâ¥¬ë (2) ¢ ä §®¢®¥ ¯à®-

áâà áâ¢® L á¨áâ¥¬ë (3)  §ë¢ ¥âáï ¬®àä¨§¬®¬ á¨áâ¥¬ë (2) ¢ á¨áâ¥¬ã

(3), ¥á«¨ r = s, ¨ ª ª â®«ìª® y(t) | à¥è¥¨¥ á¨áâ¥¬ë (2), á®®â¢¥â-

áâ¢ãîé¥¥ ã¯à ¢«¥¨î u(t), â® x(t) =  (y(t)) | à¥è¥¨¥ á¨áâ¥¬ë (2),

á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î v(t) = u(t). �§®¬®àä¨§¬ ¬¨ ï¢«ïîâáï

¯® áãé¥áâ¢ã § ¬¥ë ä §®¢ëå ¯¥à¥¬¥ëå.

�áª®à¥ ¢ëïá¨«®áì, çâ® ¢®§¬®¦®áâ¨ ¤«ï à¥¤ãªæ¨¨ ¢ íâ®© ª â¥£®-

à¨¨ ¤®¢®«ì® ®£à ¨ç¥ë. � á¢ï§¨ á íâ¨¬ áâ «¨ à áá¬ âà¨¢ âìáï ¡®«¥¥
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®¡é¨¥ ¬®àä¨§¬ë, ¢ª«îç îé¨¥ ®¯à¥¤¥«¥ë¥ § ª®ë ¨§¬¥¥¨ï ã¯à -

¢«¥¨©, ª®â®àë¬ á®®â¢¥âáâ¢ãîâ ¡®«¥¥ ®¡é¨¥ ª â¥£®à¨¨, ç¥¬ ASP.
�áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ ¢á¥å â ª¨å ª â¥£®à¨© ï¢«ï¥âáï ª â¥£®-

à¨ï AS, ¬®àä¨§¬ë ¢ ª®â®à®© ®¯à¥¤¥«ïîâáï ª ª £« ¤ª¨¥ ®â®¡à ¦¥¨ï

ä §®¢ëå ¯à®áâà áâ¢, ¯¥à¥¢®¤ïé¨¥ à¥è¥¨ï ¢ à¥è¥¨ï ¡¥§  ¯à¨®à®£®

§ ¤ ¨ï § ª®  ¨§¬¥¥¨ï ã¯à ¢«¥¨©. �®§¬®¦®áâ¨ ¤«ï à¥¤ãªæ¨¨ ¢

íâ®© ª â¥£®à¨¨ ï¢«ïîâáï  ¨¡®«¥¥ è¨à®ª¨¬¨ ¨ ¬®£®®¡¥é îé¨¬¨.

�« ¢ë¬ ¢ ¯à®¡«¥¬¥ à¥¤ãªæ¨¨ ï¢«ï¥âáï ¯®áâà®¥¨¥ ¬ â¥¬ â¨ç¥áª®-

£®  ¯¯ à â  ¤«ï  å®¦¤¥¨ï à¥¤ãæ¨à®¢ ëå ®¡ê¥ªâ®¢. � â¥¬ â¨ç¥-

áª¨©  ¯¯ à â á®áâ ¢«ïîâ ¯®ïâ¨ï, ª®â®àë¥ ¨¬¥îâ ¨¢ à¨ âë© å -

à ªâ¥à ®â®á¨â¥«ì® ¬®àä¨§¬®¢. � ª ã¦¥ ®â¬¥ç «®áì, ª ¦¤®© ª â¥-

£®à¨¨ á®®â¢¥âáâ¢ã¥â á¢®© ¬ â¥¬ â¨ç¥áª¨©  ¯¯ à â. �¡é¨¬ ¤«ï «î¡®©

ª â¥£®à¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ï¢«ï¥âáï ¤¨ää¥à¥æ¨ «ì-

®-£¥®¬¥âà¨ç¥áª¨© å à ªâ¥à  ¯¯ à â .

�«ï ¨§ãç¥¨ï ¢®¯à®á®¢ à¥¤ãªæ¨¨ ¢ ª â¥£®à¨¨ ASP (¨ ¥ª®â®àëå

¤àã£¨å ª â¥£®à¨ïå) íää¥ªâ¨¢ë¬ ¨áâàã¬¥â®¬ ¨áá«¥¤®¢ ¨ï ï¢«ï-

îâáï  áá®æ¨¨à®¢  ï £àã¯¯  ¯à¥®¡à §®¢ ¨© ¨  áá®æ¨¨à®¢  ï  «-

£¥¡à  �¨ ¢¥ªâ®àëå ¯®«¥©, ª®â®àë¥ ¯®à®¦¤ îâáï ¯à ¢ë¬¨ ç áâï¬¨ á¨-

áâ¥¬ë (2). � ª, ¯®¤¬®¦¥áâ¢  N �M ,   ª®â®àëå ¬®£ãâ áãé¥áâ¢®¢ âì

¯®¤á¨áâ¥¬ë á¨áâ¥¬ë (2) ¢ ª â¥£®à¨¨ ASP, ¤®«¦ë ¡ëâì («®ª «ì®) ¨-

¢ à¨ âë¬¨ ¬®£®®¡à §¨ï¬¨  áá®æ¨¨à®¢ ®© £àã¯¯ë. �«¥¤®¢ â¥«ì-

®, ¤«ï áãé¥áâ¢®¢ ¨ï ¯®¤á¨áâ¥¬ (á ä §®¢ë¬ ¯à®áâà áâ¢®¬ à §¬¥à-

®áâ¨, ¬¥ìè¥©, ç¥¬ n) íâ  £àã¯¯  ¤®«¦  ¡ëâì («®ª «ì®) ¨âà §¨-

â¨¢®©. �«ï áãé¥áâ¢®¢ ¨ï ä ªâ®àá¨áâ¥¬ (á ä §®¢ë¬ ¯à®áâà áâ¢®¬

à §¬¥à®áâ¨, ¬¥ìè¥©, ç¥¬ n)  áá®æ¨¨à®¢  ï £àã¯¯  ¤®«¦  ¡ëâì

¨¬¯à¨¬¨â¨¢®©. �â¨¬, ªáâ â¨, ®¡êïáï¥âáï ®£à ¨ç¥®áâì ¢®§¬®¦-

®áâ¥© ¤«ï à¥¤ãªæ¨¨ ¢ ª â¥£®à¨¨ ASP. �¥«® ¢ â®¬, çâ® ¢ ®¯à¥¤¥«¥®¬
á¬ëá«¥ ¯®çâ¨ ¢á¥ £àã¯¯ë, ¯®à®¦¤ ¥¬ë¥ á¥¬¥©áâ¢ ¬¨ ¢¥ªâ®àëå ¯®«¥©,

ï¢«ïîâáï âà §¨â¨¢ë¬¨,   âà §¨â¨¢ë¥ £àã¯¯ë, ª ª ¯à ¢¨«®, ¯à¨-

¬¨â¨¢ë. � ª¨¬ ®¡à §®¬, à¥¤ãªæ¨ï ª ¯®¤á¨áâ¥¬¥ ¨«¨ ª ä ªâ®àá¨áâ¥¬¥

¢ ª â¥£®à¨¨ ASP ¢®§¬®¦  ¢ ¢ëà®¦¤¥ëå á«ãç ïå.

�à¨ ¬®àä¨§¬ å ª â¥£®à¨¨ AS áâàãªâãà   áá®æ¨¨à®¢ ®© £àã¯¯ë

¨  áá®æ¨¨à®¢ ®©  «£¥¡àë �¨ ¥ á®åà ï¥âáï. �®íâ®¬ã ¤«ï ¨áá«¥¤®-

¢ ¨ï ¢®¯à®á®¢ à¥¤ãªæ¨¨ ¢ ª â¥£®à¨¨ AS âà¥¡ã¥âáï ¤àã£®© ¬ â¥¬ â¨-

ç¥áª¨©  ¯¯ à â. �®¤å®¤ïé¨¬ ¨áâàã¬¥â®¬ ¨áá«¥¤®¢ ¨ï §¤¥áì ï¢«ï-

îâáï ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª®¥ ¯®ïâ¨¥  ää¨®£® à á¯à¥¤¥-

«¥¨ï ¨ ¤¢®©áâ¢¥®¥ ¯®ïâ¨¥ t-ª®à á¯à¥¤¥«¥¨ï. �¡ê¥ªâë â ª®£® à®-

¤  ¬®¦® á¢ï§ âì á ª ¦¤®©  ää¨®© ã¯à ¢«ï¥¬®© á¨áâ¥¬®©, ¯à¨ç¥¬

áâàãªâãà  íâ¨å ®¡ê¥ªâ®¢ á®åà ï¥âáï ¯à¨ ¬®àä¨§¬ å ª â¥£®à¨¨ AS.
�«¥¤ã¥â ®¤ ª® áª § âì, çâ® ( áª®«ìª®  ¢â®àã ¨§¢¥áâ®) â¥®à¨ï  ä-

ä¨ëå à á¯à¥¤¥«¥¨© ¨ t-ª®à á¯à¥¤¥«¥¨© ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®-

¬¥âà¨¨ ¯à ªâ¨ç¥áª¨ ¥ à §à ¡ âë¢ « áì (¢®§¬®¦® ¨§-§  ®âáãâáâ¢¨ï
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¯à¨«®¦¥¨©).

***

�¤¥« ¥¬ ¥áª®«ìª® § ¬¥ç ¨© ®â®á¨â¥«ì® á®¤¥à¦ ¨ï ¨ áâàãª-

âãàë ª¨£¨. �  ï¢«ï¥âáï à áè¨à¥ë¬ ¨§«®¦¥¨¥¬ ªãàá  «¥ªæ¨©

¯® à¥¤ãªæ¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ª®â®àë¥  ¢â®à ç¨â « ¢

â¥ç¥¨¥ àï¤  «¥â ¤«ï áâã¤¥â®¢ �®áª®¢áª®£® ä¨§¨ª®-â¥å¨ç¥áª®£® ¨-

áâ¨âãâ . �à®¬¥ â®£®, ¯à¨ à ¡®â¥  ¤ àãª®¯¨áìî  ¢â®à ¯®§¢®«¨« á¥¡¥

¨á¯®«ì§®¢ âì á¢®î á¥à¨î ãç¥¡ëå ¯®á®¡¨© ¯® ¤ ®¬ã ªãàáã [1{3]. �â®

®¡áâ®ïâ¥«ìáâ¢® ®âà §¨«®áì, à §ã¬¥¥âáï,   ¨§«®¦¥¨¨, ª®â®à®¥ ¢ § ç¨-

â¥«ì®© ¬¥à¥ ï¢«ï¥âáï § ¬ªãâë¬. �¥®¡å®¤¨¬ë© § ¯ á á¢¥¤¥¨© á¢¥-

¤¥ ª ¬¨¨¬ã¬ã: ¤®áâ â®çãî ¯®¤£®â®¢ªã ®¡¥á¯¥ç¨¢ îâ áâ ¤ àâë¥

ªãàáë ¬ â¥¬ â¨ç¥áª®£®   «¨§  ¨ «¨¥©®©  «£¥¡àë. � á®¦ «¥¨î,

áâ ¤ àâë¥ ªãàáë ¯® ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ¯®ª  ¥ ®¡¥á¯¥-

ç¨¢ îâ ¥®¡å®¤¨¬®£® § ¯ á  § ¨© ¤«ï ¨§ãç¥¨ï ¤¨ää¥à¥æ¨ «ì®-

£¥®¬¥âà¨ç¥áª®© â¥®à¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ¯®íâ®¬ã ¯®

ªà ©¥© ¬¥à¥ ç áâì á¢¥¤¥¨©, ã¦ëå ¤«ï ¯®¨¬ ¨ï ®á®¢®£® ¬ -

â¥à¨ «  ª¨£¨, ¢ª«îç¥  ¢ ¥¥. � ª¨¬ ®¡à §®¬, ª¨£  ¬®¦¥â ¡ëâì

¨á¯®«ì§®¢   ¯à ªâ¨ç¥áª¨ ¢á¥¬¨, ªâ®  ç¨ ¥â § ª®¬áâ¢® á á®¢à¥¬¥-

®© ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª®© â¥®à¨¥© ¥«¨¥©ëå ã¯à ¢«ï¥-

¬ëå ¤¨ ¬¨ç¥áª¨å á¨áâ¥¬.

�¥áì ¢á¯®¬®£ â¥«ìë© ¬ â¥à¨ « á®¡à  ¢ ¯¥à¢®© £« ¢¥. �®áâ â®ç-

® ¡®«ìè®© ®¡ê¥¬ íâ®© £« ¢ë ¢ë§¢  ãª § ë¬ ¢ëè¥ áâà¥¬«¥¨¥¬

ª § ¬ªãâ®áâ¨ ¨§«®¦¥¨ï. �î¤  ¢å®¤ïâ í«¥¬¥âë â¥®à¨¨ ª â¥£®à¨©,

¥ª®â®àë¥ à §¤¥«ë ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨,   â ª¦¥ ®¤® ¯à¨-

¬¥¥¨¥ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ¢ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨. �â® ª á ¥âáï â¥®à¨¨ ª â¥£®-

à¨©, â® á«¥¤ã¥â áª § âì, çâ® ¢ ª¨£¥ ¨á¯®«ì§ãîâáï â®«ìª® ¥ª®â®àë¥

®á®¢ë¥ ®¯à¥¤¥«¥¨ï íâ®© â¥®à¨¨, ª®â®àë¥, á®¡áâ¢¥®, ¨ ¯à¨¢¥¤¥-

ë ¢ ¯¥à¢®© £« ¢¥. (�®¤à®¡¥¥ ® â¥®à¨¨ ª â¥£®à¨© á¬.,  ¯à¨¬¥à, ¢

[6].) � â¥à¨ « ¨§ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ á®¤¥à¦¨â, £« ¢ë¬

®¡à §®¬, àï¤  á¯¥ªâ®¢ â¥®à¨¨ à á¯à¥¤¥«¥¨© ¨ ª®à á¯à¥¤¥«¥¨© (á¨-

áâ¥¬ �ä ää ),   â ª¦¥ â¥®à¨¨ «®ª «ìëå £àã¯¯ ¤¨ää¥®¬®àä¨§¬®¢,

¯®à®¦¤ ¥¬ëå á¥¬¥©áâ¢ ¬¨ ¢¥ªâ®àëå ¯®«¥©. �à¨¢¥¤¥ë¥ à¥§ã«ìâ -

âë (§  ¨áª«îç¥¨¥¬, ¢®§¬®¦®, â¥®à¨¨  ää¨ëå à á¯à¥¤¥«¥¨© ¨

¤¢®©áâ¢¥ëå ®¡ê¥ªâ®¢ | t-ª®à á¯à¥¤¥«¥¨©) ¤ ¢® ¯®«ãç¥ë, ¯à¨ç¥¬

¥ª®â®àë¥ ¯®¯à®áâã § ¡ëâë. �¤ ª® á®¢à¥¬¥ ï â¥®à¨ï ã¯à ¢«¥¨ï

á¤¥« «  íâ¨ à¥§ã«ìâ âë ã¤¨¢¨â¥«ì®  ªâã «ìë¬¨. �®¤à®¡®áâ¨ ® § -

âà®ãâëå ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å ¢®¯à®á å ¬®¦® ¯®ç¥à¯-

ãâì ¢ [7{10, 45, 54, 56, 57, 65{67]. � ª®æ¥ ¯¥à¢®© £« ¢ë à áá¬®âà¥ 

â¥®à¨ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå á ®¤¨ -

ª®¢®© £« ¢®© ç áâìî. �âã â¥®à¨î ¬®¦® âà ªâ®¢ âì ª ª ¯à¨«®¦¥¨¥
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â¥®à¨¨ à á¯à¥¤¥«¥¨©. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤ ®£® â¨¯ 

ç áâ® ¢áâà¥ç îâáï ¢ § ¤ ç å à¥¤ãªæ¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨-

áâ¥¬.

�â®à ï, âà¥âìï, ç¥â¢¥àâ ï ¨ ¯ïâ ï £« ¢ë ¯®á¢ïé¥ë à §à ¡®âª¥ ¬¥-

â®¤®¢ à¥¤ãªæ¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬. � ®á®¢®¬ ¯à¨¢®-

¤ïâáï à¥§ã«ìâ âë, ª®â®àë¥ ª á îâáï à¥¤ãªæ¨¨ ¢ ª â¥£®à¨¨ AS ¨ ª®â®-

àë¥ ¯à¨ ¤«¥¦ â  ¢â®àã [17{25]. � ¯®¬®éìî íâ¨å à¥§ã«ìâ â®¢ ¤«ï ¤ -

®© ¥«¨¥©®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ¬®¦® áâà®¨âì à¥¤ãæ¨à®¢ ë¥

á¨áâ¥¬ë à §«¨çëå ¢¨¤®¢ | íª¢¨¢ «¥âë¥ á¨áâ¥¬ë, ä ªâ®àá¨áâ¥¬ë

¨ ¯®¤á¨áâ¥¬ë.

� ¯®á«¥¤¥© è¥áâ®© £« ¢¥ ¢ ª ç¥áâ¢¥ ¯à¨«®¦¥¨ï ¯®ª § ®, ª ª

á ¯®¬®éìî ¯®áâà®¥¨ï à¥¤ãæ¨à®¢ ëå á¨áâ¥¬ à¥è îâáï ¥ª®â®àë¥

§ ¤ ç¨ â¥®à¨¨ ã¯à ¢«¥¨ï.

� § ª«îç¥¨¥ å®çã ¢ëà §¨âì ¡« £®¤ à®áâì ¯à¥¦¤¥ ¢á¥£® àãª®¢®-

¤¨â¥«î á¥¬¨ à  ú�¥ª®¬¯®§¨æ¨ï ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥©û �ëç¨á«¨-

â¥«ì®£® æ¥âà  �®áá¨©áª®©  ª ¤¥¬¨¨  ãª �.�.� ¢«®¢áª®¬ã,   â ª-

¦¥ ¯®áâ®ïë¬ ãç áâ¨ª ¬ á¥¬¨ à  �à¨é¥ª® �.�., �ª®¢¥ª® �.�.,

�¬¨à®¢®© �.�., �®®¢ «®¢®© �.�., �¢ èª® �.�. ¨ ¤àã£¨¬ §  ¬®£®-

ç¨á«¥ë¥ ¨ ¯®«¥§ë¥ ®¡áã¦¤¥¨ï ¢®¯à®á®¢, § âà®ãâëå ¢ íâ®© ª¨£¥.
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�á¯®¬®£ â¥«ìë¥

á¢¥¤¥¨ï

1.1. �®¦¥áâ¢  ¨ ®â®¡à ¦¥¨ï

�«ï ã¤®¡áâ¢  ç¨â â¥«ï ¯à¨¢¥¤¥¬ §¤¥áì ¨á¯®«ì§ã¥¬ë¥ ®¡®§ ç¥¨ï

¨  ¯®¬¨¬ ¥ª®â®àë¥ ®¯à¥¤¥«¥¨ï:

; | ¯ãáâ®¥ ¬®¦¥áâ¢®;

y 2M | í«¥¬¥â y ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã M ;

y =2M | í«¥¬¥â y ¥ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã M ;

N �M |¬®¦¥áâ¢® N á®¤¥à¦¨âáï ¢ ¬®¦¥áâ¢¥ M (¨, ¡ëâì ¬®¦¥â,

á®¢¯ ¤ ¥â á ¨¬);

N 6�M | ¬®¦¥áâ¢® N ¥ á®¤¥à¦¨âáï ¢ ¬®¦¥áâ¢¥ M ;S
j2JMj | ®¡ê¥¤¨¥¨¥ á¥¬¥©áâ¢  ¬®¦¥áâ¢ Mj , § ã¬¥à®¢ ëå

í«¥¬¥â ¬¨ ¬®¦¥áâ¢  J ; ¥á«¨ J ª®¥ç®, â® ã¯®âà¥¡«ï¥âáï â ª¦¥ ®¡®-

§ ç¥¨¥ ¢¨¤  M1 [ : : :[Mn;T
j2JMj | ¯¥à¥á¥ç¥¨¥ á¥¬¥©áâ¢  ¬®¦¥áâ¢;

M nN | ¤®¯®«¥¨¥ ª ¬®¦¥áâ¢ã N ¢ ¬®¦¥áâ¢¥ M ;

N �M |¤¥ª àâ®¢® ¯à®¨§¢¥¤¥¨¥ ¬®¦¥áâ¢ N ¨ M , â.¥. ¬®¦¥áâ¢®

¢á¥å ã¯®àï¤®ç¥ëå ¯ à (x; y), £¤¥ x 2 N; y 2M ;

f :M ! N | ®â®¡à ¦¥¨¥ f ¬®¦¥áâ¢  M ¢ ¬®¦¥áâ¢® N ;

f :x 7! y | ®â®¡à ¦¥¨¥ f ¯¥à¥¢®¤¨â í«¥¬¥â x ¢ í«¥¬¥â y;

fy:Ag | á®¢®ªã¯®áâì â¥å y, ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï ãá«®¢¨¥ A.

�«ï á®ªà é¥¨ï ä®à¬ã«¨à®¢®ª ç áâ® ¨á¯®«ì§ãîâáï ¥ª®â®àë¥ «®-

£¨ç¥áª¨¥ á¨¬¢®«ë. � ª ¨¬¯«¨ª æ¨¨ =) ¢ § ¯¨á¨ A =) B ®§ ç ¥â,

çâ® úA ¢«¥ç¥â Bû ¨«¨ ú¨§ A á«¥¤ã¥â Bû, ¢ â® ¢à¥¬ï ª ª A() B ®§ -

ç ¥â íª¢¨¢ «¥â®áâì ¢ëáª §ë¢ ¨© A ¨ B (. . . â®£¤  ¨ â®«ìª® â®£¤ ,
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ª®£¤ . . . ). �¢ â®à ¢á¥®¡é®áâ¨ 8 á«ã¦¨â § ¬¥®© ¢ëà ¦¥¨ï ú¤«ï

¢á¥åû.

�¡à §®¬ ¬®¦¥áâ¢  M ¯à¨ ®â®¡à ¦¥¨¨ f :M ! N  §ë¢ ¥âáï

¬®¦¥áâ¢®

f(M ) = ff(y): y 2Mg:
�â®¡à ¦¥¨¥ f :M ! N  §ë¢ ¥âáï áîàê¥ªâ¨¢ë¬ ¨«¨ ®â®¡à ¦¥-

¨¥¬  , ¥á«¨ f(M ) = N ; ®®  §ë¢ ¥âáï ¨ê¥ªâ¨¢ë¬, ¥á«¨

y 6= y0 =) f(y) 6= f(y0):

�â®¡à ¦¥¨¥ f :M ! N | ¡¨¥ªâ¨¢®¥ ¨«¨ ¢§ ¨¬® ®¤®§ ç®¥, ª®£¤ 

®® ®¤®¢à¥¬¥® áîàê¥ªâ¨¢® ¨ ¨ê¥ªâ¨¢®.

�¤¨¨çë¬ (¨«¨ â®¦¤¥áâ¢¥ë¬) ®â®¡à ¦¥¨¥¬ eM :M !M  §ë-

¢ ¥âáï ®â®¡à ¦¥¨¥, ¯¥à¥¢®¤ïé¥¥ ª ¦¤ë© í«¥¬¥â y 2M ¢ á¥¡ï. �á«¨

V �M , â® ®â®¡à ¦¥¨¥ fV :V ! N  §ë¢ ¥âáï áã¦¥¨¥¬ ®â®¡à ¦¥¨ï

f :M ! N , ¥á«¨ fV (y) = f(y); 8y 2 V .
�à®¨§¢¥¤¥¨¥¬ (áã¯¥à¯®§¨æ¨¥© ¨«¨ ª®¬¯®§¨æ¨¥©) ®â®¡à ¦¥¨©

g:U ! V; f :V !W

 §ë¢ ¥âáï ®â®¡à ¦¥¨¥ f � g:U !W , ®¯à¥¤¥«ï¥¬®¥ ãá«®¢¨¥¬

(f � g)(u) = f(g(u)); 8u 2 U:

� áâ® ¢¬¥áâ® f � g ¯¨èãâ ¯à®áâ® fg. �®¬¯®§¨æ¨ï ®â®¡à ¦¥¨©

¯®¤ç¨ï¥âáï § ª®ã  áá®æ¨ â¨¢®áâ¨, â.¥.

f(gh) = (fg)h:

�á«¨ f :M ! N | ¡¨¥ªæ¨ï, â.¥. ¡¨¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥, â® ®¯à¥-

¤¥«¥® ®¡à â®¥ ®â®¡à ¦¥¨¥ f�1, ª®â®à®¥ â ª¦¥ ¡¨¥ªâ¨¢® ¨ ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î

f�1f = eM ; ff�1 = eN :

�â®è¥¨¥¬ íª¢¨¢ «¥â®áâ¨ R, § ¤ ë¬   ¬®¦¥áâ¢¥ M ,  §ë-

¢ ¥âáï ¡¨ à®¥ ®â®è¥¨¥, â.¥. ¬®¦¥áâ¢® R � M �M , ®¡« ¤ îé¥¥

á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) (a; a) 2 R, 8a 2M ,

2) (a; b) 2 R =) (b; a) 2 R,
3) (a; b); (b; c) 2 R =) (a; c) 2 R.
�á«¨ (a; b) 2 R, â® £®¢®àïâ, çâ® â®çª¨ a; b 2 M íª¢¨¢ «¥âë (¯®

®â®è¥¨î íª¢¨¢ «¥â®áâ¨ R), ¨ ¯¨èãâ â ª¦¥ aRb. �§ íâ¨å âà¥å



1.2. ��������� � �������� 13

á¢®©áâ¢ ¢ëâ¥ª ¥â, çâ® M à §¡¨¢ ¥âáï   ¥¯¥à¥á¥ª îé¨¥áï ¯®¤¬®-

¦¥áâ¢  íª¢¨¢ «¥âëå â®ç¥ª, ª®â®àë¥  §ë¢ îâáï ª« áá ¬¨ íª¢¨¢ -

«¥â®áâ¨ (®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ R). �®çª , ¯à¨ ¤«¥¦ é ï

¥ª®â®à®¬ã ª« ááã íª¢¨¢ «¥â®áâ¨,  §ë¢ ¥âáï ¯à¥¤áâ ¢¨â¥«¥¬ íâ®-

£® ª« áá . �®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥â®áâ¨  §ë¢ ¥âáï ä ªâ®à-

¬®¦¥áâ¢®¬ ¨ ®¡®§ ç ¥âáï ç¥à¥§ M=R. �â®¡à ¦¥¨¥ ':M ! M=R,

áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ ¬®¦¥áâ¢  M â®â ª« áá íª¢¨-

¢ «¥â®áâ¨, ¢ ª®â®à®¬  å®¤¨âáï íâ  â®çª ,  §ë¢ ¥âáï ª ®¨ç¥áª®©

¯à®¥ªæ¨¥©.

�à¨¬¥à ¬¨ ®â®è¥¨© íª¢¨¢ «¥â®áâ¨ ï¢«ïîâáï â ª  §ë¢ ¥¬ë¥

âà¨¢¨ «ìë¥ ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ �0 ¨ �1: ª ¦¤ë© ª« áá �0
á®áâ®¨â â®«ìª® ¨§ ®¤®£® í«¥¬¥â  ¬®¦¥áâ¢  M ,   ¢ á«ãç ¥ �1 ¨¬¥¥âáï

«¨èì ®¤¨ ª« áá íª¢¨¢ «¥â®áâ¨, á®áâ®ïé¨© ¨§ ¢á¥£® ¬®¦¥áâ¢  M .

1.2. � â¥£®à¨¨ ¨ äãªâ®àë

�®¢®àïâ, çâ® § ¤   ª â¥£®à¨ï K, ¥á«¨:

1) § ¤  ª« áá ®¡ê¥ªâ®¢ ª â¥£®à¨¨ K, ª®â®àë© ¡ã¤¥¬ ®¡®§ ç âì

ç¥à¥§ ObK;

2) ¤«ï ª ¦¤®© ¯ àë A;B ®¡ê¥ªâ®¢ K § ¤ ® ¬®¦¥áâ¢® ¬®àä¨§¬®¢

MorK(A;B) ®¡ê¥ªâ  A ¢ ®¡ê¥ªâ B (¥á«¨ f 2 MorK(A;B), â® ¯à¨¬¥ï-

¥âáï â ª¦¥ ®¡®§ ç¥¨¥ f :A! B);

3) ¤«ï ª ¦¤®© âà®©ª¨ A;B;C ®¡ê¥ªâ®¢ K ®¯à¥¤¥«¥ § ª® ª®¬¯®-

§¨æ¨¨, â.¥. ®â®¡à ¦¥¨¥

MorK(A;B) �MorK(B;C)!MorK(A;C):

�®¢®ªã¯®áâì ¢á¥å ¬®àä¨§¬®¢ ª â¥£®à¨¨ K ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§

MorK.

�®¬¯®§¨æ¨ï ¬®àä¨§¬®¢ f 2 MorK(A;B) ¨ g 2 MorK(B;C) ®¡®§ -

ç ¥âáï ç¥à¥§ g � f ¨ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨:

 ) f � (g � h) = (f � g) � h, 8f 2 MorK(C;D), 8g 2 MorK(B;C),

8h 2MorK(A;B), â.¥. ª®¬¯®§¨æ¨ï ¬®àä¨§¬®¢  áá®æ¨ â¨¢ ;

¡) ¤«ï ª ¦¤®£® ®¡ê¥ªâ  A áãé¥áâ¢ã¥â â®¦¤¥áâ¢¥ë© ¬®àä¨§¬ 1A 2
MorK(A;A), â ª®©, çâ® 1A � f = f � 1A = f ¢áïª¨© à §, ª®£¤  íâ¨

ª®¬¯®§¨æ¨¨ ®¯à¥¤¥«¥ë. �®¦¤¥áâ¢¥ë© ¬®àä¨§¬ ¥¤¨áâ¢¥¥.

�á«¨ ¬®àä¨§¬ f :A ! B ¤®¯ãáª ¥â ®¡à âë© ¬®àä¨§¬ f�1 (â.¥.

â ª®©, çâ® f �f�1 = 1B , f
�1�f = 1A), â® ®  §ë¢ ¥âáï ¨§®¬®àä¨§¬®¬,

  ®¡ê¥ªâë A ¨ B | ¨§®¬®àäë¬¨.

�«ï ª ¦¤®© ª â¥£®à¨¨ K ®¯à¥¤¥«¥  ¤¢®©áâ¢¥ ï (¨«¨, ¨ ç¥,

¤ã «ì ï) ª â¥£®à¨ï K0. �¡ê¥ªâë ª â¥£®à¨¨ K0 | â¥ ¦¥, çâ® ¨ ã

ª â¥£®à¨¨ K,   §  ¬®¦¥áâ¢® ¬®àä¨§¬®¢ MorK0(A;B) ¯® ®¯à¥¤¥«¥¨î
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¯à¨¨¬ ¥âáï MorK(B;A). �®¬¯®§¨æ¨ï f ¨ g ¢ K0 ®¯à¥¤¥«ï¥âáï ª ª

ª®¬¯®§¨æ¨ï g ¨ f ¢ K.

�®¤ª â¥£®à¨¥© ª â¥£®à¨¨ K  §ë¢ ¥âáï ª â¥£®à¨ï K0, ®¡ê¥ªâë ¨

¬®àä¨§¬ë ª®â®à®© ®¤®¢à¥¬¥® ï¢«ïîâáï ®¡ê¥ªâ ¬¨ ¨ ¬®àä¨§¬ ¬¨

¢ K. �à¨ íâ®¬ ª®¬¯®§¨æ¨ï ¬®àä¨§¬®¢ ¢ K0 ¨¤ãæ¨àã¥âáï ¨å ª®¬¯®-

§¨æ¨¥© ¢ K. �®¤ª â¥£®à¨ï K0 ª â¥£®à¨¨ K  §ë¢ ¥âáï ¯®«®©, ¥á«¨

MorK0(A;B) = MorK(A;B) ¤«ï ª ¦¤®© ¯ àë A;B 2 ObK0.

�ãáâì K1 ¨ K2 | ¤¢¥ ª â¥£®à¨¨. �á«¨ ª ¦¤®¬ã ®¡ê¥ªâã A ¨§ K1

¯®áâ ¢«¥ ¢ á®®â¢¥âáâ¢¨¥ ®¡ê¥ªâ F (A) ¨§ K2,   ª ¦¤®¬ã ¬®àä¨§¬ã

f 2MorK1
(A;B) | ¬®àä¨§¬ F (f) 2 MorK2

(F (A); F (B)), â ª çâ® á¯à -

¢¥¤«¨¢ë à ¢¥áâ¢ 

F (1A) = 1F (A); F (f � g) = F (f) � F (g);

â® £®¢®àïâ, çâ® § ¤  äãªâ®à ¨§ K1 ¢ K2.

�®¢®àïâ, çâ® äãªâ®à F :K1 ! K1 ®¯à¥¤¥«ï¥â ¨§®¬®àä¨§¬ ¬¥¦¤ã

ª â¥£®à¨¥© K1 ¨ ª â¥£®à¨¥© K2, ¥á«¨:

1) ¤«ï ª ¦¤®£® ®¡ê¥ªâ  B ¨§ K2 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© ®¡ê¥ªâ

A ¨§ K1, â ª®©, çâ® F (A) = B;

2) ¤«ï ª ¦¤®© ¯ àë ®¡ê¥ªâ®¢ A;B ¨§ K1 ®â®¡à ¦¥¨¥

MorK1(A;B)!MorK2(F (A); F (B));

á®¯®áâ ¢«ïîé¥¥ ¬®àä¨§¬ã f :A ! B ¬®àä¨§¬ F (f):F (A) ! F (B),

¡¨¥ªâ¨¢®.

� áè¨à¥¨¥¬ ¯®ïâ¨ï ¨§®¬®àä¨§¬  ï¢«ï¥âáï ¯®ïâ¨¥ íª¢¨¢ «¥â-

®áâ¨ ª â¥£®à¨©. �®¢®àïâ,çâ® äãªâ®à F :K1 ! K2 ®¯à¥¤¥«ï¥â íª¢¨¢ -

«¥â®áâì ¬¥¦¤ã K1 ¨ K2, ¥á«¨:

1) ¤«ï ª ¦¤®£® ®¡ê¥ªâ  B ¨§ K2 áãé¥áâ¢ã¥â ®¡ê¥ªâ A ¨§ K1, â ª®©,

çâ® ®¡ê¥ªâ F (A) ¨§®¬®àä¥ B;

2) ¤«ï ª ¦¤®© ¯ àë ®¡ê¥ªâ®¢ A;B ¨§ K1 ®â®¡à ¦¥¨¥

MorK1(A;B)!MorK2(F (A); F (B))

¡¨¥ªâ¨¢®.

�®¦® áª § âì, çâ® íª¢¨¢ «¥âë¥ ª â¥£®à¨¨ à §«¨ç îâáï â®«ìª®

úª®«¨ç¥áâ¢®¬û ®¡ê¥ªâ®¢, á®¤¥à¦ é¨åáï ¢ ª« áá å ¨§®¬®àäëå ®¡ê¥ª-

â®¢.

� ¤ «ì¥©è¥¬ à áá¬ âà¨¢ îâáï â®«ìª® â ª  §ë¢ ¥¬ë¥ ª®ªà¥â-

ë¥ ª â¥£®à¨¨, â.¥. â ª¨¥ ª â¥£®à¨¨, ®¡ê¥ªâ ¬¨ ª®â®àëå ï¢«ïîâáï

¬®¦¥áâ¢  á ¥ª®â®à®© § ¤ ®©   ¨å áâàãªâãà®©, ¬®àä¨§¬ ¬¨ |

®â®¡à ¦¥¨ï ¬®¦¥áâ¢,   ª®¬¯®§¨æ¨ï¬¨ ¬®àä¨§¬®¢ | áã¯¥à¯®§¨æ¨¨
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®â®¡à ¦¥¨©. � ª ç¥áâ¢¥ â®¦¤¥áâ¢¥ëå ¬®àä¨§¬®¢ ä¨£ãà¨àãîâ â®¦-

¤¥áâ¢¥ë¥ ®â®¡à ¦¥¨ï. (� ¯à¨¬¥à, ª®ªà¥â®© ï¢«ï¥âáï ª â¥£®à¨ï

«¨¥©ëå ¯à®áâà áâ¢, ®¡ê¥ªâ ¬¨ ª®â®à®© ï¢«ïîâáï «¨¥©ë¥ ¯à®-

áâà áâ¢ ,   ¬®àä¨§¬ ¬¨ | «¨¥©ë¥ ®â®¡à ¦¥¨ï.)

�®àä¨§¬ f ¡ã¤¥¬  §ë¢ âì ¬®®¬®àä¨§¬®¬ (í¯¨¬®àä¨§¬®¬), ¥á«¨

f | ¨ê¥ªâ¨¢®¥ (áîàê¥ªâ¨¢®¥) ®â®¡à ¦¥¨¥. (�¡é¥¥ ®¯à¥¤¥«¥¨¥

íâ¨å ¯®ïâ¨© ¢ â¥®à¨¨ ª â¥£®à¨¨ ¥áª®«ìª® è¨à¥.)

�ãáâì A | ®¡ê¥ªâ ª â¥£®à¨¨ K. � à  (U; u), £¤¥ U | ®¡ê¥ªâ

ª â¥£®à¨¨ K,   u | ¬®®¬®àä¨§¬ U ¢ A,  §ë¢ ¥âáï ¯®¤®¡ê¥ªâ®¬

®¡ê¥ªâ  A.

�  ¬®¦¥áâ¢¥ ¯®¤®¡ê¥ªâ®¢ ®¡ê¥ªâ  A ¢¢®¤¨âáï á«¥¤ãîé¥¥ ®â®è¥-

¨¥ íª¢¨¢ «¥â®áâ¨: ¯®¤®¡ê¥ªâ (V; v) íª¢¨¢ «¥â¥ ¯®¤®¡ê¥ªâã (U; u),

¥á«¨ áãé¥áâ¢ã¥â â ª®© ¨§®¬®àä¨§¬ w:V ! U , çâ® uw = v. �¥âàã¤-

® ã¡¥¤¨âìáï ¢ â®¬, çâ® íâ®â ¨§®¬®àä¨§¬ ®¯à¥¤¥«¥ ®¤®§ ç® (¯à¨

ãá«®¢¨¨ áãé¥áâ¢®¢ ¨ï.) �®¦¥áâ¢® ¯®¤®¡ê¥ªâ®¢ à §¡¨¢ ¥âáï   ª« á-

áë íª¢¨¢ «¥âëå ¯®¤®¡ê¥ªâ®¢. � «¨â¥à âãà¥ ç áâ® ª ª ª« ááë, â ª ¨

¨å ¯à¥¤áâ ¢¨â¥«¨  §ë¢ îâáï ®¤¨ ª®¢® ¯®¤®¡ê¥ªâ ¬¨.

�¢¥¤¥¬ ¯®ïâ¨¥ ä ªâ®à®¡ê¥ªâ . �ãáâì A | ®¡ê¥ªâ ª â¥£®à¨¨ K.

� à  (U; u), £¤¥ U | ®¡ê¥ªâ ª â¥£®à¨¨ K,   u| í¯¨¬®àä¨§¬ A ¢ U ,  -

§ë¢ ¥âáï ä ªâ®à®¡ê¥ªâ®¬ ®¡ê¥ªâ  A. �  ¬®¦¥áâ¢¥ ä ªâ®à®¡ê¥ªâ®¢

®¡ê¥ªâ  A ¢¢®¤¨âáï á«¥¤ãîé¥¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨: ä ªâ®à-

®¡ê¥ªâ (U; u) íª¢¨¢ «¥â¥ ä ªâ®à®¡ê¥ªâã (V; v), ¥á«¨ áãé¥áâ¢ã¥â â -

ª®© ¨§®¬®àä¨§¬ w:U ! V , çâ® wu = v. �¥£ª® ¢¨¤¥âì, çâ® íâ®â ¨§®¬®à-

ä¨§¬ ®¤®§ ç® ®¯à¥¤¥«¥ (¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ¨ï). �®¦¥áâ¢®

ä ªâ®à®¡ê¥ªâ®¢ à §¡¨¢ ¥âáï   ª« ááë íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ª-

â®¢. � «¨â¥à âãà¥ ç áâ® ª ª ª« ááë, â ª ¨ ¨å ¯à¥¤áâ ¢¨â¥«¨  §ë¢ -

îâáï ®¤¨ ª®¢® ä ªâ®à®¡ê¥ªâ ¬¨.

� ¬¥â¨¬, çâ® ¯à¨ à áá¬®âà¥¨¨ â®© ¨«¨ ¨®© ª â¥£®à¨¨ ¢ ®¯à¥¤¥-

«¥¨ï ¯®ïâ¨© ¯®¤®¡ê¥ªâ  ¨ ä ªâ®à®¡ê¥ªâ  ¬®£ãâ ¢®á¨âìáï ¤®¯®«¨-

â¥«ìë¥ ãá«®¢¨ï.

1.3. �¥ªâ®àë¥ ¯®«ï ¨ à á¯à¥¤¥«¥¨ï

� ¤ «ì¥©è¥¬Rn ®§ ç ¥â n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢® â®ç¥ª,

ï¢«ïîé¨åáï  ¡®à ¬¨ n ¤¥©áâ¢¨â¥«ìëå ç¨á¥« y = (y1; : : : ; yn). �ãáâì

V � R
n ¨ U � R

m | ®¡« áâ¨ (®âªàëâë¥ ¬®¦¥áâ¢ ). �â®¡à ¦¥¨¥

f :V ! U  §ë¢ ¥âáï £« ¤ª¨¬ ª« áá  Cr ¨«¨ Cr-®â®¡à ¦¥¨¥¬, ¥á«¨

äãªæ¨¨ f i(y); i = 1; : : : ;m, § ¤ îé¨¥ f , ¨¬¥îâ ¥¯à¥àë¢ë¥ ç áâë¥

¯à®¨§¢®¤ë¥ ¢á¥å ¯®àï¤ª®¢ 6r. �à¨ r = 1 íâ® ¯® ®¯à¥¤¥«¥¨î ®§ -

ç ¥â áãé¥áâ¢®¢ ¨¥ ¥¯à¥àë¢ëå ç áâëå ¯à®¨§¢®¤ëå ¢á¥å ¯®àï¤ª®¢.

� ¤ «ì¥©è¥¬, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, â® ¯®¤ £« ¤ª¨¬ ®â®¡à -
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¦¥¨¥¬ ¯®¨¬ ¥âáï ®â®¡à ¦¥¨¥ ª« áá  C1. �â®¡à ¦¥¨¥ f :V ! U

 §ë¢ ¥âáï ¤¨ää¥®¬®àä¨§¬®¬, ¥á«¨ f | ¡¨¥ªæ¨ï ¨ ®¡  ®â®¡à ¦¥¨ï

f ¨ f�1 | £« ¤ª¨¥.

�« ¤ª®¥ ®â®¡à ¦¥¨¥ f :V ! U , £¤¥ V � R
n, U � Rm,  §ë¢ ¥âáï

à¥£ã«ïàë¬, ¥á«¨ à £ ïª®¡¨¥¢®© ¬ âà¨æë
@fk=@yik=1;:::;m

i=1;:::;n
,  §ë-

¢ ¥¬ë© â ª¦¥ à £®¬ ®â®¡à ¦¥¨ï f , ¯à¨¨¬ ¥â ¢ ª ¦¤®© â®çª¥ V

¬ ªá¨¬ «ì®¥ § ç¥¨¥ (â.¥. ¬¨¨¬ã¬ ¨§ n ¨ m). �á«¨ à £ à¥£ã«ïà®-

£® ®â®¡à ¦¥¨ï f à ¢¥ n, â® ®â®¡à ¦¥¨¥ f  §ë¢ ¥âáï ¨¬¬¥àá¨¥©,  

¥á«¨ à £ à ¢¥ m, â® | áã¡¬¥àá¨¥©. �â¬¥â¨¬, çâ® äãªæ¨¨, ®¯à¥¤¥-

«ïîé¨¥ áã¡¬¥àá¨î,  §ë¢ îâáï äãªæ¨® «ì® ¥§ ¢¨á¨¬ë¬¨. � -

ç¥ £®¢®àï, äãªæ¨¨ fk(y); k = 1; : : : ;m, § ¤ ë¥ ¢ ®¡« áâ¨ M � R
n,

 §ë¢ îâáï äãªæ¨® «ì® ¥§ ¢¨á¨¬ë¬¨ ¢ M , ¥á«¨

rank

@fk@yi


k=1;:::;m

i=1;:::;n

= m; 8y 2M:

�¨ää¥®¬®àä¨§¬ f :V ! U ï¢«ï¥âáï à¥£ã«ïàë¬ ®â®¡à ¦¥¨¥¬,

¯à¨ç¥¬ n = m. �¥©áâ¢¨â¥«ì®, ¯ãáâì g = f�1. �§ â®¦¤¥áâ¢ 

y = g(f(y)); y 2 V;

¯®á«¥ ¤¨ää¥à¥æ¨à®¢ ¨ï ¯®«ãç¨¬

@gi

@xk
@fk

@yj
= �ij ; (1.1)

£¤¥ �ij | á¨¬¢®« �à®¥ª¥à , â.¥.

�ij =

�
1; ¥á«¨ i = j;

0; ¥á«¨ i 6= j:

� (1.1) ¨ ¤ «¥¥ ¯à¨¬¥ï¥âáï ¨§¢¥áâ®¥ ¯à ¢¨«® áã¬¬¨à®¢ ¨ï ¯® ¯®-

¢â®àïîé¥¬ãáï ¨¤¥ªáã, â.¥.

@gi

@xk
@fk

@yj
=

mX
k=1

@gi

@xk
@fk

@yj
:

� ª ª ª à £ ¯à®¨§¢¥¤¥¨ï ¤¢ãå ¬ âà¨æ ¥ ¬®¦¥â ¯à¥¢®áå®¤¨âì à £®¢

á®¬®¦¨â¥«¥©, â® ¨§ (1.1) á«¥¤ã¥â, çâ® n6m. � «®£¨ç®, ¨á¯®«ì§ãï

â®¦¤¥áâ¢®

x = f(g(x)); x 2 U;
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¯®«ãç¨¬ ¥à ¢¥áâ¢® m6n. �«¥¤®¢ â¥«ì®, n = m. �§ (1.1) ¨ â¥®à¥¬ë

®¡ ®¯à¥¤¥«¨â¥«¥ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ á«¥¤ã¥â â ª¦¥, çâ®

����@fk@yj

����
k=1;:::;n

j=1;:::;n

6= 0: (1.2)

�« ¤ª®¥ ®â®¡à ¦¥¨¥ f :V ! U  §ë¢ ¥âáï «®ª «ìë¬ ¤¨ää¥®-

¬®àä¨§¬®¬ ¢ â®çª¥ y 2 V , ¥á«¨ áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì V0 íâ®©

â®çª¨, çâ® f ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬ V0   f(V0). �§ ¬ â¥¬ â¨-

ç¥áª®£®   «¨§  ¨§¢¥áâ® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ [49].

�¥®à¥¬  1.1 (â¥®à¥¬  ®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨). �á«¨ V �
� R

n, U � R
n | ®¡« áâ¨, f | £« ¤ª®¥ ®â®¡à ¦¥¨¥ V ¢ U , ¤«ï

ª®â®à®£® ¢ë¯®«ï¥âáï (1.2) ¢ â®çª¥ y0 2 V , â® f ï¢«ï¥âáï «®ª «ìë¬
¤¨ää¥®¬®àä¨§¬®¬ ¢ â®çª¥ y0. 2

�á«¨ ®â®¡à ¦¥¨¥ f :V ! U ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬, ª®â®àë©

§ ¤ ¥âáï äãªæ¨ï¬¨ xi = f i(y1; : : : ; yn), â® â®çª¨ x = (x1; : : : ; xn)

¬®¦® âà ªâ®¢ âì â ª¦¥ ª ª ®¢ë¥ ª®®à¤¨ âë ¢ ®¡« áâ¨ V . �á¥£¤ 

¯®«¥§® ¨¬¥âì ¢ ¢¨¤ã ®¤®¢à¥¬¥® ®¡  â®«ª®¢ ¨ï | ®â®¡à ¦¥¨¥ ¨

§ ¬¥  ª®®à¤¨ â. (� ¬¥â¨¬, çâ® �.�«¥©  §ë¢ « ¯¥à¢®¥ â®«ª®¢ ¨¥

 ªâ¨¢ë¬,   ¢â®à®¥ | ¯ áá¨¢ë¬ [50].)

�¥à¥å®¤ ¢ ¤¨ää¥®¬®àäãî ®¡« áâì ¨«¨, ¨ ç¥ £®¢®àï, § ¬¥  ª®-

®à¤¨ â ï¢«ï¥âáï ¢ ¦¥©è¥© ®¯¥à æ¨¥©, ¯à¨¬¥ï¥¬®© ¢ ¤ ®© ª¨£¥

¤«ï ¨§ãç¥¨ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬. �à¨ íâ®¬ ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì

¢ ¨á¯®«ì§®¢ ¨¨ â ª®£®  ¯¯ à â , á®¤¥à¦ é¥£® ®¡ê¥ªâë, ª®â®àë¥ ¨-

¢ à¨ âë ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ®â®á¨â¥«ì® íâ®© ®¯¥à æ¨¨. �â¨

®¡ê¥ªâë ¬®£ãâ ¨¬¥âì à §ë© ¢¨¤ ¢ à §«¨çëå á¨áâ¥¬ å ª®®à¤¨ â,

® áãé¥áâ¢¥ë¥ ®á®¢ë¥ á¢®©áâ¢  ¤®«¦ë ¡ëâì ®¤¨ ª®¢ë¬¨, çâ®

¯®§¢®«ï¥â ¯¥à¥®á¨âì à¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ ®¤®© á¨áâ¥¬¥ ª®®à¤¨-

 â, ¢ ¤àã£¨¥. �¢¥¤¥¨¥ ¨ ¨§ãç¥¨¥ ¨¢ à¨ âëå ®¡ê¥ªâ®¢ á®áâ ¢«ï¥â

á®¤¥à¦ ¨¥ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨.

�¥à¥©¤¥¬ ª ®¯à¥¤¥«¥¨î ¬®£®®¡à §¨ï. � ç «  ®¡®¡é¨¬ ¯®ïâ¨¥

£« ¤ª®£® ®â®¡à ¦¥¨ï. �ãáâì K � R
n ¨ L � R

m | ¯à®¨§¢®«ìë¥

¬®¦¥áâ¢ . �â®¡à ¦¥¨¥ f :K ! L  §ë¢ ¥âáï £« ¤ª¨¬, ¥á«¨ ¤«ï «î-

¡®© â®çª¨ y 2 K áãé¥áâ¢ã¥â â ª ï ®¡« áâì V � R
n, á®¤¥à¦ é ï y, ¨

£« ¤ª®¥ ®â®¡à ¦¥¨¥ F :V ! R
m, á®¢¯ ¤ îé¥¥ á F   U \K. �â®¡à -

¦¥¨¥ f :K ! L  §ë¢ ¥âáï ¤¨ää¥®¬®àä¨§¬®¬, ¥á«¨ f | ¡¨¥ªæ¨ï ¨

®¡  ®â®¡à ¦¥¨ï f ¨ f�1 | £« ¤ª¨¥.

�®¦¥áâ¢® N � Rn  §ë¢ ¥âáï m-¬¥àë¬ ¬®£®®¡à §¨¥¬, ¥á«¨ ¤«ï

ª ¦¤®© â®çª¨ y 2 N áãé¥áâ¢ã¥â â ª ï ¥¥ ®ªà¥áâ®áâì W � Rn, çâ® ¬®-
¦¥áâ¢® W \N ¤¨ää¥®¬®àä® m-¬¥à®© ®¡« áâ¨ ¥¢ª«¨¤®¢  ¯à®áâà -

áâ¢ . �ë¬¨ á«®¢ ¬¨, ¢ ®ªà¥áâ®áâ¨ W ¬®£®®¡à §¨¥ N ¯à¥¤áâ ¢«ï¥â
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á®¡®© ®¡à § ®¡« áâ¨ V � R
m ¯à¨ £« ¤ª®¬ ®â®¡à ¦¥¨¨ �:V ! R

n,

ª®â®à®¥ ¢ ª®®à¤¨ â å § ¯¨áë¢ ¥âáï â ª:

yi = �i(x1; : : : ; xm); i = 1; : : : ;m; x = (x1; : : : ; xm) 2 V � Rm: (1.3)

�à¨ íâ®¬ ¨¬¥¥âáï £« ¤ª®¥ ®â®¡à ¦¥¨¥ ��1:�(V ) = N \W ! V . � ¦-

¤ë© â ª®© ¤¨ää¥®¬®àä¨§¬ �  §ë¢ ¥âáï ¯ à ¬¥âà¨§ æ¨¥© N ¢ W ,

¯ à  (V; �) | ª àâ®© N , ®¡à âë© ¤¨ää¥®¬®àä¨§¬ ��1 | á¨áâ¥¬®©

ª®®à¤¨ â   N \ W ,   â®çª¨ x = (x1; : : : ; xm) | ª®®à¤¨ â ¬¨  

N \ W . �á«¨ ¬®£®®¡à §¨¥ N ¤¨ää¥®¬®àä® ®¤®© ®¡« áâ¨ V , â.¥.

áãé¥áâ¢ã¥â â ª ï ¯ à ¬¥âà¨§ æ¨ï �, çâ® �(V ) = N , â® ¬®£®®¡à §¨¥ N

 §ë¢ ¥âáï í«¥¬¥â àë¬. �® ®¯à¥¤¥«¥¨î ã«ì¬¥à®¥ ¬®£®®¡à §¨¥

N á®áâ®¨â ¨§ ¨§®«¨à®¢ ëå â®ç¥ª Rn.

�á«¨ N ï¢«ï¥âáï m-¬¥àë¬ ¬®£®®¡à §¨¥¬, â® ¤«ï ª ¦¤®© ¯ à -

¬¥âà¨§ æ¨¨ (1.3)

rank

 @�i@xr


i=1;:::;n

r=1;:::;m

= m; 8x 2 V:

�¥©áâ¢¨â¥«ì®, ¯ãáâì x0 2 V ¨ y0 = �(x0). �« ¤ª®áâì ®â®¡à ¦¥¨ï �
�1

®§ ç ¥â áãé¥áâ¢®¢ ¨¥ ¤«ï â®çª¨ y0 â ª®© ¥¥ ®ªà¥áâ®áâ¨ U � Rn, çâ®
 ©¤¥âáï £« ¤ª®¥ ®â®¡à ¦¥¨¥ �:U ! V , ¤«ï ª®â®à®£® ��1(y) = �(y),

£¤¥ y 2 N \ U . �«¥¤®¢ â¥«ì®, �(�(x)) = x ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨

â®çª¨ x0. �®íâ®¬ã �
@�k

@yi

�
y=y0

�
@�i

@xr

�
x=x0

= �kr ;

£¤¥ �kr | á¨¬¢®« �à®¥ª¥à . (� ¯®¬¨¬, çâ® ¯® ¯®¢â®àïîé¥¬ãáï ¨-

¤¥ªáã ¯à®¨§¢®¤¨âáï áã¬¬¨à®¢ ¨¥.) � ª ª ª à £ ¯à®¨§¢¥¤¥¨ï ¥ ¬®-

¦¥â ¯à¥¢ëè âì à £  ª ¦¤®£® á®¬®¦¨â¥«ï, â®, á«¥¤®¢ â¥«ì®, ¢ â®çª¥

x0 rank
@�i=@xri=1;:::;n

r=1;:::;m
= m. �§ íâ¨å ¦¥ á®®¡à ¦¥¨© á«¥¤ã¥â, çâ®

m6n. � ª¨¬ ®¡à §®¬, ª ¦¤ ï ¯ à ¬¥âà¨§ æ¨ï ï¢«ï¥âáï ¨¬¬¥àá¨¥©.

� áá¬®âà¨¬ ¥ª®â®àë¥ ç áâë¥ á«ãç ¨ § ¤ ¨ï ¬®£®®¡à §¨©. � ç-

¥¬ á £à ä¨ª  £« ¤ª®£® ®â®¡à ¦¥¨ï. �ãáâì V � Rm, U � Rq | ®¡« -

áâ¨, f :V ! U |£« ¤ª®¥ ®â®¡à ¦¥¨¥. �à ä¨ª®¬ ®â®¡à ¦¥¨ï f  §ë-

¢ ¥âáï ¬®¦¥áâ¢® N � V �U � Rn; n = m+ q, á®áâ®ïé¥¥ ¨§ ¢á¥å â®ç¥ª

(x; f(x)); x 2 V . �®ª ¦¥¬, çâ® N ï¢«ï¥âáï m-¬¥àë¬ í«¥¬¥â àë¬

¬®£®®¡à §¨¥¬. �¥©áâ¢¨â¥«ì®, ¢ ª ç¥áâ¢¥ ¯ à ¬¥âà¨§ æ¨¨ §¤¥áì ä¨-

£ãà¨àã¥â £« ¤ª®¥ ®â®¡à ¦¥¨¥ � : V ! R
n, ®¯à¥¤¥«ï¥¬®¥ á«¥¤ãîé¨¬

®¡à §®¬: �(x) = (x; f(x)). �¡à â®¥ ®â®¡à ¦¥¨¥ ï¢«ï¥âáï £« ¤ª¨¬,

¨¡® ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¥ªæ¨î N   V ¨ ¬®¦¥â ¡ëâì à áè¨à¥® ¤®
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¯à®¥ªæ¨¨ V � U   V , ª®â®à ï ¨¬¥¥â ¢¨¤ (x; y) 7! x, £¤¥ x 2 V; y 2 U ,
¨, ®ç¥¢¨¤®, ï¢«ï¥âáï £« ¤ª¨¬ ®â®¡à ¦¥¨¥¬ ®¡« áâ¨ V �U ¢ ®¡« áâì

V .

� ª ¡ë«® ¯®ª § ® à ¥¥, ª ¦¤ ï ¯ à ¬¥âà¨§ æ¨ï ¬®£®®¡à §¨ï

ï¢«ï¥âáï ¨¬¬¥àá¨¥©. �ª §ë¢ ¥âáï, çâ® ¨  ®¡®à®â, ¥á«¨ § ¤   ¨¬-

¬¥àá¨ï, â® ® , ¯® ªà ©¥© ¬¥à¥ «®ª «ì®, ï¢«ï¥âáï ¯ à ¬¥âà¨§ æ¨¥©

¥ª®â®à®£® í«¥¬¥â à®£® ¬®£®®¡à §¨ï. �®ç¥¥, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1.1. �ãáâì � ï¢«ï¥âáï ¨¬¬¥àá¨¥© ®¡« áâ¨ V �
� Rm ¢ Rn, m6n. �®£¤  ¤«ï ª ¦¤®© â®çª¨ x0 2 V áãé¥áâ¢ã¥â â ª ï

®ªà¥áâ®áâì V0, çâ® ¬®¦¥áâ¢® N = �(V0) ï¢«ï¥âáï m-¬¥àë¬

í«¥¬¥â àë¬ ¬®£®®¡à §¨¥¬.

�®ª  §  â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ®

¢ â®çª¥ x0 ���� @�i@xk

����
i=1;:::;m

k=1;:::;m

6= 0:

� áá¬®âà¨¬ ®â®¡à ¦¥¨¥ �: V ! R
m, ®¯à¥¤¥«ï¥¬®¥ äãªæ¨ï¬¨

yi = �i(x); i = 1; : : : ;m:

�®£« á® â¥®à¥¬¥ ®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨, � ï¢«ï¥âáï ¤¨ää¥®¬®à-

ä¨§¬®¬ ¥ª®â®à®© ®ªà¥áâ®áâ¨ V0 â®çª¨ x0   U = �(V0). �¥¯¥àì ¤®-

áâ â®ç® ®ç¥¢¨¤®, çâ® ¬®¦¥áâ¢® N = �(V0) � Rn ï¢«ï¥âáï £à ä¨ª®¬
®â®¡à ¦¥¨ï U ! R

n�m, § ¤ ¢ ¥¬®£® äãªæ¨ï¬¨

yj = �j(��1(y1; : : : ; ym)); j = m + 1; : : : ; n: 2

�¥¯¥àì à áá¬®âà¨¬ ¥ï¢ë© á¯®á®¡ § ¤ ¨ï ¬®£®®¡à §¨ï. (� ¬¥-

â¨¬, çâ® § ¤ ¨¥ ¬®£®®¡à §¨© á ¯®¬®éìî ¨¬¬¥àá¨©  §ë¢ ¥âáï ¯ -

à ¬¥âà¨ç¥áª¨¬.) �ãáâì M � R
n | ®¡« áâì ¨  k(y); k = 1; : : : ; q; |

£« ¤ª¨¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥ ¢ M . � áá¬®âà¨¬ ¬®¦¥áâ¢® â®ç¥ª

N �M , ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

 k(y) = 0; k = 1; : : : ; q: (1.4)

�ãáâì ¢ë¯®«ï¥âáï à ¢¥áâ¢®

rank

@ k@yi


y2N

= q: (1.5)

�«ï ¤®ª § â¥«ìáâ¢  â®£®, çâ® N ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ à §¬¥à®áâ¨

m = n � q, ¢®á¯®«ì§ã¥¬áï ¥é¥ ®¤®© äã¤ ¬¥â «ì®© â¥®à¥¬®© ¨§

¬ â¥¬ â¨ç¥áª®£®   «¨§ ,   ¨¬¥® â¥®à¥¬®© ® ¥ï¢®© äãªæ¨¨ [49],

ª®â®àãî ¬®¦® áä®à¬ã«¨à®¢ âì â ª:



20 �«.1. ���������. ��������

�¥®à¥¬  1.2 (â¥®à¥¬  ® ¥ï¢®© äãªæ¨¨). �ãáâì f | £« ¤-

ª®¥ ®â®¡à ¦¥¨¥ ®¡« áâ¨ M � Rm+q ¢ ¯à®áâà áâ¢® Rq . �®¯ãáâ¨¬,

çâ® (x0; z0) 2M , x0 2 Rm, z0 2 Rq , f(x0; z0) = 0 ¨
��@fk=@zi��k=1;:::;q

i=1;:::;q
6= 0

¢ â®çª¥ (x0; z0). �®£¤  áãé¥áâ¢ã¥â ®ªà¥áâ®áâì V � R
m â®çª¨ x0,

®ªà¥áâ®áâì U � Rq â®çª¨ z0 ¨ £« ¤ª®¥ ®â®¡à ¦¥¨¥ g:V ! U , â -

ª¨¥, çâ® g(x0) = z0 ¨ f(x; g(x)) = 0, x 2 V . 2
�à¨¬¥¥¨¥ â¥®à¥¬ë 1.2 ª ¬®¦¥áâ¢ã (1.4) § ª«îç ¥âáï ¢ á«¥¤ãî-

é¥¬. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 N ¨ ¯à¥¤¯®«®¦¨¬, ¥ ®£à ¨-

ç¨¢ ï ®¡é®áâ¨, çâ® ¢ â®çª¥ y0����@ k@yi

����
k=1;:::;q

i=m+1;:::;n

6= 0:

�®£¤  ¯® â¥®à¥¬¥ ® ¥ï¢®© äãªæ¨¨ ¤«ï â®çª¨ y0 áãé¥áâ¢ã¥â â ª ï

®ªà¥áâ®áâì W = V �U , £¤¥ V , U | ®¡« áâ¨ ¢ Rm ¨ Rq, çâ® ¬®¦¥áâ¢®

N \W ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ £à ä¨ª  ®â®¡à ¦¥¨ï V ! U , § ¤ ¢ ¥¬®£®

äãªæ¨ï¬¨

yj = �j(y1; : : : ; ym); j = m + 1; : : : ; n: (1.6)

� ç¥ £®¢®àï, ®â®¡à ¦¥¨¥ �:V ! W , £¤¥ �i = yi, i = 1; : : : ;m,

�j = �j(y1; : : : ; ym), j = m + 1; : : : ; n, ï¢«ï¥âáï ¯ à ¬¥âà¨§ æ¨¥© í«¥-

¬¥â à®£® ¬®£®®¡à §¨ï N \W .

�à¨¬¥à 1.1. � áá¬®âà¨¬ ®ªàã¦®áâì à ¤¨ãá  r > 0, â.¥. ¬®¦¥-

áâ¢® â®ç¥ª N � R2, ã¤®¢«¥â¢®àïîé¨å à ¢¥áâ¢ã

 = x2 + y2 � r2 = 0: (1.7)

�§ ¯à¥¤ë¤ãé¨å à ááã¦¤¥¨© ¤«ï ¬®¦¥áâ¢ ®¡é¥£® ¢¨¤  (1.4) á«¥¤ã¥â,

çâ® ®ªàã¦®áâì ï¢«ï¥âáï ®¤®¬¥àë¬ ¬®£®®¡à §¨¥¬. �â¨ à ááã¦¤¥-

¨ï ¢ ¤ ®¬ ª®ªà¥â®¬ á«ãç ¥ â ª®¢ë. � áá¬®âà¨¬,  ¯à¨¬¥à, ¯à®-

¨§¢®«ìãî â®çªã ®ªàã¦®áâ¨, ¤«ï ª®â®à®© y > 0. �ª®¡¨¥¢  ¬ âà¨æ 

®â äãªæ¨¨  ¯à¥¤áâ ¢«ï¥â á®¡®© ®¤ã áâà®ªã |@ @x @ 

@y

 :
� ¤ ®© â®çª¥ @ =@y 6= 0. �«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ ® ¥ï¢®©

äãªæ¨¨ ãà ¢¥¨¥ (1.7) ¬®¦® à §à¥è¨âì ®â®á¨â¥«ì® y ¢ ¥ª®â®-

à®© ®ªà¥áâ®áâ¨ W = V �U ¤ ®© â®çª¨. � ª ç¥áâ¢¥ W ¬®¦® ¢§ïâì

®¡« áâì (�r; r)� (0;1), ¢ ª®â®à®© ®ªàã¦®áâì ï¢«ï¥âáï £à ä¨ª®¬ ®â®-

¡à ¦¥¨ï (�r; r) ! (0;1), § ¤ ¢ ¥¬®£® äãªæ¨¥© y =
p
r2 � x2. �«ï

®áâ «ìëå â®ç¥ª ®ªàã¦®áâ¨ à ááã¦¤¥¨ï   «®£¨çë. �â¬¥â¨¬ ªáâ -

â¨, çâ® ®ªàã¦®áâì ¥ ï¢«ï¥âáï í«¥¬¥â àë¬ ¬®£®®¡à §¨¥¬.
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�«¨¦ ©è¥© æ¥«ìî ¨§«®¦¥¨ï ï¢«ï¥âáï ¢¢¥¤¥¨¥ ¯®ïâ¨ï ª á â¥«ì-

®£® ¯à®áâà áâ¢  ¬®£®®¡à §¨ï N � R
n ¢ ¯à®¨§¢®«ì®© â®çª¥

y 2 N . �â® ¡ã¤¥â «¨¥©®¥ ¯à®áâà áâ¢®, ª®â®à®¥ ï¢«ï¥âáï ¯®¤¯à®-

áâà áâ¢®¬ R
n, ®¡®§ ç ¥âáï ç¥à¥§ TNy ¨ ¨¬¥¥â à §¬¥à®áâì m =

= dimN . �«¥¬¥âë TNy  §ë¢ îâáï ª á â¥«ìë¬¨ ¢¥ªâ®à ¬¨ ª N

¢ â®çª¥ y.

�«ï «î¡®© ®¡« áâ¨ V � Rn ª á â¥«ì®¥ ¯à®áâà áâ¢® TVy ®¯à¥¤¥-

«ï¥âáï ª ª ¢á¥ ¢¥ªâ®à®¥ ¯à®áâà áâ¢® Rn. �«ï áâ ¤ àâ®£® ¡ §¨á 

e1 = (1; 0; :::;0); :::; en = (0; :::; 0; 1)

¢ NVy = Rn ¨á¯®«ì§ã¥âáï á¯¥æ¨ «ì®¥ ®¡®§ ç¥¨¥ |

@

@yi

����
y

; i = 1; : : : ; n:

�â® ¯®§¢®«ï¥â à §«¨ç âì ¢ëà ¦¥¨ï ¤«ï ª®®à¤¨ â â®ç¥ª

y = (y1; : : : ; yn) = yiei

®¡« áâ¨ V � Rn ¨ ª á â¥«ìëå ¢¥ªâ®à®¢

� = �i
@

@yi

����
y

ª á â¥«ì®£® ¯à®áâà áâ¢  TVy. �¨¬¢®« jy ã ª ¦¤®£® @=@yi, ãª §ë¢ î-
é¨©, ¢ ª ª®¬ ª á â¥«ì®¬ ¯à®áâà áâ¢¥ TVy «¥¦¨â ¤ ë© ¢¥ªâ®à, ¢

¤ «ì¥©è¥¬ ¡ã¤¥â ®¯ãáª âìáï, ¨¡® ¯à¥¤¯®« £ ¥âáï, çâ® íâ® ¡ã¤¥â ïá®

¨§ ª®â¥ªáâ . �¥áª®«ìª® áâà ë©   ¯¥à¢ë© ¢§£«ï¤ ¢¨¤ ®¡®§ ç¥¨©

¤«ï áâ ¤ àâ®£® ¡ §¨á  ¢ TVy ¬®¦® ®¡®á®¢ âì, ¢ ç áâ®áâ¨, á«¥-

¤ãîé¨¬ ®¡à §®¬. �¤®© ¨§ ¢ ¦ëå ®¯¥à æ¨©, á¢ï§ ëå á ¯®ïâ¨¥¬

ª á â¥«ì®£® ¢¥ªâ®à , ï¢«ï¥âáï ¯à®¨§¢®¤ ï ®â £« ¤ª®© äãªæ¨¨ f ¢

â®çª¥ y0 ¯®  ¯à ¢«¥¨î ¢¥ªâ®à  �. �â  ¯à®¨§¢®¤ ï à ¢  ç¨á«ã

�f = �i
@f

@yi

����
y0

;

â.¥. ¤¥©áâ¢¨î ¢¥ªâ®à  �   f ª ª ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  �i@=@yi .

(�  á ¬®¬ ¤¥«¥ ¥áâì ¡®«¥¥ £«ã¡®ª¨¥ ¯à¨ç¨ë ¤«ï § ¯¨á¨ ª á â¥«ì®£®

¢¥ªâ®à  ª ª ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à . �¥ª®â®àë¥  ¢â®àë ¤ ¦¥

®¯à¥¤¥«ïîâ ª á â¥«ìë¥ ¢¥ªâ®àë ª ª ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë

[51].)

�á«¨ V � Rk, U � Rl |®¡« áâ¨, f :V ! U |£« ¤ª®¥ ®â®¡à ¦¥¨¥ ¨

y 2 M , â® ®¯à¥¤¥«¨¬ «¨¥©®¥ ®â®¡à ¦¥¨¥ ª á â¥«ìëå ¯à®áâà áâ¢
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f�jy: TVy ! TUf(y),  §ë¢ ¥¬®¥ ¤¨ää¥à¥æ¨ «®¬ ®â®¡à ¦¥¨ï f ¢

â®çª¥ y. �â® | «¨¥©®¥ ®â®¡à ¦¥¨¥ Rk ! R
l, ®¯à¥¤¥«ï¥¬®¥ ¬ âà¨-

æ¥© �ª®¡¨ @ k@yi


i=1;:::;l

j=1;:::;k

;

¢ëç¨á«¥®© ¢ â®çª¥ y.

�á«¨ V � R
k; U � R

l;W � R
s | ®¡« áâ¨, f :V ! U; g:U ! W |

£« ¤ª¨¥ ®â®¡à ¦¥¨ï, â®

g�
��
f(y)

f�
��
y
= (gf)�

��
y
; 8y 2 V: (1.8)

�®à¬ã«  (1.8), ª®â®à ï ç áâ®  §ë¢ ¥âáï æ¥¯ë¬ ¯à ¢¨«®¬, ¯à¥¤-

áâ ¢«ï¥â á®¡®© ¯à®áâ®¥ á«¥¤áâ¢¨¥ ä®à¬ã«ë ¤«ï ¤¨ää¥à¥æ¨à®¢ ¨ï

á«®¦®© äãªæ¨¨.

�ãáâì â¥¯¥àì N � R
n | m-¬¥à®¥ ¬®£®®¡à §¨¥. �¯à¥¤¥«¨¬ ª -

á â¥«ì®¥ ¯à®áâà áâ¢® TNy ¢ ¯à®¨§¢®«ì®© â®çª¥ y 2 N . �®§ì¬¥¬

ª àâã (V; �), â ªãî, çâ® ��1(y) 2 V . �á«¨ à áá¬ âà¨¢ âì � ª ª ®â®¡à -

¦¥¨¥ ¨§ V ¢ Rn, â® ¡ã¤¥â ®¯à¥¤¥«¥ ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï ��jx:
R
m ! R

n, x 2 V . �®«®¦¨¬ TNy à ¢ë¬ ��jx(Rm). �®¦® ¤®ª § âì,

çâ® íâ® ®¯à¥¤¥«¥¨¥ ¥ § ¢¨á¨â ®â ¢¨¤  ª àâë.

�ãáâì M � R
n ¨ N � R

l | ¬®£®®¡à §¨ï, f :M ! N | £« ¤ª®¥

®â®¡à ¦¥¨¥ ¨ f(y) = x. �¯à¥¤¥«¨¬ ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï f�jy:
TMy ! TNx. � ª ª ª f | £« ¤ª®¥ ®â®¡à ¦¥¨¥, â® áãé¥áâ¢ãîâ

á®¤¥à¦ é ï â®çªã y ®¡« áâì W ¨ £« ¤ª®¥ ®â®¡à ¦¥¨¥ F : W ! R
l,

á®¢¯ ¤ îé¥¥ á f   W \ M . �®« £ ¥¬ f�jy(�) = F�jy(�), 8� 2 TMy.

�á«¨ f : M ! N | ¤¨ää¥®¬®àä¨§¬, â® f�jy | «¨¥©ë© ¨§®¬®àä¨§¬

ª á â¥«ìëå ¯à®áâà áâ¢ ¬®£®®¡à §¨©.

�¥à¥©¤¥¬ ª ®¯à¥¤¥«¥¨î ¯®ïâ¨© ¢¥ªâ®à®£® ¯®«ï, à á¯à¥¤¥«¥¨ï

¨  ää¨®£® à á¯à¥¤¥«¥¨ï. � áá¬®âà¨¬ § ¤ ¨¥ íâ¨å ®¡ê¥ªâ®¢ ¢

®¡« áâ¨ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ ,   § â¥¬ (ªà âª®) | ¥ª®â®àë¥ ®á®¡¥-

®áâ¨ § ¤ ¨ï ¨å   ¬®£®®¡à §¨ïå. � ª®© ¯®àï¤®ª ¨§«®¦¥¨ï ®¡ãá«®-

¢«¥ «®ª «ì®áâìî à¥§ã«ìâ â®¢, ¯à¨¢¥¤¥ëå ¢ ¤ ®© ª¨£¥. �á«¨ ¢

¤ «ì¥©è¥¬ ¢áâà¥ç ¥âáï â® ¨«¨ ¨®¥ ¬®£®®¡à §¨¥, â®, ¯® áãé¥áâ¢ã,

¨áá«¥¤®¢ ¨¥ ¡ã¤¥â ¢¥áâ¨áì ¢ ®¤®© ª àâ¥ íâ®£® ¬®£®®¡à §¨ï.

�ãáâì M � R
n | ®¡« áâì. �ãªæ¨ï �, áâ ¢ïé ï ¢ á®®â¢¥âáâ¢¨¥

ª ¦¤®© â®çª¥ y 2 M ¥ª®â®àë© ¢¥ªâ®à �(y) 2 TMy,  §ë¢ ¥âáï ¢¥ª-

â®àë¬ ¯®«¥¬, § ¤ ë¬ ¢ ®¡« áâ¨M . � ª¨¬ ®¡à §®¬, ¢¥ªâ®à®¥ ¯®«¥

� § ¤ ¥âáï n äãªæ¨ï¬¨ �1(y); : : : ; �n(y), y 2 M ,  §ë¢ ¥¬ë¬¨ ª®¬¯®-

¥â ¬¨ ¯®«ï �. �®«¥ �  §ë¢ ¥âáï £« ¤ª¨¬, ¥á«¨ ª®¬¯®¥âë ï¢«ï-

îâáï £« ¤ª¨¬¨ äãªæ¨ï¬¨. �®¦¥áâ¢® ¢á¥¢®§¬®¦ëå £« ¤ª¨å ¯®«¥©,

§ ¤ ëå ¢ ®¡« áâ¨ M , ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ T (M ).
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�¡ëç® ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ¢¥ªâ®à®¥ ¯®«¥ � § ¯¨áë-

¢ ¥âáï ¢ áâ ¤ àâ®¬ ¡ §¨á¥ ei = @=@yi; i = 1; : : : ; n; ¢ ¢¨¤¥ ¤¨ää¥à¥-

æ¨ «ì®£® ®¯¥à â®à 

� = �i(y)
@

@yi
:

� ª¨¬ ®¡à §®¬, ®¯à¥¤¥«¥® ¤¥©áâ¢¨¥ ¯®«ï �   £« ¤ªãî äãªæ¨î F (y).

�â® | £« ¤ª ï äãªæ¨ï

G(y) = �F (y) = �i(y)
@F

@yi
:

�¥ªâ®àë¥ ¯®«ï, § ¤ ë¥ ¢ ®¤®© ®¡« áâ¨, ¬®¦® áª« ¤ë¢ âì ¨

ã¬®¦ âì   £« ¤ª¨¥ äãªæ¨¨. �â¨ ®¯¥à æ¨¨ ®¯à¥¤¥«ïîâáï ®ç¥¢¨¤-

ë¬ ®¡à §®¬:

� + � = �i
@

@yi
+ �i

@

@yi
= (�i + �i)

@

@yi
;

f(y)� = f(y)�i
@

@yi
:

� ª¨¬ ®¡à §®¬, T (M ) ï¢«ï¥âáï (¡¥áª®¥ç®¬¥àë¬) «¨¥©ë¬ ¯à®-

áâà áâ¢®¬ (¨ ¡®«¥¥ â®£®, ¬®¤ã«¥¬  ¤ ª®«ìæ®¬ £« ¤ª¨å ¢¥é¥áâ¢¥ëå

äãªæ¨©).

�®«¥¥ á«®¦ ï ®¯¥à æ¨ï   ¬®¦¥áâ¢¥ T (M ) | ª®¬¬ãâ â®à [�; �]

¤¢ãå ¢¥ªâ®àëå ¯®«¥© �; � 2 T (M ). �®¬¬ãâ â®à ¨¬¥¥â ª®¬¯®¥âë

[�; �]i = ��i � ��i = �j
@�i

@yj
� �j

@�i

@yj
:

�â¬¥â¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  ª®¬¬ãâ â®à :

[[�; �); �] + [[�; �]; �] + [[�; �]; �] = 0; (â®¦¤¥áâ¢® �ª®¡¨) (1.9)

[�; �]f = �(�f) � �(�f); (1.10)

[h�; g�] = h�(g)� � g�(h)� + hg[�; �]; (1.11)

£¤¥ f; h; g | ¯à®¨§¢®«ìë¥ £« ¤ª¨¥ äãªæ¨¨.

�ãáâì M � R
n, N � R

m | ®¡« áâ¨, � 2 T (M ), � 2 T (N ) ¨

f :M ! N | £« ¤ª®¥ ®â®¡à ¦¥¨¥. �®¢®àïâ, çâ® ¯®«ï �; � f-á¢ï§ ë,

¥á«¨

�(f(y)) = f�jy�(y); 8y 2M:

� ª®¬¯®¥â®© § ¯¨á¨ íâ® ®§ ç ¥â á«¥¤ãîé¥¥:

�i(f(y)) =
@f i

@yk
�k(y) = �f i(y); (1.12)



24 �«.1. ���������. ��������

i = 1; : : : ;m; k = 1; : : : ; n:

� ªâ f-á¢ï§ ®áâ¨ § ¯¨áë¢ ¥âáï â ª: � = f��.

�ãáâì M , N | ®¡« áâ¨, � 2 T (M ) ¨ f :M ! N | £« ¤ª®¥ ®â®¡à -

¦¥¨¥. �á«¨ áãé¥áâ¢ã¥â â ª®¥ ¯®«¥ � 2 T (N ), çâ® � = f��, â® £®¢®àïâ,

çâ® ¯®«¥ � f-¯à®¥ªâ¨àã¥¬®.

�á«¨ f ¥ áîàê¥ªâ¨¢® (â.¥. f(M ) 6= N ), â®, ¢®®¡é¥ £®¢®àï, ¯®«¥ �

¥®¤®§ ç® ®¯à¥¤¥«ï¥â ¯®«¥ �. �á«¨ � ï¢«ï¥âáï f-¯à®¥ªâ¨àã¥¬ë¬, â®

¯®¤ f�� ¡ã¤¥¬ ¯®¨¬ âì ¥ª®â®à®¥ ¯®«¥, ã¤®¢«¥â¢®àïîé¥¥ (1.12). �«ï

f-¯à®¥ªâ¨àã¥¬®áâ¨ ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥ á«¥¤ãîé¥£® ãá«®¢¨ï:

f(y1) = f(y2) =) f�jy1�(y1) = f�jy2�(y2): (1.13)

�â® ãá«®¢¨¥ ®§ ç ¥â, çâ® ¥á«¨ â®çª¨ y1, y2 ®¡« áâ¨M ¯¥à¥¢®¤ïâáï ®â®-

¡à ¦¥¨¥¬ f ¢ ®¤ã â®çªã ®¡« áâ¨ N , â® ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï

f ¤®«¦¥ ¯¥à¥¢®¤¨âì ¢¥ªâ®àë �(y1), �(y2) ¢ ®¤¨ ¢¥ªâ®à, ¨áå®¤ïé¨© ¨§

íâ®© â®çª¨. �á«¨ ãá«®¢¨¥ (1.13) ¢ë¯®«ï¥âáï ¨ ®â®¡à ¦¥¨¥ f áîàê¥ª-

â¨¢®, â® ¢ N ®¤®§ ç® ®¯à¥¤¥«¥® ¯®«¥ �, ã¤®¢«¥â¢®àïîé¥¥ (1.12).

�¤ ª® íâ® ¯®«¥ ¬®¦¥â ¡ëâì ¥ £« ¤ª¨¬. �â¬¥â¨¬ ®¤¨ á«ãç ©, ª®-

£¤  ãá«®¢¨¥ (1.13) ï¢«ï¥âáï ¤®áâ â®çë¬. �â® | á«ãç © áîàê¥ªâ¨¢®©

áã¡¬¥àá¨¨. �à¥¦¤¥ ç¥¬ ¤®ª §ë¢ âì íâ®â ä ªâ, ¯®ª ¦¥¬, çâ® áã¡¬¥àá¨ï

¯¥à¥¢®¤¨â ®¡« áâ¨ ¢ ®¡« áâ¨. �ë¬¨ á«®¢ ¬¨, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1.2. �ã¡¬¥àá¨ï ï¢«ï¥âáï ®âªàëâë¬ ®â®¡à ¦¥-

¨¥¬.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì f | áã¡¬¥àá¨ï ®¡« áâ¨ M � R
m ¢

R
n; n>m. � ª¨¬ ®¡à §®¬, f § ¤ ¥âáï £« ¤ª¨¬¨ äãªæ¨ï¬¨

xk = fk(y1; : : : ; yn); k = 1; : : : ;m;

¯à¨ç¥¬ ¢ ª ¦¤®© â®çª¥ y 2M

rank

@fk@yi


k=1;:::;m

i=1;:::;n

= m:

�®ª ¦¥¬, çâ® N = f(M ) ï¢«ï¥âáï ®¡« áâìî. �®§ì¬¥¬ ¯à®¨§¢®«ìãî

â®çªã x0 2 N ¨ â ªãî â®çªã y0 2 M , çâ® f(y0) = x0. �¥ ®£à ¨ç¨¢ ï

®¡é®áâ¨, áç¨â ¥¬, çâ® ¢ â®çª¥ y0����@fk@yi

����
k=1;:::;m

i=1;:::;m

6= 0:

�á«¨ ¤®¯®«¨âì  ¡®à äãªæ¨© fk; k = 1; : : : ;m; äãªæ¨ï¬¨

zm+1 = fm+1(y) = ym+1; : : : ; zn = fn(y) = yn;
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â® ¥âàã¤® ã¡¥¤¨âìáï, çâ® à £ ïª®¡¨¥¢®© ¬ âà¨æë ¤«ï ¯®áâà®¥®-

£®  ¡®à  ¨§ n äãªæ¨© ¡ã¤¥â à ¢¥ n ¢ â®çª¥ y0. �«¥¤®¢ â¥«ì®, ¯®

â¥®à¥¬¥ 1.1 (®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨) íâ¨ äãªæ¨¨ § ¤ îâ ¤¨ää¥®-

¬®àä¨§¬ ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0. � ®¢ëå ª®®à¤¨ â å ®â®¡à ¦¥¨¥

f ¯à¨¨¬ ¥â ¢¨¤ ¯à®¥ªæ¨¨

(x1; : : : ; xn) 7! (x1; : : : ; xm):

�ã¤¥¬ áç¨â âì ®ç¥¢¨¤ë¬, çâ® ¯à®¥ªæ¨ï ï¢«ï¥âáï ®âªàëâë¬ ®â®¡à -

¦¥¨¥¬. �â ª, ¤«ï «î¡®© â®çª¨ x0 áãé¥áâ¢ã¥â ®¡« áâì, á®¤¥à¦ é ï

x0 ¨ ¯à¨ ¤«¥¦ é ï ¬®¦¥áâ¢ã N . � ª ª ª ®¡ê¥¤¨¥¨¥ «î¡®£® ç¨á« 

®¡« áâ¥© ï¢«ï¥âáï ®¡« áâìî, â® N | ®¡« áâì. 2

�à¥¤«®¦¥¨¥ 1.3. �ãáâì M � R
n, N � R

n | ®¡« áâ¨, � 2
2 T (M ), f :M ! N | áîàê¥ªâ¨¢ ï áã¡¬¥àá¨ï. �®«¥ � ï¢«ï¥âáï

f-¯à®¥ªâ¨àã¥¬ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«ï¥âáï (1.13).

�®ª  §  â ¥ « ì á â ¢ ®. �à¥¡ã¥âáï ¤®ª § âì «¨èì ¤®áâ â®ç®áâì ãá«®-

¢¨ï (1.13). �à¨ ¢ë¯®«¥¨¨ íâ®£® ãá«®¢¨ï ¢ N ®¤®§ ç® ®¯à¥¤¥«¥-

® ¯®«¥ �, ã¤®¢«¥â¢®àïîé¥¥ (1.12). �®ª ¦¥¬, çâ® � | £« ¤ª®¥ ¯®«¥.

�®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã x0 2 N . �§ áîàê¥ªâ¨¢®áâ¨ f á«¥¤ã¥â,

çâ® áãé¥áâ¢ã¥â â ª ï â®çª  y0 2 M , çâ® f(y0) = x0. � ª ¦¥, ª ª ¨

¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤ë¤ãé¥£® ¯à¥¤«®¦¥¨ï, ¯®áâà®¨¬ ¤¨ää¥®¬®à-

ä¨§¬ xi = f i; i = 1; : : : ; n; ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0. �®¤ ¤¥©áâ¢¨¥¬ íâ®£®

¤¨ää¥®¬®àä¨§¬  (¨«¨, ¨ ç¥ £®¢®àï, ¢ à¥§ã«ìâ â¥ «®ª «ì®© § ¬¥ë

ª®®à¤¨ â) «¥¢ë¥ ¨ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (1.12), ¡ã¤ãç¨ £« ¤ª¨¬¨

äãªæ¨ï¬¨ ®â y, ¯à¥®¡à §ãîâáï ¢ £« ¤ª¨¥ äãªæ¨¨ ®â x. �¥¢ë¥ ç áâ¨

¯à¨¬ãâ ¢¨¤ �k(x1; : : : ; xm); k = 1; : : : ;m, â.¥. ¡ã¤ãâ à ¢ë ª®¬¯®¥-

â ¬ ¯®«ï �, ª®â®àë¥, á«¥¤®¢ â¥«ì®, ï¢«ïîâáï £« ¤ª¨¬¨ äãªæ¨ï¬¨

®â x1; : : : ; xm. 2

�à¥¤«®¦¥¨¥ 1.4. �ãáâìM , N | ®¡« áâ¨, �l 2 T (M ), l = 1; 2; ¨

f :M ! N | £« ¤ª®¥ ®â®¡à ¦¥¨¥. �á«¨ ¯®«ï �l | f-¯à®¥ªâ¨àã¥¬ë,

â® ¯®«ï a�1 + b�2, £¤¥ a; b = const , ¨ [�1; �2] â ª¦¥ f-¯à®¥ªâ¨àã¥¬ë,

¯à¨ç¥¬

f�(a�1 + b�2) = af��1 + bf��2; (1.14)

f�[�1; �2] = [f��1; f��2]: (1.15)

� ® ª   §  â ¥ « ì á â ¢ ®. � ¢¥áâ¢® (1.14) ¤®ª §ë¢ ¥âáï í«¥¬¥â à®.

�®ª ¦¥¬ (1.15). �ãáâì ¯®«ï �l = �i(y)@=@yi , l = 1; 2, ã¤®¢«¥â¢®àï-

îâ ãá«®¢¨î ¯à¥¤«®¦¥¨ï. �¢¥¤¥¬ ¯®«ï �l = �k(x)@=@xk, â ª¨¥, çâ®
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�l = f��l, l = 1; 2. �® ®¯à¥¤¥«¥¨î ¤¨ää¥à¥æ¨ «  ®â®¡à ¦¥¨ï ¨

ª®¬¬ãâ â®à  ¨¬¥¥¬

(f�jy[�1; �2](y))k = @fk

@yj

 
�i1
@�
j
2

@yi
� �i2

@�
j
1

@yi

!
:

�§ à ¢¥áâ¢

@fk

@yj
@�
j
l

@yi
=

@

@yi

�
@fk

@yj
�jl

�
� @2fk

@yi@yj
�jl ; l = 1; 2;

ãç¨âë¢ ï, çâ®
@2fk

@yi@yj
=

@2fk

@yj@yi
;

¯®«ãç ¥¬

(f�jy[�1; �2](y))k = �i1
@�k2 (f(y))

@yi
� �i2

@�k2 (f(y))

@yi
:

�® ¯à ¢¨«ã ¤¨ää¥à¥æ¨à®¢ ¨ï á«®¦®© äãªæ¨¨

@

@yi
(�kl (f(y))) =

@�kl
@xs

@fs

@yi
:

�«¥¤®¢ â¥«ì®,

(f�jy[�1; �2](y))k = �s1
@�k2
@xs

� �s2
@�k1
@xs

= [�1; �2]
k(f(y)): 2

�á«¨ f :M ! N | ¤¨ää¥®¬®àä¨§¬, â® «î¡®¥ ¯®«¥ � 2 T (M )

f-¯à®¥ªâ¨àã¥¬®. �®«¥ � = f��  §ë¢ ¥âáï ¤¨ää¥®¬®àäë¬ ¯®«î �.

� ª ã¦¥ ®â¬¥ç «®áì, ¤¨ää¥®¬®àä¨§¬ f ¬®¦® âà ªâ®¢ âì ª ª § ¬¥ã

ª®®à¤¨ â x = f(y) ¢ M . � íâ®¬ á«ãç ¥ ¯®«¥ � âà ªâã¥âáï â ª ¦¥, ª ª

¯®«¥ � ¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â,   á®®â®è¥¨ï

�i(f(y)) =
@f i

@yk
�k(y) = �f i(y); (1.16)

i = 1; : : : ; n; k = 1; : : : ; n;

¯à¥¤áâ ¢«ïîâ á®¡®© § ª® ¯à¥®¡à §®¢ ¨ï ª®¬¯®¥â ¢¥ªâ®à®£® ¯®«ï

¯à¨ § ¬¥¥ ª®®à¤¨ â. �â¢¥à¦¤¥¨¥ ¯à¥¤«®¦¥¨ï 1.4 (¥á«¨ f | ¤¨ä-

ä¥®¬®àä¨§¬) ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª ¨¢ à¨ â®áâì ®¯¥à æ¨©

«¨¥©®© ª®¬¡¨ æ¨¨ ¨ ª®¬¬ãâ â®à  ®â®á¨â¥«ì® § ¬¥ë ª®®à¤¨ â,

â.¥. ª®¬¯®¥âë «¨¥©®© ª®¬¡¨ æ¨¨ ¨ ª®¬¬ãâ â®à  ¯à¥®¡à §ãîâáï
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¯® § ª®ã (1.16), ª ª ¯®¤®¡ ¥â ¢¥ªâ®à®¬ã ¯®«î. �®¦® â ª¦¥ áª § âì,

çâ® ®¯¥à æ¨ï f� ¯¥à¥å®¤  ª ¤¨ää¥®¬®àä®¬ã ¯®«î ¯¥à¥áâ ®¢®ç  á

®¯¥à æ¨ï¬¨ «¨¥©®© ª®¬¡¨ æ¨¨ ¨ ª®¬¬ãâ â®à . � ª¨¬ ®¡à §®¬, ¥á-

«¨,  ¯à¨¬¥à, ª®¬¬ãâ â®à ¤¢ãå ¯®«¥© à ¢¥ ã«î ¢ ®¤®© á¨áâ¥¬¥ ª®-

®à¤¨ â (¯®«ï ª®¬¬ãâ¨àãîâ), â® ª®¬¬ãâ â®à íâ¨å ¯®«¥© ¡ã¤¥â à ¢¥

ã«î ¨ ¢ «î¡®© ¤àã£®© á¨áâ¥¬¥ ª®®à¤¨ â.

�ãáâì � 2 T (M ), � 2 T (N ), £¤¥ M , N | ®¡« áâ¨. �ã¤¥¬ £®¢®à¨âì,

çâ® ¯®«¥ � «®ª «ì® ¤¨ää¥®¬®àä® ¢ â®çª¥ y0 ¯®«î �, ¥á«¨ áãé¥áâ¢ã¥â

â ª ï ®ªà¥áâ®áâì V � M â®çª¨ y0 ¨ â ª®© ¤¨ää¥®¬®àä¨§¬ f :V !
f(V ) � N , çâ® ¯®«ï �, �, ¡ã¤ãç¨ ®£à ¨ç¥ë   ®ªà¥áâ®áâ¨ V , f(V ),

¤¨ää¥®¬®àäë. (�¢®¥ ãª § ¨¥ â®çª¨ y0 ¨®£¤  ¡ã¤¥â ®¯ãáª âìáï.)

�ª §ë¢ ¥âáï, çâ® «î¡®¥ ¯®«¥ � 2 T (M ), £¤¥ M | ®¡« áâì ¢ Rn,

«®ª «ì® ¤¨ää¥®¬®àä® ¢ ª ¦¤®© ¥®á®¡®© â®çª¥ y0 2 M (â.¥. â ª®©

â®çª¥, çâ® �(y0) 6= 0) ¥ª®â®à®¬ã ¯®«î, ¨¬¥îé¥¬ã áâ ¤ àâë© ¢¨¤.

�à¥¦¤¥ ç¥¬ ¤®ª §ë¢ âì íâ® ãâ¢¥à¦¤¥¨¥, ¢¢¥¤¥¬ ¯®ïâ¨¥ ¨â¥£à «ì-

®© ªà¨¢®© ¯®«ï.

�ãáâì � 2 T (M ), £¤¥ M | ®¡« áâì. �¥ªâ®à®¥ ¯®«¥ � ®¯à¥¤¥«ï¥â

á¨áâ¥¬ã ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ®¡« áâ¨ M :

_yi = �i(y); i = 1; : : : ; n: (1.17)

�« ¤ª ï ªà¨¢ ï c(t); t 2 I � R1, â.¥. £« ¤ª®¥ ®â®¡à ¦¥¨¥ ¨â¥à¢ « 

I ¢ Rn,  §ë¢ ¥âáï ¨â¥£à «ì®© ªà¨¢®© ¯®«ï �, ¥á«¨ ®  ï¢«ï¥âáï

à¥è¥¨¥¬ á¨áâ¥¬ë (1.17): _ci(t) = �i(c(t)); i = 1; : : : ; n.

�ãáâì ¨â¥£à «ì ï ªà¨¢ ï c(t); t 2 I � R
1, ¯à®å®¤¨â ç¥à¥§ â®ç-

ªã y0 = c(t0); t0 2 I. �á«¨ y0 | ®á®¡ ï â®çª  ¢¥ªâ®à®£® ¯®«ï, â.¥.

�(y0) = 0, â® ¨â¥£à «ì ï ªà¨¢ ï ï¢«ï¥âáï ã«ì¬¥àë¬ ¬®£®®¡à §¨-

¥¬ c(t) = y0. �á«¨ y0 | ¥®á®¡ ï â®çª , â.¥. �(y0) 6= 0, â® «®ª «ì®

¨â¥£à «ì ï ªà¨¢ ï ï¢«ï¥âáï ®¤®¬¥àë¬ ¬®£®®¡à §¨¥¬, â.¥. áãé¥-

áâ¢ã¥â â ª®© ¨â¥à¢ « I0 � I, t0 2 I, çâ® c(I0) | ®¤®¬¥à®¥ ¬®£®-

®¡à §¨¥. �â® á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥¨ï 1.1. �¥©áâ¢¨â¥«ì®, ïª®¡¨¥¢ 

¬ âà¨æ  ®â®¡à ¦¥¨ï c: I ! R
n ¢ â®çª¥ t0 ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ªâ®à

�(y0) (§ ¯¨á ë© ª ª ¢¥ªâ®à-áâ®«¡¥æ) ¨ ¨¬¥¥â à £, à ¢ë© ¥¤¨¨æ¥.

�®íâ®¬ã (¯® ¥¯à¥àë¢®áâ¨) ®â®¡à ¦¥¨¥ c: I ! R
n   ¥ª®â®à®¬ ¨-

â¥à¢ «¥, á®¤¥à¦ é¥¬ t0, ï¢«ï¥âáï ¨¬¬¥àá¨¥©.

� ¬¥ç ¨¥ 1.1. �®¢®à¨âì ® â®¬, çâ® ªà¨¢ ï c: I ! R
n ï¢«ï¥âáï

¬®£®®¡à §¨¥¬, ¥ á®¢á¥¬ â®ç®, ¨¡® ªà¨¢ ï ï¢«ï¥âáï ®â®¡à ¦¥¨¥¬,

  ¬®£®®¡à §¨¥¬ («®ª «ì®) ï¢«ï¥âáï ®á¨â¥«ì ªà¨¢®©, â.¥. ¬®¦¥-

áâ¢® c(I) � R
n. �¥¬ ¥ ¬¥¥¥ ã¤®¡® ®¡à é âìáï á ªà¨¢ë¬¨ ¨ ª ª á

¬®¦¥áâ¢ ¬¨, ¯à¥¤¯®« £ ï ¢áïª¨© à §, çâ® ïá®, ® ç¥¬ ¨¤¥â à¥çì. �

ç áâ®áâ¨, ¤«ï «î¡®£® t0 â®çªã y0 = c(t0) � Rn  §ë¢ îâ â®çª®© ªà¨-

¢®© ¨ £®¢®àïâ, çâ® ªà¨¢ ï ¯à®å®¤¨â ç¥à¥§ â®çªã t0 ¯à¨ t = t0. �â¬¥-
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â¨¬, çâ® ®á¨â¥«¨ ¨â¥£à «ìëå ªà¨¢ëå ¢ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©  §ë¢ îâáï ä §®¢ë¬¨ ªà¨¢ë¬¨ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ì-

ëå ãà ¢¥¨© (1.17). � à §«¨çëå ¯®¤å®¤ å ª ®¯à¥¤¥«¥¨î ªà¨¢®©

á¬. [7].

�¥¯¥àì ¤®ª ¦¥¬, çâ® ª ¦¤®¥ £« ¤ª®¥ ¢¥ªâ®à®¥ ¯®«¥ ¢ ¥®á®¡®©

â®çª¥ «®ª «ì® ¤¨ää¥®¬®àä® áâ ¤ àâ®¬ã ¯®áâ®ï®¬ã ¯®«î, â.¥.

«®ª «ì®© § ¬¥®© ª®®à¤¨ â ¯®«¥ ¬®¦® ú¢ë¯àï¬¨âìû.

�¥®à¥¬  1.3. �ãáâì � 2 T (M ), £¤¥ M � R
n | ®¡« áâì, ¯à¨ç¥¬

�(y0) 6= 0, £¤¥ y0 2M . �®£¤  ¯®«¥ � ¢ â®çª¥ y0 «®ª «ì® ¤¨ää¥®¬®àä®

¯®áâ®ï®¬ã ¯®«î
@

@x1
2 T (Rn):

�®ª  §  â ¥ « ì á â ¢ ®. �®¦® áç¨â âì, çâ® y0 = 0. � ¯à®â¨¢®¬ á«ã-

ç ¥ íâ®£® ¬®¦® ¤®¡¨âìáï ¯à¥®¡à §®¢ ¨¥¬ ª®®à¤¨ â. �à¥¤¯®«®¦¨¬

â ª¦¥, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ® �1(0) 6= 0. �áª®¬ë© ¤¨ää¥®-

¬®àä¨§¬, ú¢ë¯àï¬«ïîé¨©û ¢¥ªâ®à®¥ ¯®«¥ �, áâà®¨âáï ¨§ á«¥¤ãîé¨å

 ¢®¤ïé¨å á®®¡à ¦¥¨©. � áá¬®âà¨¬ ¢ M ¯«®áª®áâì N = fy: y1 = 0g,
ï¢«ïîéãîáï (n�1)-¬¥àë¬ ¬®£®®¡à §¨¥¬. �®®à¤¨ â ¬¨   N ï¢«ï-

îâáï  ¡®àë ç¨á¥« y2; : : : ; yn. �ë¯ãáâ¨¬ ¨§ â®ç¥ª N ¨â¥£à «ìë¥

ªà¨¢ë¥ ¯®«ï �, ¯à®å®¤ïé¨¥ ç¥à¥§ N ¯à¨ t = 0. � ª ª ª �1(0) 6= 0,

â® íâ¨ ªà¨¢ë¥ âà á¢¥àá «ì® ¯¥à¥á¥ª îâ N . �«¥¤®¢ â¥«ì®,  ¡®-

à ¬ ç¨á¥« (t; y2; : : : ; yn), ®¯à¥¤¥«¥ë¬ ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®ç-

ª¨ 0 2 R
n, ¢§ ¨¬® ®¤®§ ç® á®®â¢¥âáâ¢ãîâ â®çª¨ (y1; : : : ; yn) ¨§

®ªà¥áâ®áâ¨ â®çª¨ y0 = 0 2M . �ë¯àï¬«ïîé¨© ¤¨ää¥®¬®àä¨§¬ ¥áâì

¯¥à¥å®¤ ®â ª®®à¤¨ â y = (y1; : : : ; yn) ª ª®®à¤¨ â ¬ x = (x1; : : : ; xn) =

= (t; y2; : : : ; yn). �®ª ¦¥¬, çâ® íâ®â ¯¥à¥å®¤ ¤¥©áâ¢¨â¥«ì® ï¢«ï¥âáï

¤¨ää¥®¬®àä¨§¬®¬. �ãáâì äãªæ¨¨ Hi(t; y), i = 1; : : : ; n, § ¤ îâ ®¡-

é¥¥ à¥è¥¨¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.17). �â® ®§ -

ç ¥â, çâ® ¤«ï «î¡®© â®çª¨ ŷ 2M ªà¨¢ ï y(t) = H(t; ŷ) ï¢«ï¥âáï (ç áâ-

ë¬) à¥è¥¨¥¬ á¨áâ¥¬ë (1.17), ¯à¨ç¥¬ y(0) = H(0; ŷ) = ŷ. �¢¥¤¥¬

®â®¡à ¦¥¨¥ #, ®¯à¥¤¥«¥®¥ ¢ ®ªà¥áâ®áâ¨ â®çª¨ 0 2 Rn ¨ § ¤ ¢ ¥-

¬®¥ äãªæ¨ï¬¨ yi = #i(x1; : : : ; xn) = Hi(x1; 0; x2; : : : ; xn), i = 1; : : : ; n.

� âà¨æ  �ª®¡¨ íâ®£® ®â®¡à ¦¥¨ï ¢ â®çª¥ 0 2 Rn ¨¬¥¥â ¢¨¤

�1(0) 0 : : : 0

�2(0) 1 : : : 0
...

...
. . .

...

�n(0) 0 : : : 1


:

� ª ª ª �1(0) 6= 0, â® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ 0 2 Rn ¬ âà¨-

æ  �ª®¡¨ ¥¢ëà®¦¤¥  ¨, á«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ 1.1 (®¡ ®¡à â®¬
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®â®¡à ¦¥¨¨) # ï¢«ï¥âáï «®ª «ìë¬ ¤¨ää¥®¬®àä¨§¬®¬. �ë¯àï¬«ï-

îé¨© ¤¨ää¥®¬®àä¨§¬ ¥áâì ¤¨ää¥®¬®àä¨§¬  = #�1. � ª®®à¤¨ â å

(x1; : : : ; xn) ¨â¥£à «ìë¥ ªà¨¢ë¥ áãâì ¯àï¬ë¥ t 7! (t + x1; x2; : : : ; xn),

ª®â®àë¬ ®ç¥¢¨¤® á®®â¢¥âáâ¢ã¥â ¯®«¥ @=@x1. 2

�ãáâì � 2 T (M ) � Rn. �« ¤ª ï äãªæ¨ï F , § ¤  ï ¢ M ,  §ë-

¢ ¥âáï ¨â¥£à «®¬ (¨«¨ ¯¥à¢ë¬ ¨â¥£à «®¬) ¯®«ï � ¨, á®®â¢¥âáâ¢¥®,

á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.17), ¥á«¨

�F = �i(y)
@F

@yi
= 0:

�®ïâ¨¥ ¨â¥£à «  ¥ § ¢¨á¨â ®â á¨áâ¥¬ë ª®®à¤¨ â. �ë¬¨ á«®-

¢ ¬¨, ¥á«¨ f :M ! N | ¤¨ää¥®¬®àä¨§¬, § ¤ ¢ ¥¬ë© äãªæ¨ï¬¨

xi = f i(y1; : : : ; yn), i = 1; : : : ; n,   äãªæ¨ï F | ¨â¥£à « ¯®«ï �

¢ M , â® äãªæ¨ï G(x) = F (f�1(x)) ï¢«ï¥âáï ¨â¥£à «®¬ ¯®«ï � =

�j(x)@=@xj = f��, â.¥.

�G = �j(x)
@G

@xj
= 0:

�â® á«¥¤ã¥â ¨§ ¨¢ à¨ â®áâ¨ ¢ëà ¦¥¨ï �i@F=@yi ®â®á¨â¥«ì® § -

¬¥ë ª®®à¤¨ â. � ®¥ ¢ëà ¦¥¨¥ ï¢«ï¥âáï á¢¥àâª®© ¯®«ï � ¨ £à -

¤¨¥â 
@F

@y
=

�
@F

@y1
; : : : ;

@F

@yn

�
:

�®¬¯®¥âë £à ¤¨¥â  @F=@y ¯®¤ ¤¥©áâ¢¨¥¬ ¤¨ää¥®¬®àä¨§¬  f ¨§-

¬¥ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

@G

@xi
=
F (g(x))

@xi
=
@F

@yj
@gj

@xi
; (1.18)

£¤¥ g = f�1. �ç¨âë¢ ï § ª® ¨§¬¥¥¨ï ª®¬¯®¥â ¢¥ªâ®à®£® ¯®«ï

(1.16) ¨ à ¢¥áâ¢® (1.1), ¯®«ãç¨¬

�j(x)
@G(x)

@xj

����
x=f(y)

= �j(y)
@F (y)

@yj
; y 2M: (1.19)

�â® à ¢¥áâ¢® ¨ ®§ ç ¥â ¨¢ à¨ â®áâì á¢¥àâª¨ ¢¥ªâ®à®£® ¯®«ï ¨

£à ¤¨¥â  ®â®á¨â¥«ì® § ¬¥ë ª®®à¤¨ â. �®«¥¥ ®¡é® ¬®¦® áª -

§ âì, çâ® á¢¥àâª  ¢¥ªâ®à®£® ¯®«ï ¨ ª®¢¥ªâ®à®£® ¯®«ï ¢ ª ¦¤®© â®çª¥

ï¢«ï¥âáï áª «ïà®¬, ¨¡® ®¡ê¥ªâë â¨¯  £à ¤¨¥â  ¢ ¤¨ää¥à¥æ¨ «ì®©

£¥®¬¥âà¨¨  §ë¢ îâáï ª®¢¥ªâ®àë¬¨ ¯®«ï¬¨. �®¢ à¨ âë¥ ¢¥ªâ®à-

ë¥ ¯®«ï à áá¬ âà¨¢ îâáï ¢ à §¤¥«¥ 1.4.

�ä®à¬ æ¨î ® úª®«¨ç¥áâ¢¥û ¨â¥£à «®¢ ¢¥ªâ®à®£® ¯®«ï ¤ ¥â á«¥-

¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.
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�¥®à¥¬  1.4. �®«¥ �, § ¤ ®¥ ¢ ®¡« áâ¨ M � Rn, ¨¬¥¥â ¢ ®ªà¥áâ-

®áâ¨ ¥®á®¡®© â®çª¨ y0 2 M n � 1 äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨-

â¥£à «®¢

'k(y); k = 1; : : : ; n� 1; (1.20)

rank

@'k@yi

 = n� 1;

¯à¨ç¥¬ «î¡®© ¤àã£®© ¨â¥£à « '(y) äãªæ¨® «ì® ¢ëà ¦ ¥âáï ç¥à¥§

¨å, â.¥.

'(y) = G('1(y); : : : ; 'n�1(y));

£¤¥ G | £« ¤ª ï äãªæ¨ï.

�®ª  §  â ¥ « ì á â ¢ ®. �â ¤ àâ®¥ ¯®«¥ @=@x1 ¢ Rn ®ç¥¢¨¤® ¨¬¥-

¥â n� 1 äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢, ª®â®àë¬¨ ï¢«ïîâáï

ª®®à¤¨ âë¥ äãªæ¨¨ x2; : : : ; xn. �î¡®© ¨â¥£à « ï¢«ï¥âáï £« ¤ª®©

äãªæ¨¥© ®â x2; : : : ; xn. �â®â ä ªâ á¯à ¢¥¤«¨¢ ¨ ¤«ï ¯®«ï @=@x1 ¢ «î-

¡®© ¢ë¯ãª«®© ®¡« áâ¨ U � Rn (®¡« áâì U  §ë¢ ¥âáï ¢ë¯ãª«®©, ¥á«¨

U á®¤¥à¦¨â ®âà¥§®ª, á®¥¤¨ïîé¨© «î¡ë¥ ¤¢¥ â®çª¨, ¯à¨ ¤«¥¦ é¨¥

U ). �®£« á® â¥®à¥¬¥ 1.3, áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì V �M â®çª¨

y0 ¨ â ª®© ¤¨ää¥®¬®àä¨§¬ f :V ! U = f(V ), çâ® ®£à ¨ç¥¨¥ ¯®«ï �

  V ¤¨ää¥®¬®àä® ¯®«î @=@x1, § ¤ ®¬ã ¢ U . �¡« áâì U ¬®¦®

áç¨â âì ¢ë¯ãª«®© (¢ ¯à®â¨¢®¬ á«ãç ¥ ¥¥ ¬®¦® áã§¨âì). � ª ¡ë«®

¯®ª § ®, á¢®©áâ¢® äãªæ¨¨ ¡ëâì ¨â¥£à «®¬ ¥ § ¢¨á¨â ®â á¨áâ¥¬ë

ª®®à¤¨ â. �¢®©áâ¢®  ¡®à  äãªæ¨© ¡ëâì äãªæ¨® «ì® ¥§ ¢¨á¨-

¬ë¬¨ â ª¦¥ ¥ § ¢¨á¨â ®â á¨áâ¥¬ë ª®®à¤¨ â. �¥©áâ¢¨â¥«ì®, ¬ âà¨æ 

�ª®¡¨  ¡®à  äãªæ¨© ¯à¨ ¨§¬¥¥¨¨ á¨áâ¥¬ë ª®®à¤¨ â ã¬®¦ ¥âáï

  ¥¢ëà®¦¤¥ãî ¬ âà¨æã, ¨¡® áâà®ª ¬¨ ¬ âà¨æë �ª®¡¨ ï¢«ïîâáï

£à ¤¨¥âë äãªæ¨©,   £à ¤¨¥âë ¬¥ïîâáï ¯® § ª®ã (1.18). �  íâ®¬

¤®ª § â¥«ìáâ¢® â¥®à¥¬ë § ¢¥àè¥®. 2

� ¡®à äãªæ¨© (1.20), á®áâ®ïé¨© ¨§ ¬ ªá¨¬ «ì®£® ç¨á«  äãªæ¨-

® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢,  §ë¢ ¥âáï ¯®«ë¬  ¡®à®¬ ¨â¥-

£à «®¢ ¯®«ï � (¢ â®çª¥ y0).

� ¬¥ç ¨¥ 1.2. �¨ää¥®¬®àä¨§¬ x =  (y), ª®â®àë© ¯®áâà®¥ ¯à¨

¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.3 ¨ ª®â®àë© ¯à¨¢®¤¨â ¯à®¨§¢®«ì®¥ ¯®«¥ �

ª ¯®«î @=@x1, ¬®¦® ¨â¥à¯à¥â¨à®¢ âì â¥¯¥àì á«¥¤ãîé¨¬ ®¡à §®¬.

�ãªæ¨¨  2(y); :::;  n(y) á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ (¢ â®çª¥

y0), â.¥. � k = 0, k = 2; : : : ; n,   äãªæ¨ï  1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

� 1 = 1. �â® á«¥¤ã¥â ¨§ § ª®  ¨§¬¥¥¨ï ª®¬¯®¥â ¢¥ªâ®à®£® ¯®«ï

¯®¤ ¤¥©áâ¢¨¥¬ ¤¨ää¥®¬®àä¨§¬  (1.16) ¨ ®¯à¥¤¥«¥¨ï ¨â¥£à « .
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�â¥£à «ë ' ¯®«ï � ï¢«ïîâáï à¥è¥¨ï¬¨ «¨¥©®£® ®¤®à®¤®£®

ãà ¢¥¨ï á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨

�i
@'

@yi
= 0: (1.21)

�« áá¨ç¥áª ï â¥®à¨ï â ª¨å ãà ¢¥¨© [52] ¯®ª §ë¢ ¥â, çâ® à¥è¥¨¥

ãà ¢¥¨ï (1.21) ¬®¦®  ©â¨ ¨â¥£à¨à®¢ ¨¥¬ á¨áâ¥¬ë ®¡ëª®¢¥-

ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ª®â®à ï ¯®«ãç ¥âáï ¨áª«îç¥¨¥¬

dt ¨§ á¨áâ¥¬ë (1.17),

dy1

�1
= : : : =

dyn

�n
: (1.22)

�¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (1.22) § ¯¨è¥¬ ¢ ¢¨¤¥, à §à¥è¥®¬ ®â®á¨-

â¥«ì® ¯®áâ®ïëå ¨â¥£à¨à®¢ ¨ï ck; k = 1; : : : ; n� 1,

'k(y) = ck; k = 1; : : : ; n� 1: (1.23)

�ãªæ¨¨ 'k(y); k = 1; : : : ; n � 1; | ¨áª®¬ë¥ äãªæ¨® «ì® ¥§ ¢¨á¨-

¬ë¥ à¥è¥¨ï ãà ¢¥¨ï (1.21) ¨ ¨â¥£à «ë ¯®«ï �. � ¬¥â¨¬, çâ® ¯à¨

ä¨ªá¨à®¢ ëå ck; k = 1; : : : ; n � 1;  «£¥¡à ¨ç¥áª¨¥ ãà ¢¥¨ï (1.23)

§ ¤ îâ ®¤®¬¥à®¥ ¬®£®®¡à §¨¥ ¢ ¥ï¢®¬ ¢¨¤¥. �â® ¬®£®®¡à §¨¥

¯à¥¤áâ ¢«ï¥â á®¡®© ä §®¢ãî ªà¨¢ãî á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥-

à¥æ¨ «ìëå ãà ¢¥¨© (1.17), â.¥. ®¡à § ¨â¥£à «ì®© ªà¨¢®© ¯®«ï �

(á¬. § ¬¥ç ¨¥ 1.1). � ª¨¬ ®¡à §®¬, ¨â¥£à «ë ¯®«ï ¯à¥¤áâ ¢«ïîâ

á®¡®© äãªæ¨¨, ¯à¨¨¬ îé¨¥ ¯®áâ®ïë¥ § ç¥¨ï   ¨â¥£à «ìëå

ªà¨¢ëå ¯®«ï.

�à¨¬¥à 1.2. � áá¬®âà¨¬ ¯®«¥

� = �y @
@x

+ x
@

@y
2 T (M );

£¤¥ M = R
2=(0; 0). �á¥ â®çª¨ ¯®«ï � ï¢«ïîâáï ¥®á®¡ë¬¨, ¯®íâ®¬ã

¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ ¤®«¦¥ áãé¥áâ¢®¢ âì ®¤¨ ¥§ ¢¨á¨¬ë©

¨â¥£à «. �®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

(1.22) | íâ® ãà ¢¥¨¥
dx

�y =
dy

x
:

�¡é¥¥ à¥è¥¨¥ x2 + y2 = c, £¤¥ á | ¯à®¨§¢®«ì ï ª®áâ â . �â ª,

'(x; y) = x2+y2 |¥§ ¢¨á¨¬ë© ¨â¥£à « ¯®«ï �, ¯à¨ç¥¬ ®¯à¥¤¥«¥ë©

£«®¡ «ì® ¢ M . � ¦¤ë© ¨â¥£à «  ¨¬¥¥â ¢¨¤  (x; y) = �(x2+y2), £¤¥

� | £« ¤ª ï äãªæ¨ï ®â ®¤®£® (áª «ïà®£®)  à£ã¬¥â . � ¬¥â¨¬, çâ®

ä §®¢ë¥ âà ¥ªâ®à¨¨ ¯®«ï � | ®ªàã¦®áâ¨, ï¢«ïîé¨¥áï ®¤®¬¥àë¬¨

¬®£®®¡à §¨ï¬¨ (á¬. ¯à¨¬¥à 1.1).
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�à¨¬¥à 1.3. � â¥®à¥¬¥ 1.4 ¯à¥¤¯®« £ ¥âáï, çâ® â®çª  y0 ï¢«ï¥âáï

¥®á®¡®©. �â® ãá«®¢¨¥ áãé¥áâ¢¥®. � áá¬®âà¨¬ ¯®«¥

� = x
@

@x
+ y

@

@y

¢ R2. �®ª ¦¥¬, çâ® ¢áïª¨© ¨â¥£à «, ®¯à¥¤¥«¥ë© ¢ ®ªà¥áâ®áâ¨

¯®«®¦¥¨ï à ¢®¢¥á¨ï (0; 0), ¥áâì ¯®áâ®ï ï. �¥©áâ¢¨â¥«ì®, ¨â¥£-

à «ìë¥ ªà¨¢ë¥ ¨¬¥îâ ¢¨¤ x = At; y = Bt ¨ ï¢«ïîâáï «ãç ¬¨, ¨áå®¤ï-

é¨¬¨ ¨§  ç «  ª®®à¤¨ â. �â¥£à « '(x; y) ¯®áâ®ï¥ ¢¤®«ì «î¡®£®

â ª®£® «ãç  ¨ ¨§ ¥¯à¥àë¢®áâ¨ ' ¢  ç «¥ ª®®à¤¨ â á«¥¤ã¥â, çâ®

' � const . �â®â ¯à¨¬¥à ¨â¥à¥á¥ ¥é¥ â¥¬, çâ® ® ¤¥¬®áâà¨àã¥â

â ª¦¥ «®ª «ì®áâì áãé¥áâ¢®¢ ¨ï ¨â¥£à «®¢ (¢ ®â«¨ç¨¥ ®â ¯à¨¬¥à 

1.2, £¤¥ ¯®«ãç¥ë© ¥§ ¢¨á¨¬ë© ¨â¥£à « ®¯à¥¤¥«¥ £«®¡ «ì®). � -

¦¥ ¥á«¨ ¢ë¡à®á¨âì ®á®¡ãî â®çªã (0; 0), «î¡®© ¨â¥£à «, ®¯à¥¤¥«¥ë©

£«®¡ «ì® ¢ � = R2=(0; 0), ¤®«¦¥ ¡ëâì ¯®áâ®ï®©. �®ª «ìë¥ ¥§ -

¢¨á¨¬ë¥ ¨â¥£à «ë â ª®¢ë. � «î¡®© ®¡« áâ¨, £¤¥ x 6= 0, ¥§ ¢¨á¨¬ë¬

¨â¥£à «®¬ ï¢«ï¥âáï äãªæ¨ï '1(x; y) = y=x,   ¢ «î¡®© ®¡« áâ¨, £¤¥

y 6= 0, | äãªæ¨ï '2(x; y) = x=y. � ®¡« áâïå, £¤¥ íâ¨ ¨â¥£à «ë

áãé¥áâ¢ãîâ, ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.4 ®¤¨ ¨§ ¨å ¢ëà ¦ ¥âáï

äãªæ¨® «ì® ç¥à¥§ ¤àã£®©: '1 = 1='2.

�ãáâì � 2 T (M ), £¤¥ M � R
n | ®¡« áâì, ¨ N � M | m-¬¥à®¥

¬®£®®¡à §¨¥. �®¢®àïâ, çâ® ¢¥ªâ®à®¥ ¯®«¥ � ª á ¥âáï N , ¥á«¨

�(y) 2 TNy; 8y 2 N:

�à¥¤«®¦¥¨¥ 1.5. �®«¥ � 2 T (M ) ª á ¥âáï ¬®£®®¡à §¨ï N �
M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ª ¦¤®© ¯ à ¬¥âà¨§ æ¨¨ �:V !
M áãé¥áâ¢ã¥â â ª®¥ ¯®«¥ � 2 T (V ), çâ® � = ���.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¯®«¥ � ª á ¥âáï ¬®£®®¡à §¨ïN ¨ ¯ãáâì

�:V ! M | ¥ª®â®à ï ¯ à ¬¥âà¨§ æ¨ï. �¨ää¥à¥æ¨ « �jx ®â®¡à -

¦¥¨ï � ¢ ª ¦¤®© â®çª¥ x 2 V ï¢«ï¥âáï «¨¥©ë¬ ¨§®¬®àä¨§¬®¬

TV jx   TN jy=�(x). �®íâ®¬ã ¢¥ªâ®àã �(y); y 2 N; ¢§ ¨¬® ®¤®§ ç-

® á®®â¢¥âáâ¢ã¥â ¥ª®â®àë© ¢¥ªâ®à �(x); x 2 V; x = ��1(y). �¥ªâ®àë

�(x); x 2 V; ¯®à®¦¤ îâ ¢ ®¡« áâ¨ V ¢¥ªâ®à®¥ ¯®«¥ �. �®¬¯®¥âë

¯®«¥© �, � á¢ï§ ë á®®â®è¥¨ï¬¨

�i(�(x)) =
@�i

@xk
�
k
(x); i = 1; : : : ; n: (1.24)

�â® ®§ ç ¥â, çâ® � = ���. �« ¤ª®áâì ¯®«ï � â ª¦¥ á«¥¤ã¥â ¨§ (1.24).

�¥©áâ¢¨â¥«ì®, íâ¨ á®®â®è¥¨ï ¯à¥¤áâ ¢«ïîâ á®¡®© á®¢¬¥áâãî á¨á-
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â¥¬ã «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® ª®¬¯®¥â ¯®-

«ï �. � ª ª ª ª®íää¨æ¨¥âë ¨ á¢®¡®¤ë¥ ç«¥ë íâ®© á¨áâ¥¬ë ï¢«ï-

îâáï £« ¤ª¨¬¨ äãªæ¨ï¬¨ ®â x, â® ¨ à¥è¥¨¥ á¨áâ¥¬ë, ª®â®à®¥ ¥¤¨-

áâ¢¥® ¢ á¨«ã â®£®, çâ® � | ¨¬¬¥àá¨ï, ¨ ª®â®à®¥ ¯®«ãç ¥âáï ¯® ¯à -

¢¨«ã �à ¬¥à , â ª¦¥ á®áâ®¨â ¨§ m £« ¤ª¨å äãªæ¨© ®â x.

�ãáâì â¥¯¥àì ¤«ï ª ¦¤®© ¯ à ¬¥âà¨§ æ¨¨ �:V ! M áãé¥áâ¢ã¥â

â ª®¥ ¯®«¥ � 2 T (V ), çâ® � = ���. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã

y0 2 N ¨ ¯®ª ¦¥¬, çâ® � ª á ¥âáï N ¢ â®çª¥ y0. � áá¬®âà¨¬ ¥ª®â®àãî

¯ à ¬¥âà¨§ æ¨î �0:V 0 ! M , â ªãî, çâ® x0 = (�0)�1(y0) 2 V 0. �

®¡« áâ¨ V 0 ¨¬¥¥âáï ¯®«¥ �, â ª®¥, çâ® � = ���. � ª ª ª �0�jx0(TV 0
x0
) =

= TNy0=�0(x0), â® �
0
�jx0(�(x0)) = �(�0(x0)) = �(y0) 2 TNy0 . 2

� ¦¤®¥ ¯®«¥ �, äã£ãà¨àãîé¥¥ ¢ ä®à¬ã«¨à®¢ª¥ ¯à¥¤«®¦¥¨ï 1.5,

 §ë¢ ¥âáï ¨¤ãæ¨à®¢ ë¬ ¯®«¥¬ ¯®«ï � (¢ á®®â¢¥âáâ¢ãîé¥© ª àâ¥).

� áá¬®âà¨¬ á¯¥æ¨ «ìë© á«ãç © § ¤ ¨ï ¬®£®®¡à §¨ï ¢ ¢¨¤¥ (1.6)

¨  ©¤¥¬ ¢¨¤ ¨¤ãæ¨à®¢ ®£® ¯®«ï. �®£®®¡à §¨¥ N , ¯à¥¤áâ ¢¨¬®¥

¢ ¢¨¤¥ (1.6), ¬®¦® âà ªâ®¢ âì ª ª £à ä¨ª ®â®¡à ¦¥¨ï V ! U , § -

¤ ¢ ¥¬®£® äãªæ¨ï¬¨ �j , ¯à¨ç¥¬ ª®®à¤¨ â ¬¨   N ï¢«ïîâáï â®çª¨

(y1; : : : ; ym) ®¡« áâ¨ V .

�à¥¤«®¦¥¨¥ 1.6. �á«¨ ¯®«¥

� = �i(y1; : : : ; yn)
@

@yi
; i = 1; : : : ; n;

§ ¤ ®¥ ¢ ®¡« áâ¨M � Rn, ª á ¥âáï ¬®£®®¡à §¨ï N �M , ¯à¥¤áâ ¢-

«ïîé¥£® £à ä¨ª ®â®¡à ¦¥¨ï V ! U , § ¤ ¢ ¥¬®£® äãªæ¨ï¬¨ (1.6),

â® ¨¤ãæ¨à®¢ ®¥ ¯®«¥ ¨¬¥¥â ¢¨¤

� = �
r
(y1; : : : ; ym)

@

@yr
; r = 1; : : : ;m; (1.25)

£¤¥ �
r
(y1; :::; ym) = �r(y1; : : : ; ym; �m+1(y1; : : : ; ym); : : : ; �n(y1; : : : ; ym)).

�®ª  §  â ¥ « ì á â ¢ ®. � à ¬¥âà¨§ æ¨¥© ¬®£®®¡à §¨ï N ï¢«ï¥âáï

®â®¡à ¦¥¨¥ �:V ! V � U , £¤¥

�i = yi; i = 1; : : : ;m;

�j = �j(y1; : : : ; ym); j = m + 1; : : : ; n:

�âáî¤  ¨ ¨§ á®®â®è¥¨© (1.24) (£¤¥ x1 = y1; : : : ; xm = ym) ¥¯®áà¥¤-

áâ¢¥® ¢ëâ¥ª ¥â ¤ ®¥ ¯à¥¤«®¦¥¨¥. 2
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�à¥¤«®¦¥¨¥ 1.7. �á«¨ ¯®«ï �, � 2 T (M ) ª á îâáï ¬®£®®¡à -

§¨ï N �M , â® ¯®«¥ a�+b�, £¤¥ a; b 2 R1, ¨ ¯®«¥ [�; �]â ª¦¥ ª á îâáï

¬®£®®¡à §¨ï N , ¯à¨ç¥¬ ¢ «î¡®© ª àâ¥

(a� + b�) = a� + b�; (1.26)

[�; �] = [�; �]: (1.27)

� ® ª   §  â ¥ « ì á â ¢ ® ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ ¯à¥¤«®¦¥¨© 1.4

¨ 1.5. 2

�ë¢¥¤¥¬ ãá«®¢¨¥ ª á ¨ï ¯®«¥¬ ¬®£®®¡à §¨ï, § ¤ ®£® ¢ ¥ï¢®¬

¢¨¤¥.

�à¥¤«®¦¥¨¥ 1.8. �®«¥ � 2 T (M ), £¤¥ M � R
n | ®¡« áâì,

ª á ¥âáï ¬®£®®¡à §¨ï N �M , § ¤ ®£® ¢ ¥ï¢®¬ ¢¨¤¥ (1.4), â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤ 

� k(y)jy2N = �i
@ k

@yi

����
y2N

= 0; k = 1; : : : ; q: (1.28)

� ® ª   §  â ¥ « ì á â ¢ ®. � ª ª ª ¢ëà ¦¥¨ï (1.28) ¨¢ à¨ âë ®â®-

á¨â¥«ì® § ¬¥ë ª®®à¤¨ â, â® ¤®áâ â®ç® ¤®ª § âì ¤ ®¥ ãâ¢¥à¦¤¥-

¨¥ ¢ ¥ª®â®à®© á¨áâ¥¬¥ ª®®à¤¨ â. �ª §ë¢ ¥âáï, çâ® ¤«ï ¯à®¨§¢®«ì-

®© â®çª¨ y0 ¬®£®®¡à §¨ï áãé¥áâ¢ã¥â «®ª «ì ï á¨áâ¥¬  ª®®à¤¨ â,

¢ ª®â®à®© ¬®£®®¡à §¨¥ N ¯à¥¤áâ ¢«ï¥â á®¡®© ¯«®áª®áâì

xk = 0; k = 1; : : : ; q: (1.29)

�®áâà®¨¬ á®®â¢¥âáâ¢ãîé¨© ú¢ë¯àï¬«ïîé¨©û ¤¨ää¥®¬®àä¨§¬. � á¨-

«ã (1.5) ¬®¦® ¯à¥¤¯®«®¦¨âì, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ® ¢ â®ç-

ª¥ y0 ����@ k@yi

����
k=1;:::;q

i=1;:::;q

6= 0:

�¢¥¤¥¬ ®â®¡à ¦¥¨¥ 	, § ¤ ¢ ¥¬®¥ äãªæ¨ï¬¨ xk =  k(y); k = 1; : : : ; q,

xl = yl ; l = q + 1; : : : ; n. �ª®¡¨¥¢  ¬ âà¨æ  ®â®¡à ¦¥¨ï 	 ¨¬¥¥â ¢

â®çª¥ y0 à £, à ¢ë© n. �«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ 1.1 (®¡ ®¡à â®¬

®â®¡à ¦¥¨¨) ®â®¡à ¦¥¨¥ 	 ï¢«ï¥âáï «®ª «ìë¬ ¤¨ää¥®¬®àä¨§¬®¬

¢ â®çª¥ y0. � ª®®à¤¨ â å x ¬®£®®¡à §¨¥ N ¨¬¥¥â ¢¨¤ (1.29). � à ¬¥-

âà¨§ æ¨¥© ¬®£®®¡à §¨ï N ¢ íâ¨å ª®®à¤¨ â å ï¢«ï¥âáï ®â®¡à ¦¥¨¥

�: (xq+1; : : : ; xn) 7! (0; :::; 0; xq+1; : : : ; xn) 2 N:
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�¨ää¥à¥æ¨ « íâ®£® ®â®¡à ¦¥¨ï ¢ ª ¦¤®© â®çª¥ (xq+1; : : : ; xn) ¯à¥¤-

áâ ¢«ï¥â á®¡®© «¨¥©®¥ ®â®¡à ¦¥¨¥ Rm ! R
n, £¤¥ m = n � q, ¨

®¯à¥¤¥«ï¥âáï ¬ âà¨æ¥© n� (n � q) ¢¨¤ 

0 : : : 0
...

. . .
...

0 : : : 0

1 : : : 0
...

. . .
...

0 : : : 1


:

� ª á«¥¤ã¥â ¨§ ¢¨¤  ¬ âà¨æë ®â®¡à ¦¥¨ï, ®¡à § Rm ¯à¨ íâ®¬ ®â®¡-

à ¦¥¨¨, â.¥. ª á â¥«ì®¥ ¯à®áâà áâ¢® TNx � R
n, á®áâ®¨â ¨§ ª á -

â¥«ìëå ¢¥ªâ®à®¢, å à ªâ¥à¨§ãîé¨åáï â¥¬, çâ® ¯¥à¢ë¥ q ª®¬¯®¥â

à ¢ë ã«î. �¥¯¥àì ïá®, çâ® ª á â¥«ì®¥ ¯à®áâà áâ¢® TNx ¬®¦-

® ®¯à¥¤¥«¨âì ª ª «¨¥©®¥ ¯à®áâà áâ¢® ¢¥ªâ®à®¢, á¢¥àâª¨ ª®â®àëå

á £à ¤¨¥â ¬¨ äãªæ¨© xk; k = 1; : : : ; q, § ¤ îé¨¬¨ ¬®£®®¡à §¨¥ N ,

à ¢ë ã«î. �¥©áâ¢¨â¥«ì®, ã £à ¤¨¥â  ®â äãªæ¨¨ xk ¢á¥ ª®¬¯®-

¥âë à ¢ë ã«î, §  ¨áª«îç¥¨¥¬ k-© ª®¬¯®¥âë, ª®â®à ï à ¢ 

¥¤¨¨æ¥. 2 �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© b:

�j = �ij(y)
@

@yi
; j 2 J; (1.30)

§ ¤ ëå ¢ ®¡« áâ¨ M � R
n, â.¥. �j 2 T (M ), j 2 J . �¤¥áì J |

¬®¦¥áâ¢® ¯à®¨§¢®«ì®£® ¢¨¤ .

� áá¬®âà¨¬  àï¤ã á á¥¬¥©áâ¢®¬ ¢¥ªâ®àëå ¯®«¥© (1.30) á¥¬¥©áâ¢®

¢¥ªâ®àëå ¯®«¥©

�p = �lp(x)
@

@xl
; p 2 P; (1.31)

§ ¤ ëå ¢ ®¡« áâ¨ N � R
m. �« ¤ª®¥ ®â®¡à ¦¥¨¥ f :M ! N  §ë-

¢ ¥âáï ¬®àä¨§¬®¬ á¥¬¥©áâ¢  (1.30) ¢ á¥¬¥©áâ¢® (1.31), ¥á«¨ J = P ¨

á®®â¢¥âáâ¢ãîé¨¥ ¯®«ï f-á¢ï§ ë, â.¥. �j = f��j. �§ ä®à¬ã«ë (1.8)

á«¥¤ã¥â, çâ® á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© á â ª¨¬¨ ¬®àä¨§¬ ¬¨ ®¡à -

§ãîâ ª â¥£®à¨î, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ VF . �®«ãî ¯®¤ª â¥£®à¨î

íâ®© ª â¥£®à¨¨, á®¤¥à¦ éãî ¢ ª ç¥áâ¢¥ ®¡ê¥ªâ®¢ á¥¬¥©áâ¢ , á®áâ®ïé¨¥

¨§ ª®¥ç®£® ç¨á«  ¯®«¥©, ®¡®§ ç¨¬ ç¥à¥§ FVF .
�¥¬¥©áâ¢® ¯®«¥© b � T (M )  §ë¢ ¥âáï ¨¢®«îâ¨¢ë¬, ¥á«¨

�l; �k 2 b =) [�l; �k] 2 b:

�¢®«îâ¨¢®¥ á¥¬¥©áâ¢® b  §ë¢ ¥âáï  «£¥¡à®© �¨, ¥á«¨ b | «¨¥©®¥

¯à®áâà áâ¢®, â.¥.

a; b 2 R1; �l; �k 2 b =) a�l + b�k 2 b:
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�®¤¬®¦¥áâ¢® b
0  «£¥¡àë b  §ë¢ ¥âáï ¯®¤ «£¥¡à®© b, ¥á«¨ b

0, à áá¬ â-

à¨¢ ¥¬®¥ á ¬®áâ®ïâ¥«ì®, ï¢«ï¥âáï  «£¥¡à®© �¨. �®¤ «£¥¡à  b0 � b

 §ë¢ ¥âáï ¨¤¥ «®¬ b, ¥á«¨ �l 2 b; �k 2 b0 ) [�l; �k] 2 b0. �«ï ª ¦¤®£®

á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© b áãé¥áâ¢ã¥â ¬¨¨¬ «ì ï  «£¥¡à  �¨, á®-

¤¥à¦ é ï b, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ b
�. �«£¥¡àã b

� ¬®¦® ¯®áâà®¨âì

á«¥¤ãîé¨¬ ®¡à §®¬. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì á¥¬¥©áâ¢ ¢¥ªâ®à-

ëå ¯®«¥©

b0 � b1 � : : : � bk � : : : ; (1.32)

£¤¥ b0 = b, bk ¤«ï k > 0 á®áâ®¨â ¨§ bk�1 ¨ ¢á¥¢®§¬®¦ëå ª®¬¬ãâ â®à®¢

¯®«¥© ¨§ bk�1. �¨¥© ï ®¡®«®çª  ¬®¦¥áâ¢ 
S1
k=0 bk ¡ã¤¥â à ¢  b

�,

â.¥. b
� = span

S1
k=0 bk. �®á«¥¤®¢ â¥«ì®áâì (1.32)  §®¢¥¬ ¯à®¨§¢®¤-

ë¬ àï¤®¬ ¤«ï á¥¬¥©áâ¢  ¯®«¥© b.

�á«¨ á¥¬¥©áâ¢® á®áâ®¨â ¨§ ª®¥ç®£® ç¨á«  ¯®«¥©

�a = �ia(y)
@

@yi
; a = 1; : : : ; p; (1.33)

â® ®®  §ë¢ ¥âáï «¨¥©® ¥á¢ï§ ë¬, ¥á«¨

rank
�iai=1;:::;na=1;:::;p

= p; 8y 2M:

�¨¥©® ¥á¢ï§ ®¥ á¥¬¥©áâ¢® (1.33)  §ë¢ ¥âáï ¯®«ë¬, ¥á«¨

[�a; �b] = �cab(y)�c; a; b; c = 1; : : : ; p; (1.34)

£¤¥ �cab | ¥ª®â®àë¥ äãªæ¨¨. �á«¨ ¢ (1.34) �cab = 0, â® ¯®«®¥

á¥¬¥©áâ¢®  §ë¢ ¥âáï ïª®¡¨¥¢ë¬.

�ãªæ¨ï '(y)  §ë¢ ¥âáï ¨â¥£à «®¬ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©

(1.30), § ¤ ëå ¢ ®¡« áâ¨ M � R
n , ¥á«¨ ®  ï¢«ï¥âáï ¨â¥£à «®¬

ª ¦¤®£® ¯®«ï, ¢å®¤ïé¥£® ¢ á¥¬¥©áâ¢®, â.¥. �j' = 0; 8j 2 J . �¡®¡é¥¨¥¬
â¥®à¥¬ë 1.4 ï¢«ï¥âáï

�¥®à¥¬  1.5. �®«®¥ á¥¬¥©áâ¢® (1.33), ¤«ï ª®â®à®£® p < n, ¨¬¥-

¥â ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ y 2 M m = n � p äãªæ¨® «ì®

¥§ ¢¨á¨¬ëå ¨â¥£à «®¢

'k(y); k = 1; : : : ;m; (1.35)

rank

@'k@yi


k=1;:::;n

i=1;:::;n

= m;

¯à¨ç¥¬ ¤«ï «î¡®£® ¨â¥£à «  '(y) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

'(y) = G('1(y); : : : ; 'm(y)); (1.36)

£¤¥ G | £« ¤ª ï äãªæ¨ï.
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�®ª  §  â ¥ « ì á â ¢ ®. �¥à¥©¤¥¬ ®â á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© (1.33)

ª á¥¬¥©áâ¢ã ¥ª®â®à®£® á¯¥æ¨ «ì®£® ¢¨¤ 

�a = �ia(y)
@

@yi
; a = 1; : : : ; p;

á ¯®¬®éìî «¨¥©®£® ¥¢ëà®¦¤¥®£® ¯à¥®¡à §®¢ ¨ï

�a = {
b
a(y)�b; a; b = 1; : : : ; p;

£¤¥ j{baj 6= 0. � ¬¥â¨¬, çâ® «¨¥©®¥ ¥¢ëà®¦¤¥®¥ ¯à¥®¡à §®¢ ¨¥

á®åà ï¥â á¢®©áâ¢  «¨¥©®© ¥á¢ï§ ®áâ¨ ¨ ¯®«®âë (¤«ï ¤®ª § -

â¥«ìáâ¢  íâ®£® ä ªâ  á«¥¤ã¥â ¨á¯®«ì§®¢ âì ä®à¬ã«ã (1.11)),   â ª¦¥

¬®¦¥áâ¢® ¨â¥£à «®¢. �à¥¤¯®«®¦¨¬, çâ® ¢ ®ªà¥áâ®áâ¨ ¥ª®â®à®©

¯à®¨§¢®«ì®© â®çª¨ y0 j�ab ja=1;:::;pb=1;:::;p 6= 0 (¯à¨ ¨®¬ à á¯®«®¦¥¨¨ ¡ §¨á-

®£® ¬¨®à  ¤®ª § â¥«ìáâ¢®   «®£¨ç®). �®£¤ , ¢§ï¢ ¢ ª ç¥áâ¢¥ ¬ -

âà¨æë jj{bajjb=1;:::;pa=1;:::;p, ®¡à âãî ª ¬ âà¨æ¥ jj�ab jja=1;:::;pb=1;:::;p , ¯®«ãç¨¬ á¥¬¥©-

áâ¢® á«¥¤ãîé¥£® ¢¨¤ :

�a =
@

@ya
+ �la(y)

@

@yl
; a = 1; : : : ; p; l = p+ 1; : : : ; n; (1.37)

â.¥. �ba = �ba (á¨¬¢®« �à®¥ª¥à ), a; b = 1; : : : ; p. �®ª ¦¥¬, çâ® (1.37) |

ïª®¡¨¥¢® á¥¬¥©áâ¢®. � ª ª ª ®® ¯®«®¥, â®

[�b; �c] = �abc(y)�a = �abc
@

@ya
+ �abc�

l
a

@

@yl
;

£¤¥ �abc | ¥ª®â®àë¥ äãªæ¨¨. � ¤àã£®© áâ®à®ë, ¢ëç¨á«ïï ¥¯®áà¥¤-

áâ¢¥® ª®¬¬ãâ â®àë, ¨¬¥¥¬

[�b; �c] = !lbc
@

@yl
; l = p+ 1; : : : ; n:

�à ¢¨¢ ï, ¯®«ãç¨¬, çâ® �abc � 0, â.¥. á¥¬¥©áâ¢® (1.37) ï¢«ï¥âáï ïª®¡¨-

¥¢ë¬. �«¥¤ãîé¨© íâ ¯ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¥å®¤ ¢ ¤àã£ãî á¨áâ¥¬ã

ª®®à¤¨ â. � áá¬®âà¨¬ äãªæ¨¨

xi =  i(y); i = 1; : : : ; n: (1.38)

� (1.38) x1 =  1(y) = y1,    i(y); i = 2; : : : ; n; | äãªæ¨® «ì®

¥§ ¢¨á¨¬ë¥ äãªæ¨¨, á®áâ ¢«ïîé¨¥ ¯®«ë©  ¡®à ¨â¥£à «®¢ ¯®«ï

�1 ¢ â®çª¥ y0. � ª ª ª rank jj@'i=@yj jji=2;:::;nj=1;:::;n = n� 1 ¨

@'i

@y1
= ��l1

@'i

@yl
; i = 2; : : : ; n;
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â® j@'i=@yj ji=2;:::;nj=2;:::;n 6= 0. �«¥¤®¢ â¥«ì®,

����@'i@yj

����
i=1;:::;n

j=1;:::;n

6= 0

¢ â®çª¥ y0. � ª¨¬ ®¡à §®¬, äãªæ¨¨ (1.38) ï¢«ïîâáï äãªæ¨® «ì-

® ¥§ ¢¨á¨¬ë¬¨ ¨ ¯®íâ®¬ã ®¯à¥¤¥«ïîâ «®ª «ìë© ¤¨ää¥®¬®àä¨§¬

 ¢ â®çª¥ y0. �®¦® áç¨â âì, çâ®  2 = y2; : : : ;  p = yp, â ª ª ª

íâ¨ äãªæ¨¨ | ¨â¥£à «ë �1. �¨ää¥®¬®àäë¥ ¯®«ï �b =  ��
b; b =

= 1; : : : ; p; ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

�1 =
@

@x1
; (1.39)

�a =
@

@xa
+ �la(x)

@

@xl
; (1.40)

a = 2; : : : ; p; l = p+ 1; : : : ; n:

�§ ¯à¥¤«®¦¥¨ï 1.4 ¢ëâ¥ª ¥â, çâ® á¢®©áâ¢  ¯®«®âë ¨ ïª®¡¨¥¢®áâ¨ ¯à¨

¯¥à¥å®¤¥ ª ¤¨ää¥®¬®àä®¬ã á¥¬¥©áâ¢ã ¯®«¥© á®åà ïîâáï. �¬¥¥¬

[�1; �a] =

�
@�la
@x1

�
@

@xl
= 0;

â.¥. äãªæ¨¨ �la ¥ § ¢¨áïâ ®â x1. � ¤àã£®© áâ®à®ë, ¨§ ¢¨¤  á¥¬¥©-

áâ¢  (1.39), (1.40) á«¥¤ã¥â, çâ® ¥£® ¨â¥£à «ë á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

'(x2; : : : ; xn). �®íâ®¬ã ¨â¥£à «ë á¥¬¥©áâ¢  (1.39), (1.40) á®¢¯ ¤ îâ á

¨â¥£à « ¬¨ á¥¬¥©áâ¢  (1.40), á®áâ®ïé¥£® ¨§ p � 1 ¯®«¥©, ª®â®àë¥ § -

¢¨áïâ ®â n� 1 ¯¥à¥¬¥ëå. �à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯à¨¤¥¬ ª ®¤®¬ã

¯®«î

Zp =
@

@zp
+ glp(z)

@

@zl
;

§ ¢¨áïé¥¬ã ®â n � p + 1 ¯¥à¥¬¥ëå, ¨â¥£à «ë ª®â®à®£® á®¢¯ ¤ îâ

á ¨â¥£à « ¬¨ ¨áå®¤®£® á¥¬¥©áâ¢  (1.33) (¢ ¤àã£®© á¨áâ¥¬¥ ª®®à¤¨-

 â). �áâ ¥âáï § ¬¥â¨âì, çâ®, á®£« á® â¥®à¥¬¥ 1.4, ¤ ®¥ ¯®«¥ ¨¬¥¥â

(¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨) m = n� p äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨-

â¥£à «®¢, ¯à¨ç¥¬ «î¡®© ¨â¥£à « äãªæ¨® «ì® ¢ëà ¦ ¥âáï ç¥à¥§

¨å. 2

�ãªæ¨¨ (1.35), á®áâ ¢«ïîé¨¥ ¬ ªá¨¬ «ìë©  ¡®à äãªæ¨® «ì-

® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ ¯®«®£® á¥¬¥©áâ¢  (1.33) ¢ ®ªà¥áâ®áâ¨ â®ç-

ª¨ y0 2M ,  §ë¢ îâáï ¯®«ë¬  ¡®à®¬ ¨â¥£à «®¢ á¥¬¥©áâ¢  (1.33) ¢

â®çª¥ y0.
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�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.5 á«¥¤ã¥â  «£®à¨â¬  å®¦¤¥¨ï ¯®«-

®£®  ¡®à  ¨¢ à¨ â®¢ ¯®«®£® á¥¬¥©áâ¢ , ª®â®àë© á¢®¤¨âáï ª  å®-

¦¤¥¨î ¨â¥£à «®¢ ¥ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ì-

ëå ãà ¢¥¨©.

�à¨¬¥à 1.4. � áá¬®âà¨¬ ¢ ®¡« áâ¨ M = f(x; y; z) : z 6= 0g á¥¬¥©-
áâ¢®, á®áâ®ïé¥¥ ¨§ ¯®«¥©

�1 = z
@

@x
� x

@

@z
; �2 = z

@

@y
� y

@

@z
:

�®«ï �1, �2 ï¢«ïîâáï «¨¥©® ¥á¢ï§ ë¬¨, â ª ª ª ¢ ¬ âà¨æ¥, á®á-

â ¢«¥®© ¨§ ª®¬¯®¥â, ¬¨®à ¢â®à®£® ¯®àï¤ª , ®¡à §®¢ ë© ¯¥à¢ë¬

¨ ¢â®àë¬ áâ®«¡æ ¬¨, ®â«¨ç¥ ®â ã«ï. �ëç¨á«ïï ª®¬¬ãâ â®à

[�1; �2] = y
@

@x
� x

@

@y
=
y

z
�1 � x

z
�2;

¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¯®«ï �1, �2 ®¡à §ãîâ ¯®«®¥ á¥¬¥©áâ¢®. �®£« á-

® â¥®à¥¬¥ 1.5, íâ® á¥¬¥©áâ¢® ¨¬¥¥â ®¤¨ äãªæ¨® «ì® ¥§ ¢¨á¨¬ë©

¨â¥£à «. � ©¤¥¬ ¥£®, ¯à¨¬¥ïï  «£®à¨â¬, ¯à¨¢¥¤¥ë© ¯à¨ ¤®ª § -

â¥«ìáâ¢¥ â¥®à¥¬ë 1.5. �¥à¢ë© è £  «£®à¨â¬  § ª«îç ¥âáï ¢ ¯¥à¥å®¤¥

á ¯®¬®éìî «¨¥©®£® ¥¢ëà®¦¤¥®£® ¯à¥®¡à §®¢ ¨ï ª ïª®¡¨¥¢®¬ã

á¥¬¥©áâ¢ã, ª®â®à®¥ ¢ ¤ ®¬ á«ãç ¥ á®áâ®¨â ¨§ ¯®«¥©

�1 =
@

@x
� x

z

@

@z
; �2 =

@

@y
� y

z

@

@z
:

�¥¯¥àì á«¥¤ã¥â ¯¥à¥©â¨ ª ¤¨ää¥®¬®àäë¬ ¯®«ï¬ (1.39), (1.40) á ¯®¬®-

éìî ¤¨ää¥®¬®àä¨§¬  x0 =  1(x; y; z), y0 =  2(x; y; z), z0 =  3(x; y; z),

£¤¥  1(x; y; z) = x,   äãªæ¨¨  2,  3 á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à -

«®¢ ¯®«ï �1. �¤¨ ¨â¥£à « ¯®«ãç ¥âáï  ¢â®¬ â¨ç¥áª¨ | íâ® äãªæ¨ï

 2 = y. �â®à®© ¨â¥£à « «¥£ª®  å®¤¨âáï (á¬. ¯à¨¬¥à 1.2) ¨ à ¢¥

 3 = x2 + z2. �¤¥« ¢ § ¬¥ã ª®®à¤¨ â x0 = x, y0 = y, z0 = x2 + z2,

¯®«ãç¨¬ ¤¨ää¥®¬®àäë¥ ¯®«ï

�1 =
@

@x0
; �2 =

@

@y0
� 2y0

@

@z0
:

�¥¯¥àì ¤¥«® á¢®¤¨âáï ª  å®¦¤¥¨î ¨â¥£à «  ¯®«ï �2 ¢ ®¡« áâ¨ ¨§-

¬¥¥¨ï ¯¥à¥¬¥ëå y0, z0. �®áâ ¢¨¬ á®®â¢¥âáâ¢ãîé¥¥ ®¡ëª®¢¥®¥

¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥

dy0

1
= �dz

0

2y0
:
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�¬¥¥¬ d
�
y02 + z0

�
= 0. �«¥¤®¢ â¥«ì®, ¨â¥£à «®¬ ï¢«ï¥âáï äãªæ¨ï

y02 + z0. �®§¢à é ïáì ¢ áâ àãî á¨áâ¥¬ã ª®®à¤¨ â, ¯®«ãç ¥¬ ¨áª®¬ë©

¨â¥£à « ' = x2 + y2 + z2 á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© �1, �2.

�á«¨ ¤«ï ¯®«®£® á¥¬¥©áâ¢  (1.33) p = n, â® íâ® á¥¬¥©áâ¢® ¥ ¨¬¥¥â

(¥¯®áâ®ïëå) ¨â¥£à «®¢. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ ¨§ à ¢¥áâ¢

�ia
@'

@yi
= 0; i = 1; : : : ; n; a = 1; : : : ; n;

¢ëâ¥ª îâ à ¢¥áâ¢  @'=@yi = 0; i = 1; : : : ; n.

�¬¥¥â ¬¥áâ® ®¡à â®¥ ãâ¢¥à¦¤¥¨¥ ª â¥®à¥¬¥ 1.5.

�à¥¤«®¦¥¨¥ 1.9. �á«¨ ¤ ® m äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå äã-

ªæ¨© (1.35) ¢ ®¡« áâ¨ M � Rn, â® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ª ¦¤®©

â®çª¨ y 2 M áãé¥áâ¢ã¥â ¯®«®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© (1.33),

¯à¨ç¥¬ p = n � m, ¤«ï ª®â®à®£® äãªæ¨¨ (1.35) á®áâ ¢«ïîâ ¯®«ë©

 ¡®à ¨â¥£à «®¢ ¢ â®çª¥ y.

�®ª  §  â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ á¨áâ¥¬ã ®¤®à®¤ëå «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

�i
@'k

@yi
= 0; k = 1; : : : ;m; (1.41)

®â®á¨â¥«ì® ª®¬¯®¥â ¢¥ªâ®à®£® ¯®«ï � = �i@=@yi. �«ï «î¡®© â®ç-

ª¨ y  ©¤¥âáï ®ªà¥áâ®áâì, ¢ ª®â®à®© ¥ª®â®àë© ¬¨®à m-£® ¯®àï¤ª 

¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© (1.41) ®â«¨ç¥ ®â ã«ï. �ã¤ ¬¥â «ì ï

á¨áâ¥¬  à¥è¥¨© ¢ íâ®© ®ªà¥áâ®áâ¨ ®¯à¥¤¥«ï¥â «¨¥©® ¥á¢ï§ ®¥

á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© (1.33), ¤«ï ª®â®à®£® äãªæ¨¨ (1.35) ï¢«ï-

îâáï ¨â¥£à « ¬¨. �î¡®¥ ¯®«¥ � = �i@=@yi, ã¤®¢«¥â¢®àïîé¥¥ (1.41),

¤®«¦® «¨¥©® ¢ëà ¦ âìáï ç¥à¥§ ¯®«ï (1.33). � ç áâ®áâ¨, â ª ª ª

¯®«ï [�a; �b] ¢ á¨«ã (1.10) ã¤®¢«¥â¢®àïîâ (1.41), â® á¯à ¢¥¤«¨¢® (1.34).

�«¥¤®¢ â¥«ì®, ¯®áâà®¥®¥ á¥¬¥©áâ¢® (1.33) ï¢«ï¥âáï ¯®«ë¬. �ã-

ªæ¨¨ (1.35) á®áâ ¢«ïîâ ¬ ªá¨¬ «ìë©  ¡®à ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢

á¥¬¥©áâ¢  (1.33), ¨¡® ¢ ¯à®â¨¢®¬ á«ãç ¥ ¯®«ãç¨«®áì ¡ë ¯à®â¨¢®à¥ç¨¥

á â¥®à¥¬®© 1.5. 2

�áâ ®¢¨¬ ®¤® á¢®©áâ¢® ¯®«®£®  ¡®à  ¨â¥£à «®¢.

�à¥¤«®¦¥¨¥ 1.10. �ãáâì (1.33) | ¯®«®¥ á¥¬¥©áâ¢® ¢¥ªâ®à-

ëå ¯®«¥©, (1.35) | ¯®«ë©  ¡®à ¨â¥£à «®¢ íâ®£® á¥¬¥©áâ¢ ,  

I | ¥ª®â®à®¥ ¯®¤¬®¦¥áâ¢® ¨§ p í«¥¬¥â®¢ ¬®¦¥áâ¢  ¨¤¥ªá®¢

f1; : : : ; ng, I = f1; : : : ; ng n I. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

 ) j�iaji2Ia=1;:::;p 6= 0;



1.3. ��������� ���� � ������������� 41

¡)

����@'k@yi

����
k=1;:::;m

i2I

6= 0:

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥  ). � áá¬®âà¨¬

á¥¬¥©áâ¢® ¯®«¥© �b; b 2 I, ª®â®à®¥ ¯®«ãç ¥âáï ¨§ ¨áå®¤®£® á¥¬¥©-

áâ¢  «¨¥©ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬: �b = �ab (y)�a , b 2 I.
�¤¥áì äãªæ¨¨ �ab á®áâ ¢«ïîâ ¬ âà¨æã, ®¡à âãî ª ¬ âà¨æ¥ k�iaki2Ia=1;:::;p.

�®áâà®¥®¥ á¥¬¥©áâ¢® ¯®«¥© ¡ã¤¥â ¨¬¥âì á«¥¤ãîé¨© ¢¨¤:

�b =
@

@yb
+ �cb(y)

@

@yc
; b 2 I; c 2 I; (1.42)

£¤¥ �cb | ¥ª®â®àë¥ äãªæ¨¨. �á®, çâ® äãªæ¨¨ 'k ï¢«ïîâáï ¨â¥-

£à « ¬¨ ¨ ¯®«¥© �b, â.¥.

@'k

@yb
= ��cb

@'k

@yc
:

�âáî¤  ¢ëâ¥ª ¥â, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥ ¡).

�ãáâì â¥¯¥àì ¢ë¯®«ï¥âáï ãá«®¢¨¥ ¡). � áá¬®âà¨¬ á¨áâ¥¬ã «¨¥©-

ëå ®¤®à®¤ëå ãà ¢¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâ®£® ¢¥ªâ®à®£® ¯®-

«ï � = �i(y)@=@yi :

�i
@'k

@yi
= 0; k = 1; : : : ;m:

�ç¥¢¨¤®, çâ® ¯®«ï �a; a = 1; : : : ; p, ®¡à §ãîâ äã¤ ¬¥â «ìãî á¨á-

â¥¬ã à¥è¥¨© íâ®© á¨áâ¥¬ë ãà ¢¥¨©. � ¤àã£®© áâ®à®ë, ¥âàã¤®

¢¨¤¥âì, çâ® áãé¥áâ¢ã¥â äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ¢¨¤  (1.42).

�¢  á¥¬¥©áâ¢  (1.33) ¨ (1.42) ¤®«¦ë ¡ëâì á¢ï§ ë «¨¥©ë¬ ¥¢ë-

à®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬. �âáî¤  ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì ãá«®-

¢¨ï  ). 2

�ãáâì b | á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© (1.30), § ¤ ëå ¢ ®¡« áâ¨

M � R
n, ¨ ¯ãáâì N � M | ¬®£®®¡à §¨¥. �ãáâì b ª á ¥âáï N , â.¥.

ª ¦¤®¥ ¯®«¥ (1.30) ª á ¥âáï N . � áá¬®âà¨¬ ¥ª®â®àãî ª àâã (V; �)

¬®£®®¡à §¨ï N . � ®¡« áâ¨ V ®¯à¥¤¥«¥® á¥¬¥©áâ¢® ¨¤ãæ¨à®¢ ëå

¯®«¥©

b =

�
�j = �i(y)

@

@yi

�
; j 2 J;

â.¥. â ª¨å ¯®«¥©, çâ® �j = ���j, j 2 J . �¥¬¥©áâ¢® b � T (V )  §ë¢ ¥âáï
¨¤ãæ¨à®¢ ë¬ á¥¬¥©áâ¢®¬ á¥¬¥©áâ¢  b. � áá¬®âà¨¬ ¯à®¨§¢®¤ë¥

àï¤ë ¤«ï b ¨ b. �§ ¯à¥¤«®¦¥¨ï 1.7 ¢ëâ¥ª ¥â, çâ® (bk) = (b)k; k =

= 0; 1; : : : �âáî¤  á«¥¤ã¥â, çâ®

(b�) = (b)�: (1.43)
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�«£¥¡à  �¨ b
�
(¬®¦® § ¯¨áë¢ âì ¡¥§ áª®¡®ª ¢ á¨«ã (1.43)), ®¯à¥¤¥«¥-

 ï ¢ ®¡« áâ¨ V ,  §ë¢ ¥âáï ¨¤ãæ¨à®¢ ®©  «£¥¡à®©, á®®â¢¥âáâ¢ãî-

é¥©  «£¥¡à¥ �¨ b�.

�¢¥¤¥¬ â¥¯¥àì ¯®ïâ¨¥ à á¯à¥¤¥«¥¨ï, § ¤ ®£® ¢ ®¡« áâ¨ M �
� R

n. � á¯à¥¤¥«¥¨¥¬ D  §ë¢ ¥âáï ®â®¡à ¦¥¨¥, á®¯®áâ ¢«ïîé¥¥

ª ¦¤®© â®çª¥ y 2 M «¨¥©®¥ ¯®¤¯à®áâà áâ¢® D(y) � TMy . �®¤

¯¥à¥á¥ç¥¨¥¬ à á¯à¥¤¥«¥¨© Dj ; j 2 J , ¡ã¤¥¬ ¯®¨¬ âì à á¯à¥¤¥«¥¨¥

\
Dj : y 2M !

\
Dj(y):

�®¤ áã¬¬®© à á¯à¥¤¥«¥¨© Dj ; j 2 J , ¯®¨¬ ¥âáï à á¯à¥¤¥«¥¨¥

X
Dj : y 2M ! span fDj(y); j 2 Jg:

�á«¨ ¢ ª ¦¤®© â®çª¥ y 2 M span fDj(y); j 2 Jg ï¢«ï¥âáï ¯àï¬®©

áã¬¬®© Dj(y); j 2 J , â.¥.
P
Dj(y) = �Dj(y), â® à á¯à¥¤¥«¥¨¥

P
Dj

 §ë¢ ¥âáï ¯àï¬®© áã¬¬®© à á¯à¥¤¥«¥¨© Dj ¨ ®¡®§ ç ¥âáï ç¥à¥§

�Dj . �á«¨ D1, D2 | à á¯à¥¤¥«¥¨ï ¢ M , ¯à¨ç¥¬ D1(y) � D2(y); 8y 2
2 M , â® £®¢®àïâ, çâ® D1 ¯à¨ ¤«¥¦¨â D2, ¯à¨ íâ®¬ ¨á¯®«ì§ã¥âáï

§ ¯¨áì D1 � D2.

�®«ìèãî à®«ì ¯à¨ ¨§ãç¥¨¨ à á¯à¥¤¥«¥¨© ¨  ää¨ëå à á¯à¥¤¥-

«¥¨© ¨£à îâ á¢ï§ ë¥ á ¨¬¨ ¢¥ªâ®àë¥ ¯®«ï. �á«¨ D | à á¯à¥-

¤¥«¥¨¥ ¢ M � R
n ¨ � 2 T (M ), â® £®¢®àïâ, çâ® � ¯à¨ ¤«¥¦¨â D, ¨

¯¨èãâ � 2 D, ¥á«¨ �(x) 2 D(y), y 2 M . � á¯à¥¤¥«¥¨¥ D  §ë¢ ¥âáï

¨¢®«îâ¨¢ë¬, ¥á«¨

�; � 2 D =) [�; �] 2 D:

�¥à¥á¥ç¥¨¥ ¨¢®«îâ¨¢ëå à á¯à¥¤¥«¥¨© ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬

à á¯à¥¤¥«¥¨¥¬. �®íâ®¬ã ¤«ï ª ¦¤®£® à á¯à¥¤¥«¥¨ï D áãé¥áâ¢ã¥â

¬¨¨¬ «ì®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥, á®¤¥à¦ é¥¥ D.

�¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© b � T (M ), á®áâ®ïé¥¥ ¨§ ¯®«¥© (1.30),

¯®à®¦¤ ¥â à á¯à¥¤¥«¥¨¥ y 2M 7! span f�j(y); j 2 Jg, ª®â®à®¥ ®¡®§ -
ç ¥âáï ç¥à¥§ �b.

�ãáâì D | à á¯à¥¤¥«¥¨¥ ¢ ®¡« áâ¨ M � R
n. �®¢®àïâ, çâ® D |

£« ¤ª®¥ à á¯à¥¤¥«¥¨¥, ¥á«¨ áãé¥áâ¢ã¥â á¥¬¥©áâ¢® ¯®«¥© b � T (M ),

¯®à®¦¤ îé¥¥ D, â.¥. D = �b. � ¤ «ì¥©è¥¬, ¥á«¨ ¥ ®£®¢®à¥® ¯à®-

â¨¢®¥, à áá¬ âà¨¢ îâáï £« ¤ª¨¥ à á¯à¥¤¥«¥¨ï. �¥«¨ç¨  dimD(y)

 §ë¢ ¥âáï à £®¬ à á¯à¥¤¥«¥¨ï D ¢ â®çª¥ y 2 M . �®çª  y  §ë¢ -

¥âáï à¥£ã«ïà®© à á¯à¥¤¥«¥¨ï D, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì

íâ®© â®çª¨, ¢ ª®â®à®© à £ D ¯®áâ®ï¥. �®çª , ¥ ï¢«ïîé ïáï à¥£ã-

«ïà®©,  §ë¢ ¥âáï ®á®¡®©.



1.3. ��������� ���� � ������������� 43

�à¥¤«®¦¥¨¥ 1.11. �®¦¥áâ¢® à¥£ã«ïàëå â®ç¥ª à á¯à¥¤¥«¥¨ï

D, § ¤ ®£® ¢ ®¡« áâ¨ M , ï¢«ï¥âáï ®âªàëâë¬ ¨ ¢áî¤ã ¯«®âë¬

¯®¤¬®¦¥áâ¢®¬ ®¡« áâ¨ M .

�®ª  §  â ¥ « ì á â ¢ ®.  ) �®ª ¦¥¬, çâ® à¥£ã«ïàë¥ â®çª¨ áãé¥-

áâ¢ãîâ. �®§ì¬¥¬ ¯à®¨§¢®«ìãî ®¡« áâì K � M . �ãáâì ¢ â®çª¥

y0 2 K ¤®áâ¨£ ¥âáï ¬ ªá¨¬ «ìë© ¢ K à £ à á¯à¥¤¥«¥¨ï D, ¯à¨-

ç¥¬ dimD(y0) = p. �á«¨ p = 0, â® y0, ®ç¥¢¨¤®, ï¢«ï¥âáï à¥£ã«ïà®©

â®çª®©. �ãáâì p > 0. �®£¤  ¨¬¥¥¬ p ¯®«¥©

�a = �ia(y)
@

@yi
;

¯à¨ ¤«¥¦ é¨å D, ¯à¨ç¥¬ ¢ â®çª¥ y0 à £ ¬ âà¨æë�ia(y)i=1;:::;na=1;:::;p

à ¢¥ p. �® ¥¯à¥àë¢®áâ¨ à £ íâ®© ¬ âà¨æë à ¢¥ p ¨ ¢ ¥ª®â®à®©

®ªà¥áâ®áâ¨ â®çª¨ N � K â®çª¨ y0. �«¥¤®¢ â¥«ì®, ¢ ®ªà¥áâ®áâ¨ N

à £ à á¯à¥¤¥«¥¨ï D ¯®áâ®ï¥ ¨ à ¢¥ p, â.¥. y0 | à¥£ã«ïà ï â®çª 

à á¯à¥¤¥«¥¨ï D.

¡) �®ª ¦¥¬, çâ® ¬®¦¥áâ¢® à¥£ã«ïàëå â®ç¥ª ¢áî¤ã ¯«®â® ¢ ®¡-

« áâ¨ M . �ãáâì y1 | ®á®¡ ï â®çª . �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â

â ª ï ®ªà¥áâ®áâì K â®çª¨ y1, ¢ ª®â®à®© ¥â à¥£ã«ïàëå â®ç¥ª. � á-

á¬®âà¨¬ â®çªã y0 2 K, ¢ ª®â®à®© ¤®áâ¨£ ¥âáï ¬ ªá¨¬ «ìë© ¢ ®¡« áâ¨

K à £ à á¯à¥¤¥«¥¨ï D. � ª ¦¥, ª ª ¨ ¢ ¯ãªâ¥  ) ¤ ®£® ¤®ª § -

â¥«ìáâ¢ , ¯®ª §ë¢ ¥âáï, çâ® y0 | à¥£ã«ïà ï â®çª . �«¥¤®¢ â¥«ì®,

¯®¤®¡®© ®ªà¥áâ®áâ¨ K ¥ áãé¥áâ¢ã¥â.

¢) �®ª ¦¥¬, çâ® ¬®¦¥áâ¢® à¥£ã«ïàëå â®ç¥ª ®âªàëâ® ¢ M . �ãáâì

y0| à¥£ã«ïà ï â®çª . �®£¤  ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ N � M à £

à á¯à¥¤¥«¥¨ï D ¯®áâ®ï¥. �ç¥¢¨¤®, çâ® N á®áâ®¨â ¨§ à¥£ã«ïàëå

â®ç¥ª. 2

� á¯à¥¤¥«¥¨¥ D, § ¤ ®¥ ¢ M � R
n,  §ë¢ ¥âáï à¥£ã«ïàë¬

à á¯à¥¤¥«¥¨¥¬ à £  p, ¥á«¨ dimD(y) = p = const , 8y 2 M . � íâ®¬

á«ãç ¥ ¡ã¤¥¬ ¯¨á âì ¯à®áâ® dimD = p.

�à¥¤«®¦¥¨¥ 1.12. � á¯à¥¤¥«¥¨¥ D, ª®â®à®¥ § ¤ ® ¢ ®¡« áâ¨

M � R
n, ï¢«ï¥âáï à¥£ã«ïàë¬ à á¯à¥¤¥«¥¨¥¬ à £  p > 0 â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© â®çª¨ y0 2 M  ©¤¥âáï â ª ï

®ªà¥áâ®áâì U ¨ â ª®¥ «¨¥©® ¥á¢ï§ ®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå

¯®«¥©

�a = �ia(y)
@

@yi
; a = 1; : : : ; p; (1.44)

§ ¤ ëå ¢ U , çâ® D(y) = span f�a(y); a = 1; : : : ; pg, 8y 2 U .
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�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì D | à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ à £ 

p > 0, y0 | ¯à®¨§¢®«ì ï â®çª  M . �®£¤ , ¥á«¨ D ¯®à®¦¤ ¥âáï á¥¬¥©-

áâ¢®¬ ¯®«¥© (1.30), â® ¢ ª ç¥áâ¢¥ (1.44) ¬®¦® ¢§ïâì «î¡®¥ ¥£® ¯®¤á¥-

¬¥©áâ¢® �a = �ja , a = 1; : : : ; p; ¤«ï ª®â®à®£® rank k�ija(y0)k = p. (�®ç¥¥,

á«¥¤ã¥â ¢§ïâì ®£à ¨ç¥¨¥ íâ®£® ¯®¤á¥¬¥©áâ¢    ®ªà¥áâ®áâì, ¢ ª®â®-

à®© à £ ãª § ®© ¬ âà¨æë à ¢¥ p.) �¡à â®, ¯ãáâì D ¯®à®¦¤ ¥âáï

«®ª «ì® § ¤ ë¬¨ «¨¥©® ¥á¢ï§ ë¬¨ á¥¬¥©áâ¢ ¬¨ ¢¨¤  (1.44).

�á®, çâ® dimD(y) = p, 8y 2M . �à¥¡ã¥âáï ¤®ª § âì, çâ® D ¯®à®¦¤ -

¥âáï ¥ª®â®àë¬ á¥¬¥©áâ¢®¬ £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥©, ®¯à¥¤¥«¥ëå

£«®¡ «ì® ¢ M . �¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ®, ¨á¯®«ì§ãï ¯®¤å®¤ïé¨¥

äãªæ¨¨ �àëá®  (®¯à¥¤¥«¥¨¥ á¬. ¢ § ¬¥ç ¨¨ 1.3), ª ¦¤®¬ã á¥¬¥©-

áâ¢ã (1.44), ®¯à¥¤¥«¥®¬ã ¢ ®ªà¥áâ®áâ¨ U â®çª¨ y0, ¬®¦® ¯®áâ ¢¨âì

¢ á®®â¢¥âáâ¢¨¥ á¥¬¥©áâ¢® £« ¤ª¨å ¯®«¥© ~�a; a = 1; : : : ; p; ª®â®àë¥ § -

¤ ë ¢ M , ¯à¨ ¤«¥¦ â D ¨ á®¢¯ ¤ îâ á ¯®«ï¬¨ (1.44) ¢ ¥ª®â®à®©

®ªà¥áâ®áâ¨ W â®çª¨ y0. �¡ê¥¤¨¥¨¥ â ª¨å £«®¡ «ì® ®¯à¥¤¥«¥ëå

á¥¬¥©áâ¢ ¯®à®¦¤ ¥â D. �«¥¤®¢ â¥«ì®, D | £« ¤ª®¥ à á¯à¥¤¥«¥¨¥.

2

� ¬¥ç ¨¥ 1.3. �ãáâì W;U;M ï¢«ïîâáï ®¡« áâï¬¨ ¢ Rn, ¯à¨ç¥¬

W � U �M . �®£¤  áãé¥áâ¢ã¥â â ª ï £« ¤ª ï äãªæ¨ï �:M ! R
1, çâ®

¢ë¯®«ïîâáï á«¥¤ãîé¨¥ á¢®©áâ¢ :  ) 06�(y)61; 8y 2 M ; ¡) �(y) = 1

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  y 2 W ; ¢) ¥á«¨ y 2 M n U , â® �(y) = 0.

�ãªæ¨ï �  §ë¢ ¥âáï äãªæ¨¥© �àëá®  ¯ àë (U;W ) [7].

�¥¬¥©áâ¢  ¯®«¥© ¢¨¤  (1.44), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ ¯à¥¤«®-

¦¥¨ï 1.12, ¡ã¤¥¬  §ë¢ âì ¡ §¨áë¬¨ á¥¬¥©áâ¢ ¬¨ à á¯à¥¤¥«¥¨ï D.

�á«¨ � 2 D | £« ¤ª®¥ ¯®«¥, (1.44) | ¡ §¨á®¥ á¥¬¥©áâ¢® D, § ¤ ®¥

¢ ®ªà¥áâ®áâ¨ U , â® � = ga(y)�a, £¤¥ g
a(y) | ®¤®§ ç® ®¯à¥¤¥«¥-

ë¥ £« ¤ª¨¥ äãªæ¨¨ ¢ U . (�« ¤ª®áâì äãªæ¨© ga(y) á«¥¤ã¥â ¨§ â®£®,

çâ® íâ¨ äãªæ¨¨ á®áâ ¢«ïîâ ¥¤¨áâ¢¥®¥ à¥è¥¨¥ á¨áâ¥¬ë «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á £« ¤ª¨¬¨ ª®íää¨æ¨¥â ¬¨.) � §¨áë¥

á¥¬¥©áâ¢  ®¯à¥¤¥«¥ë, ¥áâ¥áâ¢¥®, ¥®¤®§ ç®. �¢  ¡ §¨áëå á¥-

¬¥©áâ¢ , § ¤ ëå ¢ ®¤®© ®ªà¥áâ®áâ¨, á¢ï§ ë ¤àã£ á ¤àã£®¬ «¨¥©-

ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬ á ª®íää¨æ¨¥â ¬¨, ï¢«ïîé¨-

¬¨áï £« ¤ª¨¬¨ äãªæ¨ï¬¨. �á«¨ ®¤® ¡ §¨á®¥ á¥¬¥©áâ¢® ¯®«®¥, â® ¨

«î¡®¥ ¤àã£®¥ ¡ §¨á®¥ á¥¬¥©áâ¢®, ®¯à¥¤¥«¥®¥ ¢ â®© ¦¥ ®ªà¥áâ®áâ¨,

â ª¦¥ ï¢«ï¥âáï ¯®«ë¬.

�à¥¤«®¦¥¨¥ 1.13. �¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ à £  p > 0 ï¢«ï-

¥âáï ¨¢®«îâ¨¢ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤®¥ ¥£® ¡ §¨á®¥

á¥¬¥©áâ¢® ï¢«ï¥âáï ¯®«ë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì à¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥-

¨¥ D à £  p > 0 § ¤ ® ¢ ®¡« áâ¨ M � Rn ¨ ¯ãáâì (1.44) | ¡ §¨á®¥
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á¥¬¥©áâ¢®, ®¯à¥¤¥«¥®¥ ¢ ®ªà¥áâ®áâ¨ U � M . �®§ì¬¥¬ ¯à®¨§¢®«ì-

ãî â®çªã y0 2 U ¨ ¯®ª ¦¥¬, çâ® [�a; �b](y0) 2 D(y0), a; b = 1; : : : ; p,

®âªã¤  ¨ ¡ã¤¥â á«¥¤®¢ âì ¯®«®â  á¥¬¥©áâ¢  (1.44). � ª ¦¥, ª ª ¨ ¯à¨

¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 1.12, ¯®áâà®¨¬ ¯®«ï ~�a; a = 1; : : : ; p, ®¯à¥-

¤¥«¥ë¥ ¢ M ¨ á®¢¯ ¤ îé¨¥ á �a ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ W � U

â®çª¨ y0. �§ ¨¢®«îâ¨¢®áâ¨ D ¢ëâ¥ª ¥â, çâ® [�a; �b](y) = [~�a; ~�b](y) 2
2 D(y); 8y 2 W . �ãáâì â¥¯¥àì  ®¡®à®â ¢á¥ ¡ §¨áë¥ á¥¬¥©áâ¢  à á-

¯à¥¤¥«¥¨ï D ï¢«ïîâáï ¯®«ë¬¨. �®§ì¬¥¬ ¤¢  ¯®«ï �1; �2 2 D, ®¯à¥-

¤¥«¥ë¥ ¢ M , ¨ ¯®ª ¦¥¬, çâ® [�1; �2](y0) 2 D(y0) ¤«ï ¯à®¨§¢®«ì®©

â®çª¨ y0. � áá¬®âà¨¬ ¥ª®â®à®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® (1.44) à á¯à¥¤¥«¥-

¨ïD ¢ ®ªà¥áâ®áâ¨ U â®çª¨ y0. �¬¥¥¬ ¢ ®ªà¥áâ®áâ¨ U ¯à¥¤áâ ¢«¥¨ï

�k = �ak(y)�
a, k = 1; 2, £¤¥ �ak | £« ¤ª¨¥ äãªæ¨¨. �«¥¤®¢ â¥«ì®,

[�1; �2] = [�a1�a; �
b
2�b] = �a1�

b
2[�a; �b] + �a1�a(�

b
2)�b � �b2�b(�

a
1)�a = �c(y)�c;

£¤¥ �c | £« ¤ª¨¥ äãªæ¨¨. �®íâ®¬ã [�1; �2](y) 2 D(y), 8y 2 U . 2

�à¥¤«®¦¥¨¥ 1.14. �á«¨ à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ D ¯®à®¦¤ -

¥âáï ¨¢®«îâ¨¢ë¬ á¥¬¥©áâ¢®¬ ¯®«¥© (1.30), â® D | ¨¢®«îâ¨¢®¥

à á¯à¥¤¥«¥¨¥.

�®ª  §  â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 M . � ª

ã¦¥ ®â¬¥ç «®áì (¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 1.12), áãé¥áâ¢ã¥â

á¥¬¥©áâ¢® ¯®«¥© (1.44), ï¢«ïîé¥¥áï ¡ §¨áë¬ ¢ ®ªà¥áâ®áâ¨ U â®çª¨

y0, ¯à¨ç¥¬ ¯®«ï (1.44) ¬®¦® ¢ë¡à âì ¨§ á¥¬¥©áâ¢  (1.30). �§ ¨¢®«î-

â¨¢®áâ¨ á¥¬¥©áâ¢  (1.30) ¢ëâ¥ª ¥â, çâ®

[�a; �b](y) 2 D(y); a; b = 1; : : : ; p; y 2 U:

�®íâ®¬ã á¥¬¥©áâ¢® (1.44) ï¢«ï¥âáï ¯®«ë¬ á¥¬¥©áâ¢®¬ ¢ U . �«¥¤®¢ -

â¥«ì®, ¢á¥ ¡ §¨áë¥ á¥¬¥©áâ¢  ï¢«ïîâáï ¯®«ë¬¨. �§ ¯à¥¤«®¦¥¨ï

1.13 ¢ëâ¥ª ¥â ¨¢®«îâ¨¢®áâì à á¯à¥¤¥«¥¨ï D. 2

� à ªâ¥à¨áâ¨ç¥áª¨¬ à á¯à¥¤¥«¥¨¥¬ CD à á¯à¥¤¥«¥¨ï D ¡ã¤¥¬

 §ë¢ âì à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ â ª¨¬¨ £« ¤ª¨¬¨ ¢¥ªâ®àë¬¨

¯®«ï¬¨ � 2 D, çâ® [�; �] 2 D, 8� 2 D.
�®¯®áâ ¢¨¬ â¥¯¥àì à á¯à¥¤¥«¥¨î D ¯®á«¥¤®¢ â¥«ì®áâì à á¯à¥¤¥-

«¥¨©, ª®â®àãî ¡ã¤¥¬  §ë¢ âì ¯à®¨§¢®¤ë¬ àï¤®¬ ¤«ï à á¯à¥¤¥«¥-

¨ï D,

D0 � D1 � : : : � Dk � : : : ; (1.45)

£¤¥ D0 = D,   Dk; k > 0, ¯®à®¦¤ ¥âáï ¯®«ï¬¨ ¢¨¤  [�1; �2], £¤¥ ¯®«ï �l
¯à¨ ¤«¥¦ â Dk�1. � á¯à¥¤¥«¥¨¥ y 2 M 7! span fDk(y); k = 0; 1; : : :g
®¡®§ ç¨¬ ç¥à¥§ D�.
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�ãáâì y0 | à¥£ã«ïà ï â®çª  Dk; k = 1; 2; : : : � íâ®¬ á«ãç ¥ ¡ã¤¥¬

£®¢®à¨âì, çâ® y0 | à¥£ã«ïà ï â®çª  ¯à®¨§¢®¤®£® àï¤  (1.45). �ãé¥-

áâ¢ã¥â ¬¨¨¬ «ì®¥ ç¨á«® N , â ª®¥, çâ® DN (y0) = DN+1(y0). �«¥¤®-

¢ â¥«ì®, DN = DN+1 = : : : = D� ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ y0.

�®¥çãî ¯®á«¥¤®¢ â¥«ì®áâì à¥£ã«ïàëå à á¯à¥¤¥«¥¨© (®¯à¥¤¥«¥-

ëå ¢ ®ªà¥áâ®áâ¨ y0)

D0 � D1 � : : : � DN (1.46)

 §®¢¥¬ ¯à®¨§¢®¤ë¬ ä« £®¬ D. �¨á«® N + 1  §ë¢ ¥âáï ¤«¨®©

¯à®¨§¢®¤®£® ä« £ . � ¬¥â¨¬, çâ® á¥¬¥©áâ¢® ¯®«¥©, ¯®à®¦¤ îé¥¥

D�, ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬. �§ ¯à¥¤«®¦¥¨ï 1.14 ¢ëâ¥ª ¥â, çâ® DN
ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬ à á¯à¥¤¥«¥¨¥¬ (¢ ®ªà¥áâ®áâ¨ y0), ¯à¨ç¥¬

DN (= D�) | ¬¨¨¬ «ì®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥, á®¤¥à¦ é¥¥

D (¢ ®ªà¥áâ®áâ¨ y0).

� ¬¥ç ¨¥ 1.4. �«ï â®£® çâ®¡ë ¯®áâà®¨âì ¡ §¨á®¥ á¥¬¥©áâ¢® à á-

¯à¥¤¥«¥¨ï D� ¢ ®ªà¥áâ®áâ¨ à¥£ã«ïà®© â®çª¨ Dk; k = 0; 1; : : : ; ã¦®

à áá¬®âà¥âì ¯®á«¥¤®¢ â¥«ì®áâì ¡ §¨áëå á¥¬¥©áâ¢ à á¯à¥¤¥«¥¨©, á®-

áâ ¢«ïîé¨å ¯à®¨§¢®¤ë© ä« £ (1.46):

d0 � d1 � : : : � dN (1.47)

�¤¥áì dk | ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï Dk. �®á«¥¤®¢ â¥«ì®áâì

(1.47) áâà®¨âáï â ª¨¬ ®¡à §®¬: ¥á«¨ dk ¯®áâà®¥®, â® dk+1 ¯®«ãç ¥âáï

¤®¡ ¢«¥¨¥¬ ª dk â¥å ª®¬¬ãâ â®à®¢ ¯®«¥© ¨§ dk, ª®â®àë¥ ¥ ¢ëà ¦ îâ-

áï «¨¥©® (á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨) ç¥à¥§ ¯®«ï ¨§ dk. �«ï

¥ª®â®à®£® N6n � 1 ¢á¥ ª®¬¬ãâ â®àë ¯®«¥© ¨§ dN «¨¥©® ¢ëà ¦ -

îâáï ç¥à¥§ ¯®«ï á¥¬¥©áâ¢  dN . �ç¥¢¨¤®, çâ® dN ï¢«ï¥âáï ¡ §¨áë¬

á¥¬¥©áâ¢®¬ à á¯à¥¤¥«¥¨ï D� = DN . �â ª, ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥-

¤¥«¥¨ï D�( ¯à¨ ãá«®¢¨¨ § ¨ï ¡ §¨á®£® á¥¬¥©áâ¢  à á¯à¥¤¥«¥¨ï D)

 å®¤¨âáï §  ª®¥ç®¥ ç¨á«®  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨© ¢ëç¨á«¥¨ï ¥-

ª®â®àëå ®¯à¥¤¥«¨â¥«¥© ¨ ¤¨ää¥à¥æ¨à®¢ ¨©. �ª § ë©  «£®à¨â¬

 §ë¢ ¥âáï ¯à®æ¥áá®¬ ¯®¯®«¥¨ï.

�ãáâì à á¯à¥¤¥«¥¨¥ D ¯®à®¦¤ ¥âáï á¥¬¥©áâ¢®¬ ¯®«¥© b, ¨«¨, ¨ ç¥

£®¢®àï, D = �b. �®áâà®¨¬ ¯à®¨§¢®¤ë© àï¤ (1.32) ¤«ï á¥¬¥©áâ¢  b.

�á«¨ à á¯à¥¤¥«¥¨¥ �b� à¥£ã«ïà®, £¤¥ b� | ¬¨¨¬ «ì ï  «£¥¡à 

�¨, á®¤¥à¦ é ï b, â®, á®£« á® ¯à¥¤«®¦¥¨î 1.14, íâ® à á¯à¥¤¥«¥¨¥

¨¢®«îâ¨¢®, ¯à¨ç¥¬ ïá®, çâ® �b� | ¬¨¨¬ «ì®¥ ¨¢®«îâ¨¢®¥

à á¯à¥¤¥«¥¨¥, á®¤¥à¦ é¥¥ D. � ¤ ®¬ á«ãç ¥ �b� = D�.

�á«¨ â®çª  y0 ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¤«ï à á¯à¥¤¥«¥¨© �bk ;

k = 0; 1; : : :, â® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ y0 á¯à ¢¥¤«¨¢ë à ¢¥-

áâ¢  �bk = Dk; k = 0; 1; : : :, £¤¥ Dk | à á¯à¥¤¥«¥¨ï ¨§ ¯à®¨§¢®¤®£®
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àï¤  (1.45). � ª¨¬ ®¡à §®¬, y0 | à¥£ã«ïà ï â®çª  ¯à®¨§¢®¤®£® àï¤ 

(1.45). �¥©áâ¢¨â¥«ì®, á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© dk ¨§ ¯®á«¥¤®¢ -

â¥«ì®áâ¨ (1.47), £¤¥ d0 � b | ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï �b,

ï¢«ïîâáï ¡ §¨áë¬¨ ª ª ¤«ï à á¯à¥¤¥«¥¨© �bk , â ª ¨ ¤«ï à á¯à¥¤¥«¥-

¨© Dk. �¡à â®¥ ãâ¢¥à¦¤¥¨¥ â®¦¥ á¯à ¢¥¤«¨¢®: ¥á«¨ y0 | à¥£ã«ïà-

 ï â®çª  ¯à®¨§¢®¤®£® àï¤  (1.45) ¨ b | ¥ª®â®à®¥ á¥¬¥©áâ¢® ¢¥ªâ®à-

ëå ¯®«¥©, ¯®à®¦¤ îé¥¥ D, â® y0 | à¥£ã«ïà ï â®çª  à á¯à¥¤¥«¥¨©

�bk ; k = 0; 1; : : :�â® á«¥¤ã¥â ¨§ â®£®, çâ® ¢ ®ªà¥áâ®áâ¨ à¥£ã«ïà®© â®ç-

ª¨ ¯à®¨§¢®«ì®£® à á¯à¥¤¥«¥¨ï «î¡ë¥ ¤¢  ¡ §¨áëå á¥¬¥©áâ¢  ¢ëà -

¦ îâáï ¤àã£ ç¥à¥§ ¤àã£  «¨¥©® á £« ¤ª¨¬¨ ª®íää¨æ¨¥â ¬¨. �â ª,

¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ à¥£ã«ïà®© â®çª¨ ¯à®¨§¢®¤®£® àï¤ 

DN = D� = �bN = �b� :

�á«¨ áãé¥áâ¢ãîâ ¥à¥£ã«ïàë¥ â®çª¨ ¯à®¨§¢®¤®£® àï¤  (1.45), â®

¬®¦® ãâ¢¥à¦¤ âì «¨èì, çâ® �bk � Dk; k = 0; 1; : : :

�â¬¥â¨¬, çâ® ¤«ï  áâ®ïé¥© ª¨£¨, ¢ ª®â®à®© ¯à¥®¡« ¤ ¥â «®ª «ì-

ë© ¯®¤å®¤, å à ªâ¥à® à áá¬®âà¥¨¥ ¢ ®ªà¥áâ®áâ¨ â®çª¨, ï¢«ïîé¥©-

áï à¥£ã«ïà®© ¢ â®¬ ¨«¨ ¨®¬ á¬ëá«¥, ¢ ç áâ®áâ¨, à¥£ã«ïà®© ¤«ï

á®®â¢¥âáâ¢ãîé¥£® ¯à®¨§¢®¤®£® àï¤ .

�« ¤ª ï äãªæ¨ï  §ë¢ ¥âáï ¨â¥£à «®¬ à á¯à¥¤¥«¥¨ï, ¥á«¨ ® 

ï¢«ï¥âáï ¨â¥£à «®¬ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©, ª®â®à®¥ ¯®à®¦¤ ¥â

à á¯à¥¤¥«¥¨¥. �¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ à £  p < n,

§ ¤ ®¥ ¢ ®âªàëâ®¬ ¬®¦¥áâ¢¥ M � Rn, ¨¬¥¥â ¢ ®ªà¥áâ®áâ¨ ª ¦¤®©

â®çª¨ y 2 M m = n � p äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢, ¨¡®

¢ ¤ ®¬ á«ãç ¥ ¡ §¨áë¥ á¥¬¥©áâ¢  ï¢«ïîâáï ¯®«ë¬¨. �®¯à®á ®

áãé¥áâ¢®¢ ¨¨ ¨â¥£à «®¢ ¯à®¨§¢®«ì®£® à á¯à¥¤¥«¥¨ï D à¥è ¥âáï

á«¥¤ãîé¨¬ ®¡à §®¬. � ¬¥â¨¬, çâ® ¢ á¨«ã ä®à¬ã«ë

[�; �]' = �(�') � �(�');

£¤¥ �; �|¢¥ªâ®àë¥ ¯®«ï, '|äãªæ¨ï, ¨â¥£à «ë D ¨D� á®¢¯ ¤ îâ.

�âáî¤ ,   â ª¦¥ ¨§ â¥®à¥¬ë 1.5 ¨ ¯à¥¤«®¦¥¨ï 1.13 ¢ëâ¥ª ¥â

�¥®à¥¬  1.6. �ãáâì D | à á¯à¥¤¥«¥¨¥, ª®â®à®¥ § ¤ ® ¢ ®¡« -

áâ¨ M � Rn, ¨ ¯ãáâì D� | à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ à £  p. �®£¤ ,

¥á«¨ p < n, â® D ¨¬¥¥â ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ m = n � p

äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ (1.35), ¯à¨ç¥¬ ¤«ï «î¡®£® ¨-

â¥£à «  ' á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (1.36). �á«¨ p = n, â® D ¥

¨¬¥¥â ¨â¥£à «®¢, ®â«¨çëå ®â ¯®áâ®ïëå äãªæ¨©.

�áâ¥áâ¢¥®,   «®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ ä®à¬ã«¨àã¥âáï ¨ ¤«ï á¥¬¥©-

áâ¢  ¢¥ªâ®àëå ¯®«¥© b � T (M ): ¥á«¨ (�b)
� | à¥£ã«ïà®¥ à á¯à¥¤¥«¥-

¨¥ à £  p ¨ p < n, â® b ¨¬¥¥â ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ m = n� p
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äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ (1.35), ¯à¨ç¥¬ ¤«ï «î¡®£® ¨-

â¥£à «  ' á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ (1.36). �á«¨ p = n, â® b ¥ ¨¬¥¥â

¨â¥£à «®¢, ®â«¨çëå ®â ¯®áâ®ïëå äãªæ¨©.

� ªá¨¬ «ìë©  ¡®à äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ à á-

¯à¥¤¥«¥¨ï (á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©), ª®â®àë¥ ®¯à¥¤¥«¥ë ¢ ®ª-

à¥áâ®áâ¨ â®çª¨ y0,  §ë¢ ¥âáï ¯®«ë¬  ¡®à®¬ ¨â¥£à «®¢ à á¯à¥¤¥-

«¥¨ï (á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©) ¢ â®çª¥ y0.

�«ï  å®¦¤¥¨ï ¯®«®£®  ¡®à  ¨â¥£à «®¢ à á¯à¥¤¥«¥¨ï D ¤®-

áâ â®ç®  ©â¨ ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï D� á ¯®¬®éìî ¯à®-

æ¥áá  ¯®¯®«¥¨ï (á¬. § ¬¥ç ¨¥ 1.4) ¨ ®¯à¥¤¥«¨âì ¯®«ë©  ¡®à ¨â¥-

£à «®¢ íâ®£® á¥¬¥©áâ¢  (çâ®, á®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.5, á¢®-

¤¨âáï ª à¥è¥¨î ¥ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©).

� ¯®ïâ¨¥¬ à á¯à¥¤¥«¥¨ï á¢ï§ ë ¤¢  ¢ ¦ëå â¨¯  ¬®£®®¡à §¨©.

�â® ¬®£®®¡à §¨ï, ª®â®àëå ª á îâáï à á¯à¥¤¥«¥¨ï, ¨ ¨â¥£à «ìë¥

¬®£®®¡à §¨ï à á¯à¥¤¥«¥¨©. � ¤¨¬ ¨å ®¯à¥¤¥«¥¨ï.

�ãáâì D | à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨ M � R
n, ¨ ¯ãáâì

N � M | ¬®£®®¡à §¨¥. �®¢®àïâ, çâ® à á¯à¥¤¥«¥¨¥ D ª á ¥âáï N ,

¥á«¨ D(y) � TNy ; 8y 2 N . �ç¥¢¨¤®, çâ® D ª á ¥âáï N â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ¯®«ï (1.30), ¯®à®¦¤ îé¨¥ D, ª á îâáï N , â.¥.

�j(y) 2 TNy ; 8y 2 N; j 2 J:
�ãáâì D | à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ ¢ ®¡« áâ¨ M � R

n á¥-

¬¥©áâ¢®¬ ¯®«¥© b, á®áâ®ïé¨¬ ¨§ ¯®«¥© (1.30). �ãáâì ¢ ®¡« áâ¨ M § -

¤ ® ¬®£®®¡à §¨¥ N , ª®â®à®£® ª á ¥âáï D. � áá¬®âà¨¬ ¥ª®â®àãî

ª àâã (V; �) ¬®£®®¡à §¨ï N . � ®¡« áâ¨ V ®¯à¥¤¥«¥® à á¯à¥¤¥«¥¨¥

D:x 2 V 7! D(x) = ��1� (D(��1(x))), ª®â®à®¥  §ë¢ ¥âáï ¨¤ãæ¨à®¢ -

ë¬ à á¯à¥¤¥«¥¨¥¬ à á¯à¥¤¥«¥¨ï D. �®£¤ , ®ç¥¢¨¤®, çâ® D ï¢«ï-

¥âáï £« ¤ª¨¬ à á¯à¥¤¥«¥¨¥¬ ¨ ¯®à®¦¤ ¥âáï á¥¬¥©áâ¢®¬ ¨¤ãæ¨à®¢ -

ëå ¯®«¥©

b =

�
�j = �i(y)

@

@yi

�
; j 2 J;

â.¥. â ª¨å ¯®«¥©, çâ® �j = ���j, j 2 J .
�á«¨ à á¯à¥¤¥«¥¨¥ D ª á ¥âáï ¬®£®®¡à §¨ï N , â®, ª ª á«¥¤ã¥â ¨§

¯à¥¤«®¦¥¨ï 1.7, à á¯à¥¤¥«¥¨ï Dk, k = 0; 1; : : : ; á®áâ ¢«ïîé¨¥ ¯à®¨§-

¢®¤ë© àï¤ (1.45), â ª¦¥ ª á îâáï N . �«¥¤®¢ â¥«ì®, ¨ à á¯à¥¤¥«¥¨¥

D� ª á ¥âáï N . �§ à ¢¥áâ¢ (1.26), (1.27) ¢ëâ¥ª ¥â, çâ® ¤«ï ª ¦¤®©

ª àâë (V; �) (D�) = (D)�, ¯®íâ®¬ã ¤ ®¥ ¨¤ãæ¨à®¢ ®¥ à á¯à¥¤¥«¥-

¨¥, ®¯à¥¤¥«¥®¥ ¢ V , ¬®¦® ®¡®§ ç âì ¡¥§ áª®¡®ª | D
�
. � ª ª ª

��jx ¢ ª ¦¤®© â®çª¥ x 2 V ï¢«ï¥âáï «¨¥©ë¬ ¨§®¬®àä¨§¬®¬, â®

dimD(�(x)) = dimD(x); 8x 2 V; (1.48)
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dimD�(�(x)) = dimD
�
(x); 8x 2 V: (1.49)

�á«¨ à á¯à¥¤¥«¥¨¥ D ¯®à®¦¤ ¥âáï á¥¬¥©áâ¢®¬ ¯®«¥© b, â®, ãç¨âë-

¢ ï (1.43), ¯®«ãç¨¬

dim�b� (�(x)) = dim�
b
�(x); 8x 2 V: (1.50)

� ¯®¬¨¬, çâ® D� = �b� ¢ á«ãç ¥ à¥£ã«ïà®áâ¨ à á¯à¥¤¥«¥¨ï �b� .

�§ (1.49) á«¥¤ã¥â, çâ® à §¬¥à®áâì ¬®£®®¡à §¨ï, ª®â®à®¥ ¯à®å®¤¨â

ç¥à¥§ â®çªã y0 ¨ ª®â®à®£® ª á ¥âáï à á¯à¥¤¥«¥¨¥ D, ¥ ¬®¦¥â ¡ëâì

¬¥ìè¥, ç¥¬ dimD�(y0). (�ç¨âë¢ ï ä®à¬ã«ã (1.50), ¬®¦® á¤¥« âì

á«¥¤ãîé¥¥ ãâ®ç¥¨¥: à §¬¥à®áâì ¬®£®®¡à §¨ï, ª®â®à®¥ ¯à®å®¤¨â

ç¥à¥§ â®çªã y0 ¨ ª®â®à®£® ª á ¥âáï à á¯à¥¤¥«¥¨¥ D, ¥ ¬®¦¥â ¡ëâì

¬¥ìè¥, ç¥¬ dim�b�(y0), £¤¥ b | ¯à®¨§¢®«ì®¥ á¥¬¥©áâ¢® ¯®«¥©, ¯®-

à®¦¤ îé¥¥ D.) �á«¨ y0 | à¥£ã«ïà ï â®çª  D�, â® ç¥à¥§ íâã â®çªã

¯à®å®¤¨â ¬®£®®¡à §¨¥, ª®â®à®£® ª á ¥âáï à á¯à¥¤¥«¥¨¥ D ¨ ª®â®à®¥

¨¬¥¥â à §¬¥à®áâì, à ¢ãî à £ã D� ¢ â®çª¥ y0. �¥©áâ¢¨â¥«ì®, ¥á«¨

dimD�(y0) = p < n, â®, á®£« á® â¥®à¥¬¥ 1.6, ¨¬¥¥âáï m = n�p äãªæ¨-
® «ì® ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ (1.35), ®¯à¥¤¥«ïîé¨å ¢ ®ªà¥áâ®áâ¨

y0 á¥¬¥©áâ¢® p-¬¥àëå ¬®£®®¡à §¨© ¢¨¤ 

'k(y) = ck; k = 1; : : : ;m; (1.51)
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£¤¥ ck = const . (�ç¥¢¨¤®, çâ® ç¥à¥§ â®çªã y0 ¯à®å®¤¨â ¬®£®®¡à §¨¥

¨§ á¥¬¥©áâ¢  (1.51), á®®â¢¥âáâ¢ãîé¥¥ ck = 'k(y0).) �§ ¯à¥¤«®¦¥¨ï 1.8

¨ ®¯à¥¤¥«¥¨ï ¨â¥£à «  á«¥¤ã¥â, çâ® D ª á ¥âáï ª ¦¤®£® ¬®£®®¡à -

§¨ï á¥¬¥©áâ¢  1.51. �á«¨ á®áâ ¢¨âì à ¢¥áâ¢ 

Gl('1(x); : : : ; 'm(x)) = 0; l = 1; : : : ; q; (1.52)

£¤¥ Gl | äãªæ¨® «ì® ¥§ ¢¨á¨¬ë¥ äãªæ¨¨, â® ®ç¥¢¨¤®, çâ® ®¨

®¯à¥¤¥«ïîâ ¥ª®â®à®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ n � q, ª®â®à®£® ª -

á ¥âáï D. �ª §ë¢ ¥âáï, çâ® ¬®£®®¡à §¨ï¬¨ â ª®£® ¢¨¤  ¨áç¥à¯ë¢ -

îâáï ¢á¥ ¬®£®®¡à §¨ï, ª®â®àëå ª á ¥âáï D ¨ ª®â®àë¥ ®¯à¥¤¥«¥ë ¢

®ªà¥áâ®áâ¨ à¥£ã«ïà®© â®çª¨ à á¯à¥¤¥«¥¨ï D�. �®ç¥¥, á¯à ¢¥¤«¨¢®

á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥, ¯à¨ ¤«¥¦ é¥¥ ¯® áãé¥áâ¢ã �.�.�¢áï¨ª®-

¢ã [13].

�¥®à¥¬  1.7. �ãáâì dimD�(y0) = p < n, £¤¥ D | à á¯à¥¤¥«¥¨¥,

§ ¤ ®¥ ¢ ®¡« áâ¨M � Rn, y0 | à¥£ã«ïà ï â®çª  à á¯à¥¤¥«¥¨ï D�.

�®£¤  «î¡®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ n � q, p6n � q < n, ª®â®à®£®

ª á ¥âáï à á¯à¥¤¥«¥¨¥ D ¨ ª®â®à®¥ ¯à®å®¤¨â ç¥à¥§ â®çªã y0, ¬®¦®

(«®ª «ì®) § ¤ âì ¢ ¢¨¤¥ (1.52), £¤¥ äãªæ¨¨ 'k; k = 1; : : : ;m = n� p;

á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ à á¯à¥¤¥«¥¨ï D ¢ â®çª¥ y0,  

Gl | äãªæ¨® «ì® ¥§ ¢¨á¨¬ë¥ äãªæ¨¨.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì N | ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ n � q,

ª®â®à®¥ ¯à®å®¤¨â ç¥à¥§ â®çªã y0 ¨ ª®â®à®£® ª á ¥âáï D. �à¥¤¯®«®¦¨¬,

¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ® ¢ â®çª¥ y0����@'k@yi

����
k=1;:::;m

i=1;:::;m

6= 0:

�ãªæ¨¨ xk = 'k; 1; : : : ;m, xi = yi; i = m + 1; : : : ; n; á®£« á® â¥®à¥¬¥

1.1, ®¯à¥¤¥«ïîâ § ¬¥ã ª®®à¤¨ â ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0. �®£®®¡à -

§¨¥ N ¢ ®¢ëå ª®®à¤¨ â å ¯à¨¬¥â ¥ª®â®àë© ¢¨¤

F l(x) = 0; l = 1; : : : ; q:

� áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® ¯®«¥©

�a = �ia(x)
@

@xi
; a = 1; : : : ; p;

à á¯à¥¤¥«¥¨ï D�. � ª ª ª äãªæ¨¨ x1; : : : ; xm ï¢«ïîâáï ¨â¥£à « ¬¨

¯®«¥© �a, â® �ia = 0, i = 1; : : : ;m. �§ ãá«®¢¨ï ª á ¨ï ¯®«ï¬¨ �a
¬®£®®¡à §¨ï N (á¬. ¯à¥¤«®¦¥¨¥ 1.8) ¨¬¥¥¬ ¢ â®çª å N à ¢¥áâ¢ 
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�sa@F
l=@ys = 0, s = m + 1; : : : ; n. � ª ª ª j�saj 6= 0, â® @F l=@ysjy2N = 0.

�®íâ®¬ã   N

rank

@F l@yi


l=1;:::;q

i=1;:::;m

= q:

�âáî¤  á«¥¤ã¥â, çâ® q6m ¨ çâ® ¬®£®®¡à §¨¥ N («®ª «ì®) ¬®¦®

¯à¥¤áâ ¢¨âì ¢ à §à¥è¥®¬ ¢¨¤¥ ®â®á¨â¥«ì® ¥ª®â®àëå q ¯¥à¥¬¥-

ëå ¨§ (x1; : : : ; xm):

xi = �i(xq+1; : : : ; xn); i = 1; : : : ; q; (1.53)

£¤¥ ¯¥à¥¬¥ë¥ (xq+1; : : : ; xn) ¯à¨¨¬ îâ § ç¥¨ï ¢ ¥ª®â®à®© ®¡« -

áâ¨ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rn�q. �á«®¢¨¥ ª á ¨ï ¯®«ï¬¨ �a ¬®-

£®®¡à §¨ï (1.53) ¤ ¥â à ¢¥áâ¢  @�i=@xr = 0; r = m + 1; : : : ; n; ¢ íâ®©

®¡« áâ¨. �«¥¤®¢ â¥«ì®, äãªæ¨¨ �i ¥ § ¢¨áïâ ®â xm+1; : : : ; xn. �®§-

¢à é ïáì ª áâ àë¬ ¯¥à¥¬¥ë¬ ¢ (1.53), ¯®«ãç¨¬ á®®â®è¥¨ï ¢¨¤ 

(1.52). 2

�â¥£à «ìë¥ ¬®£®®¡à §¨ï à á¯à¥¤¥«¥¨ï D | íâ® ¬®£®®¡à §¨ï

N , ¤«ï ª®â®àëå

TNy � D(y); 8y 2 N:
�î¡®¥ £« ¤ª®¥ à á¯à¥¤¥«¥¨¥ (§  ¨áª«îç¥¨¥¬ âà¨¢¨ «ì®£® y 7!
7! f0g � TMy) ¨¬¥¥â ®¤®¬¥àë¥ ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï. �¥©-

áâ¢¨â¥«ì®, ç¥à¥§ ¥®á®¡ãî â®çªã ª ¦¤®£® ¯®«ï, ¯à¨ ¤«¥¦ é¥£® D,

¯à®å®¤¨â ¨â¥£à «ì ï ªà¨¢ ï, ª®â®à ï («®ª «ì®) ï¢«ï¥âáï ®¤®¬¥à-

ë¬ ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ ¯®«ï ¨ ®¤®¢à¥¬¥®, ®ç¥¢¨¤®, ¨-

â¥£à «ìë¬ ¬®£®®¡à §¨¥¬ à á¯à¥¤¥«¥¨ï D. �â¥£à «ìë¥ ¬®£®-

®¡à §¨ï ¡®«ìè¥© à §¬¥à®áâ¨ áãé¥áâ¢ãîâ ¥ ¢á¥£¤ . �®¯à®á ®¡ ¨å áã-

é¥áâ¢®¢ ¨¨ á®áâ ¢«ï¥â â ª  §ë¢ ¥¬ãî ¯à®¡«¥¬ã �ä ää , ª®â®à ï

®¡ëç® ä®à¬ã«¨àã¥âáï ¢ â¥à¬¨ å á¨áâ¥¬ �ä ää  (ª®â®àë¥ à áá¬ -

âà¨¢ îâáï ¢ á«¥¤ãîé¥¬ à §¤¥«¥). � ª ¯®ª § « �.� àâ , áãé¥áâ¢®-

¢ ¨¥ ¨â¥£à «ìëå ¬®£®®¡à §¨© (¤«ï   «¨â¨ç¥áª¨å à á¯à¥¤¥«¥¨©,

â.¥. à á¯à¥¤¥«¥¨©, ¯®à®¦¤ ¥¬ëå   «¨â¨ç¥áª¨¬¨ ¢¥ªâ®àë¬¨ ¯®«ï-

¬¨) ¬®¦¥â ¡ëâì ãáâ ®¢«¥® á ¯®¬®éìî ¢ë¯®«¥¨ï  «£¥¡à ¨ç¥áª¨å

®¯¥à æ¨©,    å®¦¤¥¨¥ ¨å ®áãé¥áâ¢«ï¥âáï à¥è¥¨¥¬ ¥ª®â®àëå ¤¨ä-

ä¥à¥æ¨ «ìëå ãà ¢¥¨© [10, 37].

� á¯à¥¤¥«¥¨¥ D  §ë¢ ¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬, ¥á«¨ ç¥à¥§

ª ¦¤ãî â®çªã y 2M ¯à®å®¤¨â ¨â¥£à «ì®¥ ¬®£®¡à §¨¥ ¬ ªá¨¬ «ì-

®© à §¬¥à®áâ¨, à ¢®© dimD(y). �¯à ¢¥¤«¨¢ 

�¥®à¥¬  1.8 (�à®¡¥¨ãá ). �¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ ¢¯®«¥ ¨-

â¥£à¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® ¨¢®«îâ¨¢®.
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�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ D ï¢«ï¥âáï

¨¢®«îâ¨¢ë¬ ¨, á«¥¤®¢ â¥«ì®, D = D�. �®£¤ , ª ª ®â¬¥ç «®áì, ç¥à¥§

ª ¦¤ãî â®çªã ®¡« áâ¨ M , ¢ ª®â®à®© § ¤ ® à á¯à¥¤¥«¥¨¥ D, ¯à®å®-

¤¨â ¬®£®®¡à §¨¥ ¨§ á¥¬¥©áâ¢  (1.51), ª®â®à®£® ª á ¥âáï à á¯à¥¤¥«¥¨¥

D. � §¬¥à®áâì â ª®£® ¬®£®®¡à §¨ï à ¢  dimD = dimD�, â.¥. ®®

ï¢«ï¥âáï ¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬. �ãáâì â¥¯¥àì,  ®¡®à®â, à á-

¯à¥¤¥«¥¨¥ D ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬. �«ï ¤®ª § â¥«ìáâ¢ 

¨¢®«îâ¨¢®áâ¨ D ã¦® ¯®ª § âì, çâ® ¤«ï ¤¢ãå ¯à®¨§¢®«ìëå ¯®-

«¥© �1; �2 2 D ¨ ¯à®¨§¢®«ì®© â®çª¨ y0 2 M ¢ë¯®«ï¥âáï á¢®©áâ¢® |

[�1:�2](y0) 2 D(y0). �¥à¥§ â®çªã y0 ¯à®å®¤¨â ¨â¥£à «ì®¥ ¬®£®®¡à -

§¨¥ à §¬¥à®áâ¨, à ¢®© dimD. � ª¨¬ ®¡à §®¬, D(y) = TNy; 8y 2 N .

�«¥¤®¢ â¥«ì®, ¯®«ï �1; �2 ª á îâáï N . �âáî¤  ¢ëâ¥ª ¥â, çâ® ª®¬¬ã-

â â®à [�1:�2] â ª¦¥ ª á ¥âáï N , â.¥. [�1:�2](y) 2 D(y); 8y 2 N . 2

�§ ¯à¥¤«®¦¥¨ï 1.13 á«¥¤ã¥â, çâ® â¥®à¥¬ã �à®¡¥¨ãá  ¢ â¥à¬¨ å

¡ §¨áëå á¥¬¥©áâ¢ ¬®¦® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  1.9. �¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ â®£¤  ¨ â®«ìª® â®£¤  ï¢-

«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬, ª®£¤  ª ¦¤®¥ ¥£® ¡ §¨á®¥ á¥¬¥©áâ¢®

¢¥ªâ®àëå ¯®«¥© ï¢«ï¥âáï ¯®«ë¬.

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ®¡®¡é¥¨ï ¯®ïâ¨ï à á¯à¥¤¥«¥¨ï,  

¨¬¥® ª à áá¬®âà¥¨î ¯®ïâ¨ï  ää¨®£® à á¯à¥¤¥«¥¨ï.

�à¥¦¤¥ ç¥¬ ®¯à¥¤¥«¨âì ¯®ïâ¨¥  ää¨®£® à á¯à¥¤¥«¥¨ï,  ¯®¬-

¨¬ ¥ª®â®àë¥ ä ªâë ¨§ «¨¥©®©  «£¥¡àë. �ãáâì P | «¨¥©®¥ ¯à®-

áâà áâ¢®. �®¦¥áâ¢® ¢¥ªâ®à®¢ A � P  §ë¢ ¥âáï  ää¨ë¬ ¯®¤¯à®-

áâà áâ¢®¬ P , ¥á«¨ l1; l2 2 A ) al1 + b2 2 A, £¤¥ a; b 2 R1, ¯à¨ç¥¬

a + b = 1. �®¦¥áâ¢® ¢¥ªâ®à®¢ l 2 P ¢¨¤  l = l1 � l2, £¤¥ li 2 A,

®¡à §ãîâ «¨¥©®¥ ¯à®áâà áâ¢®, ª®â®à®¥  §ë¢ ¥âáï  ¯à ¢«ïîé¨¬

¯®¤¯à®áâà áâ¢®¬  ää¨®£® ¯®¤¯à®áâà áâ¢  A ¨ ®¡®§ ç ¥âáï ç¥à¥§

LA. �¥£ª® ¢¨¤¥âì, çâ® A = l0 + LA = fl0 + l : l 2 LAg, £¤¥ l0 | ¯à®-

¨§¢®«ìë© ¢¥ªâ®à, ¯à¨ ¤«¥¦ é¨© A. �¥«¨ç¨  dimLA  §ë¢ ¥âáï

à §¬¥à®áâìî A ¨ ®¡®§ ç ¥âáï â ª¦¥ ç¥à¥§ dimA. �á«¨ K | ¯à®¨§-

¢®«ì®¥ ¬®¦¥áâ¢® ¢¥ªâ®à®¢ ¨§ P , â® áãé¥áâ¢ã¥â  ¨¬¥ìè¥¥  ää¨-

®¥ ¯®¤¯à®áâà áâ¢® A, á®¤¥à¦ é¥¥ K. �ää¨®¥ ¯®¤¯à®áâà áâ¢®

A ï¢«ï¥âáï  ää¨®© ®¡®«®çª®© K, â.¥. á®áâ®¨â ¨§ ¢á¥¢®§¬®¦ëå ¡ -

à¨æ¥âà¨ç¥áª¨å ª®¬¡¨ æ¨© ¢¨¤  �ili, £¤¥ li 2 K;�i 2 R1;
P
�i = 1.

�ã¤¥¬ ®¡®§ ç âì A ç¥à¥§ a�spanK.

�¢¥¤¥¬ â¥¯¥àì ¯®ïâ¨¥  ää¨®£® à á¯à¥¤¥«¥¨ï, § ¤ ®£® ¢ ®¡« -

áâ¨ M � Rn. �ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ F  §ë¢ ¥âáï ®â®¡à ¦¥¨¥,

áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ y 2M  ää¨®¥ ¯®¤¯à®áâà -

áâ¢® F (y) � TMy . � á¯à¥¤¥«¥¨¥, áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®ç-

ª¥ y 2 M  ¯à ¢«ïîé¥¥ ¯à®áâà áâ¢® LF (y)  ää¨®£® ¯®¤¯à®áâà -

áâ¢  F (y),  §ë¢ ¥âáï  ¯à ¢«ïîé¨¬ à á¯à¥¤¥«¥¨¥¬  ää¨®£® à á-
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¯à¥¤¥«¥¨ï F ¨ ®¡®§ ç ¥âáï ç¥à¥§ LF . � á¯à¥¤¥«¥¨¥ y ! spanF (y)

¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ SpanF .

�ãáâì Fj; j 2 J; |  ää¨ë¥ à á¯à¥¤¥«¥¨ï ¢ ®¡« áâ¨ M � R
n.

�á«¨
T
Fj(y) 6= ;, 8y 2M , â® ®¯à¥¤¥«¥®  ää¨®¥ à á¯à¥¤¥«¥¨¥ y 2

M ! T
Fj(y) � TMy, ª®â®à®¥ ¡ã¤¥¬  §ë¢ âì ¯¥à¥á¥ç¥¨¥¬  ää¨ëå

à á¯à¥¤¥«¥¨© Fj ; j 2 J .
�á«¨ F |  ää¨®¥ à á¯à¥¤¥«¥¨¥ ¢ M ¨ � | â ª®¥ ¢¥ªâ®à®¥

¯®«¥ ¢ M , çâ® �(y) 2 F (y); 8y 2 M , â® ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®«¥ �

¯à¨ ¤«¥¦¨â F , ¨ ¯¨á âì � 2 F . �ää¨®¥ à á¯à¥¤¥«¥¨¥ F ¡ã¤¥¬

 §ë¢ âì ¨¢®«îâ¨¢ë¬, ¥á«¨

�1; �2 2 F =) [�1; �2] 2 LF :

�ç¥¢¨¤®, çâ® ¥á«¨ F ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬, â® ¤ ®¥ ®¯à¥¤¥«¥-

¨¥ ¨¢®«îâ¨¢®áâ¨ á®¢¯ ¤ ¥â á ¯à¨¢¥¤¥ë¬ à ¥¥. �«ï ª ¦¤®£®  ä-

ä¨®£® à á¯à¥¤¥«¥¨ï F áãé¥áâ¢ã¥â ¬¨¨¬ «ì®¥ ¨¢®«îâ¨¢®¥  ä-

ä¨®¥ à á¯à¥¤¥«¥¨¥, á®¤¥à¦ é¥¥ F . �â®  ää¨®¥ à á¯à¥¤¥«¥¨¥

ï¢«ï¥âáï ¯¥à¥á¥ç¥¨¥¬ ¢á¥å ¨¢®«îâ¨¢ëå  ää¨ëå à á¯à¥¤¥«¥¨©,

á®¤¥à¦ é¨å F .

�ää¨®¥ à á¯à¥¤¥«¥¨¥ F ¡ã¤¥¬  §ë¢ âì £« ¤ª¨¬, ¥á«¨ áãé¥-

áâ¢ã¥â á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥© (1.30),  ää¨® ¯®à®¦¤ -

îé¥¥ F , â.¥. F (y) = a�span f�j(y); j 2 Jg; y 2M . �ää¨®¥ à á¯à¥¤¥-

«¥¨¥ F ï¢«ï¥âáï £« ¤ª¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   ¯à ¢«ïîé¥¥

à á¯à¥¤¥«¥¨¥ LF ï¢«ï¥âáï £« ¤ª¨¬ ¨ áãé¥áâ¢ã¥â £« ¤ª®¥ ¢¥ªâ®à®¥

¯®«¥ � 2 F . �¥©áâ¢¨â¥«ì®, ¥á«¨ F | £« ¤ª®¥  ää¨®¥ à á¯à¥¤¥«¥-

¨¥, â® à á¯à¥¤¥«¥¨¥ LF ¯®à®¦¤ ¥âáï £« ¤ª¨¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨

¢¨¤  � � �, £¤¥ �; � 2 F . �¡à â®, ¥á«¨ LF | £« ¤ª®¥ à á¯à¥¤¥«¥¨¥ ¨

áãé¥áâ¢ã¥â £« ¤ª®¥ ¢¥ªâ®à®¥ ¯®«¥ � 2 F , â® ®ç¥¢¨¤®, çâ® F  ää¨®

¯®à®¦¤ ¥âáï ¢¥ªâ®àë¬¨ ¯®«ï¬¨ ¢¨¤  � + �, £¤¥ � 2 LF . � ¤ «ì¥©-

è¥¬, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, à áá¬ âà¨¢ îâáï â®«ìª® £« ¤ª¨¥

 ää¨ë¥ à á¯à¥¤¥«¥¨ï.

�à¥¤«®¦¥¨¥ 1.15. �ãáâì F |  ää¨®¥ à á¯à¥¤¥«¥¨¥. �®£¤ 

á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

 ) F | ¨¢®«îâ¨¢®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥;

¡) � 2 F; � 2 LF =) [�; �] 2 LF ;
¢) LF | ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ ¨ ¤«ï ¥ª®â®à®£® �0 2 F

� 2 LF =) [�0; �] 2 LF :

�®ª  §  â ¥ « ì á â ¢ ®.  )=)¡). �ãáâì � 2 F; � 2 LF . �®£¤  �+� 2 F .
�¬¥¥¬ [�; �+ �] = [�; �] 2 LF .
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¡)=) ). �ãáâì �1; �2 2 F . �®£¤  �2 � �1 2 LF . �¬¥¥¬ [�1; �2� �1] =

= [�1; �2] 2 LF .
¡)=)¢). �ãáâì �1; �2 2 LF . �®£¤  �1+�; �2+� 2 F ¤«ï «î¡®£® � 2 F .

�®£« á® ¡) ¨  ), ¨¬¥¥¬ [�1 + �; �2 + �] = [�1; �2] + [�1; �] + [�; �2] 2 LF .

�«¥¤®¢ â¥«ì®, [�1; �2] 2 LF .
¢)=)¡). �ãáâì � 2 F; � 2 LF . �¬¥¥¬ [�� �0; �] = [�; �]� [�0; �] 2 LF .

� ª ª ª [�0; �] 2 LF , â® [�; �] 2 LF . 2
�ãáâì  ää¨®¥ à á¯à¥¤¥«¥¨¥ F § ¤ ® ¢ M � R

n. �¥«¨ç¨ 

dimF (y)  §ë¢ ¥âáï à £®¬ F ¢ â®çª¥ y 2M . �ää¨®¥ à ¯à¥¤¥«¥¨¥

F  §ë¢ ¥âáï à¥£ã«ïàë¬ à £  p, ¥á«¨ dimF (y) = p = const ; 8y 2
M , ¨«¨, ¨ ç¥ £®¢®àï, ¥á«¨  ¯à ¢«ïîé¥¥ à á¯à¥¤¥«¥¨¥ LF ï¢«ï¥âáï

à¥£ã«ïàë¬ à £  p. � íâ®¬ á«ãç ¥ ¡ã¤¥¬ ¯¨á âì ¯à®áâ® dimF =

= p. �á«¨ p=0, â® à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F ï¢«ï¥âáï

¢¥ªâ®àë¬ ¯®«¥¬.

�ãáâì F |  ää¨®¥ à á¯à¥¤¥«¥¨¥   M � R
n. �®çª  y0 2 M

 §ë¢ ¥âáï à¥£ã«ïà®© â®çª®© F , ¥á«¨ áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì

U íâ®© â®çª¨, çâ® dimF (y) = const ; y 2 U . � ç¥ £®¢®àï,  ää¨®¥

à á¯à¥¤¥«¥¨¥ F jU , ï¢«ïîé¥¥áï ®£à ¨ç¥¨¥¬ F   U , à¥£ã«ïà® ¢

U . �§ ¯à¥¤«®¦¥¨ï 1.11 á«¥¤ã¥â, çâ® ¬®¦¥áâ¢® à¥£ã«ïàëå â®ç¥ª F

ï¢«ï¥âáï ®âªàëâë¬ ¨ ¢áî¤ã ¯«®âë¬ ¢ M .

�à¥¤«®¦¥¨¥ 1.16. �ää¨®¥ à á¯à¥¤¥«¥¨¥ F , § ¤ ®¥ ¢ ®¡« á-

â¨ M � Rn, ï¢«ï¥âáï à¥£ã«ïàë¬ à £  p > 0 â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¤«ï «î¡®© â®çª¨ y0 2 M áãé¥áâ¢ã¥â â ª ï ¥¥ ®ªà¥áâ®áâì

U �M ¨ â ª®¥ á¥¬¥©áâ¢® ¯®«¥© ¢ U :

�a = �ia(y)
@

@yi
; a = 0; : : : ; p; (1.54)

çâ® ¯®¤á¥¬¥©áâ¢® �a; a = 1; : : : ; p; á¥¬¥©áâ¢  (1.54) ï¢«ï¥âáï «¨¥©®

¥á¢ï§ ë¬ ¨

F (y) = �0(y) + span f�a(y); a = 1; : : : ; pg; 8y 2 U: (1.55)

� ® ª   §  â ¥ « ì á â ¢ ®. �ãáâì F | à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥-

¨¥ à £  p, y0 | ¯à®¨§¢®«ì ï â®çª  M ¨ �a; a = 1; : : : ; p; | ¡ §¨á®¥

á¥¬¥©áâ¢® ¯®«¥© LF , § ¤ ®¥ ¢ ®ªà¥áâ®áâ¨ U â®çª¨ y0 . �®¡ ¢¨¬

ª ¥¬ã £« ¤ª®¥ ¢¥ªâ®à®¥ ¯®«¥ �0, ª®â®à®¥ ï¢«ï¥âáï ®£à ¨ç¥¨¥¬  

U ¥ª®â®à®£® £« ¤ª®£® ¯®«ï, ¯à¨ ¤«¥¦ é¥£® F . �«ï ¯®«ãç¥®£®

á¥¬¥©áâ¢  (1.54) ¢ë¯®«ï¥âáï (1.55). �¡à â®, ¯ãáâì ¤«ï ª ¦¤®© â®ç-

ª¨ y0 áãé¥áâ¢ã¥â á¥¬¥©áâ¢® (1.54), ã¤®¢«¥â¢®àïîé¥¥ (1.55). �®£« á®

¯à¥¤«®¦¥¨î 1.12, LF | à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ à £  p. �«ï ¤®-

ª § â¥«ìáâ¢  £« ¤ª®áâ¨ F ã¦® ¯®áâà®¨âì £« ¤ª®¥ ¯®«¥ �, ®¯à¥¤¥«¥-

®¥ (£«®¡ «ì®) ¢ M ¨ ¯à¨ ¤«¥¦ é¥¥ F . �¬¥¥¬ ®âªàëâ®¥ ¯®ªàëâ¨¥
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®¡« áâ¨ M ®ªà¥áâ®áâï¬¨ Ui; i 2 I, ¢ ª ¦¤®© ¨§ ª®â®àëå ®¯à¥¤¥«¥®

£« ¤ª®¥ ¯®«¥ (�0)i, ¯à¨ ¤«¥¦ é¥¥ F (¢ U ). �®§ì¬¥¬ «®ª «ì® ª®-

¥ç®¥ á¥¬¥©áâ¢® £« ¤ª¨å äãªæ¨© �i(y); i 2 I, ¯à¥¤áâ ¢«ïîé¥¥ á®¡®©
à §¡¨¥¨¥ ¥¤¨¨æë, ¯®¤ç¨¥®¥ ¤ ®¬ã ®âªàëâ®¬ã ¯®ªàëâ¨î (®¯à¥-

¤¥«¥¨¥ á¬. ¢ § ¬¥ç ¨¨ 1.5). �« ¤ª®¥ ¯®«¥ � = �i(y)(�0)i ®¯à¥¤¥«¥®

¢ M ¨ ¯à¨ ¤«¥¦¨â F . 2

� ¬¥ç ¨¥ 1.5. �¥¬¥©áâ¢® �i; i 2 I; £« ¤ª¨å ¥®âà¨æ â¥«ìëå

äãªæ¨© �i:M ! R
1  §ë¢ ¥âáï «®ª «ì® ª®¥çë¬, ¥á«¨ ¤«ï «î¡®©

â®çª¨ ®¡« áâ¨ M áãé¥áâ¢ã¥â ¥¥ ®ªà¥áâ®áâì, ¢ ª®â®à®© â®«ìª® ª®¥ç-

®¥ ç¨á«® äãªæ¨© �i ®â«¨ç® ®â ã«ï. �®ª «ì® ª®¥ç®¥ á¥¬¥©áâ¢®

äãªæ¨©  §ë¢ ¥âáï à §¡¨¥¨¥¬ ¥¤¨¨æë, ¥á«¨
P
i2I �

i = 1 (¢ á¨«ã

«®ª «ì®© ª®¥ç®áâ¨ íâ  áã¬¬  ¨¬¥¥â á¬ëá«). � §¡¨¥¨¥ ¥¤¨¨æë  -

§ë¢ ¥âáï ¯®¤ç¨¥ë¬ ¯®ªàëâ¨î Ui; i 2 I, ¥á«¨ �i = 0 ¢¥ Ui ¤«ï ¢á¥å

i 2 I [7].

� ¦¤®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© ¢¨¤  (1.54), ã¤®¢«¥â¢®àïîé¥¥

(1.55), ¡ã¤¥¬  §ë¢ âì ¡ §¨áë¬ á¥¬¥©áâ¢®¬ à¥£ã«ïà®£®  ää¨®£®

à á¯à¥¤¥«¥¨ï F .

�¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© (1.54), ¢ ª®â®à®¬ ¯®¤á¥¬¥©áâ¢® ¯®«¥©

�a; a = 1; : : : ; p; ï¢«ï¥âáï «¨¥©® ¥á¢ï§ ë¬,  §ë¢ ¥âáï  ää¨®

¯®«ë¬, ¥á«¨

[�a; �b] = �cab(y)�c; a; b = 0; : : : ; p; 1; : : : ; p: (1.56)

�à¥¤«®¦¥¨¥ 1.17. �¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ à £  p >

> 0 ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤®¥ ¥£®

¡ §¨á®¥ á¥¬¥©áâ¢® ï¢«ï¥âáï  ää¨® ¯®«ë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì à¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥  ää¨®¥

à á¯à¥¤¥«¥¨¥ F à £  p > 0 § ¤ ® ¢ ®¡« áâ¨ M � Rn ¨ ¯ãáâì á¥¬¥©-

áâ¢® (1.54) ï¢«ï¥âáï ¡ §¨áë¬ á¥¬¥©áâ¢®¬, ®¯à¥¤¥«¥ë¬ ¢ ®ªà¥áâ®-

áâ¨ U . �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 U . �§ ¯à¥¤«®¦¥¨ï 1.15

á«¥¤ã¥â, çâ® LF | ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥. �®¤á¥¬¥©áâ¢® �a; a =

= 1; : : : ; p; á¥¬¥©áâ¢  (1.54) ï¢«ï¥âáï ¡ §¨áë¬ á¬¥©áâ¢®¬ à á¯à¥¤¥«¥-

¨ï LF . �®£« á® ¯à¥¤«®¦¥¨î 1.13, íâ® ¯®¤á¥¬¥©áâ¢® ï¢«ï¥âáï ¯®«-

ë¬. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 U ¨ ¯®ª ¦¥¬, çâ®

[�0; �b](y0) 2 LF (y0);

®âªã¤  ¨ ¡ã¤¥â á«¥¤®¢ âì  ää¨ ï ¯®«®â  á¥¬¥©áâ¢  (1.54). � ª ¦¥,

ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®¦¥¨ï 1.12, ¯®áâà®¨¬ ¢¥ªâ®àë¥ ¯®-

«ï ~�a; a = 1; : : : ; p; ®¯à¥¤¥«¥ë¥ ¢ M ¨ á®¢¯ ¤ îé¨¥ á �a; 1; : : : ; p; ¢
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¥ª®â®à®© ®ªà¥áâ®áâ¨ W � U â®çª¨ y0. �§ ¯à¥¤«®¦¥¨ï 1.15 ¢ëâ¥-

ª ¥â, çâ® [�; ~�a] 2 LF ¤«ï ¥ª®â®à®£® � 2 F . �®íâ®¬ã [�; �a] 2 LF ¢

®ªà¥áâ®áâ¨ W . � ¤àã£®© áâ®à®ë, ¢ W ¨¬¥¥¬

� = �0 + �a(y)�a; a = 1; : : : ; p:

�«¥¤®¢ â¥«ì®, ¢ W

[�0; �b](y) = [� � �a�a; �b] = [�; �b]� �a[�a; �b] + �b(�
a)�a;

â.¥. [�0; �b](y0) 2 LF (y); 8y 2 W . �ãáâì â¥¯¥àì,  ®¡®à®â, ¢á¥ ¡ §¨áë¥

¯®«ï  ää¨®£® à á¯à¥¤¥«¥¨ï ï¢«ïîâáï  ää¨® ¯®«ë¬¨. �®§ì¬¥¬

¤¢  ¯®«ï �1; �2 2 F , ®¯à¥¤¥«¥ë¥ ¢ M , ¨ ¯®ª ¦¥¬, çâ® [�1; �2] 2
2 LF . � áá¬®âà¨¬ ¥ª®â®à®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® (1.54), ®¯à¥¤¥«¥®¥

¢ ®ªà¥áâ®áâ¨ U â®çª¨ y0. �¬¥¥¬ ¢ ®ªà¥áâ®áâ¨ U ¯à¥¤áâ ¢«¥¨ï

�k = �0 + �ak(y)�a; £¤¥ �ak(y) | £« ¤ª¨¥ äãªæ¨¨. �«¥¤®¢ â¥«ì®,

[�1; �2] = [�0 + �ak(y)�a; �0 + �bk(y)�b]: �á¯®«ì§ãï  ää¨ãî ¯®«®âã

á¥¬¥©áâ¢  (1.54), ¯®«ãç ¥¬, çâ®

[�1; �2] = �c(y)�c; c = 1; : : : ; p;

£¤¥ �c | £« ¤ª¨¥ äãªæ¨¨. �®íâ®¬ã [�1; �2](y) 2 LF (y); 8y 2 U . 2

�à¥¤«®¦¥¨¥ 1.18. �ãáâì F | à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥-

«¥¨¥, ¯à¨ç¥¬ LF ¯®à®¦¤ ¥âáï ¨¢®«îâ¨¢ë¬ á¥¬¥©áâ¢®¬ ¯®«¥©

(1.30), [�0; �j] 2 LF ¤«ï «î¡®£® j 2 J ¨ ¤«ï ¥ª®â®à®£® ¯®«ï �0 2 F .

�®£¤  F ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬.

�®ª  §  â ¥ « ì á â ¢ ®. �§ ¯à¥¤«®¦¥¨ï 1.14 á«¥¤ã¥â, çâ® LF ï¢«ï-

¥âáï ¨¢®«îâ¨¢ë¬ à á¯à¥¤¥«¥¨¥¬. �¥¯¥àì, á®£« á® ¯à¥¤«®¦¥¨î

1.15, ¤®áâ â®ç® ¤®ª § âì, çâ® [�0; �] 2 LF ¤«ï ¯à®¨§¢®«ì®£® ¯®«ï

� 2 LF . �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 M . � á¥¬¥©áâ¢¥ (1.30)

áãé¥áâ¢ã¥â ¯®¤á¥¬¥©áâ¢® ¯®«¥© �a = �ja , ª®â®à®¥ ï¢«ï¥âáï ¡ §¨áë¬

á¥¬¥©áâ¢®¬ LF ¢ ®ªà¥áâ®áâ¨ U â®çª¨ y0. � U ¤«ï «î¡®£® ¯®«ï � 2 LF
á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥ � = �a(y)�a , £¤¥ �a | £« ¤ª¨¥ äãªæ¨¨.

�¬¥¥¬ ¢ U

[�; �0] = [�a�a; �0] = �a[�a; �0]� �0(�
a)�a:

� ª ª ª �a 2 LF ; [�a; �0] 2 LF , â® ¨ [�; �0] 2 LF ¢ U . 2

�ãáâì F |  ää¨®¥ à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨ M � Rn.
� àï¤ã á à á¯à¥¤¥«¥¨ï¬¨ LF ¨ SpanF ¢¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¥é¥ àï¤

à á¯à¥¤¥«¥¨© ¨  ää¨ëå à á¯à¥¤¥«¥¨©, á¢ï§ ëå á F .
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� à ªâ¥à¨áâ¨ç¥áª¨¬ à á¯à¥¤¥«¥¨¥¬ CF  ää¨®£® à á¯à¥¤¥«¥-

¨ï F ¡ã¤¥¬  §ë¢ âì à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ â ª¨¬¨ ¢¥ªâ®àë-

¬¨ ¯®«ï¬¨ � 2 LF , çâ®
[�; �] 2 LF ; 8� 2 F: (1.57)

�á«¨ F ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬, â® ¤ ®¥ ®¯à¥¤¥«¥¨¥ å à ªâ¥à¨-

áâ¨ç¥áª®£® à á¯à¥¤¥«¥¨ï á®¢¯ ¤ ¥â á ¯à¨¢¥¤¥ë¬ à ¥¥.

�ª¢¨¢ «¥â®¥ ®¯à¥¤¥«¥¨¥ CF § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬: CF

¯®à®¦¤ ¥âáï â ª¨¬¨ ¯®«ï¬¨ � 2 LF , çâ®
[�; �0] 2 LF (1.58)

¤«ï ¥ª®â®à®£® ä¨ªá¨à®¢ ®£® ¯®«ï �0 2 LF ¨

[�; �] 2 LF ; 8� 2 LF : (1.59)

�¥©áâ¢¨â¥«ì®, ¯ãáâì ¢¥ªâ®à®¥ ¯®«¥ � 2 LF ã¤®¢«¥â¢®àï¥â (1.57) ¨

¯ãáâì � 2 LF . �®£¤  � = �1 � �2, £¤¥ �l | ¥ª®â®àë¥ ¯®«ï, ¯à¨ ¤«¥-

¦ é¨¥ F . �¬¥¥¬ [�; �] = [�; �1 � �2] = [�; �1] � [�; �2]. �«¥¤®¢ â¥«ì®,

[�; �] 2 LF . � ®¡®à®â, ¯ãáâì ¯®«¥ � 2 LF ã¤®¢«¥â¢®àï¥â (1.58), (1.59) ¨

¯ãáâì � 2 F . �®£¤  � = �0+ �, £¤¥ � | ¥ª®â®à®¥ ¯®«¥, ¯à¨ ¤«¥¦ é¥¥

LF . �¬¥¥¬ [�; �] = [�; �0+ �] = [�; �0]+ [�; �]. �«¥¤®¢ â¥«ì®, [�; �] 2 LF .
� ¬¥â¨¬, çâ® ¨§ ¢â®à®£® ®¯à¥¤¥«¥¨ï CF á«¥¤ã¥â, çâ® CF � CLF .

�à¥¤«®¦¥¨¥ 1.19. �¥£ã«ïà®¥ å à ªâ¥à¨áâ¨ç¥áª®¥ à á¯à¥¤¥«¥-

¨¥ CF  ää¨®£® à á¯à¥¤¥«¥¨ï F ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬ à á¯à¥-

¤¥«¥¨¥¬.

�®ª  §  â ¥ « ì á â ¢ ®. �®£« á® ¯à¥¤«®¦¥¨î 1.14, ¤®áâ â®ç® ¤®-

ª § âì, çâ® ¬®¦¥áâ¢® ¯®«¥© � 2 LF , ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (1.57),

ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬. �ãáâì ¯®«ï �1; �2 2 LF ã¤®¢«¥â¢®àïîâ (1.57),

â.¥. [�l; �], 8� 2 F . �¬¥¥¬, á®£« á® â®¦¤¥áâ¢ã �ª®¡¨,

[[�1; �2]; �] = [[�1; �]; �2]� [[�2; �]; �1]:

� ª ª ª CF � CLF , â® ®âáî¤  á«¥¤ã¥â, çâ® [[�1; �2]; �] 2 LF . 2
�®¯®áâ ¢¨¬ â¥¯¥àì  ää¨®¬ã à á¯à¥¤¥«¥¨î F ¯®á«¥¤®¢ â¥«ì-

®áâì  ää¨ëå à á¯à¥¤¥«¥¨©, ª®â®àãî ¡ã¤¥¬  §ë¢ âì ¯à®¨§¢®¤-

ë¬ àï¤®¬ ¤«ï  ää¨®£® à á¯à¥¤¥«¥¨ï F ,

F0 � F1 � : : : � Fk � : : : ; (1.60)

£¤¥ F0 = F ,   Fk; k > 0,  ää¨® ¯®à®¦¤ ¥âáï ¯®«ï¬¨ ¢¨¤  �1+[�2; �3],

£¤¥ ¯®«ï �l ¯à¨ ¤«¥¦ â Fk�1. �ää¨®¥ à á¯à¥¤¥«¥¨¥

y 2M 7! a�span fFk(y); k = 0; 1; : : :g
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®¡®§ ç¨¬ ç¥à¥§ F �.

�®á«¥¤®¢ â¥«ì®áâ¨  ää¨ëå à á¯à¥¤¥«¥¨© (1.60) á®®â¢¥âáâ¢ã¥â

¯®á«¥¤®¢ â¥«ì®áâì  ¯à ¢«ïîé¨å à á¯à¥¤¥«¥¨©

LF0 � LF1 � : : : � LFk � : : : (1.61)

� á¯à¥¤¥«¥¨¥ LFk ; k > 1, ¯®à®¦¤ ¥âáï ¯®«ï¬¨ ¢¨¤  [�1; �2], £¤¥

�l 2 Fk�1. �ª¢¨¢ «¥âë¬ ®¡à §®¬ LFk ; k > 1, ¬®¦® ®¯à¥¤¥«¨âì ª ª

à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ á¥¬¥©áâ¢®¬ ¢¥ªâ®àëå ¯®«¥© sk, á®áâ®ï-

é¨¬ ¨§ ¯®«¥© ¢¨¤  [�1; �2]; [�3; �0], £¤¥ �l 2 LFk�1
, �0 | ¥ª®â®à®¥ ¯®«¥,

¯à¨ ¤«¥¦ é¥¥ F . �¥¬¥©áâ¢® ¯®«¥© s = [sk ¯®à®¦¤ ¥â à á¯à¥¤¥«¥¨¥
LF� .

�ãáâì y0 | à¥£ã«ïà ï â®çª  Fk; k = 1; 2; : : : � íâ®¬ á«ãç ¥ ¡ã¤¥¬

£®¢®à¨âì, çâ® y0 | à¥£ã«ïà ï â®çª  ¯à®¨§¢®¤®£® àï¤  (1.60). �ã-

é¥áâ¢ã¥â ¬¨¨¬ «ì®¥ ç¨á«® N ¨ ¥ª®â®à ï ®ªà¥áâ®áâì â®çª¨ y0, ¢

ª®â®à®© FN = FN+1 = : : : = F �. �®¥çãî ¯®á«¥¤®¢ â¥«ì®áâì à¥£ã-

«ïàëå  ää¨ëå à á¯à¥¤¥«¥¨© (®¯à¥¤¥«¥ëå ¢ ®ªà¥áâ®áâ¨ y0)

F0 � F1 � : : : � FN (1.62)

 §®¢¥¬ ¯à®¨§¢®¤ë¬ ä« £®¬ F . �¨á«® N + 1  §ë¢ ¥âáï ¤«¨®©

¯à®¨§¢®¤®£® ä« £ . � ¬¥â¨¬, çâ® á¥¬¥©áâ¢® ¯®«¥© s, ¯®à®¦¤ îé¥¥

LF� , ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬, ¯à¨ç¥¬ [�; �0] 2 LF� ¤«ï «î¡®£® ¯®«ï

� 2 s ¨ ¥ª®â®à®£® ¯®«ï �0 2 F 2 F �. �§ ¯à¥¤«®¦¥¨ï 1.18 ¢ëâ¥ª ¥â,

çâ® FN = F � ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ (¢

®ªà¥áâ®áâ¨ y0), ¯à¨ç¥¬ FN = F � | ¬¨¨¬ «ì®¥ ¨¢®«îâ¨¢®¥  ä-

ä¨®¥ à á¯à¥¤¥«¥¨¥, á®¤¥à¦ é¥¥ F (¢ ®ªà¥áâ®áâ¨ y0). � ¬¥â¨¬, çâ®

¥á«¨ F ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬, â® ãª § ë©  «£®à¨â¬ á¢®¤¨âáï ª

 «£®à¨â¬ã  å®¦¤¥¨ï ¬¨¨¬ «ì®£® ¨¢®«îâ¨¢®£® à á¯à¥¤¥«¥¨ï,

á®¤¥à¦ é¥£® F .

�á«¨ ¤«ï à á¯à¥¤¥«¥¨ï LF0 ¯®áâà®¨âì ¯à®¨§¢®¤ë© àï¤

(LF0)0 � (LF0)1 � : : : � (LF0)k � : : : ; (1.63)

â® ®ç¥¢¨¤®, çâ® (LF0)k � LFk . �á«¨ ¤«ï à á¯à¥¤¥«¥¨ï SpanF ¯®-

áâà®¨âì ¯à®¨§¢®¤ë© àï¤

(SpanF )0 � (SpanF )1 � : : : � (SpanF )k � : : : ; (1.64)

â® ®ç¥¢¨¤®, çâ® (SpanF )k = SpanFk.

� ¬¥ç ¨¥ 1.6. �«ï â®£® çâ®¡ë ¯®áâà®¨âì ¡ §¨á®¥ á¥¬¥©áâ¢®  ä-

ä¨®£® à á¯à¥¤¥«¥¨ï F ¢ ®ªà¥áâ®áâ¨ à¥£ã«ïà®© â®çª¨  ää¨ëå



1.3. ��������� ���� � ������������� 59

à á¯à¥¤¥«¥¨© Fk, k = 0; 1; : : :, ¢®§ì¬¥¬ ¯à®¨§¢®«ì®¥ ¯®«¥ �0 2 F ¨

à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì ¡ §¨áëå á¥¬¥©áâ¢ à á¯à¥¤¥«¥¨© LFk

d0 � d1 � : : : � dN ; (1.65)

£¤¥ dk | ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï LFk . �®á«¥¤®¢ â¥«ì®áâì

(1.65) áâà®¨âáï â ª¨¬ ®¡à §®¬: ¥á«¨ dk ¯®áâà®¥®, â® dk+1 ¯®«ãç ¥âáï

¤®¡ ¢«¥¨¥¬ ª®¬¬ãâ â®à®¢ ¢¨¤  [�; �]; [�; �0], £¤¥ �; �; � 2 dk, ª®â®àë¥

¥ ¢ëà ¦ îâáï «¨¥©® (á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨) ç¥à¥§ ¯®«ï

¨§ dk. �«ï ¥ª®â®à®£® N6n � 1 ¢á¥ ª®¬¬ãâ â®àë â ª®£® ¢¨¤  ¤«ï dN
¡ã¤ãâ «¨¥©® ¢ëà ¦ âìáï ç¥à¥§ ¯®«ï á¥¬¥©áâ¢  dN . �ç¥¢¨¤®, çâ® dN
¢¬¥áâ¥ á �0 ï¢«ï¥âáï ¡ §¨áë¬ á¥¬¥©áâ¢®¬  ää¨®£® à á¯à¥¤¥«¥¨ï

F � = FN . �â ª, ¡ §¨á®¥ á¥¬¥©áâ¢®  ää¨®£® à á¯à¥¤¥«¥¨ï F
� (¯à¨

ãá«®¢¨¨ § ¨ï ¡ §¨á®£® á¥¬¥©áâ¢  à á¯à¥¤¥«¥¨ï LF , ¯®«ï �0 2 F ¨

à¥£ã«ïà®áâ¨ Fk, k = 0; 1; : : :)  å®¤¨âáï §  ª®¥ç®¥ ç¨á«® í«¥¬¥-

â àëå  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨© ¨ ¤¨ää¥à¥æ¨à®¢ ¨©. �ª § ë©

 «£®à¨â¬ ¡ã¤¥¬  §ë¢ âì ¯à®æ¥áá®¬ ¯®¯®«¥¨ï. (�á«¨ F | à á¯à¥-

¤¥«¥¨¥, â® ¬®¦® ¯®«®¦¨âì �0 = 0 ¨ ¤ ë©  «£®à¨â¬ ¯® áãé¥áâ¢ã

á®¢¯ ¤ ¥â á ¯à®æ¥áá®¬ ¯®¯®«¥¨ï, ®¯¨á ë¬ ¢ § ¬¥ç ¨¨ 1.4.)

� áá¬®âà¨¬ ®¤ã ¯®«¥§ãî ¢ â¥®à¥â¨ç¥áª®¬ ¯« ¥ ª®áâàãªæ¨î, á®-

£« á® ª®â®à®© ª ¦¤®¬ã  ää¨®¬ã à á¯à¥¤¥«¥¨î F áâ ¢¨âáï ¢ á®®â-

¢¥âáâ¢¨¥ ¥ª®â®à®¥ à á¯à¥¤¥«¥¨¥ ~F , § ¤ ®¥ ¢ ®¡« áâ¨ ¡®«ìè¥© à §-

¬¥à®áâ¨, ¯à¨ç¥¬ ®¯à¥¤¥«¥ë¬ á¢®©áâ¢ ¬ F ª ª  ää¨®£® à á¯à¥-

¤¥«¥¨ï á®®â¢¥âáâ¢ãîâ á¢®©áâ¢  ~F ª ª à á¯à¥¤¥«¥¨ï. � áè¨à¥®©

®¡« áâìî, á®®â¢¥âáâ¢ãîé¥© ®¡« áâ¨ M � Rn, ¡ã¤¥¬  §ë¢ âì ®¡« áâì
~M = M � R1. �®¯®«¨â¥«ì ï ª®®à¤¨ â  ¤«ï â®ç¥ª ¢ ~M ¢á¥£¤  ¡ã-

¤¥â ®¡®§ ç âìáï ®¤®© ¡ãª¢®© t. �à¨ ¯à¥®¡à §®¢ ¨ïå à áè¨à¥ëå

®¡« áâ¥© ª®®à¤¨ â  t ¥ ¬¥ï¥âáï. �â®¡à ¦¥¨¥ ~f :M �R1 ! N �R1

 §®¢¥¬ t-®â®¡à ¦¥¨¥¬, á®®â¢¥âáâ¢ãîé¨¬ ®â®¡à ¦¥¨î f :M ! N ,

¥á«¨ ~f : (y; t) 7! (f(y); t); 8y 2 M; t 2 R
1. � á«ãç ¥, ª®£¤  f | ¤¨ä-

ä¥®¬®àä¨§¬, ®â®¡à ¦¥¨¥ ~f  §ë¢ ¥âáï t-¤¨ää¥®¬®àä¨§¬®¬. �«ï

¢¥ªâ®à®£® ¯®«ï � 2 T (M ) ç¥à¥§ ~�; �̂ ®¡®§ ç îâáï ¢¥ªâ®àë¥ ¯®«ï
~� = (�; 1); �̂ = (�; 0) 2 T (M �R1).

�ãáâì  ää¨®¥ à á¯à¥¤¥«¥¨¥ F  ää¨® ¯®à®¦¤ ¥âáï ¢ ®¡« áâ¨

M á¥¬¥©áâ¢®¬ ¢¥ªâ®àëå ¯®«¥© (1.30), â.¥.

F (y) = a�span f�j(y); j 2 Jg; 8y 2M:

�® ®¯à¥¤¥«¥¨î à á¯à¥¤¥«¥¨¥ ~F ¯®à®¦¤ ¥âáï ¢ à áè¨à¥®© ®¡« áâ¨
~M =M �R1 á¥¬¥©áâ¢®¬ ¢¥ªâ®àëå ¯®«¥©

~�j = �j +
@

@t
= �ij(y)

@

@yi
+
@

@t
2 T (M �R1); j 2 J;
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â.¥.
~F (y; t) = span f~�j(y; t); j 2 Jg; 8(y; t) 2 ~M =M �R1:

�á«¨ ä¨ªá¨à®¢ âì ¥ª®â®à®¥ ¯®«¥ �0 = �j0 ¨§ á¥¬¥©áâ¢  (1.30), â® ¯®«ï

�j = �j � �j0 ¯®à®¦¤ îâ  ¯à ¢«ïîé¥¥ à á¯à¥¤¥«¥¨¥ LF . �á®, çâ®

á¥¬¥©áâ¢® ¯®«¥© ~�0; �̂j; j 2 J; â ª¦¥ ¯®à®¦¤ ¥â à á¯à¥¤¥«¥¨¥ ~F .

�ãáâì F ï¢«ï¥âáï à¥£ã«ïàë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ à £  p ¢

®¡« áâ¨ M � Rn. �®£¤  ~F ï¢«ï¥âáï à¥£ã«ïàë¬ à á¯à¥¤¥«¥¨¥¬ à £ 

p+1 ¢ ®¡« áâ¨ M�R1. � ¦¤®¬ã ¡ §¨á®¬ã á¥¬¥©áâ¢ã ¯®«¥© (1.54)  ä-

ä¨®£® à á¯à¥¤¥«¥¨ï F , ®¯à¥¤¥«¥®¬ã ¢ ®ªà¥áâ®áâ¨ U �M , á®®â-

¢¥âáâ¢ã¥â ¡ §¨á®¥ á¥¬¥©áâ¢® ~�0; �̂a; a = 1; : : : ; p; à á¯à¥¤¥«¥¨ï ~F , ®¯à¥-

¤¥«¥®¥ ¢ ®ªà¥áâ®áâ¨ U � R1. �¥¬¥©áâ¢® ¯®«¥© (1.54) ï¢«ï¥âáï  ä-

ä¨® ¯®«ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¥¬¥©áâ¢® ~�0; �̂a; a = 1; : : : ; p;

ï¢«ï¥âáï ¯®«ë¬. �¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ ãá«®¢¨¥ ¯®«®âë á¥¬¥©-

áâ¢  ~�0; �̂a; a = 1; : : : ; p :

[~�0; �̂a] = �00a~�0 + �c0a�̂c; a; c = 1; : : : ; p;

[�̂b; �̂a] = �0ba~�0 + �cba�̂c; a; b; c = 1; : : : ; p:

� ª ª ª (n + 1)-ï ª®¬¯®¥â  ¯®«¥© [~�0; �̂a]; �̂a; a = 1; : : : ; p; à ¢  ã-

«î, â® �0ba = 0; a = 1; : : : ; p; b = 0; 1; : : : ; p. �«¥¤®¢ â¥«ì®, ¢ë¯¨á -

ë¥ á®®â®è¥¨ï ¨ á®®â®è¥¨ï (1.56) íª¢¨¢ «¥âë. � ª¨¬ ®¡à §®¬,

á ãç¥â®¬ ¯à¥¤«®¦¥¨© 1.13 ¨ 1.17 ¤®ª § ®

�à¥¤«®¦¥¨¥ 1.20. �ää¨®¥ à á¯à¥¤¥«¥¨¥ F à¥£ã«ïà® â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  à á¯à¥¤¥«¥¨¥ ~F à¥£ã«ïà®. �¥£ã«ïà®¥  ää¨-

®¥ à á¯à¥¤¥«¥¨¥ F ¨¢®«îâ¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à á-

¯à¥¤¥«¥¨¥ ~F ¨¢®«îâ¨¢®. 2

�á«¨ à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F ¥ ï¢«ï¥âáï ¨¢®«î-

â¨¢ë¬ ¨ ¤«ï ¥£® ¯®áâà®¥ ¯à®¨§¢®¤ë© ä« £ (1.62), â® ¯®á«¥¤®¢ -

â¥«ì®áâì à á¯à¥¤¥«¥¨©

g(F0) � g(F1) � : : : � g(FN ) (1.66)

¯à¥¤áâ ¢«ï¥â á®¡®© ¯à®¨§¢®¤ë© ä« £ ¤«ï à á¯à¥¤¥«¥¨ï ~F . (�â®â

ä ªâ ¬®¦® § ¯¨á âì â ª : ( ~F )k = g(Fk):) � á¯à¥¤¥«¥¨¥ g(FN ) ï¢«ï¥â-
áï ¬¨¨¬ «ìë¬ ¨¢®«îâ¨¢ë¬ à á¯à¥¤¥«¥¨¥¬, á®¤¥à¦ é¨¬ à á¯à¥-

¤¥«¥¨¥ ~F . �à®æ¥áá ¯®¯®«¥¨ï, ¯à¨¢®¤ïé¨© ª ¯®áâà®¥¨î ¡ §¨á®-

£® á¥¬¥©áâ¢  à á¯à¥¤¥«¥¨ï g(FN ), ¯® áãé¥áâ¢ã á®¢¯ ¤ ¥â á ¯à®æ¥áá®¬

¯®¯®«¥¨ï, ª®â®àë© ®¯¨á  ¢ § ¬¥ç ¨¨ 1.6 ¨ ¯à¨¢®¤¨â ª ¯®áâà®¥-

¨î ¡ §¨á®£® á¥¬¥©áâ¢   ää¨®£® à á¯à¥¤¥«¥¨ï FN , ï¢«ïîé¥£®-

áï ¬¨¨¬ «ìë¬ ¨¢®«îâ¨¢ë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬, á®¤¥à¦ -
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é¨¬ F . �¥©áâ¢¨â¥«ì®, ã¦® ¢§ïâì á¥¬¥©áâ¢® dN ¨§ ¯®á«¥¤®¢ â¥«ì-

®áâ¨ (1.65) ¨ ¤®¡ ¢¨âì ª ¥¬ã ¯®«¥ ~�0.

�« ¤ª ï äãªæ¨ï  §ë¢ ¥âáï ¨â¥£à «®¬  ää¨®£® à á¯à¥¤¥«¥-

¨ï F , ¥á«¨ ®  ï¢«ï¥âáï ¨â¥£à «®¬ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©, ª®-

â®à®¥  ää¨® ¯®à®¦¤ ¥â F . �â¥£à «ë F ¨ à á¯à¥¤¥«¥¨ï SpanF

á®¢¯ ¤ îâ, ¯®íâ®¬ã ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨â¥£à «®¢ ã F ¬®¦® ¨á-

á«¥¤®¢ âì á ¯®¬®éìî â¥®à¥¬ë 1.6 ¢ â¥à¬¨ å à á¯à¥¤¥«¥¨ï (SpanF )�.

�®¢®àïâ, çâ®  ää¨®¥ à á¯à¥¤¥«¥¨¥ F , ª®â®à®¥ § ¤ ® ¢ ®¡« áâ¨

M � R
n, ª á ¥âáï ¬®£®®¡à §¨ï N � M , ¥á«¨ F (y) � TNy ; 8y 2 N .

�ç¥¢¨¤®, çâ® F ª á ¥âáï ¬®£®®¡à §¨ï N â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  à á¯à¥¤¥«¥¨¥ SpanF ª á ¥âáï N . �ãáâì F ª á ¥âáï N ¨ (V;{)

ï¢«ï¥âáï ª àâ®© N . � ª ¦¥, ª ª ¨ ¢ á«ãç ¥ à á¯à¥¤¥«¥¨ï, ¢ ®¡« áâ¨

V ®¯à¥¤¥«¥® ¨¤ãæ¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F , â.¥. â ª®¥

 ää¨®¥ à á¯à¥¤¥«¥¨¥, çâ® F ({(x)) = {�jxF (x); 8x 2 V . �á«¨ F

¯®à®¦¤ ¥âáï ¢¥ªâ®àë¬¨ ¯®«ï¬¨ �j 2 T (M ), â® F ¯®à®¦¤ ¥âáï ¨¤ã-

æ¨à®¢ ë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ �jT (V ).
�®£®®¡à §¨¥ N �M  §ë¢ ¥âáï ¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬  ä-

ä¨®£® à á¯à¥¤¥«¥¨ï F , § ¤ ®£® ¢ M , ¥á«¨ TNy � F (y); 8y 2 N .

�á®, çâ® ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï  ää¨®£® à á¯à¥¤¥«¥¨ï F á®-

¢¯ ¤ îâ á ¨â¥£à «ìë¬¨ ¬®£®®¡à §¨ï¬¨ à á¯à¥¤¥«¥¨ï LF , ¯à®å®-

¤ïé¨¬¨ ç¥à¥§ â®çª¨ M , ¢ ª®â®àëå F (y) = LF (y).

�ãáâì F , A|  ää¨ë¥ à á¯à¥¤¥«¥¨ï, § ¤ ë¥ ¢ ®¡« áâïåM �
R
n, N � R

m,   f :M ! N | £« ¤ª®¥ ®â®¡à ¦¥¨¥. �ã¤¥¬ £®¢®-

à¨âì, çâ® f | ¬®àä¨§¬ F ¢ A, ¨ ¯¨á âì A = f�F , ¥á«¨ f�jyF (y) �
� A(f(y)); 8y 2 M , £¤¥ f�jy | ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï f ¢ â®çª¥

y, â.¥. «¨¥©®¥ ®â®¡à ¦¥¨¥ ª á â¥«ìëå ¢¥ªâ®à®¢, ®¯à¥¤¥«ï¥¬®¥ ¬ -

âà¨æ¥© �ª®¡¨
@fk=@yi, ¢ëç¨á«¥®© ¢ â®çª¥ y. � ¬¥â¨¬, çâ® ¥á«¨

F , A | ¢¥ªâ®àë¥ ¯®«ï ¨ A = f�F , â® íâ® à ¢®á¨«ì® ¨§¢¥áâ®¬ã

¯®ïâ¨î f-á¢ï§ ®áâ¨ ¯®«¥©.

�¥£ª® ¤®ª §ë¢ ¥âáï

�à¥¤«®¦¥¨¥ 1.21. �« ¤ª®¥ ®â®¡à ¦¥¨¥ f :M ! N â®£¤  ¨

â®«ìª® â®£¤  ï¢«ï¥âáï ¬®àä¨§¬®¬  ää¨®£® à á¯à¥¤¥«¥¨ï F ¢  ä-

ä¨®¥ à á¯à¥¤¥«¥¨¥ A, ª®£¤  ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

 )f�jy �0(y) 2 A(f(y)) ¤«ï ¥ª®â®à®£® ¯®«ï �0 2 F , 8y 2M ;

¡)f�jy LF (y) � LA(f(y)), 8y 2M (â.¥. f | ¬®àä¨§¬ LF ¢ LA).

�á«¨ A = f�F , £¤¥ f | ¤¨ää¥®¬®àä¨§¬ M   N , â®  ää¨ë¥ à á-

¯à¥¤¥«¥¨ï F ¨ A  §ë¢ îâáï ¤¨ää¥®¬®àäë¬¨ (®â®á¨â¥«ì® ¤¨ä-

ä¥®¬®àä¨§¬  f). �á¯®«ì§ãï ¯à¥¤«®¦¥¨¥ 1.4, «¥£ª® ¯®«ãç¨âì á«¥¤ãî-

é¨© ä ªâ: ¥á«¨ F ¨ A| ¤¨ää¥®¬®àäë, â® ¡ã¤ãâ ¤¨ää¥®¬®àäë¬¨

¨ á®®â¢¥âáâ¢ãîé¨¥  ää¨ë¥ à á¯à¥¤¥«¥¨ï ¨ à á¯à¥¤¥«¥¨ï, á®áâ ¢-

«ïîé¨¥ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¢¨¤  (1.60), (1.61), (1.62), (1.63), (1.64),  
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â ª¦¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ à á¯à¥¤¥«¥¨ï, â.¥. Ak = f�Fk,LAk = f�LFk ,

CAk = f�(CFk) ¨ â.¤.

�á¥¢®§¬®¦ë¥  ää¨ë¥ à á¯à¥¤¥«¥¨ï, ¥ ®¡ï§ â¥«ì® ï¢«ïî-

é¨¥áï £« ¤ª¨¬¨, á ¢¢¥¤¥ë¬¨ ¬®àä¨§¬ ¬¨ ®¡à §ãîâ ª â¥£®à¨î, ª®-

â®àãî ®¡®§ ç¨¬ ç¥à¥§ AD. �â® ¢ëâ¥ª ¥â ¨§ â®£®, çâ® áã¯¥à¯®§¨æ¨ï

¬®àä¨§¬®¢ ï¢«ï¥âáï ¬®àä¨§¬®¬. �®á«¥¤¥¥ ãâ¢¥à¦¤¥¨¥ ¥áâì ¯à®áâ®¥

á«¥¤áâ¢¨¥ ä®à¬ã«ë (1.8). �®¦¤¥áâ¢¥ë¬¨ ¬®àä¨§¬ ¬¨ ¢ íâ®© ª â¥£®-

à¨¨ ï¢«ïîâáï â®¦¤¥áâ¢¥ë¥ ®â®¡à ¦¥¨ï,   ¨§®¬®àä¨§¬ ¬¨ | ¤¨ä-

ä¥®¬®àä¨§¬ë. �¥à¥§ D ®¡®§ ç¨¬ ¯®«ãî ¯®¤ª â¥£®à¨î ª â¥£®à¨¨

AD, ®¡ê¥ªâ ¬¨ ª®â®à®© ï¢«ïîâáï à á¯à¥¤¥«¥¨ï (â ª¦¥ ¥ ®¡ï§ â¥«ì-

® £« ¤ª¨¥). �¢¥¤¥¬ â ª¦¥ ª â¥£®à¨î à¥£ã«ïàëå  ää¨ëå à á¯à¥-

¤¥«¥¨© RAD ¨ ª â¥£®à¨î à¥£ã«ïàëå à á¯à¥¤¥«¥¨© RD, ª®â®àë¥
â ª¦¥ ï¢«ïîâáï ¯®«ë¬¨ ¯®¤ª â¥£®à¨ï¬¨ ª â¥£®à¨¨ AD.

�¥ªâ®àë¥ ¯®«ï, à á¯à¥¤¥«¥¨ï ¨  ää¨ë¥ à á¯à¥¤¥«¥¨ï ¬®¦-

® § ¤ ¢ âì ¥ â®«ìª® ¢ ®¡« áâïå ¥¢ª«¨¤®¢ëå ¯à®áâà áâ¢, ® ¨  

¬®£®®¡à §¨ïå. � ¯à¨¬¥à, ¥á«¨ N � R
n | ¬®£®®¡à §¨¥, â®  ää¨-

ë¬ à á¯à¥¤¥«¥¨¥¬ F   N  §ë¢ ¥âáï ®â®¡à ¦¥¨¥, ª®â®à®¥ ª ¦¤®©

â®çª¥ y 2 N áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥  ää¨®¥ ¯®¤¯à®áâà áâ¢® F (y)

ª á â¥«ì®£® ¯à®áâà áâ¢  ¬®£®®¡à §¨ï TNy.

�« ¤ª®áâì ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å ®¡ê¥ªâ®¢   ¬®£®-

®¡à §¨ïå ®á®¢ë¢ ¥âáï   ¯®ïâ¨¨ £« ¤ª®£® ®â®¡à ¦¥¨ï, § ¤ ®£®

  ¯à®¨§¢®«ì®¬ ¯®¤¬®¦¥áâ¢¥ ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ . �¯à¥¤¥«¥¨¥

íâ®£® ¯®ïâ¨ï ¤ ® ¢  ç «¥ íâ®£® à §¤¥« . � ª¨¬ ®¡à §®¬, ¢¥ªâ®à-

®¥ ¯®«¥ � = (�1(y); : : : ; �n(y)), ª®â®à®¥ § ¤ ®   N (â.¥. ¯à¥¤áâ ¢«ï¥â

á®¡®© ®â®¡à ¦¥¨¥ y 2 N 7! TNy), ï¢«ï¥âáï £« ¤ª¨¬, ¥á«¨ ª®¬¯®¥-

âë ¯®«ï �i(y) ï¢«ïîâáï £« ¤ª¨¬¨ äãªæ¨ï¬¨   N ¢ á¬ëá«¥ ¤ ®£®

®¯à¥¤¥«¥¨ï.

� ¯®¬®éìî ¢¢¥¤¥®£® à ¥¥ ¯®ïâ¨ï ¤¨ää¥à¥æ¨ «  ®â®¡à ¦¥¨ï

¬®£®®¡à §¨© ®¯à¥¤¥«ïîâáï ¬®àä¨§¬ë (¨, ¢ ç áâ®áâ¨, ¤¨ää¥®¬®à-

ä¨§¬ë)  ää¨ëå à á¯à¥¤¥«¥¨©, § ¤ ëå   ¬®£®®¡à §¨ïå. �â®

¤¥« ¥âáï â ª ¦¥, ª ª ¨ ¤«ï  ää¨ëå à á¯à¥¤¥«¥¨©, § ¤ ëå ¢ ®¡« -

áâïå ¥¢ª«¨¤®¢  ¯à®áâà áâ¢ .

�¡®¡é¨¬ ¯®ïâ¨ï ¨¤ãæ¨à®¢ ®£® à áà¥¤¥«¥¨ï ¨ ¨¤ãæ¨à®¢ -

®£®  ää¨®£® à á¯à¥¤¥«¥¨ï, ª®â®àë¥ ¡ë«¨ à ¥¥ ¢¢¥¤¥ë. �®®â-

¢¥âáâ¢ãîé¨¥ ®¯à¥¤¥«¥¨ï ¤ ¤¨¬ ¤«ï  ää¨ëå à á¯à¥¤¥«¥¨©. �ãáâì

N � R
n | m-¬¥à®¥ ¬®£®®¡à §¨¥,   (V; �) | ¥ª®â®à ï ¥£® ª àâ .

� ¯®¬¨¬, íâ® ®§ ç ¥â, çâ® ¯¥à¥á¥ç¥¨¥ N á ¥ª®â®à®© ®¡« áâìî W

¢ Rn ¤¨ää¥®¬®àä® ®¡« áâ¨ V ¢ Rm ®â®á¨â¥«ì® ¤¨ää¥®¬®àä¨§-

¬  �:V ! N \W . �¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï ��jx ¤«ï «î¡®© â®ç-

ª¨ x 2 V ï¢«ï¥âáï «¨¥©ë¬ ¨§®¬®àä¨§¬®¬ TVx(= R
m)   TNy , £¤¥

y = �(x). �®íâ®¬ã ¥á«¨   N § ¤ ®  ää¨®¥ à á¯à¥¤¥«¥¨¥ F , â®

¢ V ®¤®§ ç® ®¯à¥¤¥«¥®  ää¨®¥ à á¯à¥¤¥«¥¨¥ F = ��1� F , â.¥.



1.3. ��������� ���� � ������������� 63

F (x) = ��1� j�(x)F (�(x)), ¯à¨ç¥¬ dimF (x) = dimF (�(x)). �ää¨®¥

à á¯à¥¤¥«¥¨¥ F  §ë¢ ¥âáï ¨¤ãæ¨à®¢ ë¬ ¤«ï F (¢ ª àâ¥ (V; �)).

�ãáâì F  ää¨® ¯®à®¦¤ ¥âáï á¥¬¥©áâ¢®¬ £« ¤ª¨å ¯®«¥© �j ; j 2 J . �®-
£¤  ¢ ®¡« áâ¨ V ®¤®§ ç® ®¯à¥¤¥«¥ë â ª¨¥ £« ¤ª¨¥ ¯®«ï �j ; j 2 J ,

çâ® � = ���. �ç¥¢¨¤®, çâ® F  ää¨® ¯®à®¦¤ ¥âáï á¥¬¥©áâ¢®¬ ¯®«¥©

�j; j 2 J , ª®â®àë¥  §ë¢ îâáï ¨¤ãæ¨à®¢ ë¬¨ ¤«ï �j; j 2 J .
�ãáâì â¥¯¥àì F |  ää¨®¥ à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨

M � R
n,   N � M | ¬®£®®¡à §¨¥. � áá¬®âà¨¬ ®£à ¨ç¥¨¥ F  

N , â.¥. ®â®¡à ¦¥¨¥ F jN : y 2 N 7! F (y) \ TNy. �á«¨ F | à á¯à¥¤¥-

«¥¨¥, â® F jN ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬   ¬®£®®¡à §¨¨ N . �ãáâì

�:V ! N | ¯ à ¬¥âà¨§ æ¨ï N . �®£¤  ¢ ®âªàëâ®¬ ¬®¦¥áâ¢¥ V

®¤®§ ç® ®¯à¥¤¥«¥® à á¯à¥¤¥«¥¨¥ F , ¤¨ää¥®¬®àä®¥ à á¯à¥¤¥-

«¥¨î F , â.¥. F = ��1� F jN . �á«¨ F ¥ ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬,

â® ¬®¦¥áâ¢  F (y) \ TNy ¬®£ãâ ¡ëâì ¯ãáâë¬¨. � ¯à¨¬¥à, ¤«ï  ä-

ä¨®£® à á¯à¥¤¥«¥¨ï F , ª®â®à®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ªâ®à®¥ ¯®-

«¥ @=@x 2 T (R2), ¨ ¬®£®®¡à §¨ï N = f(x; y) 2 R2 : x = 0g ¨¬¥¥¬

F (y) \ TN(x;y) = ;; 8(x; y) 2 R
2. �á«¨ F (y) \ TNy 6= ;; 8y 2 N , â®

F jN ï¢«ï¥âáï  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬   N . � íâ®¬ á«ãç ¥ ¢ V

®¤®§ ç® ®¯à¥¤¥«¥®  ää¨®¥ à á¯à¥¤¥«¥¨¥ F , ¤¨ää¥®¬®àä®¥

 ää¨®¬ã à á¯à¥¤¥«¥¨î F , â.¥. F = ��1� F jN . �ää¨®¥ à á¯à¥¤¥-
«¥¨¥ F ¡ã¤¥¬  §ë¢ âì ¨¤ãæ¨à®¢ ë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬

 ää¨®£® à á¯à¥¤¥«¥¨ï F . � ç¥ £®¢®àï, ¨¤ãæ¨à®¢ ë¬  ää¨-

ë¬ à á¯à¥¤¥«¥¨¥¬  ää¨®£® à á¯à¥¤¥«¥¨ï F ï¢«ï¥âáï ¨¤ãæ¨à®-

¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥  ää¨®£® à á¯à¥¤¥«¥¨ï F jN , â.¥.
F = F jN .

�á«¨ F ï¢«ï¥âáï £« ¤ª¨¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬, â® F jN ¨

F ¥ ®¡ï§ â¥«ì® ¡ã¤ãâ â ª®¢ë¬¨ (¤ ¦¥ ¥á«¨ ®¨ áãé¥áâ¢ãîâ). �

â®¬ á«ãç ¥, ª®£¤  F ª á ¥âáï N ,   â ª¦¥ ¢ á«ãç ¥, ª®£¤  N ï¢«ï¥âáï

¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬  ää¨®£® à á¯à¥¤¥«¥¨ï F ,  ää¨ë¥

à á¯à¥¤¥«¥¨ï F jN ¨ F ¡ã¤ãâ £« ¤ª¨¬¨, ¯à¨ ãá«®¢¨¨ £« ¤ª®áâ¨ F .

� áá¬®âà¨¬ íâ¨ ¤¢  á«ãç ï.

�á«¨  ää¨®¥ à á¯à¥¤¥«¥¨¥ F , ¯®à®¦¤ ¥¬®¥ ¯®«ï¬¨ (1.30), ª á -

¥âáï ¬®£®®¡à §¨ï N , â® ¤ ®¥ ®¯à¥¤¥«¥¨¥ ¨¤ãæ¨à®¢ ®£®  ää¨-

®£® à á¯à¥¤¥«¥¨ï F á®¢¯ ¤ ¥â á ¤ ë¬ à ¥¥ ®¯à¥¤¥«¥¨¥¬. � íâ®¬

á«ãç ¥ F jN ï¢«ï¥âáï £« ¤ª¨¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬, ¯®à®¦¤ ¥-

¬ë¬ £« ¤ª¨¬¨ ¯®«ï¬¨ �jN ; j 2 J , ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ®£à ¨-
ç¥¨ï ¯®«¥© (1.30)   N . �¤ãæ¨à®¢ ë¥ ¯®«ï ¤«ï ¯®«¥© �jN ; j 2 J;

á®¢¯ ¤ îâ á ¨¤ãæ¨à®¢ ë¬¨ ¯®«ï¬¨ ¤«ï ¯®«¥© (1.30) ¨ ï¢«ïîâáï

£« ¤ª¨¬¨.

�ãáâì â¥¯¥àì m-¬¥à®¥ ¬®£®®¡à §¨¥ N �M � Rn ï¢«ï¥âáï ¨â¥£-

à «ìë¬ ¬®£®®¡à §¨¥¬  ää¨®£® à á¯à¥¤¥«¥¨ï F . � ¤ ®¬ á«ã-
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ç ¥ F jN | íâ® ª á â¥«ì®¥ à áá«®¥¨¥ TN ¬®£®®¡à §¨ï N , ª®â®à®¥

ï¢«ï¥âáï à¥£ã«ïàë¬ à á¯à¥¤¥«¥¨¥¬ à £  m: y 2 N 7! TNy. �«ï

¤®ª § â¥«ìáâ¢  à¥£ã«ïà®áâ¨ TN ¬®¦® ¢®á¯®«ì§®¢ âìáï ¯à¥¤«®¦¥-

¨¥¬ 1.12, ª®â®à®¥, ª ª «¥£ª® ã¡¥¤¨âìáï, á¯à ¢¥¤«¨¢® ¨ ¤«ï à á¯à¥-

¤¥«¥¨©, § ¤ ëå   ¬®£®®¡à §¨ïå. �®áâà®¥¨¥ «¨¥©® ¥á¢ï§ -

ëå á¥¬¥©áâ¢, «®ª «ì® ¯®à®¦¤ îé¨å TN , ®áãé¥áâ¢«ï¥âáï á«¥¤ãî-

é¨¬ ®¡à §®¬. �«ï ¯à®¨§¢®«ì®© â®çª¨ y0 2 N ã¦® ¢§ïâì ª ªãî-

¨¡ã¤ì ª àâã (V; �), ¤«ï ª®â®à®© y0 2 �(V ). � â¥¬ á«¥¤ã¥â ¢§ïâì «î¡ë¥

«¨¥©® ¥á¢ï§ ë¥ ¯®«ï �a; a = 1; : : : ;m, ®¯à¥¤¥«¥ë¥ ¢ V ( ¯à¨-

¬¥à, ¯®«ï �1 = (1; 0; : : :; 0); : : : ; �m = (0; 0; : : : ; 1)). �ç¥¢¨¤®, çâ® ¯®«ï

���a; a = 1; : : : ;m; «®ª «ì® ¯®à®¦¤ îâ TN .

1.4. �¨ää¥à¥æ¨ «ìë¥ ä®à¬ë

¨ ª®à á¯à¥¤¥«¥¨ï

�ãáâì M | ®¡« áâì ¢ Rn. � ª ¨§¢¥áâ®, ª ¦¤®© â®çª¥ y 2 M

á®¯®áâ ¢«ï¥âáï ª á â¥«ì®¥ ¯à®áâà áâ¢® ª á â¥«ìëå ¢¥ªâ®à®¢ TMy,

ª®â®à®¥ ï¢«ï¥âáï íª§¥¬¯«ïà®¬ R
n. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¢¥è¨¥

ä®à¬ë   TMy. �® ®¯à¥¤¥«¥¨î ¢¥è¨¬¨ ä®à¬ ¬¨ áâ¥¯¥¨ 0 ¨«¨

0-ä®à¬ ¬¨ ï¢«ïîâáï ¢¥é¥áâ¢¥ë¥ ç¨á« . �¥è¨¥ ä®à¬ë áâ¥¯¥¨ 1

(1-ä®à¬ë ¨«¨ ª®¢¥ªâ®àë) | íâ® «¨¥©ë¥ äãªæ¨® «ë   TMy. � -

¯®¬¨¬, çâ® ®â®¡à ¦¥¨¥ !:TMy ! R
1  §ë¢ ¥âáï «¨¥©ë¬ äãªæ¨-

® «®¬, ¥á«¨

!(�1�1 + �2�2) = �1!(�1) + �2(�2); �1; �2 2 R1; �1; �2 2 TMy:

�®¦¥áâ¢® ¢á¥å 1-ä®à¬ ¯à¥¢à é ¥âáï ¢ «¨¥©®¥ ¯à®áâà áâ¢®, ¥á«¨

®¯à¥¤¥«¨âì áã¬¬ã ä®à¬ ä®à¬ã«®©

(!1 + !2)(�) = !1(�) + !2(�);

  ã¬®¦¥¨¥   ç¨á«® | ä®à¬ã«®©

(�!)(�) = �!(�):

�¨¥©®¥ ¯à®áâà áâ¢® 1-ä®à¬   TMy  §ë¢ ¥âáï ª®ª á â¥«ìë¬

¯à®áâà áâ¢®¬ M ¢ â®çª¥ y ¨ ®¡®§ ç ¥âáï ç¥à¥§ T �My.

�ãáâì b1; : : : ; bn | ¯à®¨§¢®«ìë© ¡ §¨á ª á â¥«ì®£® ¯à®áâà áâ¢ 

TMy .

�à¥¤«®¦¥¨¥ 1.22. � ç¥¨¥ !(�) ¯à®¨§¢®«ì®© 1-ä®à¬ë !  

¢¥ªâ®à¥ � = �ibi 2 TMy ¢ëà ¦ ¥âáï ä®à¬ã«®©

!(�) = !i�
i; (1.67)
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£¤¥

!i = !(bi); i = 1; : : : ; n: (1.68)

�«ï «î¡ëå ç¨á¥« !1; : : : ; !n 2 R1 ä®à¬ã«  (1.67) ®¤®§ ç® § ¤ ¥â

¥ª®â®àãî 1-ä®à¬ã ! 2 T �My , ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï (1.68).

�®ª  §  â ¥ « ì á â ¢ ®. �®à¬ã«  (1.67) ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§

á¢®©áâ¢  «¨¥©®áâ¨

!(�) = !(�ibi) = �i!(bi) = !i�
i:

�¡à â®, ¥á«¨ 1-ä®à¬  ! § ¤ ¥âáï ä®à¬ã«®© (1.67), â®

!(�1�1 + �2�2) = !i(�1�
i
1 + �2�

i
2) = �1!i�

i
1 + �2!i�

i
2 = �1!(�1) + �2!(�2)

¤«ï «î¡ëå ¢¥ªâ®à®¢ �1; �2 2 TMy ¨ «î¡ëå ç¨á¥« �1; �2 2 R1. �à®¬¥

â®£®,

!(bi) = !1 � 0 + : : :+ !i � 1 + : : :+ !n � 0 = !i: 2

�§ ¯à¥¤«®¦¥¨ï 1.22 á«¥¤ã¥â, çâ® á®®â®è¥¨ï

�i(bj) = �ij ; i; j = 1; : : : ; n;

£¤¥ �ij | á¨¬¢®« �à®¥ª¥à , ®¤®§ ç® ®¯à¥¤¥«ïîâ n 1-ä®à¬

�1; : : : ; �n: (1.69)

�ç¥¢¨¤®, çâ® �i(�) = �i; i = 1; : : : ; n; ¤«ï «î¡®£® ¢¥ªâ®à  � 2 TMy.

�¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® 1-ä®à¬ë (1.69) á®áâ ¢«ïîâ ¡ §¨á ¢

T �My, ¯à¨ç¥¬ ª®íää¨æ¨¥âë à §«®¦¥¨ï ¯à®¨§¢®«ì®© 1-ä®à¬ë !

¯® íâ®¬ã ¡ §¨áã,  §ë¢ ¥¬ë¥ ª®¬¯®¥â ¬¨ ä®à¬ë, ¯à¥¤áâ ¢«ïîâ á®-

¡®© ª®íää¨æ¨¥âë (1.68) ¥¥ ¯à¥¤áâ ¢«¥¨ï (1.67): ! = !i�
i. � ª¨¬

®¡à §®¬, à §¬¥à®áâì ª®ª á â¥«ì®£® ¯à®áâà áâ¢  T �My à ¢  n.

� §¨á 1-ä®à¬ �1; : : : ; �n 2 T �My  §ë¢ ¥âáï ¤¢®©áâ¢¥ë¬ ª ¡ §¨áã

¢¥ªâ®à®¢ b1; : : : ; bn 2 TMy.

�â ¤ àâ®¬ã ¡ §¨áã @=@y1 = (1; :::; 0); : : :; @=@yn = (0; :::; 1) ¢ TMy

á®®â¢¥âáâ¢ã¥â áâ ¤ àâë© ¤¢®©áâ¢¥ë© ¡ §¨á ¢ T �My, 1-ä®à¬ë ª®-

â®à®£® ®¡®§ ç îâáï ç¥à¥§ dy1; : : : ; dyn. (�¨¤ íâ¨å ®¡®§ ç¥¨© ¯à®-

ïá¨âáï ¤ «¥¥.) �¤¥áì á«¥¤®¢ «® ¡ë ¯¨á âì dyijy, ãª §ë¢ ï   ª®ª á -

â¥«ì®¥ ¯à®áâà áâ¢® T �My , ª®â®à®¬ã ¯à¨ ¤«¥¦ â 1-ä®à¬ë ¡ §¨á ,

®¤ ª® ¤«ï ¯à®áâ®âë § ¯¨á¨ ¬ë íâ®£® ¤¥« âì ¥ ¡ã¤¥¬, áç¨â ï, çâ® ¢

ª ¦¤®¬ á«ãç ¥ ïá®, ª ª ï â®çª  y ¨¬¥¥âáï ¢ ¢¨¤ã. � ª¨¬ ®¡à §®¬,

¤«ï «î¡®£® ¢¥ªâ®à  � = �i@=@yi 2 TMy dy
k(�) = �k; k = 1; : : : ; n. �â¬¥-

â¨¬ â ª¦¥, çâ® !(�) = !i�
i ¤«ï ¢¥ªâ®à  � = �i@=@yi 2 TMy ¨ ä®à¬ë

! = !idy
i 2 T �My.
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�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ 2-ä®à¬ë   TMy. 2-�®à¬  | íâ® äãªæ¨ï

®â ¯ àë ¢¥ªâ®à®¢ !:TMy � TMy ! R
1, ª®â®à ï ¡¨«¨¥©  ¨ ª®á®á¨¬-

¬¥âà¨ç :

!(�1�1 + �2�2; �3) = �1!(�1; �3) + �2!(�2; �3);

!(�1; �2) = �!(�2; �1);
8�1; �2 2 R1; �1; �2; �3 2 TMy:

�à¨¬¥à®¬ 2-ä®à¬ë ï¢«ï¥âáï ¢¥è¥¥ ¯à®¨§¢¥¤¥¨¥ !1 ^ !2 1-ä®à¬

!1; !2 2 T �My

(!1 ^ !2)(�1; �2) =
���� !1(�1) !2(�1)

!1(�2) !2(�2)

���� :
�®¦¥áâ¢® 2-ä®à¬   TMy, ª®â®à®¥ ®¡®§ ç ¥âáï ç¥à¥§

V
2 T

�My , ï¢«ï-

¥âáï «¨¥©ë¬ ¯à®áâà áâ¢®¬, ¥á«¨ ®¯à¥¤¥«¨âì á«®¦¥¨¥ ä®à¬ ä®à-

¬ã«®©

(!1 + !2)(�1; �2) = !1(�1; �2) + !2(�1; �2);

  ã¬®¦¥¨¥   ç¨á«® | ä®à¬ã«®©

(�!)(�1; �2) = �!(�1; �2):

� §¬¥à®áâì íâ®£® ¯à®áâà áâ¢  à ¢  C2
n = n(n � 1)=2, ¯à¨ç¥¬ ¢

ª ç¥áâ¢¥ ¡ §¨á  ¬®¦® ¢§ïâì ä®à¬ë dyi ^ dyj ; i < j.

�¥è¥© ä®à¬®© áâ¥¯¥¨ k, £¤¥ k > 0, ¨«¨ k-ä®à¬®©,  §ë¢ ¥âáï

äãªæ¨ï ! ®â k ª á â¥«ìëå ¢¥ªâ®à®¢, ¯à¨ ¤«¥¦ é¨å TMy, ª®â®à ï

k-«¨¥©  ¨ ª®á®á¨¬¬¥âà¨ç :

!(�1�
0
1 + �2�

00
1 ; �2; : : : ; �k) = �1!(�

0
1; �2; : : : ; �k) + �2!(�

00
1 ; �2; : : : ; �k);

!(�i1 ; : : : ; �ik) = (�1)�!(�1; : : : ; �k); £¤¥

� =

�
0; ¥á«¨ ¯¥à¥áâ ®¢ª  i1; : : : ; ik ç¥â ï,

1; ¥á«¨ ¯¥à¥áâ ®¢ª  i1; : : : ; ik ¥ç¥â ï.

�à¨¬¥à®¬ k-ä®à¬ë ï¢«ï¥âáï ¢¥è¥¥ ¯à®¨§¢¥¤¥¨¥ !1^: : :^!k 1-ä®à¬
!1; : : : ; !k 2 T �My:

(!1 ^ : : :^ !k)(�1; : : : �k) =

�������
!1(�1) : : : !k(�1)

...
. . .

...

!1(�k) : : : !k(�k)

������� :
�®¦¥áâ¢® k-ä®à¬   TMy, ª®â®à®¥ ®¡®§ ç ¥âáï ç¥à¥§

V
k T

�My, ï¢«ï-

¥âáï «¨¥©ë¬ ¯à®áâà áâ¢®¬ (®¯¥à æ¨¨ á«®¦¥¨ï ¨ ã¬®¦¥¨ï  
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ç¨á«® ®¯à¥¤¥«ïîâáï â ª ¦¥, ª ª ¨ ¤«ï
V

1 T
�My = T �My ¨

V
2 T

�My).

�®à¬ë

dyi1 ^ : : :^ dyik ; 16i1 < : : : < ik6n; (1.70)

«¨¥©® ¥§ ¢¨á¨¬ë ¨ á®áâ ¢«ïîâ ¡ §¨á ¢
V
k T

�My . � ª¨¬ ®¡à §®¬,

à §¬¥à®áâì
V
k T

�My à ¢  Ckn. � ¬¥â¨¬, çâ® ¢á¥ ä®à¬ë áâ¥¯¥¨

k; k > n; à ¢ë ã«î.

�á«¨ ä®à¬ë !i 2 T �My ; i = 1; : : : ; n; «¨¥©® ¥§ ¢¨á¨¬ë, â® ä®à¬ë

!i1 ^ : : :^ !ik ; 16i1 < : : : < ik6n;

â ª ¦¥, ª ª ¨ áâ ¤ àâë¥ ä®à¬ë (1.70), á®áâ ¢«ïîâ ¡ §¨á ¢
V
k T

�My.

�î¡ ï k-ä®à¬  
 ®¤®§ ç® ¯à¥¤áâ ¢«ï¥âáï ¢ íâ®¬ ¡ §¨á¥ ¢ ¢¨¤¥

«¨¥©®© ª®¬¡¨ æ¨¨


 =
X

16i1<:::<ik6n


i1;:::;ik!
i1 ^ : : :^ !ik : (1.71)

�¥£ª® ¯à®¢¥à¨âì, çâ® 
i1;:::;ik = 
(�i1 ; : : : ; �ik), £¤¥ �i; i = 1; : : : ; n; |

¤¢®©áâ¢¥ë© ¡ §¨á ¢ TMy .

�¢¥¤¥¬ â¥¯¥àì ®¯¥à æ¨î ¢¥è¥£® ã¬®¦¥¨ï ¤«ï ä®à¬ ¯à®¨§¢®«ì-

ëå áâ¥¯¥¥©. �¤¥« ¥¬ íâ®   ®á®¢¥ ®¯¥à æ¨¨ ¢¥è¥£® ã¬®¦¥¨ï

1-ä®à¬, à áá¬®âà¥®© à ¥¥. �á«¨ !; � | à §«®¦¨¬ë¥ ä®à¬ë, â.¥.

! = !1 ^ : : :^ !k; � = �1 ^ : : :^ �l;
â® ¨å ¢¥è¥¥ ¯à®¨§¢¥¤¥¨¥ | íâ® ä®à¬  áâ¥¯¥¨ k + l

! ^ � = !1 ^ : : :^ !k ^ �1 ^ : : :^ �l:
�¢®©áâ¢® ¡¨«¨¥©®áâ¨ ¯®§¢®«ï¥â à áè¨à¨âì íâ® ®¯à¥¤¥«¥¨¥   ä®à-

¬ë ¡®«¥¥ ®¡é¥£® ¢¨¤ :

(�1!
1 + �2!

2) ^ � = �1(!
1 ^ �) + �2(!

2 ^ �); (1.72)

! ^ (�1�1 + �2�
2) = �1(! ^ �1) + �2(! ^ �2); (1.73)

£¤¥ �1; �2 2 R1. �á«¨ ãç¥áâì, çâ® «î¡ãî ä®à¬ã ¬®¦® à §«®¦¨âì ¯®

¥ª®â®à®¬ã ¡ §¨áã, ª®â®àë© á®áâ®¨â ¨§ à §«®¦¨¬ëå ä®à¬, â® ïá®,

çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥è¥¥ ¯à®¨§¢¥¤¥¨¥ ¯à®¨§¢®«ìëå ä®à¬.

�¥è¥¥ ã¬®¦¥¨¥  àï¤ã á ¤¨áâà¨¡ãâ¨¢®áâìî, å à ªâ¥à¨§ã¥¬®©

ä®à¬ã« ¬¨ (1.72), (1.73),  áá®æ¨ â¨¢®:

! ^ (� ^ �) = (! ^ �) ^ �;
¨  â¨ª®¬¬ãâ â¨¢®:

! ^ � = (�1)kl� ^ !;
¥á«¨ ! ¥áâì k-ä®à¬ ,   � ¥áâì l-ä®à¬ .
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�à¨¬¥à 1.5. �ëç¨á«¨¬ ¢¥è¥¥ ¯à®¨§¢¥¤¥¨¥ 2-ä®à¬ë

! = �dy ^ dz + �dz ^ dx+ dx ^ dy
¨ 1-ä®à¬ë

� = �dx+ �dy + �dz;

®¯à¥¤¥«¥ëå ¢ âà¥å¬¥à®¬ ¯à®áâà áâ¢¥. �¬¥¥¬

! ^ � = ��dy ^ dz ^ dx+ ��dz ^ dx^ dx+ �dx ^ dy ^ dz+
+��dy ^ dz ^ dy + ��dz ^ dx^ dy + �dx ^ dy ^ dy+
+ ��dy ^ dz ^ dz + ��dz ^ dx^ dz + �dx^ dy ^ dz:

�ç¨âë¢ ï, çâ®

dx^ dx = 0; dy ^ dy = 0; dz ^ dz = 0;

dx^ dy = �dy ^ dx; dx ^ dz = �dz ^ dx; dy ^ dz = �dz ^ dy;
¯®«ãç¨¬

! ^ � = (�� + �� + �)dx^ dy ^ dz:
�®ª ¦¥¬ ¥áª®«ìª® ãâ¢¥à¦¤¥¨©, ª á îé¨åáï ¯®ïâ¨© «¨¥©®©

§ ¢¨á¨¬®áâ¨ ¨ «¨¥©®© ¥§ ¢¨á¨¬®áâ¨ ä®à¬.

�à¥¤«®¦¥¨¥ 1.23. � ¢¥áâ¢®

!1 ^ : : :^ !m = 0;

£¤¥ !i; i = 1; : : : ;m; | 1-ä®à¬ë, ¢ë¯®«ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  íâ¨ ä®à¬ë «¨¥©® § ¢¨á¨¬ë.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ä®à¬ë !i; i = 1; : : : ;m; «¨¥©® § ¢¨-

á¨¬ë. � á¨«ã  â¨ª®¬¬ãâ â¨¢®áâ¨ ¢¥è¥£® ã¬®¦¥¨ï ¯à®¨§¢¥¤¥-

¨¥ !1 ^ : : : ^ !m ¬¥ï¥â § ª ¯à¨ ¯¥à¥áâ ®¢ª¥ «î¡ëå ¬®¦¨â¥«¥©.

�á«¨ § ¬¥¨âì ®¤ã ä®à¬ã   «¨¥©ãî ª®¬¡¨ æ¨î ¤àã£¨å, â® ¨§  á-

á®æ¨ â¨¢®áâ¨ ¨ ¤¨áâà¨¡ãâ¨¢®áâ¨ ¢¥è¥£® ã¬®¦¥¨ï á«¥¤ã¥â, çâ®

!1 ^ : : :^ !m = 0.

�ãáâì ä®à¬ë !i; i = 1; : : : ;m; «¨¥©® ¥§ ¢¨á¨¬ë. �®¯®«¨¬ ¨å ¤®

¡ §¨á  !i; i = 1; : : : ; n; ¢á¥£® ª®ª á â¥«ì®£® ¯à®áâà áâ¢  T �My. �ãáâì

bi; i = 1; : : : ; n;| ¤¢®©áâ¢¥ë© ¡ §¨á ª á â¥«ì®£® ¯à®áâà áâ¢  TMy.

�¬¥¥¬

(!1 ^ : : :^ !m)(b1; : : : ; bm) =

�������
1 : : : 0
...

. . .
...

0 : : : 1

������� 6= 0:

�«¥¤®¢ â¥«ì®, !1 ^ : : :^ !m 6= 0. 2
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�à¥¤«®¦¥¨¥ 1.24. �ãáâì ¤ ë k-ä®à¬  
 ¨ m «¨¥©® ¥§ ¢¨-

á¨¬ëå 1-ä®à¬ !1; : : : ; !m. �«ï â®£® çâ®¡ë ä®à¬  ¬®£«  ¡ëâì ¯à¥¤-

áâ ¢«¥  ¢ ¢¨¤¥


 = �1 ^ !1 + : : :+ �m ^ !m; (1.74)

£¤¥ �1; : : : ; �m | ¥ª®â®àë¥ (k � 1)-ä®à¬ë, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,

çâ®¡ë 
 ã¤®¢«¥â¢®àï«  ãá«®¢¨î


 ^ !1 ^ : : :^ !m = 0: (1.75)

� ® ª   §  â ¥ « ì á â ¢ ®. �¥®¡å®¤¨¬®áâì ãá«®¢¨ï ¯à¥¤«®¦¥¨ï ¯à®¢¥-

àï¥âáï ¯®¤áâ ®¢ª®© (1.74) ¢ (1.75). �®á«¥ íâ®© ¯®¤áâ ®¢ª¨ ¢® ¢¥è-

¨å ¯à®¨§¢¥¤¥¨ïå ®ª §ë¢ îâáï ®¤¨ ª®¢ë¥ ¬®¦¨â¥«¨, ¨ à¥§ã«ìâ â

®¡à é ¥âáï ¢ ã«ì.

�®ª ¦¥¬ ¤®áâ â®ç®áâì. �®¯®«¨¬ ä®à¬ë !1; : : : ; !m ¤® ¡ §¨á 

!1; : : : ; !n ¢ TMy. � §«®¦¥¨¥ (1.71) ¯®¤áâ ¢¨¬ ¢ (1.75). �®«ãç¨¬


 =
X

16i1;:::<ik6n


i1<:::;ik!
i1 ^ : : :^ !ik ^ !1 ^ : : :^ !m = 0:

�â¡à®á¨¬ â¥ ç«¥ë, ª®â®àë¥ § ¢¥¤®¬® à ¢ë ã«î, â.¥. ¤«ï ª®â®-

àëå áà¥¤¨ i1; : : : ; ik ¨¬¥¥âáï å®âï ¡ë ®¤¨ ¨¤¥ªá, à ¢ë© ®¤®¬ã ¨§

1; : : : ;m. �®£¤  ®áâ ¢è¨¥áï ç«¥ë ¬®¦® à áá¬ âà¨¢ âì ª ª à §«®-

¦¥¨¥ 0. �®íää¨æ¨¥âë à §«®¦¥¨ï ¤®«¦ë ¡ëâì ¢á¥ à ¢ë ã«î:


i1;:::;ik = 0, ¥á«¨ áà¥¤¨ i1; : : : ; ik ¥â ¨ ®¤®£® ¨¤¥ªá  1; : : : ;m. �

á«ãç ¥ m + k > n â ª¨å ª®íää¨æ¨¥â®¢ ¥ ®ª ¦¥âáï ¢®¢á¥. �â ª, ¢

à §«®¦¥¨¨ 1:71 á®åà ïâáï «¨èì ç«¥ë, ¢ ª®â®àëå ¯à¨áãâáâ¢ã¥â ¯®

ªà ©¥© ¬¥à¥ ®¤  ¨§ ä®à¬ !1; : : : ; !m. �â® ®§ ç ¥â, çâ® à §«®¦¥¨¥

¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ (1.74), á£àã¯¯¨à®¢ ¢ ¥£® ç«¥ë, á®¤¥à¦ é¨¥

!1, ¨ ¢ë®áï !1 §  áª®¡ªã, ¨ ¯à®¤¥« ¢ â® ¦¥ á ¬®¥ ¯®á«¥¤®¢ â¥«ì® ¤«ï

!2; : : : ; !m  ¤ ®áâ ¢è¨¬¨áï ç«¥ ¬¨. 2

�à¥¤«®¦¥¨¥ 1.25. �ãáâì 
 | 2-ä®à¬ ,   !1, . . . , !m |

1-ä®à¬ë, ¯à¨ç¥¬ 
 ^ !1 ^ : : :^ !m 6= 0. �®£¤  ¥á«¨


p+1 ^ !1 ^ : : :^ !m = 0; (1.76)

â®  ©¤¥âáï â ª ï 1-ä®à¬  �, «¨¥©® ¥§ ¢¨á¨¬ ï ®â !1, . . . , !m,

çâ®


p ^ !1 ^ : : :^ !m ^ � = 0:

�®ª  §  â ¥ « ì á â ¢ ®. �®¯®«¨¬ ä®à¬ë !k, k = 1; : : : ;m, ¤® ¡ §¨á 

!1, . . . , !n ¢ ¯à®áâà áâ¢¥ T �My. � §«®¦¨¬ 2-ä®à¬ã 
 ¯® ä®à¬ ¬ !k,

k = 1; : : : ; n:


 =
X
i<j


ij!
i ^ !j : (1.77)
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� ª ª ª 
^!1^ : : :^!m 6= 0, â® ¢ (1.77)  ©¤¥âáï ª®íää¨æ¨¥â 
qs 6= 0,

m < s6n, m < q < s. � ¯à®â¨¢®¬ á«ãç ¥, á®£« á® ¯à¥¤«®¦¥¨î

1.24, ãá«®¢¨¥ 
 ^ !1 ^ : : :^ !m 6= 0 ¥¢ë¯®«¨¬®. �¥à¥¯¨è¥¬ à §«®¦¥-

¨¥ (1.77) ¢ ¢¨¤¥ 
 = �+ � ^ !s, £¤¥

� =
X

i<j; i6=s j 6=s


ij!
i ^ !j ; � =

 
s�1X
i=1


is �
nX

i=s+1


si

!
!i: (1.78)

� ª ª ª 
qs 6= 0, â® ä®à¬ë �, !1, . . . , !m «¨¥©® ¥§ ¢¨á¨¬ë, â.¥.

� ^ !1 ^ : : :^ !m 6= 0:

�¬¥¥¬


p+1 = �p+1 + (p+ 1)�p ^ � ^ !s:
�ãáâì ¢ë¯®«ï¥âáï (1.76), â.¥.


p+1 ^ !1 ^ : : :^ !m = �p+1 ^ !1 ^ : : :^ !m +

+(p + 1)�p ^ � ^ !s ^ !1 ^ : : :^ !m = 0:

�®£¤  ¯®áª®«ìªã !s ¥ ¢å®¤¨â ¢ à §«®¦¥¨ï (1.78) ¤«ï � ¨ �, â®

�p ^ � ^ !1 ^ : : :^ !m = 0: (1.79)

�§ à ¢¥áâ¢  (1.79) ¢ëâ¥ª ¥â, çâ®


p ^ !1 ^ : : :^ !m ^ � =
= (�p + p�p�1 ^ � ^ !s) ^ !1 ^ : : :^ !m ^ � =

= �p ^ !1 ^ : : :^ !m ^ � = 0: 2

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë. �¨ää¥à¥-

æ¨ «ì®© ä®à¬®© áâ¥¯¥¨ k ¨«¨ ¤¨ää¥à¥æ¨ «ì®© k-ä®à¬®© !, § -

¤ ®© ¢ ®¡« áâ¨ M ,  §ë¢ îâ ®â®¡à ¦¥¨¥, ª®â®à®¥ ª ¦¤®© â®çª¥

y 2M áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ k-ä®à¬ã !(y) 2 Vk T �My. �á®, çâ®  ¤

¤¨ää¥à¥æ¨ «ìë¬¨ ä®à¬ ¬¨ ¬®¦® ¯à®¨§¢®¤¨âì ®¯¥à æ¨¨ á«®¦¥-

¨ï, ã¬®¦¥¨ï   äãªæ¨¨ ¨ ¢¥è¥£® ã¬®¦¥¨ï. �â¬¥â¨¬ â ª¦¥,

çâ® ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï ¤¥©áâ¢¨¥ ¤¨ää¥à¥æ¨ «ìëå

ä®à¬   ¢¥ªâ®àë¥ ¯®«ï. �¥§ã«ìâ â®¬ ¤¥©áâ¢¨ï ¡ã¤ãâ ï¢«ïâìáï äãª-

æ¨¨.

� áá¬®âà¨¬ ¯®¤à®¡¥¥ ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë áâ¥¯¥¨ 1 ¨ 2.

�ãªæ¨ï !, áâ ¢ïé ï ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ y 2M 1-ä®à¬ã

!(y) 2 T �My ,  §ë¢ ¥âáï ¤¨ää¥à¥æ¨ «ì®© 1-ä®à¬®© ¨«¨ ä®à¬®©

�ä ää . �¨ää¥à¥æ¨ «ìãî 1-ä®à¬ã ¬®¦® § ¤ âì ¢ ¢¨¤¥

! = !i(y) dy
i :
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�¨ää¥à¥æ¨ «ì ï ä®à¬   §ë¢ ¥âáï £« ¤ª®©, ¥á«¨ !i(y) | £« ¤ª¨¥

äãªæ¨¨. � ¤ «ì¥©è¥¬, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, à áá¬ âà¨¢ -

îâáï â®«ìª® £« ¤ª¨¥ ä®à¬ë �ä ää .

�à¨¬¥à®¬ ¤¨ää¥à¥æ¨ «ì®© 1-ä®à¬ë ï¢«ï¥âáï ¤¨ää¥à¥æ¨ « £« ¤-

ª®© äãªæ¨¨ f

df =
@f

@yi
dyi:

�á«¨ f = yi, â® ¤¨ää¥à¥æ¨ « f ¯®à®¦¤ ¥â ¢ ª ¦¤®© â®çª¥ y 2 M

ä®à¬ã dyi. (�âáî¤ , ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â ¢ë¡®à ®¡®§ ç¥¨© ¤«ï

áâ ¤ àâ®£® ¡ §¨á  ¢ T �My .)

�¥¬¥©áâ¢® £« ¤ª¨å ¤¨ää¥à¥æ¨ «ìëå ä®à¬

!k = !ki (y) dy
i ; k = 1; : : : ; q; (1.80)

 §ë¢ ¥âáï «¨¥©® ¥á¢ï§ ë¬, ¥á«¨ rank k!ki k = q. � á¨«ã ¯à¥¤«®-

¦¥¨ï 1.23 ä ªâ «¨¥©®© ¥á¢ï§ ®áâ¨ ¬®¦® § ¯¨á âì â ª:

!1 ^ : : :^ !q 6= 0:

� ¬¥ç ¨¥ 1.7. �â¬¥â¨¬, ªáâ â¨, çâ® ä ªâ äãªæ¨® «ì®© ¥-

§ ¢¨á¨¬®áâ¨ äãªæ¨© 'k(y); k = 1; : : : ; q; ¬®¦® § ¯¨á âì á«¥¤ãîé¨¬

®¡à §®¬:

d'1 ^ : : :^ d'q 6= 0:

�á«¨ ¤«ï «¨¥©® ¥á¢ï§ ®£® á¥¬¥©áâ¢  (1.80) q = n, â® ¢ ª ¦¤®©

ä¨ªá¨à®¢ ®© â®çª¥ y 2 M ä®à¬ë !k(y) 2 T �My; k = 1; : : : ; n, ®¡à -

§ãîâ ¡ §¨á ¢ T �My. � íâ®¬ á«ãç ¥ ®¤®§ ç® ®¯à¥¤¥«¥® «¨¥©®

¥á¢ï§ ®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥©

�a = �ia(y)
@

@yi
; a = 1; : : : ; n; (1.81)

â ª®¥, çâ®

!k(�a) = �ka ; k = 1; : : : ; n; a = 1; : : : ; n; (1.82)

â.¥. ¤«ï ¡ §¨á  �a(y) 2 TMy; a = 1; : : : ; n; 1-ä®à¬ë !k(y) 2 T �My;

k = 1; : : : ; n; ®¯à¥¤¥«ïîâ ¤¢®©áâ¢¥ë© ¡ §¨á. �¥¬¥©áâ¢  (1.80) ¨

(1.81), ã¤®¢«¥â¢®àïîé¨¥ (1.82), ¡ã¤¥¬  §ë¢ âì ¤¢®©áâ¢¥ë¬¨. �î-

¡ãî ¤¨ää¥à¥æ¨ «ìãî k-ä®à¬ã 
 ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (1.71),

£¤¥ 
i1;:::;ik | äãªæ¨¨ ®â y, ¯à¨ç¥¬


i1;:::;ik(y) = 
(y)(�i1 (y); : : : ; �ik(y)):
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�ãªæ¨ï !, áâ ¢ïé ï ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ y 2M 2-ä®à¬ã

!(y) 2 V2 T
�My,  §ë¢ ¥âáï ¤¨ää¥à¥æ¨ «ì®© 2-ä®à¬®©. �¨ää¥-

à¥æ¨ «ìãî 2-ä®à¬ã ¬®¦® § ¯¨á âì ¢ áâ ¤ àâ®¬ ¡ §¨á¥

! =
X
i<j

!ij(y) dy
i ^ dyj : (1.83)

�¨ää¥à¥æ¨ «ì ï 2-ä®à¬   §ë¢ ¥âáï £« ¤ª®©, ¥á«¨ äãªæ¨¨ !ij
ï¢«ïîâáï £« ¤ª¨¬¨. � «®£¨çë¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï £« ¤ª®áâì

¤¨ää¥à¥æ¨ «ì®© ä®à¬ë ¯à®¨§¢®«ì®© áâ¥¯¥¨. � ¤ «ì¥©è¥¬ à á-

á¬ âà¨¢ îâáï â®«ìª® £« ¤ª¨¥ ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë.

�á«¨ á¥¬¥©áâ¢® ä®à¬ �ä ää  (1.80), ¤«ï ª®â®à®£® p = n, ï¢«ï-

¥âáï «¨¥©® ¥á¢ï§ ë¬, â® 2-ä®à¬ë !i(y) ^ !j(y), i < j, ®¯à¥¤¥-

«ïîâ ¡ §¨á ¢
V

2 T
�My, 8y 2 M . �®íâ®¬ã «î¡ãî ¤¨ää¥à¥æ¨ «ìãî

2-ä®à¬ã ¬®¦® § ¯¨á âì â ª¦¥ ¢ ¢¨¤¥

! =
X
i<j


ij(y)!
i ^ !j : (1.84)

� ª ã¦¥ ®â¬¥ç «®áì, ¥á«¨ (1.81) | ¤¢®©áâ¢¥®¥ á¥¬¥©áâ¢®, â®


ij(y) = !(y)
�
�i(y); �j(y)

�
: (1.85)

� ç áâ®áâ¨, ¢ (1.83)

!ij(y) = !(y) (@=@yi ; @=@yj):

�à¨¬¥à®¬ ¤¨ää¥à¥æ¨ «ì®© 2-ä®à¬ë ï¢«ï¥âáï ¢¥è¨© ¤¨ää¥-

à¥æ¨ « ä®à¬ë �ä ää  ! = !j(y) dy
j

d! = d!j ^ dyj :
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� áâ ¤ àâ®¬ ¡ §¨á¥

d! =
X
i<j

�
@!j

@yi
� @!i

@yj

�
dyi ^ dyj : (1.86)

�ãáâì � = �i(y)@=@yi , � = �i(y)@=@yi | £« ¤ª¨¥ ¢¥ªâ®àë¥ ¯®«ï,  

! = !k(y) dy
k | £« ¤ª ï ä®à¬  �ä ää  ¢ ®¡« áâ¨M . �§ (1.86) «¥£ª®

¬®¦® ¢ë¢¥áâ¨, çâ®

d!(�; �) =

�
@!j

@yi
� @!i

@yj

�
�i�j : (1.87)

� ¬¥â¨¬, çâ®, ¢ ®â«¨ç¨¥ ®â (1.86), §¤¥áì ¯à®¨§¢®¤¨âáï áã¬¬¨à®¢ ¨¥

¯® ¢á¥¬ i; j = 1; : : : ; n.

�¯à ¢¥¤«¨¢® à ¢¥áâ¢®, å à ªâ¥à¨§ãîé¥¥ á¢ï§ì ¬¥¦¤ã ª®¬¬ãâ â®-

à®¬ ¨ ¢¥è¨¬ ¤¨ää¥à¥æ¨ «®¬

d!(�; �) = �!(�) � �!(�) � !([�; �]): (1.88)

� áá¬®âà¨¬ â¥¯¥àì ¯®¢¥¤¥¨¥ ä®à¬ ¯à¨ ®â®¡à ¦¥¨ïå. �ãáâìM �
� R

n, N � R
m | ®¡« áâ¨,   f :M ! N | £« ¤ª®¥ ®â®¡à ¦¥¨¥.

�«ï ª ¦¤®© â®çª¨ y 2 M , á®£« á® à §¤¥«ã 1.3, ®¯à¥¤¥«¥® «¨¥©-

®¥ ®â®¡à ¦¥¨¥ f�jy:TMy ! TNf(y), å à ªâ¥à¨§ã¥¬®¥ ¬ âà¨æ¥© �ª®-

¡¨ k@f=@yk. �®¯àï¦¥®¥ ®â®¡à ¦¥¨¥, å à ªâ¥à¨§ã¥¬®¥ âà á¯®¨-

à®¢ ®© ¬ âà¨æ¥©, ®¡®§ ç¨¬ ç¥à¥§ f�jy:T �Nf(y) ! T �My . � ª¨¬

®¡à §®¬, ª ¦¤®© ä®à¬¥ ! 2 T �Nf(y) áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ä®à¬ 

f�jy! 2 T �My, ª®â®àãî ¬®¦® ®¯à¥¤¥«¨âì â ª¦¥ á«¥¤ãîé¨¬ ®¡à §®¬:

f�jy!(�) = !(f�jy�), 8� 2 TNy. �á«¨ ! | ¤¨ää¥à¥æ¨ «ì ï 1-ä®à¬ 

¢ ®¡« áâ¨ N , â® ç¥à¥§ f�! ®¡®§ ç¨¬ ¤¨ää¥à¥æ¨ «ìãî 1-ä®à¬ã ¢

®¡« áâ¨ M , ª®â®à ï ª ¦¤®© â®çª¥ y 2M áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ä®à¬ã

f�jy!(f(y)). �®¢®àïâ, çâ® ä®à¬  f�! ¯®«ãç ¥âáï ¨§ ä®à¬ë ! ¯¥à¥®á®¬

¯®áà¥¤áâ¢®¬ ®â®¡à ¦¥¨ï f .

�ãáâì M � R
n, N � R

m | ®¡« áâ¨,   f :M ! N | ¤¨ää¥®-

¬®àä¨§¬. � íâ®¬ á«ãç ¥ ®â®¡à ¦¥¨¥ f�jy:T �Nf(y) ! T �My ï¢«ï¥âáï

«¨¥©ë¬ ¨§®¬®àä¨§¬®¬ ¤«ï «î¡®© â®çª¨ y 2 M . �®íâ®¬ã «î¡®©

¤¨ää¥à¥æ¨ «ì®© ä®à¬¥ ! ¢M ®¤®§ ç® á®®â¢¥âáâ¢ã¥â ¤¨ää¥à¥-

æ¨ «ì ï ä®à¬  
 ¢ N , â ª ï, çâ® ! = f�
;
 = (f�1)�!. �à® ä®à¬ã 


¡ã¤¥¬ £®¢®à¨âì, çâ® ®  ¤¨ää¥®¬®àä  ä®à¬¥ !. �á«¨ f âà ªâ®¢ âì

ª ª § ¬¥ã ª®®à¤¨ â x = f(y), â® £®¢®àïâ, çâ® 
 ï¢«ï¥âáï ä®à¬®© !

¢ ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â. �á«¨ ! = !i(y) dy
i , 
 = 
j(x)dx

j, â®


j(f(y)) =

�
@gi

@xj

�
x=f(y)

!i(y);
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£¤¥ g = f�1.

�¤¥áì ã¬¥áâ® áà ¢¨âì ¤ ãî ä®à¬ã«ã ¤«ï ¨§¬¥¥¨ï ª®¬¯®¥â

ª®¢¥ªâ®à®£® ¢¥ªâ®à®£® ¯®«ï (íâ® ¤àã£®¥  §¢ ¨¥ ¤«ï ä®à¬ �ä ä-

ä ) ¯à¨ ¤¨ää¥®¬®àä¨§¬ å á ä®à¬ã«®© (1.16) ¤«ï ¨§¬¥¥¨ï ª®¬¯®-

¥â ¢¥ªâ®à®£® ¯®«ï. � âà¨æ  ¯à¥®¡à §®¢ ¨ï ¢ ¯¥à¢®© ä®à¬ã«¥

ï¢«ï¥âáï ®¡à â®© ¨ âà á¯®¨à®¢ ®© ª ¬ âà¨æ¥ ¯à¥®¡à §®¢ ¨ï ¢®

¢â®à®© ä®à¬ã«¥. �âáî¤  «¥£ª® á«¥¤ã¥â, çâ® á¢¥àâª  !i�
i ª®¢¥ªâ®à®-

£® ¯®«ï (¨«¨, ª ª ¥é¥ £®¢®àïâ, ª®¢ à¨ â®£® ¯®«ï) ! ¨ ¢¥ªâ®à®£®

¯®«ï (¨«¨, ¨ ç¥, ª®âà ¢ à¨ â®£® ¯®«ï) � ¥áâì (áª «ïà ï) äãª-

æ¨ï, § ç¥¨¥ ª®â®à®© ¢ ª ¦¤®© â®çª¥ ®¡« áâ¨ ¥ § ¢¨á¨â ®â á¨áâ¥¬ë

ª®®à¤¨ â. �áâ â¨, ¢ íâ®¬ ¬ë ã¡¥¤¨«¨áì ¢ à §¤¥«¥ 1.3 ¤«ï á«ãç ï

ª®¢ à¨ â®£® ¢¥ªâ®à®£® ¯®«ï, ï¢«ïîé¥£®áï £à ¤¨¥â®¬ (á¬. ä®à¬ã-

«ã (1.19)).

�¢¥¤¥¬ ¯®ïâ¨¥ ª®à á¯à¥¤¥«¥¨ï,   «®£¨ç®¥ ¯®ïâ¨î à á¯à¥¤¥-

«¥¨ï. �®à á¯à¥¤¥«¥¨¥¬ B  §ë¢ ¥âáï äãªæ¨ï, áâ ¢ïé ï ¢ á®®â¢¥â-

áâ¢¨¥ ª ¦¤®© â®çª¥ y ®¡« áâ¨ M � Rn ¯®¤¯à®áâà áâ¢® B(y) � T �My.

�«ï ª®à á¯à¥¤¥«¥¨ï y 7! f0g � T �My ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á¯¥æ¨ «ì-

®¥ ®¡®§ ç¥¨¥ O. � ª ¦¥, ª ª ¨ ¤«ï à á¯à¥¤¥«¥¨©, ®¯à¥¤¥«ï¥âáï

¯®ïâ¨¥ ¯¥à¥á¥ç¥¨ï, áã¬¬ë ¨ ¯àï¬®© áã¬¬ë á¥¬¥©áâ¢  ª®à á¯à¥¤¥-

«¥¨©. �á«¨ B | ª®à á¯à¥¤¥«¥¨¥ ¢ M ¨ ! | ä®à¬  �ä ää  ¢ M ,

â® £®¢®àïâ, çâ® ! ¯à¨ ¤«¥¦¨â B, ¨ ¯¨èãâ ! 2 B, ¥á«¨ !(y) 2 B(y),

8y 2 M . �à®¨§¢®«ì®¥ á¥¬¥©áâ¢® ä®à¬ �ä ää  !j , j 2 J , ¯®à®¦¤ -

¥â ª®à á¯à¥¤¥«¥¨¥ B: y 7! B(y) = span f!j(y); j 2 Jg. �® âà ¤¨æ¨¨ ¢

íâ®¬ á«ãç ¥ £®¢®àïâ â ª¦¥, çâ® ª®à á¯à¥¤¥«¥¨¥ B ¯®à®¦¤ ¥âáï á¨áâ¥-

¬®© ãà ¢¥¨© �ä ää 

!j = !
j
i (y) dy

i = 0; j 2 J: (1.89)

� ¤ «ì¥©è¥¬, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, à áá¬ âà¨¢ îâáï â®«ìª®

â ª¨¥ ª®à á¯à¥¤¥«¥¨ï, ª®â®àë¥  §ë¢ îâáï £« ¤ª¨¬¨ ª®à á¯à¥¤¥«¥-

¨ï¬¨.

� ª ¦¥, ª ª ¨ ¤«ï à á¯à¥¤¥«¥¨©, ®¯à¥¤¥«ïîâáï ¯®ïâ¨ï à £  ª®-

à á¯à¥¤¥«¥¨ï, à¥£ã«ïà®© â®çª¨, ®á®¡®© â®çª¨ ¨ à¥£ã«ïà®£® ª®à -

á¯à¥¤¥«¥¨ï. �¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥,   «®£¨ç®¥ ¯à¥¤-

«®¦¥¨î 1.12.

�à¥¤«®¦¥¨¥ 1.26. �®à á¯à¥¤¥«¥¨¥ B, ª®â®à®¥ § ¤ ® ¢ ®¡« -

áâ¨ M � R
n, ï¢«ï¥âáï à¥£ã«ïàë¬ ª®à á¯à¥¤¥«¥¨¥¬ à £  q > 0

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© â®çª¨ y 2M  ©¤¥âáï â ª ï

®ªà¥áâ®áâì U ¨ â ª ï «¨¥©® ¥á¢ï§  ï á¨áâ¥¬  �ä ää 

!k = !ki (y) dy
i = 0; k = 1; : : : ; q; (1.90)

§ ¤  ï ¢ U , çâ® B(y) = span f!k(y); k = 1; : : : ; qg; 8y 2 U . 2
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� ¦¤ ï á¨áâ¥¬  �ä ää  (1.90), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î ¯à¥¤-

«®¦¥¨ï 1.26,  §ë¢ ¥âáï ¡ §¨á®© á¨áâ¥¬®© �ä ää  ª®à á¯à¥¤¥«¥-

¨ï B. �¥¬¥©áâ¢® ä®à¬ !k; k = 1; : : : ; q; ®¯à¥¤¥«ïîé¨å ¡ §¨áãî á¨-

áâ¥¬ã �ä ää ,  §ë¢ ¥âáï â ª¦¥ ¡ §¨áë¬.

�« ¤ª ï äãªæ¨ï �  §ë¢ ¥âáï ¨â¥£à «®¬ ª®à á¯à¥¤¥«¥¨ï B,

§ ¤ ®£® ¢ ®¡« áâ¨ M , ¥á«¨

d� = (@�=@yi)dyi 2 B:

�®¢®àïâ â ª¦¥, çâ® � | ¨â¥£à « á¨áâ¥¬ë �ä ää  (1.89), ¥á«¨ � |

¨â¥£à « ª®à á¯à¥¤¥«¥¨ï, ¯®à®¦¤ ¥¬®£® íâ®© á¨áâ¥¬®©. �®£®®¡à -

§¨¥ N �M  §ë¢ ¥âáï ¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬ ª®à á¯à¥¤¥«¥¨ï

B, ¥á«¨

!(�) = 0; 8! 2 B(y); 8� 2 TNy; 8y 2 N:
� ªá¨¬ «ì ï à §¬¥à®áâì ¨â¥£à «ì®£® ¬®£®®¡à §¨ï, ¯à®å®¤ïé¥-

£® ç¥à¥§ â®çªã y0, ¤«ï ª®â®à®© dimB(y0) = q, à ¢  n� q. �á«¨ ç¥à¥§

ª ¦¤ãî â®çªã ®¡« áâ¨ M ¯à®å®¤¨â ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ ¬ ªá¨-

¬ «ì®© à §¬¥à®áâ¨, â® ª®à á¯à¥¤¥«¥¨¥  §ë¢ ¥âáï ¢¯®«¥ ¨â¥£à¨-

àã¥¬ë¬.

�¢¥¤¥¬ ¯®ïâ¨¥ å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï ¤«ï à¥£ã«ïà-

®£® ª®à á¯à¥¤¥«¥¨ï B, § ¤ ®£® ¢ ®¡« áâ¨ M � Rn. �ãáâì (1.90) |
¥ª®â®à ï ¡ §¨á ï á¨áâ¥¬  �ä ää  B. �®áâà®¨¬ ãà ¢¥¨ï �ä ä-

ä  ¢¨¤ 

!ki[j!
1
j1
: : :!

q

jq]
dyi = 0; (1.91)

k = 1; : : : ; q; 16j < j1 < : : : < jq6n:

�¤¥áì

!kij =
@!kj

@yi
� @!ki
@yj

;

  ª¢ ¤à âë¥ áª®¡ª¨ ®§ ç îâ, çâ® ¯à®¨§¢¥¤¥®  «ìâ¥à¨à®¢ ¨¥ ¯®

§ ª«îç¥ë¬ ¢ ¨å ¨¤¥ªá ¬, â.¥.  ¤ ¨¤¥ªá ¬¨ j; j1; : : : ; jq ¢ ¯à®-

¨§¢¥¤¥¨¨ !kij!
1
j1
: : :!

q
jq

á¤¥« ® (q + 1)! ¯¥à¥áâ ®¢®ª ¨ ¢§ïâ  áã¬¬ 

¯®«ãç¥ëå ¢ëà ¦¥¨©, ¯à¨ç¥¬ ¢ëà ¦¥¨ï, ¯®«ãç¥ë¥ ¯à¨ ¯®¬®é¨

¥ç¥âëå ¯¥à¥áâ ®¢®ª, ¢§ïâë á ®¡à âë¬ § ª®¬. �âã ®¯¥à æ¨î ¬®¦-

® § ¯¨á âì ¢ ¢¨¤¥ ä®à¬ã«ë

!ki[j!
1
j1
: : :!

q

jq ]
=

���������

!kij !kij1 : : : !kijq
!1j !1j1 : : : !1jq
...

...
. . .

...

!
q
j !

q
j1

: : : !
q
jq

���������
:
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�¨áâ¥¬  ãà ¢¥¨© �ä ää  (1.90), (1.91)  §ë¢ ¥âáï å à ªâ¥à¨-

áâ¨ç¥áª®© ¤«ï ª®à á¯à¥¤¥«¥¨ï B,   â ª¦¥ ¤«ï á¨áâ¥¬ë (1.90). �®¦-

® ¯®ª § âì, çâ®   ¯¥à¥á¥ç¥¨¨ ®¡« áâ¥© ®¯à¥¤¥«¥¨ï å à ªâ¥à¨áâ¨-

ç¥áª¨¥ á¨áâ¥¬ë ¯®à®¦¤ îâ ®¤® ¨ â® ¦¥ ª®à á¯à¥¤¥«¥¨¥, ª®â®à®¥ ¨

 §ë¢ ¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®à á¯à¥¤¥«¥¨¥¬ CB. �®à á¯à¥¤¥-

«¥¨¥ CB ï¢«ï¥âáï £« ¤ª¨¬, ¨¡® â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥

¯à¥¤«®¦¥¨ï 1.12, ¨á¯®«ì§ãï äãªæ¨¨ �àëá® , å à ªâ¥à¨áâ¨ç¥áª¨¬

á¨áâ¥¬ ¬ ¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ á¨áâ¥¬ë �ä ää , ®¯à¥¤¥-

«¥ë¥ £«®¡ «ì® ¢ M , ¯à¨ç¥¬ ¯®«ãç¥ë¥ á¨áâ¥¬ë ¡ã¤ãâ â ª¦¥ ¯®-

à®¦¤ âì ª®à á¯à¥¤¥«¥¨¥ CB. � £ CB ¢ â®çª¥ y 2 M  §ë¢ ¥âáï

ª« áá®¬ B ¢ â®çª¥ y 2 M ¨ ®¡®§ ç ¥âáï ç¥à¥§ classB(y). �â¬¥â¨¬,

çâ® à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ CB ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬

(á¬. ¤ «¥¥ á«¥¤áâ¢¨¥ ª â¥®à¥¬¥ 1.12).

� àï¤ã á ¯®ïâ¨¥¬ å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë �ä ää , ®¯à¥¤¥-

«ï¥¬®© ¤«ï á¨áâ¥¬ë �ä ää  (1.90), ¢¢®¤ïâ ¥é¥ ¯®ïâ¨¥ å à ªâ¥à¨-

áâ¨ç¥áª®© á¨áâ¥¬ë �ä ää  ¤«ï á¥¬¥©áâ¢  ä®à¬ �ä ää  !k; 1; : : : ; q;

ª®â®à ï á®áâ®¨â ¨§ ãà ¢¥¨© (1.90) ¨ ãà ¢¥¨©

!kji dy
i = 0; (1.92)

k = 1; : : : ; q; j = 1; : : : ; n:

�®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ íâ¨¬¨ ãà ¢¥¨ï¬¨,  §ë¢ ¥âáï å à ª-

â¥à¨áâ¨ç¥áª¨¬ ª®à á¯à¥¤¥«¥¨¥¬ á¥¬¥©áâ¢  ä®à¬ !k; 1; : : : ; q. �á«¨ å -

à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ à¥£ã«ïà®, â® ®® ¢¯®«¥ ¨â¥£à¨-

àã¥¬® [10]. � £ å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï á¥¬¥©áâ¢  ä®à¬

 §ë¢ ¥âáï ª« áá®¬ á¥¬¥©áâ¢  ä®à¬.

� ç¥¨¥ íâ¨å ¤¢ãå â¨¯®¢ å à ªâ¥à¨áâ¨ç¥áª¨å à á¯à¥¤¥«¥¨© ¯à®-

ïá¨âáï ¢ à §¤¥«¥ 1.5 (á¬. â¥®à¥¬ë 1.15, 1.18 ¨ § ¬¥ç ¨ï 1.9, 1.11).

�ãáâì B1, B2 | ¯à®¨§¢®«ìë¥ ª®à á¯à¥¤¥«¥¨ï (¥ ®¡ï§ â¥«ì®

£« ¤ª¨¥), § ¤ ë¥ ¢ ®¡« áâïåM � Rn, N � Rm. �« ¤ª®¥ ®â®¡à ¦¥¨¥
f :M ! N  §ë¢ ¥âáï ¬®àä¨§¬®¬ ¨§ B2 ¢ B1, ¥á«¨

f�jyB2(f(y)) � B1(y); 8y 2M:

�á«¨ f�jyB2(f(y)) = B1(y); 8y 2 M; ¨ f ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬

®¡« áâ¥© M ¨ N , â® £®¢®àïâ, çâ® ª®à á¯à¥¤¥«¥¨ï B1 ¨ B2 ¤¨ää¥®-

¬®àäë.

�®¢®ªã¯®áâì ¢á¥å ª®à á¯à¥¤¥«¥¨© (¥ ®¡ï§ â¥«ì® ï¢«ïîé¨åáï

£« ¤ª¨¬¨) á ¤ ë¬¨ ¬®àä¨§¬ ¬¨ ®¡à §ãîâ ª â¥£®à¨î, ª®â®àãî ®¡®-

§ ç¨¬ ç¥à¥§ CD. �®¦¤¥áâ¢¥ë¬¨ ¬®àä¨§¬ ¬¨ ï¢«ïîâáï â®¦¤¥-

áâ¢¥ë¥ ®â®¡à ¦¥¨ï,   ¨§®¬®àä¨§¬ ¬¨ | ¤¨ää¥®¬®àä¨§¬ë. �¥-

£ã«ïàë¥ ª®à á¯à¥¤¥«¥¨ï ®¡à §ãîâ ¯®«ãî ¯®¤ª â¥£®à¨î ª â¥£®à¨¨

CD, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ RCD.
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�ãáâì D | ¯à®¨§¢®«ì®¥ à á¯à¥¤¥«¥¨¥ (¥ ®¡ï§ â¥«ì® £« ¤ª®¥),

§ ¤ ®¥ ¢ ¥ª®â®à®© ®¡« áâ¨ M � R
n. �®áâ ¢¨¬ à á¯à¥¤¥«¥¨î D

¢ á®®â¢¥âáâ¢¨¥ ¤¢®©áâ¢¥®¥ ª®à á¯à¥¤¥«¥¨¥ D?: y 2 M 7! D?(y) �
� T �My, £¤¥ D

? á®áâ®¨â ¨§ â ª¨å ä®à¬ ! 2 T �My, çâ® !(�) = 0,

8� 2 D(y). � «®£¨ç® ª ¦¤®¬ã ª®à á¯à¥¤¥«¥¨î B, § ¤ ®¬ã ¢

®¡« áâ¨ M � Rn, áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¤¢®©áâ¢¥®¥ à á¯à¥¤¥«¥¨¥

B?: y 2 M 7! B?(y) � TMy, £¤¥ B
?(y) á®áâ®¨â ¨§ â ª¨å ¢¥ªâ®à®¢

� 2 TMy , çâ® !(�) = 0, 8! 2 T �My. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï

(D?)? = D; (B?)? = B;

D1 � D2 , D2
? � D1

?;�X
Dj

�?
=
\
Dj

?:

�ãáâì B1, B2 | ª®à á¯à¥¤¥«¥¨ï, § ¤ ë¥ ¢ ®¡« áâïå M � R
n,

N � Rm. �¥£ª® ¤®ª § âì, çâ® ®â®¡à ¦¥¨¥ f :M ! N â®£¤  ¨ â®«ìª®

â®£¤  ï¢«ï¥âáï ¬®àä¨§¬®¬ B2 ¢ B1, ª®£¤  f | ¬®àä¨§¬ B1
? ¢ B2

?.

� ç áâ®áâ¨, B1, B2 ¤¨ää¥®¬®àäë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  B1
?

¨ B2
? ¤¨ää¥®¬®àäë.

�§ íâ¨å à ááã¦¤¥¨© á«¥¤ã¥â, çâ® ¯® áãé¥áâ¢ã ª â¥£®à¨¨ D ¨ CD
ï¢«ïîâáï ¤ã «ìë¬¨. (�®ç¥¥, ª â¥£®à¨ï D ¨§®¬®àä  ¤ã «ì®© ª

CD.)
� ¬¥â¨¬, çâ® ¥á«¨ ª®à á¯à¥¤¥«¥¨¥ B ï¢«ï¥âáï £« ¤ª¨¬, â® à á-

¯à¥¤¥«¥¨¥ B?, ¢®®¡é¥ £®¢®àï, ¥ ï¢«ï¥âáï £« ¤ª¨¬. �¥¬ ¥ ¬¥¥¥

á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1.27. �®à á¯à¥¤¥«¥¨¥ B â®£¤  ¨ â®«ìª® â®£¤  ï¢-

«ï¥âáï à¥£ã«ïàë¬, ª®£¤  à á¯à¥¤¥«¥¨¥ B? ï¢«ï¥âáï à¥£ã«ïàë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì B | à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥, § -

¤ ®¥ ¢ ®¡« áâ¨ M � Rn, ¨ (1.90) | ¡ §¨á ï á¨áâ¥¬  �ä ää , ®¯à¥-

¤¥«¥ ï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨. �«ï ª ¦¤®© â®çª¨ y íâ®© ®ªà¥áâ®-

áâ¨ ¯à®áâà áâ¢® B?(y) � TMy á®áâ®¨â ¨§ ¢¥ªâ®à®¢, ã¤®¢«¥â¢®àïîé¨å

á¨áâ¥¬¥ ®¤®à®¤ëå «¨¥©ëå ãà ¢¥¨©

!ki (y)�
i = 0; k = 1; : : : ; q: (1.93)

�§ «¨¥©®© ¥á¢ï§ ®áâ¨ (1.90) á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â â ª®¥ «¨-

¥©® ¥á¢ï§ ®¥ á¥¬¥©áâ¢® £« ¤ª¨å ¢¥ªâ®àëå ¯®«¥© (®¯à¥¤¥«¥®¥,

¢®§¬®¦®, ¢ ¡®«¥¥ ã§ª®© ®ªà¥áâ®áâ¨ )

�l = �il (y)
@

@yi
; l = 1; : : : ; n� q; (1.94)
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çâ® ¢¥ªâ®àë �l(y); l = 1; : : : ; n� q; ®¡à §ãîâ äã¤ ¬¥â «ìãî á¨áâ¥¬ã

à¥è¥¨© á¨áâ¥¬ë (1.93). �ç¥¢¨¤®, çâ® á¥¬¥©áâ¢® (1.94) «®ª «ì® ¯®-

à®¦¤ ¥â B?. �®£« á® ¯à¥¤«®¦¥¨î 1.12, à á¯à¥¤¥«¥¨¥ B? ï¢«ï¥âáï

à¥£ã«ïàë¬. �¡à â®¥ ãâ¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥âáï   «®£¨ç®. 2

�«¥¤áâ¢¨¥ 1.1. � â¥£®à¨¨ RCD ¨ RD ï¢«ïîâáï ¯® áãé¥áâ¢ã

¤ã «ìë¬¨.

�â¬¥â¨¬, çâ® ¤«ï ª®à á¯à¥¤¥«¥¨ï B ¨ à á¯à¥¤¥«¥¨ï B? ¨â¥£à -

«ë ¨ ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï á®¢¯ ¤ îâ. � ç áâ®áâ¨, B ¢¯®«¥

¨â¥£à¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  B? ¢¯®«¥ ¨â¥£à¨àã¥¬®.

�á¯®«ì§ãï íâ®â ä ªâ, ¤®ª ¦¥¬ ¤¢®©áâ¢¥ë© ¢ à¨ â â¥®à¥¬ë �à®¡¥-

¨ãá  ¢ â¥à¬¨ å ¡ §¨áëå á¨áâ¥¬ �ä ää  (â.¥. ¢ à¨ â,   «®£¨çë©

â¥®à¥¬¥ 1.9).

�¥®à¥¬  1.10. �¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ â®£¤  ¨ â®«ìª® â®-

£¤  ¢¯®«¥ ¨â¥£à¨àã¥¬®, ª®£¤  ¤«ï «î¡®© ¡ §¨á®© á¨áâ¥¬ë �ä ää 

(1.90) ¢ë¯®«ïîâáï á®®â®è¥¨ï

d!k =

qX
l=1

�lk ^ !l; k = 1; : : : ; q; (1.95)

£¤¥ �lk | ¥ª®â®àë¥ ä®à¬ë �ä ää .

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ B ¢¯®«-

¥ ¨â¥£à¨àã¥¬®. � áá¬®âà¨¬ ¥ª®â®àãî ¡ §¨áãî á¨áâ¥¬ã �ä ää 

(1.90), ®¯à¥¤¥«¥ãî ¢ ®¡« áâ¨ U . �®ª ¦¥¬, çâ® ¢ ®ªà¥áâ®áâ¨ ¯à®¨§-

¢®«ì®© â®çª¨ y0 2 U ¢ë¯®«ï¥âáï (1.95). �®¯®«¨¬ ä®à¬ë (1.90) ¤® n

«¨¥©® ¥á¢ï§ ëå ä®à¬ !k; k = 1; : : : ; q (çâ® «®ª «ì® ¢á¥£¤  ¬®¦-

® á¤¥« âì). �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¤ã «ì®¥ á¥¬¥©áâ¢® ¯®«¥© (1.81).

�§ (1.82) á«¥¤ã¥â, çâ® ¯®«ï �a; a = q+ 1; : : : ; n; á®áâ ¢«ïîâ ¡ §¨á®¥ á¥-

¬¥©áâ¢® à á¯à¥¤¥«¥¨ï B? ¢ ®ªà¥áâ®áâ¨ y0. �¬¥¥¬ à §«®¦¥¨ï ¢¨¤ 

(1.84)

d!k =
X
i<j


kij!
i(y) ^ !j(y); k = 1; : : : ; q:

�á¯®«ì§ãï ä®à¬ã«ã (1.85) ¤«ï ª®íää¨æ¨¥â®¢ à §«®¦¥¨ï ¨ ä®à¬ã-

«ã (1.88), ¯®«ãç¨¬, çâ® 
kij = 0; i; j = q + 1; : : : ; n. �âáî¤  á«¥¤ã¥â

(1.95). �¡à â®, ¯ãáâì â¥¯¥àì ¤«ï ª ¦¤®© ¡ §¨á®© á¨áâ¥¬ë �ä ää 

(1.90) à¥£ã«ïà®£® ª®à á¯à¥¤¥«¥¨ï B ¢ë¯®«ï¥âáï (1.95). �«ï ¤®-

ª § â¥«ìáâ¢  ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ B ¤®áâ â®ç® ¯®ª § âì, çâ® B?
ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬ à á¯à¥¤¥«¥¨¥¬. �®§ì¬¥¬ ¤¢  ¯à®¨§¢®«ìëå

¢¥ªâ®àëå ¯®«ï �1; �2 2 B? ¨ ¯à®¨§¢®«ìãî â®çªã y0 2 M . � áá¬®â-

à¨¬ ¥ª®â®àãî ¡ §¨áãî á¨áâ¥¬ã �ä ää  (1.90) ª®à á¯à¥¤¥«¥¨ï B,
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®¯à¥¤¥«¥ãî ¢ ®ªà¥áâ®áâ¨ y0. �á¯®«ì§ãï (1.95) ¨ (1.88), ¯®«ãç¨¬,

çâ® !k([�1; �2]) = 0; k = 1; : : : ; q; ¢ ®ªà¥áâ®áâ¨ y0. �«¥¤®¢ â¥«ì®, ¢

íâ®© ®ªà¥áâ®áâ¨ [�1; �2] 2 B?. 2
�§ ¯à¥¤«®¦¥¨ï 1.24 ¢ëâ¥ª ¥â ¤àã£ ï ä®à¬ã«¨à®¢ª  â¥®à¥¬ë �à®-

¡¥¨ãá :

�¥®à¥¬  1.11. �¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ â®£¤  ¨ â®«ìª® â®£-

¤  ¢¯®«¥ ¨â¥£à¨àã¥¬®, ª®£¤  ¤«ï «î¡®© ¡ §¨á®© á¨áâ¥¬ë �ä ää 

(1.90) ¢ë¯®«ïîâáï á®®â®è¥¨ï

d!k ^ !1 ^ : : :^ !q = 0; k = 1; : : : ; q: 2 (1.96)

� ¬¥â¨¬, çâ® á¨áâ¥¬ã �ä ää  (1.90), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

(1.95) ¨ (1.96),  §ë¢ îâ ¢¯®«¥ ¨â¥£à¨àã¥¬®© (â ª ¦¥, ª ª ¨ ª®à á-

¯à¥¤¥«¥¨¥, ª®â®à®¥ ®  ¯®à®¦¤ ¥â). �¬¥áâ® (1.95) ç áâ® ¯¨èãâ

dwk � 0 mod!1; : : : ; !q;

¨«¨

dwk � 0 modB;

£¤¥ B | ª®à á¯à¥¤¥«¥¨¥, ª®â®à®¥ ¯®à®¦¤ ¥âáï á¨áâ¥¬®© �ä ää 

(1.90). � «®£¨çë¥ § ¯¨á¨ ¯à¨¬¥ïîâáï ¨ ¢ ®¡é¥¬ á«ãç ¥, ª®£¤ 

¤¨ää¥à¥æ¨ «ì ï p-ä®à¬  
 ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥


 = �1 ^ !1 + : : : �q ^ !q ;

£¤¥ �k; k = 1; : : : ; q; | ¥ª®â®àë¥ ¤¨ää¥à¥æ¨ «ìë¥ (p� 1)-ä®à¬ë.

�ãáâì B | (£« ¤ª®¥) ª®à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨M � Rn.
�®á«¥¤®¢ â¥«ì®áâ¨ (1.45) ¤«ï à á¯à¥¤¥«¥¨ï D = B? á®®â¢¥âáâ¢ã¥â

ã¡ë¢ îé ï ¯®á«¥¤®¢ â¥«ì®áâì ª®à á¯à¥¤¥«¥¨©

B0 � B1 � : : : � Bk � : : : ; (1.97)

£¤¥ Bk = (Dk)
?. �á«¨ Dk; k = 0; 1; : : : ; n � 1; | à¥£ã«ïàë¥ à á¯à¥-

¤¥«¥¨ï, â® Bk | à¥£ã«ïàë¥ ª®à á¯à¥¤¥«¥¨ï. � íâ®¬ á«ãç ¥ ¯®-

á«¥¤®¢ â¥«ì®áâì (1.97) ï¢«ï¥âáï ª®¥ç®© ¨  §ë¢ ¥âáï ¯à®¨§¢®¤ë¬

ª®ä« £®¬ ¤«ï B:

B0 � B1 � : : : � BN : (1.98)

�¨á«® N + 1  §ë¢ ¥âáï ¤«¨®© ¯à®¨§¢®¤®£® ª®ä« £ . � ¬¥â¨¬, çâ®

BN ï¢«ï¥âáï  ¨¡®«ìè¨¬ ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬ ª®à á¯à¥¤¥«¥¨¥¬,

ª®â®à®¥ á®¤¥à¦¨âáï ¢ B.

�¥à¥©¤¥¬ â¥¯¥àì ª ®¯à¥¤¥«¥¨î ¤¢®©áâ¢¥®£® ®¡ê¥ªâ  ¤«ï  ää¨-

®£® à á¯à¥¤¥«¥¨ï. � ª ¦¥, ª ª ¨ ¤«ï à á¯à¥¤¥«¥¨ï, ¤¢®©áâ¢¥ë©
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®¡ê¥ªâ ¡ã¤¥â ª®à á¯à¥¤¥«¥¨¥¬, ® ã¦¥ ¥ª®â®à®£® á¯¥æ¨ «ì®£® ¢¨¤ .

� ª¨¥ ª®à á¯à¥¤¥«¥¨ï ¡ã¤ãâ  §ë¢ âìáï t-ª®à á¯à¥¤¥«¥¨ï¬¨.

�á«¨  ää¨®¥ à á¯à¥¤¥«¥¨¥ § ¤ ® ¢ ®¡« áâ¨M , â® ¤¢®©áâ¢¥®¥

t-ª®à á¯à¥¤¥«¥¨¥ ®¯à¥¤¥«¥® ¢ à áè¨à¥®© ®¡« áâ¨ M �R1. �®¤ t-

ª®à á¯à¥¤¥«¥¨¥¬ K, § ¤ ë¬ ¢ M � R1 � Rn+1, ¯®¨¬ ¥âáï ª®à á-

¯à¥¤¥«¥¨¥

K: (y; t) 2M �R1 7! K(y; t) � T �(M �R1)(y;t); (1.99)

ª®â®à®¥ ®¡« ¤ ¥â ¤¢ã¬ï á¢®©áâ¢ ¬¨. �¥à¢®¥ § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬:

K(y; t1) = K(y; t2); 8y 2M; 8t1; t2 2 R1: (1.100)

� ¯®¬¨¬, çâ® ¬ë ãá«®¢¨«¨áì ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¤«ï à áè¨à¥-

ëå ®¡« áâ¥© à áá¬ âà¨¢ âì â®«ìª® t-¯à¥®¡à §®¢ ¨ï, â.¥. ¯à¥®¡à §®-

¢ ¨ï, ¥ ¬¥ïîé¨¥ ª®®à¤¨ âã t. � ª¨¬ ®¡à §®¬, à ¢¥áâ¢  (1.100)

¨¢ à¨ âë ®â®á¨â¥«ì® § ¬¥ ª®®à¤¨ â, ª®â®àë¥ ¢ ¤ ®¬ á«ãç ¥

§ ¤ îâáï t-¤¨ää¥®¬®àä¨§¬ ¬¨.

�à¥¦¤¥ ç¥¬ ®¯à¥¤¥«¨âì ¢â®à®¥ á¢®©áâ¢®, ãá«®¢¨¬áï ®¡ ®¤®¬ ®¡®-

§ ç¥¨¨. �á«¨ ! = (!1; : : : ; !n; !n+1) 2 T �(M�R1)(y;t), â® ç¥à¥§ ! ®¡®-

§ ç ¥âáï ª®¢¥ªâ®à (!1; : : : ; !n) 2 T �My . �á«¨ K | ª®à á¯à¥¤¥«¥¨¥,

®¡« ¤ îé¥¥ á¢®©áâ¢®¬ (1.100), â® ª®àà¥ªâ® ®¯à¥¤¥«¥® ª®à á¯à¥¤¥«¥-

¨¥ K ¢ M:

y 2M 7! f! 2 T �My:! 2 K(y; t0); t0 | «î¡®¥ ç¨á«®g: (1.101)

�â®à®¥ á¢®©áâ¢®, ª®â®à®¬ã ¤®«¦® ã¤®¢«¥â¢®àïâì K, § ª«îç ¥âáï ¢

á«¥¤ãîé¥¬:

dimK(y; t) = dimK(y); 8y 2M; 8t 2 R1: (1.102)

�á«¨ t-ª®à á¯à¥¤¥«¥¨¥ K ï¢«ï¥âáï £« ¤ª¨¬, â® ¨§ (1.100) á«¥¤ã¥â,

çâ® K ¯®à®¦¤ ¥âáï á¨áâ¥¬®© �ä ää  ¢¨¤ 

!j = !
j
i (y) dy

i + !
j
n+1(y) dt = 0; j 2 J; (1.103)

¢ ª®â®à®© ª®¬¯®¥âë ¥ § ¢¨áïâ ®â t. �à®¬¥ â®£®, ¨§ (1.102) á«¥¤ã¥â,

çâ®

rank
!ji (y)j2J

i=1;:::;n
= rank

!ji (y)j2J
i=1;:::;n+1

:

�¨áâ¥¬ë �ä ää  â ª®£® ¢¨¤  ¡ã¤¥¬  §ë¢ âì t-á¨áâ¥¬ ¬¨ �ä ää .

�á«¨ K | £« ¤ª®¥ t-ª®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ t-á¨áâ¥¬®© �ä ä-

ä  (1.103), â® K | £« ¤ª®¥ ª®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ á¨áâ¥¬®©

�ä ää  !j = !
j
i (y) dy

i = 0; j 2 J .
� ¯¨áì ! 2 K, £¤¥ K | t-ª®à á¯à¥¤¥«¥¨¥ ¢ M � R1, ! | ä®à¬ 

�ä ää , ¡ã¤¥â ®§ ç âì, çâ® !(y; t) 2 K(y; t); 8(y; t) 2M �R1, ¯à¨ç¥¬

ª®¬¯®¥âë ä®à¬ë �ä ää  ¥ § ¢¨áïâ ®â t.
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�à¥¤«®¦¥¨¥ 1.28. �á«¨ t-ª®à á¯à¥¤¥«¥¨¥ K ï¢«ï¥âáï à¥£ã«ïà-

ë¬, â® ª ¦¤®¬ã £« ¤ª®¬ã ª®à á¯à¥¤¥«¥¨î S � K ¢§ ¨¬® ®¤®-

§ ç® á®®â¢¥âáâ¢ã¥â £« ¤ª®¥ t-ª®à á¯à¥¤¥«¥¨¥ S0 � K, â ª®¥, çâ®

S = S0.

�®ª  §  â ¥ « ì á â ¢ ®. �«ï ª ¦¤®© ä®à¬ë � 2 K(y)  ©¤¥âáï ®¤  ¨

â®«ìª® ®¤  ä®à¬  �0 2 K(y; t), â ª ï, çâ® �0 = �. �¥©áâ¢¨â¥«ì®, ¥á«¨

�0 = � ¨ �00 = �, ¯à¨ç¥¬ �0 6= �00, â® �0��00 = (0; : : : ; 0; l) 2 K(y; t); l 6= 0.

�®£« á® (1.102), íâ® ¥¢®§¬®¦®. �âáî¤  ¢ëâ¥ª ¥â, çâ® ª ¦¤®¬ã (¥

®¡ï§ â¥«ì® £« ¤ª®¬ã) ª®à á¯à¥¤¥«¥¨î S � K ®¤®§ ç® á®®â¢¥â-

áâ¢ã¥â â ª®¥ t-ª®à á¯à¥¤¥«¥¨¥ S0 ¢ M � R1, çâ® S = S0. �®ª ¦¥¬

â¥¯¥àì, çâ® ¤«ï £« ¤ª®£® ª®à á¯à¥¤¥«¥¨ï S, ¯®à®¦¤ ¥¬®£® £« ¤ª¨¬¨

¤¨ää¥à¥æ¨ «ìë¬¨ ä®à¬ ¬¨ �j = �
j
i (y) dy

i; j 2 J , t-ª®à á¯à¥¤¥«¥¨¥
S0 ï¢«ï¥âáï £« ¤ª¨¬. �®à¬ ¬ �j ®¤®§ ç® á®®â¢¥âáâ¢ãîâ ä®à¬ë

�0
j
= �

j
i (y) dy

i + �
j
n+1(y) dt; j 2 J , ¯®à®¦¤ îé¨¥ S0. � ª ¦¥¬, çâ®

�0
j
ï¢«ïîâáï £« ¤ª¨¬¨ ¤¨ää¥à¥æ¨ «ìë¬¨ ä®à¬ ¬¨, â.¥. äãªæ¨¨

�
j
n+1(y) £« ¤ª¨¥. �ãáâì dimK = q. �®§ì¬¥¬ ¥ª®â®àãî ¡ §¨áãî á¨-

áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K

!k = !ki (y) dy
i + !kn+1(y) dt = 0; k = 1; : : : ; q: (1.104)

�®£« á® (1.102), á¨áâ¥¬  �ä ää  !k = !ki (y) dy
i = 0; k = 1; : : : ; q,

ï¢«ï¥âáï ¡ §¨á®© ¤«ï K. �«¥¤®¢ â¥«ì®, �j = �
j
k(y)!

k, £¤¥ �
j
k(y) |

£« ¤ª¨¥ äãªæ¨¨ (ª ª ª®íää¨æ¨¥âë à §«®¦¥¨ï £« ¤ª¨å ¤¨ää¥à¥-

æ¨ «ìëå ä®à¬ ¯® ¡ §¨á®© á¨áâ¥¬¥ �ä ää ). �ç¥¢¨¤®, çâ® â ª¦¥

�0
j
= �

j
k(y)!

k . �âáî¤  ¢ëâ¥ª ¥â, çâ® �0
j
| £« ¤ª¨¥ ¤¨ää¥à¥æ¨ «ìë¥

ä®à¬ë. �®íâ®¬ã S0 | £« ¤ª®¥ ª®à á¯à¥¤¥«¥¨¥. 2

� ¦¤®¬ã ª®à á¯à¥¤¥«¥¨î B, § ¤ ®¬ã ¢ M � R
n, ª ®¨ç¥áª¨

áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ t-ª®à á¯à¥¤¥«¥¨¥ ~B, § ¤ ®¥ ¢M�R1. �¬¥-

®, ~B(y; t) = B(y) � f0g. �á®, çâ® ( ~B) = B.

� ¤ «ì¥©è¥¬, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, à áá¬ âà¨¢ îâáï â®«ì-

ª® £« ¤ª¨¥ t-ª®à á¯à¥¤¥«¥¨ï.

�¢¥¤¥¬ ¯®ïâ¨¥ t-å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï CtK ¤«ï

à¥£ã«ïà®£® t-ª®à á¯à¥¤¥«¥¨ï K, § ¤ ®£® ¢ ®¡« áâ¨ M � R1. �®-

à á¯à¥¤¥«¥¨¥ CtK ®¯à¥¤¥«ï¥âáï ¢ M á«¥¤ãîé¨¬ ®¡à §®¬. � ¬¥â¨¬,

çâ® K | à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ ¢ M . �ãáâì y0 | ¯à®¨§¢®«ì ï

â®çª M ¨ dimK = q. �®£¤  áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì U â®çª¨ y0,

çâ® ª®à á¯à¥¤¥«¥¨¥ K ¢ U ¯®à®¦¤ ¥âáï ¡ §¨á®© á¨áâ¥¬®© �ä ää 

¢¨¤ 

!k = !ki (y) dy
i = 0; k = 1; : : : ; q; (1.105)

  t-ª®à á¯à¥¤¥«¥¨¥ K ¢ U�R1 ¯®à®¦¤ ¥âáï ¡ §¨á®© á¨áâ¥¬®© �ä ä-

ä  ¢¨¤  (1.104).
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�®à á¯à¥¤¥«¥¨¥ Ct� ¯®à®¦¤ ¥âáï ¢ U á¨áâ¥¬®© �ä ää , á®áâ®ï-

é¥© ¨§ ãà ¢¥¨© (1.105) ¨ á«¥¤ãîé¨å ãà ¢¥¨©:

!ki[j!
1
j1
: : :!

q

jq]
dyi = 0; (1.106)

k = 1; : : : ; q; i = 1; : : : ; n; 16j < j1 < : : : < jq6n+ 1:

�¤¥áì

!kij =
@!kj

@yi
� @!ki
@yj

; !ki;n+1 =
@!kn+1

@yi
; i; j = 1; : : : ; n;

  ª¢ ¤à âë¥ áª®¡ª¨ ®§ ç îâ, çâ® ¯à®¨§¢¥¤¥®  «ìâ¥à¨à®¢ ¨¥ ¯®

§ ª«îç¥ë¬ ¢ ¨å ¨¤¥ªá ¬. � ®¥ ®¯à¥¤¥«¥¨¥ CtK ¥ § ¢¨á¨â ®â

¢ë¡®à  á¨áâ¥¬ë �ä ää , ¯®à®¦¤ îé¥© K ¢ U � R1. �¨áâ¥¬  ãà ¢-

¥¨© �ä ää  (1.105), (1.106)  §ë¢ ¥âáï t-å à ªâ¥à¨áâ¨ç¥áª®© ¤«ï

t-ª®à á¯à¥¤¥«¥¨ï K,   â ª¦¥ ¤«ï á¨áâ¥¬ë (1.104). �®à á¯à¥¤¥«¥¨¥

CtK ï¢«ï¥âáï £« ¤ª¨¬, ¨¡® â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯à¥¤«®-

¦¥¨ï 1.12, ¨á¯®«ì§ãï äãªæ¨¨ �àëá® , å à ªâ¥à¨áâ¨ç¥áª¨¬ á¨áâ¥-

¬ ¬ ¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ á¨áâ¥¬ë �ä ää , ®¯à¥¤¥«¥ë¥

£«®¡ «ì® ¢ M , ¯à¨ç¥¬ ¯®«ãç¥ë¥ á¨áâ¥¬ë ¡ã¤ãâ â ª¦¥ ¯®à®¦¤ âì

ª®à á¯à¥¤¥«¥¨¥ CtK. �¥«¨ç¨  dimCtK(y)  §ë¢ ¥âáï ª« áá®¬ K ¢

â®çª¥ y ¨ ®¡®§ ç ¥âáï ç¥à¥§ classK(y).

�á«¨ B | ª®à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ M � R
n, â®, ¯®áâà®¨¢

¤«ï K = ~B ª®à á¯à¥¤¥«¥¨¥ CtK, «¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® t-å -

à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ CtK á®¢¯ ¤ ¥â á å à ªâ¥à¨áâ¨ç¥-

áª¨¬ ª®à á¯à¥¤¥«¥¨¥¬ CB ª®à á¯à¥¤¥«¥¨ï B (¢ á¬ëá«¥ ¤ ®£® à -

¥¥ ®¯à¥¤¥«¥¨ï).

�¢¥¤¥¬ ª â¥£®à¨î t-ª®à á¯à¥¤¥«¥¨© T CD. �®àä¨§¬ë ®¯à¥¤¥«¨¬

á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì K, P | t-ª®à á¯à¥¤¥«¥¨ï, § ¤ ë¥

¢ ®¡« áâïå M � R1, N � R1. � ¯®¬¨¬, çâ® £« ¤ª®¥ ®â®¡à ¦¥¨¥
~f :M � R1 ! N � R1  §ë¢ ¥âáï t-®â®¡à ¦¥¨¥¬, á®®â¢¥âáâ¢ãîé¨¬

®â®¡à ¦¥¨î f :M ! N , ¥á«¨ ~f (y; t) = (f(y); t). �®àä¨§¬®¬ P ¢ K

¡ã¤¥¬  §ë¢ âì â ª®¥ t-®â®¡à ¦¥¨¥ ~f , çâ®

~f�j(y;t)P ( ~f(y; t)) � K(y; t); 8(y; t) 2M �R1;

£¤¥ ~f�j(y;t) | á®¯àï¦¥®¥ ®â®¡à ¦¥¨¥ ¯® ®â®è¥¨î ª ¤¨ää¥à¥æ¨-

 «ã ~f�j(y;t) t-®â®¡à ¦¥¨ï ~f . �á«¨ ~f | t-¤¨ää¥®¬®àä¨§¬ ¨

~f�j(y;t)P ( ~f(y; t)) = K(y; t); 8(y; t) 2M �R1;

â® K ¨ P  §ë¢ îâáï t-¤¨ää¥®¬®àäë¬¨ t-ª®à á¯à¥¤¥«¥¨ï¬¨ (®â®-

á¨â¥«ì® t-¤¨ää¥®¬®àä¨§¬  ~f ).
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�§®¬®àäë¥ ®¡ê¥ªâë ¢ ª â¥£®à¨¨ T CD | íâ® t-¤¨ää¥®¬®àäë¥

t-ª®à á¯à¥¤¥«¥¨ï. �®«ãî ¯®¤ª â¥£®à¨î à¥£ã«ïàëå t-ª®à á¯à¥¤¥«¥-

¨© ®¡®§ ç¨¬ ç¥à¥§ RT CD.
�¥¯¥àì à áá¬®âà¨¬ ¢®¯à®á ® á¢ï§¨  ää¨ëå à á¯à¥¤¥«¥¨© ¨ t-

ª®à á¯à¥¤¥«¥¨©. �ãáâì F |  ää¨®¥ à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢

®¡« áâ¨M � Rn. �®¯®áâ ¢¨¬ ¥¬ã ª®à á¯à¥¤¥«¥¨¥ ¢M �R1, ¨¬¥îé¥¥

á«¥¤ãîé¨© ¢¨¤:

F?: (y; t) 2M �R1 7! f! = (!1; : : : ; !n; !n+1) 2 T �(M �R1)(y;t):

!i�
i + !n+1 = 0; 8� = (�1; : : : ; �n) 2 F (y)g:

�¥£ª® ã¡¥¤¨âìáï ¢ â®¬, çâ® F? ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ (1.100), (1.102),

â.¥. ï¢«ï¥âáï t-ª®à á¯à¥¤¥«¥¨¥¬, ª®â®à®¥ ¡ã¤¥¬  §ë¢ âì ¤¢®©áâ¢¥-

ë¬ ª F . � ¬¥â¨¬, çâ® ª®à á¯à¥¤¥«¥¨¥ F?, § ¤ ®¥ ¢ M , ï¢«ï¥âáï

¤¢®©áâ¢¥ë¬ ª LF , â.¥.L?F = F?. �á«¨ F ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬,

â® «¨¥©ë¥ ä®à¬ë ! = (!1; : : : ; !n; !n+1) 2 F?(y; t) å à ªâ¥à¨§ãîâáï
â¥¬, çâ® !n+1 = 0. �âáî¤  á«¥¤ã¥â, çâ® F?(y; t) = F?(y) � f0g, â.¥. ¢
¤ ®¬ á«ãç ¥ ¯®ïâ¨¥ ¤¢®©áâ¢¥®£® ®¡ê¥ªâ  á®¢¯ ¤ ¥â ¯® áãé¥áâ¢ã á

¢¢¥¤¥ë¬ à ¥¥ ¯®ïâ¨¥¬ ¤¢®©áâ¢¥®£® ®¡ê¥ªâ  ¤«ï à á¯à¥¤¥«¥¨©.

�ãáâì â¥¯¥àì § ¤ ® t-ª®à á¯à¥¤¥«¥¨¥ K ¢ ®¡« áâ¨ M �R1. �®¯®-

áâ ¢¨¬ ¥¬ã  ää¨®¥ à á¯à¥¤¥«¥¨¥ ¢ M

K?: y 2M 7! f� = (�1; : : : ; �n) 2 TMy:

!i�
i + !n+1 = 0; 8! = (!1; : : : ; !n; !n+1) 2 K(y; t)g:

�ää¨®¥ à á¯à¥¤¥«¥¨¥ K? ¡ã¤¥¬  §ë¢ âì ¤¢®©áâ¢¥ë¬ ª K.

�¯à ¢¥¤«¨¢ë á®®â®è¥¨ï (F?)? = F; (K?)? = K.

� â¥£®à¨ï T CD ï¢«ï¥âáï ¯® áãé¥áâ¢ã ¤ã «ì®© ª â¥£®à¨¥© ª â¥-

£®à¨¨ AD (â®ç¥¥, ª â¥£®à¨ï T CD ¨§®¬®àä  ¤ã «ì®© ª â¥£®à¨¨).

�¥©áâ¢¨â¥«ì®, «¥£ª® ¯®ª § âì, çâ® £« ¤ª®¥ ®â®¡à ¦¥¨¥ f :M ! N

ï¢«ï¥âáï ¬®àä¨§¬®¬  ää¨®£® à á¯à¥¤¥«¥¨ï F , § ¤ ®£® ¢ ®¡« -

áâ¨ M , ¢  ää¨®¥ à á¯à¥¤¥«¥¨¥ A, § ¤ ®¥ ¢ ®¡« áâ¨ N , â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  á®®â¢¥âáâ¢ãîé¥¥ t-®â®¡à ¦¥¨¥ ~f :M�R1 ! N�R1

ï¢«ï¥âáï ¬®àä¨§¬®¬ A? ¢ F?.

� ¬¥â¨¬, çâ® ¯à¨ ¯¥à¥å®¤¥ ª ¤¢®©áâ¢¥®¬ã ®¡ê¥ªâã á¢®©áâ¢® £« ¤-

ª®áâ¨ ¬®¦¥â ¡ëâì  àãè¥®. �¥¬ ¥ ¬¥¥¥ á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1.29. �ää¨®¥ à á¯à¥¤¥«¥¨¥ F ï¢«ï¥âáï à¥£ã-

«ïàë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤¢®©áâ¢¥®¥ t-ª®à á¯à¥¤¥«¥¨¥

F? ï¢«ï¥âáï à¥£ã«ïàë¬ ª®à á¯à¥¤¥«¥¨¥¬.
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�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì F à¥£ã«ïà® ¨ dimF = p. � áá¬®âà¨¬

á¥¬¥©áâ¢® ¯®«¥© (1.54), ª®â®à®¥ ï¢«ï¥âáï ¡ §¨áë¬ ¤«ï F ¢ ®ªà¥áâ®áâ¨

¥ª®â®à®© ¯à®¨§¢®«ì®© â®çª¨ y0 2M . �®à¬ë

! = (!1; : : : ; !n; !n+1) 2 F?(y; t)

¤®«¦ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨©

!i�
i
0(y) + !n+1 = 0; (1.107)

!i�
i
a(y) = 0; a = 1; : : : ; p: (1.108)

�ç¥¢¨¤®, çâ® áãé¥áâ¢ã¥â «¨¥©® ¥á¢ï§  ï á¨áâ¥¬  �ä ää  ¢¨-

¤  (1.104), £¤¥ q = n � p, § ¤  ï ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0, ä®à-

¬ë ª®â®à®© !k ã¤®¢«¥â¢®àïîâ (1.107), (1.108) ¨ á®áâ ¢«ïîâ äã¤ -

¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© íâ®© á¨áâ¥¬ë ãà ¢¥¨©. �§ ¯®áâà®-

¥¨ï á«¥¤ã¥â, çâ® («®ª «ì®) F?(y; t) = span f!k(y; t); k = 1; :::qg ¨

dimF?(y; t) = q = const . �®£« á® ¯à¥¤«®¦¥¨î 1.26, F? | à¥£ã-

«ïà®. �¡à â®, ¯ãáâì K = F? | à¥£ã«ïà®¥ t-ª®à á¯à¥¤¥«¥¨¥ à £ 

q. � áá¬®âà¨¬ á¨áâ¥¬ã �ä ää  (1.104), ª®â®à ï ï¢«ï¥âáï ¡ §¨á®©

¤«ï K (¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨). �¥ªâ®àë � 2 F (y) ¤®«¦ë ã¤®¢«¥-

â¢®àïâì á«¥¤ãîé¥© á¨áâ¥¬¥ «¨¥©ëå ¥®¤®à®¤ëå ãà ¢¥¨©:

!ki (y)�
i = �!kn+1(y); k = 1; :::; q: (1.109)

�¢®©áâ¢® (1.102) à ¢®á¨«ì® á®¢¬¥áâ®áâ¨ (1.109). �§ «¨¥©®©  «-

£¥¡àë ¨§¢¥áâ®, çâ® ¢ íâ®¬ á«ãç ¥ ¬®¦¥áâ¢® à¥è¥¨© íâ®© á¨áâ¥¬ë

(¤«ï ª ¦¤®© ä¨ªá¨à®¢ ®© â®çª¨ y) ¯à¥¤áâ ¢«ï¥â á®¡®©  ää¨®¥

¯®¤¯à®áâà áâ¢®, ª®â®à®¥, ®ç¥¢¨¤®, á®¢¯ ¤ ¥â á F (y). �«ï â®£® çâ®¡ë

®¯¨á âì F , à áá¬®âà¨¬ á®®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã ®¤®à®¤ëå ãà ¢¥-

¨©

!ki (y)�
i = 0; k = 1; :::; q: (1.110)

�ãé¥áâ¢ã¥â á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© �a; a = 1; :::; p = n � q, ª®â®-

à®¥ ®¯à¥¤¥«¥® «®ª «ì®, ï¢«ï¥âáï «¨¥©® ¥á¢ï§ ë¬ ¨ ®¡à §ã¥â

äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á¨áâ¥¬ë ãà ¢¥¨© (1.110). �á®

â ª¦¥, çâ® áãé¥áâ¢ã¥â «®ª «ì® ®¯à¥¤¥«¥®¥ £« ¤ª®¥ ¯®«¥ �0, ã¤®¢«¥-

â¢®àïîé¥¥ á¨áâ¥¬¥ (1.109). �«¥¤®¢ â¥«ì®, ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨

F (y) = �0(y) + span f�a(y); a = 1; :::; pg, ¨ dimF (y) = p = const . �®£« á-

® ¯à¥¤«®¦¥¨î 1.16, F | à¥£ã«ïà®. 2

�«¥¤áâ¢¨¥ 1.2. � â¥£®à¨ï RT CD ï¢«ï¥âáï ¯® áãé¥áâ¢ã ¤ã «ì-

®© ª â¥£®à¨¥© ª â¥£®à¨¨ RAD (â®ç¥¥, RT CD ¨§®¬®àä  ¤ã «ì®©

ª â¥£®à¨¨). 2



1.4. ���������. ����� � ��������������� 85

�®ª ¦¥¬ â¥¯¥àì, çâ® ¨¢®«îâ¨¢®áâì à¥£ã«ïà®£®  ää¨®£® à á-

¯à¥¤¥«¥¨ï F íª¢¨¢ «¥â  ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ ¤¢®©áâ¢¥®£®

t-ª®à á¯à¥¤¥«¥¨ï F? (¢ ®¡ëç®¬ á¬ëá«¥, ª ª ª®à á¯à¥¤¥«¥¨ï). �

à §¤¥«¥ 1.3 ¯à¨¢¥¤¥  ª®áâàãªæ¨ï, á®£« á® ª®â®à®©  ää¨®¬ã à á-

¯à¥¤¥«¥¨î F , § ¤ ®¬ã ¢ ®¡« áâ¨ M � Rn, áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥

à á¯à¥¤¥«¥¨¥ ~F , § ¤ ®¥ ¢ à áè¨à¥®© ®¡« áâ¨ M �R1. �¥âàã¤®

¢¨¤¥âì, çâ® F? = ~F?, â.¥. ¤¢®©áâ¢¥®¥ t-ª®à á¯à¥¤¥«¥¨¥ ª F á®¢¯ -

¤ ¥â á ¤¢®©áâ¢¥ë¬ ª®à á¯à¥¤¥«¥¨¥¬ ª ~F . �®£« á® ¯à¥¤«®¦¥¨î

1.20 ¨ â¥®à¥¬¥ 1.8, ¨¢®«îâ¨¢®áâì F íª¢¨¢ «¥â  ¯®«®© ¨â¥£à¨àã¥-

¬®áâ¨ ~F ,   á«¥¤®¢ â¥«ì®, ¨ ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ ª®à á¯à¥¤¥«¥¨ï

F?. �â ª, ¤®ª § ®

�à¥¤«®¦¥¨¥ 1.30. �¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F ï¢«ï-

¥âáï ¨¢®«îâ¨¢ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤¢®©áâ¢¥®¥ t-ª®-

à á¯à¥¤¥«¥¨¥ F? ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬ ª®à á¯à¥¤¥«¥¨¥¬.

2

�ãáâì K | t-ª®à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨ M �R1. �®§à á-

â îé¨¬ ¯®á«¥¤®¢ â¥«ì®áâï¬  ää¨ëå à á¯à¥¤¥«¥¨© ¨ à á¯à¥¤¥«¥-

¨© (1.60), (1.61), (1.62), (1.63), (1.64) ¨ â.¯., ª®â®àë¥ ®¯à¥¤¥«ïîâáï

 ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ F = K?, á®®â¢¥âáâ¢ãîâ ã¡ë¢ îé¨¥ ¯®á«¥-

¤®¢ â¥«ì®áâ¨ ¤¢®©áâ¢¥ëå t-ª®à á¯à¥¤¥«¥¨© ¨ ª®à á¯à¥¤¥«¥¨©. �

ç áâ®áâ¨, ¯à®¨§¢®¤®¬ã àï¤ã (1.60) á®®â¢¥âáâ¢ã¥â ¤¢®©áâ¢¥ë© ¯à®-

¨§¢®¤ë© àï¤

K0 � K1 � : : : � Kk � : : : (1.111)

�¥£ã«ïà ï â®çª  ¯à®¨§¢®¤®£® àï¤  (1.60)  §ë¢ ¥âáï â ª¦¥ à¥£ã-

«ïà®© â®çª®© á®®â¢¥âáâ¢ãîé¥£® ¤¢®©áâ¢¥®£® àï¤  (1.111). �®£« á-

® ¯à¥¤«®¦¥¨î 1.29, ¢ ®ªà¥áâ®áâ¨ â ª®© â®çª¨ ¯à®¨§¢®¤®¬ã ä« £ã

(1.62) á®®â¢¥âáâ¢ã¥â ª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì ¤¢®©áâ¢¥ëå à¥£ã-

«ïàëå t-ª®à á¯à¥¤¥«¥¨©

K0 � K1 � : : : � KN ; (1.112)

£¤¥ Ki = (Fi)?, ª®â®àãî ¡ã¤¥¬  §ë¢ âì ¯à®¨§¢®¤ë¬ ª®ä« £®¬

t-ª®à á¯à¥¤¥«¥¨ï K. �¨á«® N + 1  §ë¢ ¥âáï ¤«¨®© ¯à®¨§¢®¤®£®

ª®ä« £  (1.112).

� ¯®¬¨¬, çâ® ¯à®¨§¢®¤®¬ã ä« £ã (1.62)  ää¨®£® à á¯à¥¤¥«¥-

¨ï F á®®â¢¥âáâ¢ã¥â â ª¦¥ ¯à®¨§¢®¤ë© ä« £ (1.66) à á¯à¥¤¥«¥¨ï ~F ,

¯à¨ç¥¬ Ki = g(Fi)?. � ª ª ª g(FN ) ï¢«ï¥âáï ¬¨¨¬ «ìë¬ ¨¢®«î-

â¨¢ë¬ (¨ ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬) à á¯à¥¤¥«¥¨¥¬, á®¤¥à¦ é¨¬ à á-

¯à¥¤¥«¥¨¥ ~F , â® KN ï¢«ï¥âáï ¬ ªá¨¬ «ìë¬ ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬

ª®à á¯à¥¤¥«¥¨¥¬, ª®â®à®¥ á®¤¥à¦¨âáï ¢ K.
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�à®¨§¢®¤ë© ª®ä« £ (1.112) ¬®¦® ¯®áâà®¨âì ¡¥§ ¨á¯®«ì§®¢ ¨ï

¤¢®©áâ¢¥®£® ¯à®¨§¢®¤®£® ä« £  (1.62). �¥©áâ¢¨â¥«ì®, ¨§ ¤®ª § -

®© ¢ á«¥¤ãîé¥¬ à §¤¥«¥ â¥®à¥¬ë 1.23 ¢ëâ¥ª ¥â, çâ® t-ª®à á¯à¥¤¥«¥¨¥

Ki+1 ¯®à®¦¤ ¥âáï â ª¨¬¨ ä®à¬ ¬¨ �ä ää  ! 2 Ki, çâ®

d! � 0 modKi:

�«ï  å®¦¤¥¨ï ¡ §¨áëå t-á¨áâ¥¬ �ä ää  t-ª®à á¯à¥¤¥«¥¨© (1.112)

¬®¦® ¯à¥¤«®¦¨âì á«¥¤ãîé¨©  «£®à¨â¬. �ãáâì (1.104) | ¡ §¨á ï t-

á¨áâ¥¬  �ä ää  t-ª®à á¯à¥¤¥«¥¨ï Ki. �ã¤¥¬ ¨áª âì ä®à¬ë

! = !i(y) dy
i + !n+1(y) dt;

¯®à®¦¤ îé¨¥ Ki+1, ¢ ¢¨¤¥ ! = �k(y)!
k ; k = 1; : : : ; q, £¤¥ �k(y) |

¥¨§¢¥áâë¥ äãªæ¨¨. �á«®¢¨¥ d! � 0 modKi, á®£« á® ¯à¥¤«®¦¥¨î

1.24, à ¢®á¨«ì® ãá«®¢¨î

dw ^ !1 ^ : : :^ !q = �kd!
k ^ !1 ^ : : :^ !q = 0:

�®á«¥ á®®â¢¥âáâ¢ãîé¨å ¢ëç¨á«¥¨© ¤¨ää¥à¥æ¨ «ì ï (q+2)-ä®à¬ 

�kd!
k ^!1 ^ : : :^!q ¯à¥¤áâ ¥â ¢ ¢¨¤¥ «¨¥©®© ª®¬¡¨ æ¨¨ ¡ §¨áëå

ä®à¬

dyi1 ^ : : :^ dyi(q+2) ; 16j1 < : : : < j(q+2)6n+ 1;

£¤¥ yn+1 = t, á ¥ª®â®àë¬¨ ª®íää¨æ¨¥â ¬¨, ¢ ª®â®àë¥ ¥¨§¢¥áâë¥

äãªæ¨¨ �k ¢å®¤ïâ «¨¥©® ¨ ®¤®à®¤®. �à¨à ¢¨¢ ï ã«î íâ¨ ª®-

íää¨æ¨¥âë, ¯®«ãç¨¬ á¨áâ¥¬ã «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨© ®â-

®á¨â¥«ì® �k. �á«¨ íâ  á¨áâ¥¬  ãà ¢¥¨© ¨¬¥¥â â®«ìª® ã«¥¢®¥ à¥-

è¥¨¥, â® Ki+1 = KN = O, £¤¥ O | âà¨¢¨ «ì®¥ ª®à á¯à¥¤¥«¥¨¥

O: (y; t) 7! f0g 2 T �(M � R1). � ¯à®â¨¢®¬ á«ãç ¥ ª ¦¤ ï äã¤ -

¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ®¯à¥¤¥«ï¥â ¡ §¨áãî t-á¨áâ¥¬ã �ä ää 

t-ª®à á¯à¥¤¥«¥¨ï Kk+1. �á«¨ à £ ¬ âà¨æë á¨áâ¥¬ë ãà ¢¥¨© à ¢¥

n � q, â® ¡ §¨áë¥ t-á¨áâ¥¬ë �ä ää  Ki ¨ Ki+1 á®¢¯ ¤ îâ. � íâ®¬

á«ãç ¥ Ki = Ki+1 = KN .

�á«¨ ¯®á«¥¤®¢ â¥«ì®áâ¨  ¯à ¢«ïîé¨å à á¯à¥¤¥«¥¨© (1.61) ¯®-

áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¯®á«¥¤®¢ â¥«ì®áâì ¤¢®©áâ¢¥ëå ª®à á¯à¥¤¥-

«¥¨©, â® ¯®«ãç¨âáï ¯®á«¥¤®¢ â¥«ì®áâì

K0 � K1 � : : :Kk � : : : (1.113)

�ãáâì B | ª®à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨ M � Rn,   K = ~B,

â.¥. K | t-ª®à á¯à¥¤¥«¥¨¥, ª ®¨ç¥áª¨ á®¯®áâ ¢«¥®¥ ª®à á¯à¥¤¥-

«¥¨î B. �®£¤  ¤¢®©áâ¢¥ë© àï¤ (1.97), ¯®áâà®¥ë© ¤«ï B ®¡ëçë¬

®¡à §®¬, ¡ã¤¥â á®¢¯ ¤ âì á ¯®á«¥¤®¢ â¥«ì®áâìî (1.113).
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�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ãáâ  ¢«¨¢ ¥â á®®â®è¥¨¥ ¤¢®©áâ¢¥®-

áâ¨ ¬¥¦¤ã ¯®ïâ¨ï¬¨ t-å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï ¨ å à ª-

â¥à¨áâ¨ç¥áª®£® à á¯à¥¤¥«¥¨ï.

�¥®à¥¬  1.12. �ãáâì K | à¥£ã«ïà®¥ t-ª®à á¯à¥¤¥«¥¨¥, CtK |

à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥. �®£¤ C(K?)| à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥,

¯à¨ç¥¬ C(K?) = (CtK)?.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì K § ¤ ® ¢ ®¡« áâ¨ M � R1 � R
n+1

¨ ¯ãáâì F = K?. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 M ¨ á®®â¢¥â-

áâ¢ãîéãî ¥© ¡ §¨áãî á¨áâ¥¬ã �ä ää  (1.104) t-ª®à á¯à¥¤¥«¥¨ï K.

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï. �á«¨ � | ¢¥ªâ®à®¥ ¯®«¥ ¢ M , â®

ç¥à¥§ ~�; �̂ ¡ã¤¥¬ ®¡®§ ç âì ¯®«ï (�; 1); (�; 0), § ¤ ë¥ ¢ M � R1. �®-

ª ¦¥¬, çâ® ¢¥ªâ®à � 2 TMy0 ¯à¨ ¤«¥¦¨â (CtK)?(y0) â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ¤«ï «î¡®£® ª á â¥«ì®£® ¢¥ªâ®à  � 2 F (y0)

!k(�) = 0; d!k(�̂; ~�) = 0; k = 1; : : : ; q: (1.114)

�¥©áâ¢¨â¥«ì®, ¢ë¯®«¥¨¥ ãá«®¢¨ï (1.114) ¤«ï «î¡®£® ª á â¥«ì®£®

¢¥ªâ®à  � 2 F (y0) à ¢®á¨«ì® ãá«®¢¨î ¢ë¯®«¥¨ï à ¢¥áâ¢

!ki �
i = 0; k = 1; : : : ; q; (1.115)

!kij�
i�j + !ki;n+1�

i = 0; k = 1; : : : ; q; i; j = 1; : : : ; n; (1.116)

¤«ï «î¡®£® ª á â¥«ì®£® ¢¥ªâ®à  � 2 TMy0 , ã¤®¢«¥â¢®àïîé¥£® à ¢¥-

áâ¢ ¬

!kj �
j + !kn+1 = 0; k = 1; : : : ; q: (1.117)

�®á«¥¤¥¥ ãá«®¢¨¥ à ¢®á¨«ì® â®¬ã, çâ® ¤®«¦ë ¢ë¯®«ïâìáï à ¢¥-

áâ¢  (1.115),   ãà ¢¥¨ï (1.116), à áá¬ âà¨¢ ¥¬ë¥ ®â®á¨â¥«ì® �,

¤®«¦ë ¡ëâì á«¥¤áâ¢¨¥¬ ãà ¢¥¨© (1.117), â.¥. ¢á¥ ¬¨®àë ¯®àï¤-

ª  q + 1 á«¥¤ãîé¨å ¬ âà¨æ à §¬¥à  (q + 1)� (n+ 1):

!ki1�
i : : : !ki;n+1�

i

!11 : : : !1n+1
...

. . .
...

!
q
1 : : : !

q
n+1


; k = 1; : : : ; q; (1.118)

¤®«¦ë à ¢ïâìáï ã«î. �âáî¤  ¢ëâ¥ª ¥â, çâ® � 2 TMy0 ã¤®¢«¥â¢®-

àï¥â ãá«®¢¨î (1.114) ¤«ï «î¡®£® � 2 F (y0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
(¢ â®çª¥ y0) !(�) = 0 ¤«ï ¢á¥å ä®à¬ �ä ää  ! å à ªâ¥à¨áâ¨ç¥áª®©

á¨áâ¥¬ë �ä ää  (1.105), (1.106), ¯®à®¦¤ îé¥© CtK. � ª ª ª CtK
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à¥£ã«ïà®, â®, á®£« á® ¯à¥¤«®¦¥¨î 1.27, ¨ (CtK)? à¥£ã«ïà®. �®-

ª ¦¥¬, çâ® (CtK)? = CF . �à¨¬¥ïï ä®à¬ã«ã (1.88), ¯®«ãç¨¬, çâ®

¤«ï «î¡ëå ¯®«¥© � 2 F; � 2 LF á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à ¢¥áâ¢  (¢

®ªà¥áâ®áâ¨ y0):

d!k(�̂; ~�) = �̂!k(~�) � ~�!k(�̂) � !k([�̂; ~�]) = �!k([�; �]); k = 1; : : : ; q:

�âáî¤  ¨ ¨§ â®£® ä ªâ , çâ® K = L
?
F , ¢ëâ¥ª ¥â, çâ® ¥á«¨ ¯®«¥ �

¯à¨ ¤«¥¦¨â F , â® ¯®«¥ � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

� 2 LF ; [�; �] 2 LF (1.119)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯®«¥ � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1.114). � -

ª¨¬ ®¡à §®¬, � 2 CF â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � 2 (CtK)?. 2

�«¥¤áâ¢¨¥ 1.3. �¥£ã«ïà®¥ t-å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥

ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �§ ¤®ª § ®© â¥®à¥¬ë ¨ ¯à¥¤«®¦¥¨ï 1.19

¢ëâ¥ª ¥â, çâ® C(K?) ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬ à á¯à¥¤¥«¥¨¥¬. �§

â¥®à¥¬ë 1.8 (�à®¡¥¨ãá ) á«¥¤ã¥â, çâ® C(K?) ¢¯®«¥ ¨â¥£à¨àã¥¬®.

� ª ª ª ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï à á¯à¥¤¥«¥¨ï ¨ ¤¢®©áâ¢¥®£®

ª®à á¯à¥¤¥«¥¨ï á®¢¯ ¤ îâ, â® CtK ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬

ª®à á¯à¥¤¥«¥¨¥¬. 2

� ¬¥ç ¨¥ 1.8. �á«¨ CtK ¥ ï¢«ï¥âáï à¥£ã«ïàë¬ ª®à á¯à¥¤¥«¥-

¨¥¬, â®, ¢®®¡é¥ £®¢®àï, CF 6= (CtK)?, â®ç¥¥, CF � (CtK)?.

�à¨¬¥à 1.6. � áá¬®âà¨¬ ¯®¤à®¡¥¥ á®®â®è¥¨¥ ¬¥¦¤ã å à ªâ¥-

à¨áâ¨ç¥áª¨¬ ª®à á¯à¥¤¥«¥¨¥¬ ¨ å à ªâ¥à¨áâ¨ç¥áª¨¬ à á¯à¥¤¥«¥¨¥¬

¢ á«ãç ¥ ª®à á¯à¥¤¥«¥¨ï K à £  1, § ¤ ®£® ¢ ®¡« áâ¨ M � Rn, ¨,
á®®â¢¥âáâ¢¥®, ¤¢®©áâ¢¥®£® à á¯à¥¤¥«¥¨ï K? à £  n � 1. �ãáâì

K ¯®à®¦¤ ¥âáï ãà ¢¥¨¥¬ �ä ää 

! = !1(y) dy
1 + : : :+ !n(y) dy

n = 0: (1.120)

�®¦¥áâ¢® ¬ âà¨æ (1.118) ¢ ¤ ®¬ á«ãç ¥ á®áâ ¢«ï¥â ®¤  ¬ âà¨æ ,

ª®â®à ï ¨¬¥¥â ¢¨¤  !i1�
i : : : !in�

i 0

!1 : : : !n 0

 :
�á«®¢¨¥ à ¢¥áâ¢  ã«î ¬¨®à®¢ ¢â®à®£® ¯®àï¤ª  ¢ íâ®© ¬ âà¨æ¥ à ¢-

®á¨«ì® ¯à®¯®àæ¨® «ì®áâ¨ áâà®ª, â.¥.

!ji�
i = �!j; j = 1; : : : ; n;
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£¤¥ � | ¥ª®â®àë¥ äãªæ¨¨ ®â y. �âáî¤  á«¥¤ã¥â, çâ® ª á â¥«ìë©

¢¥ªâ®à � 2 TMy0 ¯à¨ ¤«¥¦¨â C(K?)(y0) â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  ¢ ¤ ®© â®çª¥ y0 á®¢¬¥áâ  á¨áâ¥¬  n + 1 «¨¥©ëå ®¤®à®¤ëå

ãà ¢¥¨© 8>><
>>:

!11�
1 + : : :+ !1n�

n � !1� = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

!n1�
1 + : : :+ !nn�

n � !n� = 0

!1�
1 + : : :+ !n�

n = 0

(1.121)

®â®á¨â¥«ì® n + 1 ¥¨§¢¥áâëå �1; : : : ; �n; �. � ¬¥â¨¬, çâ® !ij = �!ji
(¢ ç áâ®áâ¨, !ii = 0). � ª¨¬ ®¡à §®¬, ¬ âà¨æ  ª®íää¨æ¨¥â®¢ á¨áâ¥-

¬ë 

0 !12 : : : !1n �!1
!21 0 : : : !2n �!2
...

...
. . .

...
...

!n1 !n2 : : : 0 �!n
!1 !2 : : : !n 0


(1.122)

ï¢«ï¥âáï ª®á®á¨¬¬¥âà¨ç¥áª®©. � ª ¨§¢¥áâ® ¨§ «¨¥©®©  «£¥¡àë,

à £ ª®á®á¨¬¬¥âà¨ç¥áª®© ¬ âà¨æë ï¢«ï¥âáï ç¥âë¬ ç¨á«®¬ [53]. �¡®-

§ ç¨¬ ¥£® ç¥à¥§ 2l. �â ª, áà¥¤¨ ãà ¢¥¨© (1.121) ¨¬¥¥âáï 2l «¨¥©®

¥§ ¢¨á¨¬ëå. �®á«¥ ¨áª«îç¥¨ï � ¨å ®áâ ¥âáï â®«ìª® 2l � 1, â ª ª ª

� áãé¥áâ¢¥® ¢å®¤¨â ¢ á¨áâ¥¬ã: å®âï ¡ë ®¤  ¨§ ª®¬¯®¥â !1; : : : ; !n;

®â«¨ç  ®â ã«ï. �à ¢¥¨ï, ®áâ ¢è¨¥áï ¯®á«¥ ¨áª«îç¥¨ï �, ®¯à¥¤¥-

«ïîâ å à ªâ¥à¨áâ¨ç¥áªãî á¨áâ¥¬ã �ä ää  ª®à á¯à¥¤¥«¥¨ï K. �â-

áî¤  ¬®¦® á¤¥« âì ¢ë¢®¤: à £ å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥-

¨ï CK, â.¥. classK, ¢á¥£¤  ¥ç¥âë© ¢ á«ãç ¥ ª®à á¯à¥¤¥«¥¨ï K

à £  1. �«ï  å®¦¤¥¨ï ª« áá  ª®à á¯à¥¤¥«¥¨ï K á«¥¤ã¥â  ©â¨

à £ ¬ âà¨æë (1.122) ¨ ¢ëç¥áâì ¨§ ¥£® ¥¤¨¨æã.

�â ª, ¢ à áá¬®âà¥®¬ ¯à¨¬¥à¥ ¯à¨¢¥¤¥ ª®áâàãªâ¨¢ë© á¯®á®¡

®¯à¥¤¥«¥¨ï ª« áá  ª®à á¯à¥¤¥«¥¨ï K à £  1. � ¤¨¬ ¥é¥ ®¤¨ á¯®-

á®¡, ã¤®¡ë© ¢ â¥®à¥â¨ç¥áª¨å à ááã¦¤¥¨ïå.

�à¥¤«®¦¥¨¥ 1.31. �ãáâì à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ K à -

£  1 § ¤ ¥âáï ¢ ®¡« áâ¨ M � R
n ãà ¢¥¨¥¬ �ä ää  (1.120). �á«¨

¤«ï ¥ª®â®à®£®  âãà «ì®£® ç¨á«  p ¢ â®çª¥ y0 2 M ¢ë¯®«ïîâáï

á®®â®è¥¨ï

(d!)
p ^ ! 6= 0; (1.123)

(d!)
p+1 ^ ! = 0; (1.124)

â® classK(y0) = 2p+ 1.
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�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¢ â®çª¥ y0 2M ¢ë¯®«ïîâáï á®®â®è¥-

¨ï (1.123), (1.124). �§ ¯à¥¤«®¦¥¨ï 1.25 á«¥¤ã¥â, çâ®  ©¤¥âáï â ª ï

1-ä®à¬  �1, «¨¥©® ¥§ ¢¨á¨¬ ï á !(y0), çâ®

(d!)
p ^ ! ^ �1 = 0:

�á«¨ d! ^ ! ^ �1 6= 0, â®, á®¢  ¯à¨¬¥ïï ¯à¥¤«®¦¥¨¥ 1.25, ¯®«ãç¨¬

(d!)
p�1 ^ ! ^ �1 ^ �2 = 0;

£¤¥ �2 | 1-ä®à¬  ¢ â®çª¥ y0, ª®â®à ï «¨¥©® ¥ ¢ëà ¦ ¥âáï ç¥à¥§

ä®à¬ë !(y0), �
1. �à®¤®«¦ ï íâ®â ¯à®æ¥áá, ¯à¨¤¥¬ ª à ¢¥áâ¢ã

d! ^ ! ^ �1 ^ : : :^ �q = 0; (1.125)

£¤¥ q6p ¨ ä®à¬ë !(y0), �
i, i = 1; : : : ; q, «¨¥©® ¥§ ¢¨á¨¬ë. �§

à ¢¥áâ¢  (1.125) ¢ëâ¥ª ¥â, çâ®  ©¤ãâáï â ª¨¥ 1-ä®à¬ë �q+1, . . . , �2q ,

�, çâ®

d! =

qX
i=1

�i ^ �q+i + � ^ !: (1.126)

� ª ª ª ¢ á¨«ã (1.124)

(d!)
p ^ ! =

 
qX
i=1

�i ^ �q+i
!p

^ ! =

= q!(�1 ^ �q+1 ^ : : :^ �q ^ �2q)
 

qX
i=1

�i ^ �q+i
!(p�q)

^ ! 6= 0;

â® q = p ¨ ä®à¬ë !(y0), �
i, i = 1; : : : ; 2p, «¨¥©® ¥§ ¢¨á¨¬ë.

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.12 á«¥¤ã¥â, çâ® à £ ª®à á¯à¥¤¥«¥¨ï

CK ¢ â®çª¥ y0 à ¢¥ à £ã á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì®

� = (�1; : : : ; �n)

!(�) = 0;

d!(�j; �) = 0; j = 1; : : : ; n� 1;
(1.127)

£¤¥ ¢¥ªâ®àë �j 2 TMy0 , j = 1; : : : ; n � 1 á®áâ ¢«ïîâ ¡ §¨á K?(y0).

(�¥©áâ¢¨â¥«ì®, ¢ ¤ ®¬ á«ãç ¥ ãá«®¢¨ï (1.114) ¨ (1.127) íª¢¨¢ «¥â-

ë.) �ë¡¥à¥¬ ¡ §¨á K?(y0) á¯¥æ¨ «ìë¬ ®¡à §®¬,   ¨¬¥® ª ª  ¡®à

«¨¥©® ¥§ ¢¨á¨¬ëå ¢¥ªâ®à®¢ �j 2 TMy0 , j = 1; : : : ; n� 1; ã¤®¢«¥â¢®-

àïîé¨å à ¢¥áâ¢ ¬

!(�j) = 0; j = 1; : : : ; n� 1; (1.128)

�i(�k) = �ik; i; k = 1; : : : ; 2p: (1.129)
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� á¨«ã (1.126) ¨ (1.128)

d!(�j; �) =

pX
i=1

�
�i(�j)�

p+i(�)� �p+i(�j)�
i(�)

�
+ �(�j)!(�);

j = 1; : : : ; n� 1:

(1.130)

�«¥¤®¢ â¥«ì®, ãà ¢¥¨ï á¨áâ¥¬ë (1.127) ï¢«ïîâáï «¨¥©ë¬¨ ª®¬-

¡¨ æ¨ï¬¨ ãà ¢¥¨©

!(�) = 0; �i(�) = 0; i = 1; : : : ; 2p;

¨ à £ á¨áâ¥¬ë (1.127) ¥ ¯à¥¢ëè ¥â 2p+1. � ¤àã£®© áâ®à®ë, (1.130),

(1.129) ¤ îâ

d!(�k; �) = �p+k(�) + �(�k)!(�);

d!(�p+k; �) = ��k(�) + �(�p+k)!(�); (1.131)

k = 1; : : : ; p;

â.¥. ¢ á¨áâ¥¬¥ (1.127) ãà ¢¥¨ï

!(�) = 0; d!(�j; �) = 0; j = 1; : : : ; 2p;

«¨¥©® ¥§ ¢¨á¨¬ë ¨ dimCK(y0) = 2p+ 1. 2

1.5. �ª¢¨¢ «¥â®áâì

á¥¬¥©áâ¢ ¢¥ªâ®àëå ¯®«¥©

¨ íª¢¨¢ «¥â®áâì á¨áâ¥¬ �ä ää 

�«£®à¨â¬ë, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ à¥è¥¨¨ â¥å ¨«¨ ¨ëå § ¤ ç, á¢ï§ -

ëå á à á¯à¥¤¥«¥¨ï¬¨ ¨ ª®à á¯à¥¤¥«¥¨ï¬¨, ®¯¥à¨àãîâ, ª ª ¯à ¢¨-

«®, á ¡ §¨áë¬¨ á¥¬¥©áâ¢ ¬¨ ¢¥ªâ®àëå ¯®«¥© ¨ ¡ §¨áë¬¨ á¨áâ¥¬ ¬¨

�ä ää . � ¯à¨¬¥à, ¯à¨ ¨áá«¥¤®¢ ¨¨ ¢®¯à®á  ® áãé¥áâ¢®¢ ¨¨ ¨  -

å®¦¤¥¨¨ ¨â¥£à «®¢ à á¯à¥¤¥«¥¨ï ã¦®, ª ª ãª §ë¢ «®áì ¢ à §¤¥«¥

1.3, ¯®áâà®¨âì, ¨á¯®«ì§ãï ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï D, á ¯®¬®-

éìî ¯à®æ¥áá  ¯®¯®«¥¨ï ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï D�,   § -

â¥¬ ¯® ®¯à¥¤¥«¥®¬ã  «£®à¨â¬ã ®¯à¥¤¥«¨âì ¥£® ¨â¥£à «ë. � á¢ï§¨

á íâ¨¬ ¥áâ¥áâ¢¥® ¢®§¨ª ¥â § ¤ ç  ® ¢ë¡®à¥ ¯®¤å®¤ïé¥£® ¡ §¨á®£®

á¥¬¥©áâ¢  ¯®«¥© (¨«¨ ¡ §¨á®© á¨áâ¥¬ë �ä ää ) ¨«¨ ¢ ¡®«¥¥ ®¡é¥¬

¯« ¥ ¯à®¡«¥¬  íª¢¨¢ «¥â®áâ¨ ¨ ª« áá¨ä¨ª æ¨¨ á¥¬¥©áâ¢ ¯®«¥© ¨

á¨áâ¥¬ �ä ää . �ä®à¬ã«¨àã¥¬ ¯®ïâ¨¥ íª¢¨¢ «¥â®áâ¨ á¥¬¥©áâ¢

¢¥ªâ®àëå ¯®«¥©. �¨¥©® ¥á¢ï§ ë¥ á¥¬¥©áâ¢ 

�a = �ia(y)
@

@yi
; a = 1; : : : ; p; y 2M � Rn; (1.132)
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�a = �ia(x)
@

@xi
; a = 1; : : : ; p; x 2 N � Rn; (1.133)

§ ¤ ë¥ ¢ ®¡« áâïå M ¨ N ,  §ë¢ îâáï íª¢¨¢ «¥âë¬¨, ¥á«¨ ®¤®

¬®¦¥â ¡ëâì ¯®«ãç¥® ¨§ ¤àã£®£® á ¯®¬®éìî á«¥¤ãîé¨å ®¯¥à æ¨© (¢ë-

¯®«ï¥¬ëå ¢ «î¡®¬ ¯®àï¤ª¥): 1) ¤¨ää¥®¬®àä¨§¬  (¨«¨, ¨ ç¥ £®¢®-

àï, § ¬¥ë ª®®à¤¨ â), 2) «¨¥©®£® ¥¢ëà®¦¤¥®£® ¯à¥®¡à §®¢ ¨ï

(á ª®íää¨æ¨¥â ¬¨, £« ¤ª® § ¢¨áïé¨¬¨ ®â ª®®à¤¨ â). � «®£¨ç®

®¯à¥¤¥«ï¥âáï íª¢¨¢ «¥â®áâì «¨¥©® ¥á¢ï§ ëå á¨áâ¥¬ �ä ää 

!k = !ki (y)dy
i = 0; k = 1; : : : ; q; y 2M � Rn; (1.134)

�k = �ki (x)dx
i = 0; k = 1; : : : ; q; x 2 N � Rn: (1.135)

�áï á®¢®ªã¯®áâì «¨¥©® ¥á¢ï§ ëå á¥¬¥©áâ¢ ¢¥ªâ®àëå ¯®«¥©

à §¡¨¢ ¥âáï   ¥¯¥à¥á¥ª îé¨¥áï ¯®¤¬®¦¥áâ¢  íª¢¨¢ «¥âëå á¥¬¥©áâ¢

| ª« ááë íª¢¨¢ «¥â®áâ¨. �à®¡«¥¬  ª« áá¨ä¨ª æ¨¨ § ª«îç ¥âáï ¢

®¯¨á ¨¨ ª« áá®¢ íª¢¨¢ «¥â®áâ¨, â.¥. ¢ ®¯¨á ¨¨ á¥¬¥©áâ¢ á â®ç-

®áâìî ¤® íª¢¨¢ «¥â®áâ¨. �â  ¯à®¡«¥¬  ¢ª«îç ¥â ¢ á¥¡ï,  ¯à¨-

¬¥à, á«¥¤ãîé¨¥ § ¤ ç¨:  å®¦¤¥¨¥ ªà¨â¥à¨¥¢ íª¢¨¢ «¥â®áâ¨ ¤¢ãå

á¥¬¥©áâ¢; ¯®áâà®¥¨¥ ¤¨ää¥®¬®àä¨§¬®¢ ¨ «¨¥©ëå ¯à¥®¡à §®¢ ¨©,

¯¥à¥¢®¤ïé¨å á¥¬¥©áâ¢  ¤àã£ ¢ ¤àã£ ; ¯®áâà®¥¨¥ ª ®¨ç¥áª¨å ä®à¬,

â.¥. ¯à¥¤áâ ¢¨â¥«¥© ª« áá®¢ íª¢¨¢ ¢ «¥â®áâ¨ (¯® ¢®§¬®¦®áâ¨  ¨-

¡®«¥¥ ¯à®áâ®£® ¢¨¤ ). � «®£¨ç® ®¯à¥¤¥«ï¥âáï ¯à®¡«¥¬  ª« áá¨ä¨-

ª æ¨¨ á¨áâ¥¬ �ä ää . �â¨ ¯à®¡«¥¬ë (ª®â®àë¥, ª ª ¢¨¤® ¨§ ¤ «ì-

¥©è¥£®, à ¢®á¨«ìë) ¤® á¨å ¯®à ¯®«®áâìî ¥ à¥è¥ë. �¥ª®â®àë¥

¨§ ¨¬¥îé¨åáï à¥§ã«ìâ â®¢ ¯à¨¢¥¤¥ë ¢ íâ®¬ à §¤¥«¥.

�ãáâì á¥¬¥©áâ¢  (1.132) ¨ (1.133) ¯®à®¦¤ îâ à¥£ã«ïàë¥ à á¯à¥-

¤¥«¥¨ï D ¨ P ,   á¨áâ¥¬ë �ä ää  (1.134) ¨ (1.135) | à¥£ã«ïàë¥

ª®à á¯à¥¤¥«¥¨ï K ¨ L. �¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 1.32. �¥¬¥©áâ¢  (1.132) ¨ (1.133) (á¨áâ¥¬ë (1.134)

¨ (1.135)) íª¢¨¢ «¥âë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á®®â¢¥âáâ¢ãî-

é¨¥ à á¯à¥¤¥«¥¨ï D ¨ P (ª®à á¯à¥¤¥«¥¨ï K ¨ L) ¤¨ää¥®¬®àäë.

�®ª  §  â ¥ « ì á â ¢ ®. �®ª ¦¥¬ íâ® ãâ¢¥à¦¤¥¨¥ ¤«ï á¥¬¥©áâ¢ ¯®-

«¥©. �ãáâì à á¯à¥¤¥«¥¨ï D ¨ P ¤¨ää¥®¬®àäë ®â®á¨â¥«ì® ¤¨ä-

ä¥®¬®àä¨§¬   :M ! N . �ç¥¢¨¤®, çâ® ¯®«ï �a =  ��a, a = 1; : : : ; p,

á®áâ ¢«ïîâ ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï P . � ª ª ª á¥¬¥©áâ¢®

(1.133) ï¢«ï¥âáï â ª¦¥ ¡ §¨áë¬ ¤«ï à á¯à¥¤¥«¥¨ï P , â® �a = {
b
a(x)�,

¯à¨ç¥¬ {ba(y) | £« ¤ª¨¥ äãªæ¨¨ ¨ j{baj 6= 0. �«¥¤®¢ â¥«ì®, á¥¬¥©áâ¢ 

(1.132) ¨ (1.133) íª¢¨¢ «¥âë. �¡à â®¥ ãâ¢¥à¦¤¥¨¥ â ª¦¥ ®ç¥¢¨¤-

®. 2
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� ª ®â¬¥ç «®áì ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥, ª ¦¤®¬ã à¥£ã«ïà®¬ã à á-

¯à¥¤¥«¥¨î D á®¯®áâ ¢«ï¥âáï ¤¢®©áâ¢¥®¥ à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥-

¨¥ D? (¨  ®¡®à®â). �¥¬¥©áâ¢® ¯®«¥© (1.132) ¨ á¨áâ¥¬  �ä ää 

(1.134)  §ë¢ îâáï ¢§ ¨¬ë¬¨, ¥á«¨ á¥¬¥©áâ¢® (1.132) ï¢«ï¥âáï ¡ §¨á-

ë¬ ¤«ï à á¯à¥¤¥«¥¨ï D,   á¨áâ¥¬  (1.135) ï¢«ï¥âáï ¡ §¨á®© ¤«ï ª®-

à á¯à¥¤¥«¥¨ï D?. �¢ï§ì ¬¥¦¤ã ¨¬¨ (á®£« á® ¤®ª § â¥«ìáâ¢ã ¯à¥¤-

«®¦¥¨ï 1.27) § ª«îç ¥âáï ¢ â®¬, çâ® ä®à¬ë �ä ää  (1.134) ®¯à¥¤¥-

«ïîâ äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á¨áâ¥¬ë «¨¥©ëå ®¤®à®¤-

ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® ! = (!1; : : : ; !n):

!i�
i
a(y) = 0; a = 1; : : : ; p;

  á¥¬¥©áâ¢® (1.132) ®¯à¥¤¥«ï¥â äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á¨-

áâ¥¬ë ãà ¢¥¨© ®â®á¨â¥«ì® � = (�1; : : : ; �n):

!ki (�
i) = 0; k = 1; : : : ; q = n� p:

� ª¨¬ ®¡à §®¬, ¢§ ¨¬ë¥ á¥¬¥©áâ¢® (1.132) ¨ á¨áâ¥¬  (1.134) á¢ï§ ë

á®®â®è¥¨ï¬¨

!ki (�
i
a) = 0; a = 1; : : : ; p; k = 1; : : : ; q = n� p: (1.136)

�á®, çâ® ¢§ ¨¬ë¥ á¥¬¥©áâ¢  ¯®«¥© ¨ á¨áâ¥¬ë �ä ää  ®¯à¥¤¥-

«¥ë ¥®¤®§ ç® á â®ç®áâìî ¤® «¨¥©®£® ¥¢ëà®¦¤¥®£® ¯à¥-

®¡à §®¢ ¨ï. � ¬¥â¨¬, çâ® á¥¬¥©áâ¢® ¯®«¥© ï¢«ï¥âáï ¯®«ë¬ â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ¢§ ¨¬ ï á¨áâ¥¬  �ä ää  ï¢«ï¥âáï ¢¯®«¥ ¨-

â¥£à¨àã¥¬®©.

�â¬¥â¨¬ â ª¦¥ ¥é¥ ®¤¨ à¥§ã«ìâ â   íâã â¥¬ã, ª®â®àë© ¤®ª §ë¢ -

¥âáï   «®£¨ç® ¯à¥¤«®¦¥¨î 1.10.

�à¥¤«®¦¥¨¥ 1.33. �ãáâì (1.132)| «¨¥©® ¥á¢ï§ ®¥ á¥¬¥©-

áâ¢® ¯®«¥©, (1.134)| ¢§ ¨¬ ï á¨áâ¥¬  �ä ää  (q = n�p), I | ¥ª®-

â®à®¥ ¯®¤¬®¦¥áâ¢® ¨§ p í«¥¬¥â®¢ ¬®¦¥áâ¢  ¨¤¥ªá®¢ f1; : : : ; ng,
I = f1; : : : ; ng n I. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

 ) j�iaji2Ia=1;:::;p 6= 0;

¡)j!kj jk=1;:::;qj2I
6= 0. 2

�§ ¯à¥¤«®¦¥¨ï 1.32 ¨ â®£® ä ªâ , çâ® ¤¢  à á¯à¥¤¥«¥¨ï ¤¨ä-

ä¥®¬®àäë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤¨ää¥®¬®àäë ¤¢®©áâ¢¥ë¥

ª®à á¯à¥¤¥«¥¨ï, ¢ëâ¥ª ¥â

�à¥¤«®¦¥¨¥ 1.34. �¢  á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© íª¢¨¢ «¥â-

ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íª¢¨¢ «¥âë ¢§ ¨¬ë¥ á¨áâ¥¬ë

�ä ää . 2
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�âáî¤  á«¥¤ã¥â, çâ® à¥è¥¨¥ â®© ¨«¨ ¨®© ª« áá¨ä¨ª æ¨®®© § -

¤ ç¨ ¤«ï á¥¬¥©áâ¢ ¯®«¥© ®§ ç ¥â à¥è¥¨¥ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨

¤«ï á¥¬¥©áâ¢ �ä ää  ¨  ®¡®à®â.

� ¦¥©è¨¬ ¯®ïâ¨¥¬ ¯à¨ ¨áá«¥¤®¢ ¨¨ ¯à®¡«¥¬ë ª« áá¨ä¨ª æ¨¨

ï¢«ï¥âáï ¯®ïâ¨¥ ¨¢ à¨ â , â.¥. ¢¥«¨ç¨ë, ª®â®à ï ¥ ¬¥ï¥âáï ¯à¨

¯¥à¥å®¤¥ ª íª¢¨¢ «¥â®¬ã ®¡ê¥ªâã. �à¨¢¥¤¥¬ ¯à¨¬¥àë ¨¢ à¨ â®¢.

�ãáâì «¨¥©® ¥á¢ï§ ë¥ á¥¬¥©áâ¢  (1.132) ¨ (1.133) ®¯à¥¤¥«ïîâ

àá¯à¥¤¥«¥¨ï D ¨ P .

� á¯à¥¤¥«¥¨ï¬ D ¨ P á®®â¢¥âáâ¢ãîâ à á¯à¥¤¥«¥¨ï Dk ¨ Pk, á®-

áâ ¢«ïîé¨¥ ¯à®¨§¢®¤ë¥ àï¤ë, ¨ ¨å å à ªâ¥à¨áâ¨ç¥áª¨¥ à á¯à¥¤¥«¥-

¨ï CDk ¨ CPk. �§ ¯à¥¤«®¦¥¨ï 1.32 ¢ëâ¥ª ¥â, çâ® á¥¬¥©áâ¢  (1.132)

¨ (1.133) íª¢¨¢ «¥âë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à á¯à¥¤¥«¥¨ï

Dk;CDk ¤¨ää¥®¬®àäë à á¯à¥¤¥«¥¨ï¬ Pk, CPk, k = 0; 1; : : : � -

ª¨¬ ®¡à §®¬, ¥á«¨ à áá¬ âà¨¢ âì á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©, ª®â®àë¥

®¯à¥¤¥«ïîâ à¥£ã«ïàë¥ à á¯à¥¤¥«¥¨ï ãª § ®£® ¢¨¤ , â® à £¨ íâ¨å

à á¯à¥¤¥«¥¨© ï¢«ïîâáï ¨¢ à¨ â ¬¨ ¢ ¯à®¡«¥¬¥ ª« áá¨ä¨ª æ¨¨ â -

ª¨å á¥¬¥©áâ¢. � §ã¬¥¥âáï, ¢á¥ áª § ®¥ ®â®á¨âáï (¢ ¤¢®©áâ¢¥®©

ä®à¬¥) ª á¨áâ¥¬ ¬ �ä ää .

�à¨¢¥¤¥¬ â¥¯¥àì ¥ª®â®àë¥ ª« áá¨ç¥áª¨¥ à¥§ã«ìâ âë ¯® ¯à®¡«¥¬¥

ª« áá¨ä¨ª æ¨¨. �â¨ à¥§ã«ìâ âë ®áïâ «®ª «ìë© å à ªâ¥à. �¢¥¤¥¬

á®®â¢¥âáâ¢ãîé¨¥ ®¯à¥¤¥«¥¨ï. �®¢®àïâ, çâ® á¥¬¥©áâ¢® ¯®«¥© (1.132)

«®ª «ì® íª¢¨¢ «¥â® ¢ â®çª¥ y0 2 M á¥¬¥©áâ¢ã (1.133), ¥á«¨ áãé¥-

áâ¢ãîâ â ª¨¥ ®ªà¥áâ®áâì U â®çª¨ y0 ¨ ®¡« áâì V � N , çâ® á¥¬¥©áâ¢ 

(1.132) ¨ (1.133), ¡ã¤ãç¨ ®£à ¨ç¥ë   U ¨ V , íª¢¨¢ «¥âë. �á«¨

á¥¬¥©áâ¢® ¯®«¥© (1.132) «®ª «ì® íª¢¨¢ «¥â® ¢ ª ¦¤®© â®çª¥ M á¥-

¬¥©áâ¢ã (1.133), â® £®¢®àïâ, çâ® á¥¬¥©áâ¢® (1.132) «®ª «ì® íª¢¨¢ «¥â-

® á¥¬¥©áâ¢ã (1.133). � «®£¨çë¥ ®¯à¥¤¥«¥¨ï ¢¢®¤ïâáï ¤«ï á¨áâ¥¬

�ä ää .

�¥®à¥¬  1.13. �®«®¥ á¥¬¥©áâ¢® ¯®«¥© (1.132) «®ª «ì® íª¢¨¢ -

«¥â® á¥¬¥©áâ¢ã

�b =
@

@xb
; b = n� p + 1; : : : ; n: (1.137)

� ® ª  §  â ¥ « ì á â ¢ ®. �á«¨ p < n, â® á¥¬¥©áâ¢® (1.132), á®£« á®

â¥®à¥¬¥ 1.5, ¨¬¥¥â ¢ ®ªà¥áâ®áâ¨ â®çª¨ y 2 M n � p äãªæ¨® «ì®

¥§ ¢¨á¨¬ëå ¨â¥£à «®¢

'k(y); k = 1; : : : ; n� p: (1.138)

�®¯®«¨¬ äãªæ¨¨ (1.138) ¤®  ¡®à  n äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå

äãªæ¨© 'i(y); i = 1; : : : ; n. �â¨ äãªæ¨¨ ®¯à¥¤¥«ïîâ «®ª «ìë© ¤¨ä-
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ä¥®¬®àä¨§¬ xi � 'i(y); i = 1; : : : ; n. �®«ï (1.137) ¯¥à¥©¤ãâ ¢ ¤¨ää¥®-

¬®àäë¥ ¯®«ï

�a = �ia(x)
@

@xi
; a = 1; : : : ; p; (1.139)

¯à¨ç¥¬ ®ç¥¢¨¤®, çâ® �ia = 0; i = 1; : : : ; p, ¨ j�iaji=n�p+1;:::;na=1;:::;p 6= 0. �á-

®, çâ® «¨¥©ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¯®«ï (1.139) ¯à¥-

®¡à §ãîâáï ¢ ¯®«ï (1.137). �á«¨ p = n, â® á¥¬¥©áâ¢® (1.132) «¨-

¥©ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¯à¥®¡à §ã¥âáï ¢ á¥¬¥©áâ¢®

@=@ya; a = 1; : : : ; n. 2

�¢®©áâ¢¥ë© ¢ à¨ â íâ®© â¥®à¥¬ë ¢ë£«ï¤¨â â ª:

�¥®à¥¬  1.14. �¯®«¥ ¨â¥£à¨àã¥¬ ï á¨áâ¥¬  �ä ää  (1.134) «®-

ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ �ä ää 

dxk = 0; k = 1; : : : ; q: (1.140)

� ® ª  §  â ¥ « ì á â ¢ ®. �á«¨ q < n, â® ¤ ®¥ ãâ¢¥à¦¤¥¨¥ ¢ëâ¥ª -

¥â ¨§ â¥®à¥¬ë 1.13, â ª ª ª ®ç¥¢¨¤®, çâ® á¥¬¥©áâ¢® (1.137) ¨ á¨áâ¥¬ 

(1.140) ï¢«ïîâáï ¢§ ¨¬ë¬¨ (¯à¨ p = n � q). �á«¨ p = q, â® á¨áâ¥¬ 

(1.134) «¨¥©ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¯¥à¥å®¤¨â ¢ á¨áâ¥-

¬ã dyk = 0; k = 1; : : : ; n. 2

�«¥¤áâ¢¨¥ 1.4. �ãáâì K;L| à¥£ã«ïàë¥ ¢¯®«¥ ¨â¥£à¨àã¥¬ë¥

ª®à á¯à¥¤¥«¥¨ï, § ¤ ë¥ ¢ ®¡« áâ¨ M � Rn, ¯à¨ç¥¬ K � L. �®£¤ 

(«®ª «ì®) áãé¥áâ¢ã¥â à¥£ã«ïà®¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥-

«¥¨¥ R, â ª®¥, çâ® L = K �R.

�®ª  §  â ¥ « ì á â ¢ ®. �à¨¢¥¤¥¬ ¡ §¨áãî á¨áâ¥¬ã �ä ää  ª®à -

á¯à¥¤¥«¥¨ï L ª ¢¨¤ã (1.140). �®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.13,

íâ® ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî § ¬¥ë ª®®à¤¨ â xi = 'i(y), i =

1; : : : ; n, £¤¥ äãªæ¨¨ 'k, k = 1; : : : ; q, á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨-

â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï L. �ãáâì dimK = d. �®§ì¬¥¬ ¢ ª ç¥áâ¢¥

'k, k = 1; : : : ; d, ¯®«ë©  ¡®à ¨â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï K. �®£¤ 

®ç¥¢¨¤®, çâ® ãà ¢¥¨ï �ä ää  dxk = 0 ¯®à®¦¤ îâ K,   ãà ¢¥¨ï

dxl = 0, l = d + 1; : : : ; q, ¯®à®¦¤ îâ ¥ª®â®à®¥ à¥£ã«ïà®¥ ª®à á¯à¥-

¤¥«¥¨¥ R, ¯à¨ç¥¬ L = K � R. �®à á¯à¥¤¥«¥¨¥ R ï¢«ï¥âáï ¢¯®«¥

¨â¥£à¨àã¥¬ë¬ ¯® â¥®à¥¬¥ 1:10, â ª ª ª d(dxl) = 0. 2

�®á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï ä®à¬ã«¨àãîâáï ¢ â¥à¬¨ å á¨áâ¥¬ë

�ä ää  (1.134). (�â¨ à¥§ã«ìâ âë «¥£ª® ¬®¦® ¯¥à¥ä®à¬ã«¨à®¢ âì ¢

¤¢®©áâ¢¥®© ä®à¬¥.) �®ª § â¥«ìáâ¢® â¥®à¥¬ 1.15, 1.16, 1.19 á¬. ¢ [10],

â¥®à¥¬ë 1.17 | ¢ [56].

�¡®§ ç¨¬ ç¥à¥§K ª®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ á¨áâ¥¬®© (1.134).
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�¥®à¥¬  1.15. �ãáâì CK � P , £¤¥ P | ¥ª®â®à®¥ à¥£ã«ïà®¥

¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ à £  s. �®£¤  á¨áâ¥¬  �ä ä-

ä  (1.134) «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ �ä ää  ¢¨¤ 


k = 
kj (x
1; : : : ; xs)dxj = 0; k = 1; : : : ; q; j = 1; : : : ; s: (1.141)

� ¬¥ç ¨¥ 1.9. �¨áâ¥¬  (1.134) ¯à¨¢®¤¨âáï ª á¨áâ¥¬¥ (1.141) ¤¨ä-

ä¥®¬®àä¨§¬®¬ xi = 'i(y), i = 1; : : : ; n, £¤¥ 'i(y), i = 1; : : : ; s;| ¯®«ë©

 ¡®à ¨â¥£à «®¢ P , ¨ ¥ª®â®àë¬ «¨¥©ë¬ ¯à¥®¡à §®¢ ¨¥¬ (á¬. ¤®-

ª § â¥«ìáâ¢® ¥áª®«ìª® ¡®«¥¥ ®¡é¥© â¥®à¥¬ë 1.22). �á«¨ CK | à¥£ã-

«ïà®¥ ª®à á¯à¥¤¥«¥¨¥, â®, á®£« á® á«¥¤áâ¢¨î 1.3 ª â¥®à¥¬¥ 1.12,CK

ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬ ª®à á¯à¥¤¥«¥¨¥¬. �®íâ®¬ã á¨áâ¥¬ã

(1.141) ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî ¨â¥£à «®¢ CK (¢§ï¢ ¢ ª ç¥áâ¢¥

P ª®à á¯à¥¤¥«¥¨¥ CK). �¨áâ¥¬  (1.141), ¯®«ãç¥ ï â ª¨¬ ®¡à §®¬,

®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: íâ  á¨áâ¥¬  § ¢¨á¨â ®â ¬¨¨¬ «ì®-

£® ç¨á«  ¯¥à¥¬¥ëå (à ¢®£® à £ã CK, â.¥. ª« ááã K), ®â ª®â®àëå

¬®¦¥â § ¢¨á¥âì á¨áâ¥¬  �ä ää , íª¢¨¢ «¥â ï á¨áâ¥¬¥ (1.134).

�¥®à¥¬  1.16. �à ¢¥¨¥ �ä ää , â.¥. á¨áâ¥¬  (1.134), ¤«ï ª®-

â®à®© q = 1, ¢ â®çª¥ y0, ï¢«ïîé¥©áï à¥£ã«ïà®© ¤«ï CK, «®ª «ì®

íª¢¨¢ «¥â® ®¤®¬ã ¨§ á«¥¤ãîé¨å ãà ¢¥¨©:

dxn = 0; (1.142)

dxn � x1dx2 � : : :� x2k�1dx2k = 0; (1.143)

£¤¥ k = 1; : : : ; (n� 2)=2, ¥á«¨ n ç¥â®, n>4; (n� 1)=2, ¥á«¨ n ¥ç¥â®,

n>3. �¨á«® ¯¥à¥¬¥ëå ¢ ª ¦¤®¬ ¨§ ãà ¢¥¨© (1.142), (1.143) à ¢®

ª« ááã K ¢ â®çª¥ y0. 2

� ¬¥ç ¨¥ 1.10. � á«ãç ¥ ®¤®£® ãà ¢¥¨ï �ä ää  ª« áá ¬®-

¦¥â ¡ëâì «î¡ë¬ ¥ç¥âë¬ ç¨á«®¬, ¥ ¯à¥¢ëè îé¨¬ n. �á«¨ ª« áá

à ¢¥ ¥¤¨¨æ¥, â® ãà ¢¥¨¥ ¢¯®«¥ ¨â¥£à¨àã¥¬® ¨ íª¢¨¢ «¥â® ãà ¢-

¥¨î (1.142). �á«¨ ª« áá à ¢¥ 2k + 1, k > 0, â® ãà ¢¥¨¥ íª¢¨-

¢ «¥â® ãà ¢¥¨î (1.143). � ª¨¬ ®¡à §®¬, ®¤¨ ¨¢ à¨ â (ª« áá)

¯®«®áâìî ®¯à¥¤¥«ï¥â («®ª «ìãî) ª« áá¨ä¨ª æ¨î ®¤®£® ãà ¢¥¨ï

�ä ää .

�¥®à¥¬  1.17. �¨áâ¥¬  �ä ää  (1.134), ¤«ï ª®â®à®© n = 4; q =

= 2, ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0, ï¢«ïîé¥©áï à¥£ã«ïà®© ¤«ï K1, CK1

(£¤¥ K1 | ¢â®à®© ç«¥ ¯à®¨§¢®¤®£® àï¤  (1.97) ¤«ï K), «®ª «ì®

íª¢¨¢ «¥â  ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:�
dx1 = 0

dx2 = 0;
(1.144)
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�
dx1 = 0

dx2 � x3dx4 = 0;
(1.145)

�
dx1 � x2dx4 = 0

dx2 � x3dx4 = 0;
(1.146)

¯à¨ç¥¬ á¨áâ¥¬  (1.144) á®®â¢¥âáâ¢ã¥â á«ãç î ¯®«®© ¨â¥£à¨àã-

¥¬®áâ¨ (dimK = dimK1), á¨áâ¥¬  (1.145) á®®â¢¥âáâ¢ã¥â á«ãç î

dimK1 = dimCK1 = 1,   á¨áâ¥¬  (1.146) á®®â¢¥âáâ¢ã¥â á«ãç î

dimK1 = 1; dimCK1 = 3. 2

� àï¤ã á ¯®ïâ¨¥¬ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ ãà ¢¥¨© �ä ää  áã-

é¥áâ¢ã¥â ¥é¥ ¯®ïâ¨¥ íª¢¨¢ «¥â®áâ¨ á¥¬¥©áâ¢ ä®à¬ �ä ää . �â®-

à®¥ ®â«¨ç ¥âáï ®â ¯¥à¢®£® â¥¬, çâ® ¯à¨ ¯¥à¥å®¤¥ ª íª¢¨¢ «¥â®¬ã

á¥¬¥©áâ¢ã ä®à¬ ¥ à §à¥è ¥âáï ¯à®¨§¢®¤¨âì ®¯¥à æ¨î «¨¥©®£® ¯à¥-

®¡à §®¢ ¨ï. � ç¥ £®¢®àï, ¯® ®¯à¥¤¥«¥¨î, á¥¬¥©áâ¢  «¨¥©® ¥á¢ï-

§ ëå ä®à¬ �ä ää 

!k = !ki (y)dy
i ; k = 1; : : : ; q; y 2M � Rn; (1.147)

�k = �ki (x)dx
i; k = 1; : : : ; q; x 2 N � Rn; (1.148)

íª¢¨¢ «¥âë, ¥á«¨ ®¤® ¬®¦¥â ¡ëâì ¯®«ãç¥® ¨§ ¤àã£®£® á ¯®¬®éìî

¤¨ää¥®¬®àä¨§¬  (§ ¬¥ë ª®®à¤¨ â). � ª ¦¥, ª ª ¨ ¤«ï á¨áâ¥¬ ãà ¢-

¥¨© �ä ää , ¢¢®¤ïâáï ¯®ïâ¨ï «®ª «ì®© íª¢¨¢ «¥â®áâ¨ ¢ â®çª¥

¨ «®ª «ì®© íª¢¨¢ «¥â®áâ¨ ¢® ¢á¥© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï.

�¡®§ ç¨¬ ç¥à¥§ S å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ á¥¬¥©áâ¢ 

ä®à¬ (1.147), â.¥. ª®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ á¨áâ¥¬®© �ä ää 

(1.90), (1.92).

�¥®à¥¬  1.18. �ãáâì S � P , £¤¥ P | ¥ª®â®à®¥ à¥£ã«ïà®¥ ¢¯®«-

¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ à £  s. �®£¤  á¥¬¥©áâ¢® ä®à¬

�ä ää  (1.147) «®ª «ì® íª¢¨¢ «¥â® á¥¬¥©áâ¢ã ä®à¬ �ä ää  ¢¨¤ 


k = 
kj (x
1; : : : ; xs)dxj; k = 1; : : : ; q; j = 1; : : : ; s: 2 (1.149)

� ¬¥ç ¨¥ 1.11. �¥¬¥©áâ¢® (1.147) ¯à¨¢®¤¨âáï ª á¥¬¥©áâ¢ã (1.149)

¤¨ää¥®¬®àä¨§¬®¬ xi = 'i(y), i = 1; : : : ; n £¤¥ 'i(y), i = 1; : : : ; s; |

¯®«ë©  ¡®à ¨â¥£à «®¢ P . �á«¨ S | à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥,

â® á¥¬¥©áâ¢® (1.149) ¬®¦® ¯®«ãç¨âì á ¯®¬®éìî ¨â¥£à «®¢ S (¢§ï¢ ¢

ª ç¥áâ¢¥ P ª®à á¯à¥¤¥«¥¨¥ S). �¥¬¥©áâ¢® (1.149), ¯®«ãç¥®¥ â ª¨¬

®¡à §®¬, ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: íâ® á¥¬¥©áâ¢® § ¢¨á¨â ®â ¬¨-

¨¬ «ì®£® ç¨á«  ¯¥à¥¬¥ëå (à ¢®£® à £ã S, â.¥. ª« ááã á¥¬¥©áâ¢ 

ä®à¬ (1.147)), ®â ª®â®àëå ¬®¦¥â § ¢¨á¥âì á¥¬¥©áâ¢® ä®à¬ �ä ää ,

íª¢¨¢ «¥â®¥ á¥¬¥©áâ¢ã (1.147).
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�¥®à¥¬  1.19. �ãáâì ¤«ï ä®à¬ë �ä ää 

! = !i(y)dy
i ;

â.¥. á¥¬¥©áâ¢  (1.147), ¤«ï ª®â®à®£® q = 1, å à ªâ¥à¨áâ¨ç¥áª®¥

ª®à á¯à¥¤¥«¥¨¥ S ï¢«ï¥âáï à¥£ã«ïàë¬. �®£¤  ª« áá p ä®à¬ë !, â.¥.

à £ S, ¬®¦¥â ¡ëâì «î¡ë¬ ç¨á«®¬ ®â 1 ¤® n. �á«¨ p | ¥ç¥â®¥

ç¨á«®, â® ä®à¬  ! «®ª «ì® íª¢¨¢ «¥â  ®¤®© ¨§ ä®à¬:

dxn (p = 1); (1.150)

dxn � x1dx2 � : : :� x2k�1dx2k (p = 2k + 1; k = 1; 2; : : :): (1.151)

�á«¨ p | ç¥â®¥ ç¨á«®, â® ä®à¬  ! «®ª «ì® íª¢¨¢ «¥â  ®¤®© ¨§

ä®à¬:

xn�1dxn (p = 2); (1.152)

xn�1dxn � x1dx2 � : : :� x2j�1dx2j (p = 2j; j = 1; 2; : : :):2 (1.153)

�®¤ç¥àª¥¬, çâ® ç¨á«® ¯¥à¥¬¥ëå ¢ ª ¦¤®© ¨§ ä®à¬ (1.150), (1.151),

(1.152), (1.153) à ¢® ª« ááã ä®à¬ë !. � ª¨¬ ®¡à §®¬, ®¤¨ ¨¢ à¨ â

¯®«®áâìî ®¯à¥¤¥«ï¥â («®ª «ìãî) ª« áá¨ä¨ª æ¨î ä®à¬ë �ä ää .

�¥à¥©¤¥¬ â¥¯¥àì ª ¢®¯à®áã ®¡ íª¢¨¢ «¥â®áâ¨ á¥¬¥©áâ¢ ¢¥ªâ®àëå

¯®«¥© ¨ á¨áâ¥¬ �ä ää  ¢ ¡®«¥¥ è¨à®ª®¬ á¬ëá«¥. �à¨¢¥¤¥¬ á®®â¢¥â-

áâ¢ãîé¨¥ ®¯à¥¤¥«¥¨ï.

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© á ®â¬¥ç¥ë¬

¯®«¥¬. � ª ¦¤®¬ â ª®¬ á¥¬¥©áâ¢¥

�a = �ia(y)
@

@yi
; a = 0; 1; : : : ; p; y 2M � Rn; (1.154)

¯®¤ ®â¬¥ç¥ë¬ ¯®«¥¬ ¡ã¤¥¬ ¯®¨¬ âì ¯®«¥ á ã«¥¢ë¬ ¨¤¥ªá®¬ |

�0. �à¥¤¯®« £ ¥âáï, çâ® ®áâ «ìë¥ ¯®«ï �a; a = 1; : : : ; p; ï¢«ïîâáï «¨-

¥©® ¥á¢ï§ ë¬¨. �ã¤¥¬ £®¢®à¨âì, çâ® á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥©

�b; b = 0; 1; : : : ; p; ¯®«ãç ¥âáï ¨§ á¥¬¥©áâ¢  (1.154)  ää¨ë¬ ¯à¥®¡à -

§®¢ ¨¥¬, ¥á«¨

�0 = �0 + �a0(y)�a ; �b = �ab (y)�a; a; b = 1; : : : ; p;

£¤¥ �ab (y); a = 1; : : : ; p; b = 0; 1; : : : ; p; | £« ¤ª¨¥ äãªæ¨¨, ¯à¨ç¥¬

j�ab ja=1;:::;pb=1;:::;p 6= 0. �ã¤¥¬ £®¢®à¨âì â ª¦¥, çâ® ¤¢  á¥¬¥©áâ¢  ¯®«¥© á ®â-

¬¥ç¥ë¬ ¯®«¥¬  ää¨® íª¢¨¢ «¥âë, ¥á«¨ ®¤® á¥¬¥©áâ¢® ¬®¦¥â

¡ëâì ¯®«ãç¥® ¨§ ¤àã£®£® á ¯®¬®éìî á«¥¤ãîé¨å ®¯¥à æ¨©: 1) ¤¨ä-

ä¥®¬®àä¨§¬  (§ ¬¥ë ¯¥à¥¬¥ëå), 2)  ää¨®£® ¯à¥®¡à §®¢ ¨ï.
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� ¬¥ç ¨¥ 1.12. � ¦¤®¬ã «¨¥©® ¥á¢ï§ ®¬ã á¥¬¥©áâ¢ã ¯®-

«¥© (1.132) ¬®¦® ª ®¨ç¥áª¨ á®¯®áâ ¢¨âì á¥¬¥©áâ¢® á ®â¬¥ç¥ë¬

¯®«¥¬ (1.154), £¤¥ �0 = 0. �ç¥¢¨¤®, çâ® ¤¢  «¨¥©® ¥á¢ï§ ëå

á¥¬¥©áâ¢  ¯®«¥© íª¢¨¢ «¥âë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   ää¨®

íª¢¨¢ «¥âë ª ®¨ç¥áª¨ á®¯®áâ ¢«¥ë¥ ¨¬ á¥¬¥©áâ¢  á ®â¬¥ç¥-

ë¬ ¯®«¥¬. � ª¨¬ ®¡à §®¬, ¢®¯à®á ®¡  ää¨®© íª¢¨¢ «¥â®áâ¨ á¥-

¬¥©áâ¢ ¯®«¥© ¢ª«îç ¥â ¢ á¥¡ï ª« áá¨ç¥áª¨© ¢®¯à®á ®¡ íª¢¨¢ «¥â®áâ¨

á¥¬¥©áâ¢ ¯®«¥©.

� áá¬®âà¨¬ á¥¬¥©áâ¢® (1.154) ¨ á¥¬¥©áâ¢® á ®â¬¥ç¥ë¬ ¯®«¥¬

�b = �ib(x)
@

@xi
; b = 0; 1; : : : ; p; x 2 N � Rn: (1.155)

�¢¥¤¥¬  ää¨ë¥ à á¯à¥¤¥«¥¨ï

F : y 2M 7! F (y) = �0(y) + span f�a(y); a = 1; : : : ; pg;
G:x 2 N 7! G(x) = �0(x) + span f�b(y); b = 1; : : : ; pg:

�ç¥¢¨¤®, çâ® á¥¬¥©áâ¢  (1.154) ¨ (1.155) ï¢«ïîâáï ¡ §¨áë¬¨ á¥¬¥©-

áâ¢ ¬¨ F ¨ G. �¥£ª® ¤®ª § âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥,   «®£¨ç®¥

¯à¥¤«®¦¥¨î 1.32.

�à¥¤«®¦¥¨¥ 1.35. �¥¬¥©áâ¢  ¯®«¥© (1.154) ¨ (1.155)  ää¨®

íª¢¨¢ «¥âë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á®®â¢¥âáâ¢ãîé¨¥  ää¨-

ë¥ à á¯à¥¤¥«¥¨ï F ¨ G ¤¨ää¥®¬®àäë. 2

� áá¬®âà¨¬ â¥¯¥àì ¤¢®©áâ¢¥ë© ¢ à¨ â ¯®ïâ¨ï  ää¨®© íª¢¨-

¢ «¥â®áâ¨. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ «¨¥©® ¥á¢ï§ ë¥ t-á¨áâ¥¬ë

�ä ää , â.¥. á¨áâ¥¬ë �ä ää  á«¥¤ãîé¥£® ¢¨¤ :

!ki (y) dy
i + !kn+1(y) dt = 0; (1.156)

k = 1; : : : ; q; (y; t) 2M �R1 � Rn+1;

rank
!ki k=1;:::;qi=1;:::;n

= q:

�ã¤¥¬ £®¢®à¨âì, çâ® t-á¨áâ¥¬  �ä ää  (1.156) t-íª¢¨¢ «¥â  t-á¨áâ¥-

¬¥ �ä ää 

�ki (x) dx
i + �kn+1(x) dt = 0; (1.157)

k = 1; : : : ; q; (x; t) 2 N � R1 � Rn+1;

¥á«¨ ®¤  ¬®¦¥â ¡ëâì ¯®«ãç¥  ¨§ ¤àã£®© á ¯®¬®éìî á«¥¤ãîé¨å ®¯¥-

à æ¨©: 1) t-¤¨ää¥®¬®àä¨§¬  (§ ¬¥ë ¯¥à¥¬¥ëå, ¯à¨ ª®â®àëå ¯¥à¥-

¬¥ ï t ¥ ¬¥ï¥âáï); 2) «¨¥©®£® ¥¢ëà®¦¤¥®£® ¯à¥®¡à §®¢ ¨ï,

ª®íää¨æ¨¥âë ª®â®à®£® ï¢«ïîâáï £« ¤ª¨¬¨ äãªæ¨ï¬¨, ¥ § ¢¨áïé¨-

¬¨ ®â t.
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� ¬¥ç ¨¥ 1.13. �®¯à®á ® t-íª¢¨¢ «¥â®áâ¨ t-á¨áâ¥¬ �ä ää 

¢ª«îç ¥â ª« áá¨ç¥áª¨© ¢®¯à®á ®¡ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ �ä ää .

�¥©áâ¢¨â¥«ì®, ¯®á«¥¤¨© à ¢®á¨«¥ ¯® áãé¥áâ¢ã ¢®¯à®áã ® t-íª¢¨¢ -

«¥â®áâ¨ t-á¨áâ¥¬ �ä ää  ¢¨¤  (1.156), ¤«ï ª®â®àëå !kn+1 = 0.

�®¯®áâ ¢¨¬ t-á¨áâ¥¬ ¬ �ä ää  (1.156) ¨ (1.157) ¯®à®¦¤ ¥¬ë¥ ¨¬¨

ª®à á¯à¥¤¥«¥¨ï K ¨ P , ª®â®àë¥, ®ç¥¢¨¤®, ï¢«ïîâáï t-ª®à á¯à¥¤¥«¥-

¨ï¬¨. �¥£ª® ¤®ª § âì á«¥¤ãîé¥¥

�à¥¤«®¦¥¨¥ 1.36. t-�¨áâ¥¬ë �ä ää  (1.156) ¨ (1.157) â®£¤  ¨

â®«ìª® â®£¤  t-íª¢¨¢ «¥âë, ª®£¤  á®®â¢¥âáâ¢ãîé¨¥ t-ª®à á¯à¥¤¥-

«¥¨ï K ¨ P t-¤¨ää¥®¬®àäë.

�®£« á® à §¤¥«ã 1.4, ª ¦¤®¬ã  ää¨®¬ã à á¯à¥¤¥«¥¨î F , § -

¤ ®¬ã ¢ ®¡« áâ¨M , áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ¤¢®©áâ¢¥®¥ t-ª®à á¯à¥-

¤¥«¥¨¥ F?  M�R1 (¨  ®¡®à®â), ¯à¨ç¥¬ ¤¢   ää¨ëå à á¯à¥¤¥«¥-

¨ï F ¨ G ¤¨ää¥®¬®àäë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t-ª®à á¯à¥¤¥«¥-

¨ï F? ¨ G? t-¤¨ää¥®¬®àäë.

� §¨áë¥ á¥¬¥©áâ¢  (1.154)  ää¨®£® à á¯à¥¤¥«¥¨ï F ¨ ¡ §¨áë¥

á¨áâ¥¬ë �ä ää  (1.156) t-ª®à á¯à¥¤¥«¥¨ï F? ã¤®¢«¥â¢®àïîâ á®®â®-

è¥¨ï¬

!ki �
i
0 + !kn+1 = 0; (1.158)

!ki �
i
a = 0; k = 1; : : : ; q = n� p; a = 1; : : : ; p = dimF: (1.159)

�¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© á ®â¬¥ç¥ë¬ ¯®«¥¬ (1.154) ¨ t-á¨áâ¥¬ã

�ä ää  (1.156), ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬ (1.158), (1.159), ¡ã-

¤¥¬  §ë¢ âì ¢§ ¨¬ë¬¨.

� ¬¥ç ¨¥ 1.14. �á«¨ �i0 = 0, â® ¤«ï ¢§ ¨¬®© t-á¨áâ¥¬ë �ä ää 

!kn+1 = 0, ¨  ®¡®à®â. � íâ®¬ á«ãç ¥ ¯à¨¢¥¤¥®¥ ®¯à¥¤¥«¥¨¥ ¯®

áãé¥áâ¢ã ¯¥à¥å®¤¨â ¢ ¤ ®¥ à ¥¥ ®¯à¥¤¥«¥¨¥ ¢§ ¨¬ëå á¥¬¥©áâ¢

¯®«¥© ¨ á¨áâ¥¬ �ä ää .

�§ ¯à¥¤ë¤ãé¥£® ¢ëâ¥ª ¥â

�à¥¤«®¦¥¨¥ 1.37. �¢  á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© á ®â¬¥ç¥-

ë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ â®£¤  ¨ â®«ìª® â®£¤   ää¨® íª¢¨¢ -

«¥âë, ª®£¤  á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¢§ ¨¬ë¥ t-á¨áâ¥¬ë �ä ää  t-

íª¢¨¢ «¥âë. 2

�â¬¥â¨¬ â ª¦¥ á«¥¤ãîé¥¥

�à¥¤«®¦¥¨¥ 1.38. �ãáâì á¥¬¥©áâ¢® ¯®«¥© (1.154) ¨ á¨áâ¥¬ 

�ä ää  (1.156) ï¢«ïîâáï ¢§ ¨¬ë¬¨ (q = n � p), I | ¥ª®â®à®¥
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¯®¤¬®¦¥áâ¢® ¨§ p í«¥¬¥â®¢ ¬®¦¥áâ¢  ¨¤¥ªá®¢ f1; :::; ng, J =

= f1; :::; ng=I. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

 )j�iaji2Ia=1;:::;p 6= 0; ¡)j!kj jk=1;:::;qj2J 6= 0:

�®ª  §  â ¥ « ì á â ¢ ®.  ))¡). �§ (1.159) á«¥¤ã¥â, çâ® ª®¬¯®¥âë

¯®«¥© �a = (�1a; :::; �
n
a); a = 1; :::; p, á®áâ ¢«ïîâ äã¤ ¬¥â «ìãî á¨áâ¥-

¬ã à¥è¥¨© ¤«ï á«¥¤ãîé¥© á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ®¤®-

à®¤ëå ãà ¢¥¨© ®â®á¨â¥«ì® (�1; :::; �n) : !ki �
i = 0; k = 1; :::; q. �®-

áâà®¨¬ ¤àã£ãî äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á ¯®¬®éìî «¨¥©-

®£® ¥¢ëà®¦¤¥®£® ¯à¥®¡à §®¢ ¨ï �b = �ab (y)�a; b 2 I, £¤¥ äãªæ¨¨
�ab ®¡à §ãîâ ¬ âà¨æã, ®¡à âãî ª k�iaki2Ia=1;:::;p. �®áâà®¥®¥ á¥¬¥©áâ¢®

¯®«¥© ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤: �b = @=@yb+�cb(y)@=@y
c ; b 2 I; c 2 J . �¬¥-

¥¬: !kb = ��cb!kc ; k = 1; :::; q; b 2 I; c 2 J . �âáî¤  á«¥¤ã¥â ¡), ¨¡® ¨ ç¥

à ¢¥áâ¢® rank k!ki (y)kk=1;:::;qi=1;:::;n = q ¥¢®§¬®¦®. �â¢¥à¦¤¥¨¥ ¡)) )

¤®ª §ë¢ ¥âáï   «®£¨ç®. 2

� ª ¢á¥£¤ , ¯à¨ ¨áá«¥¤®¢ ¨¨ ¯à®¡«¥¬ë íª¢¨¢ «¥â®áâ¨ ¢ ¦ãî

à®«ì ¨£à îâ ¨¢ à¨ âë. � ¤ ®¬ á«ãç ¥( ää¨®© íª¢¨¢ «¥â®-

áâ¨ ¨ t-íª¢¨¢ «¥â®áâ¨) ¨¢ à¨ â ¬¨ ï¢«ïîâáï, ¢ ç áâ®áâ¨, à £¨

à á¯à¥¤¥«¥¨©, á¢ï§ ëå á  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ F (á¬. à §¤¥«

1.3), â.¥. ¢¥«¨ç¨ë dimLFk , dim(spanF )k, dimC(spanF )k, dimCFk,

dim(LF )k, dimC(LF )k ¨ â.¤.

�à¨¢¥¤¥¬ ¥ª®â®àë¥ à¥§ã«ìâ âë, ®¡®¡é îé¨¥ ª« áá¨ç¥áª¨¥ à¥§ã«ì-

â âë, ¤ ë¥ à ¥¥. �¨ ®áïâ «®ª «ìë© å à ªâ¥à. �®ª «ìë© ¢ à¨-

 â ®¯à¥¤¥«¥¨ï  ää¨®© íª¢¨¢ «¥â®áâ¨ ¢¢®¤¨âáï â ª ¦¥, ª ª ¨ ¢

á«ãç ¥ íª¢¨¢ «¥â®áâ¨ á¥¬¥©áâ¢ ¯®«¥©. �â® ª á ¥âáï t-á¨áâ¥¬ �ä ä-

ä , â® ¡ã¤¥¬ £®¢®à¨âì, çâ® t-á¨áâ¥¬  (1.156) «®ª «ì® íª¢¨¢ «¥â 

¢ â®çª¥ y0 2M á¨áâ¥¬¥ (1.157), ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ®ªà¥áâ®áâì U

â®çª¨ y0 ¨ ®¡« áâì V � N , çâ® t-á¨áâ¥¬ë, ¯®«ãç îé¨¥áï ®£à ¨ç¥¨¥¬

t-á¨áâ¥¬ (1.156) ¨ (1.157)   U � R1 ¨ V � R1, t-íª¢¨¢ «¥âë.

� ç «  ¯à¨¢¥¤¥¬ ¤¢  ãâ¢¥à¦¤¥¨ï, ®¡®¡é îé¨¥ â¥®à¥¬ë 1.13 ¨

1.14.

�¥¬¥©áâ¢® ¯®«¥© á ®â¬¥ç¥ë¬ ¯®«¥¬ (1.154) ¡ã¤¥¬  §ë¢ âì  ä-

ä¨® ¯®«ë¬, ¥á«¨

[�a; �b] = �cab(y)�c; a = 0; 1; : : : ; p; b; c = 1; : : : ; p: (1.160)

�¥£ª® ¢¨¤¥âì, çâ® à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ ¨¢®«îâ¨¢®

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® ¯®«¥© ï¢«ï¥âáï

 ää¨® ¯®«ë¬.

� ¬¥ç ¨¥ 1.15. �¨¥©® ¥á¢ï§ ®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®-

«¥© �a; a = 1; : : : ; p; ï¢«ï¥âáï ¯®«ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª -
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®¨ç¥áª¨ á®¯®áâ ¢«¥®¥ ¥¬ã á¥¬¥©áâ¢® á ã«¥¢ë¬ ®â¬¥ç¥ë¬ ¯®«¥¬

(á¬. § ¬¥ç ¨¥ 1.12) ï¢«ï¥âáï  ää¨® ¯®«ë¬.

� áá¬®âà¨¬ á¥¬¥©áâ¢® ¯®«¥© (1.154). �ãáâì F |  ää¨®¥ à á¯à¥-

¤¥«¥¨¥: y 2M 7! F (y) = �0(y) + span f�a(y); a = 1; : : : ; pg. �¯à ¢¥¤«¨-
¢ 

�¥®à¥¬  1.20. �ää¨® ¯®«®¥ á¥¬¥©áâ¢® (1.154) «®ª «ì® íª¢¨-

¢ «¥â® ¢ à¥£ã«ïà®© â®çª¥ à á¯à¥¤¥«¥¨ï SpanF á¥¬¥©áâ¢ã

�0 = 0; �a =
@

@xa
; a = n� p+ 1; : : : ; n; (1.161)

¥á«¨ dimSpanF = p, ¨ á¥¬¥©áâ¢ã

�0 =
@

@xn�p
; �a =

@

@xa
; a = n� p+ 1; : : : ; n; (1.162)

¥á«¨ dimSpanF = p+ 1.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì dimSpanF = p. � íâ®¬ á«ãç ¥ ãâ¢¥à-

¦¤¥¨¥ ¤ ®© â¥®à¥¬ë ¯® áãé¥áâ¢ã à ¢®á¨«ì® ãâ¢¥à¦¤¥¨î â¥®à¥-

¬ë 1.13. �¥©áâ¢¨â¥«ì®, â ª ª ª �0(y) 2 Span f�a(y); a = 1; : : : ; pg, â®
á¥¬¥©áâ¢® (1.154)  ää¨® íª¢¨¢ «¥â® á¥¬¥©áâ¢ã �a; a = 0; 1; : : : ; p,

£¤¥ �0 = 0; �a = �a; a = 1; : : : ; p (¨¡® �0 = �0 + �a(y)�a ¤«ï ¯®¤å®¤ï-

é¨å �a(y)). �¥¬¥©áâ¢® �a; a = 0; 1; : : : ; p, «®ª «ì®  ää¨® íª¢¨¢ -

«¥â® á¥¬¥©áâ¢ã (1.161), â ª ª ª á¥¬¥©áâ¢® �a; a = 1; : : : ; p, ¡ã¤ãç¨

¯®«ë¬, á®£« á® â¥®à¥¬¥ 1.13, «®ª «ì® íª¢¨¢ «¥â® á¥¬¥©áâ¢ã �a =

= @=@xa; a = n�p+1; : : : ; n. �ãáâì â¥¯¥àì dimSpanF = p+1. �à¨¢¥¤¥¬

á ç «  ¯®«®¥ á¥¬¥©áâ¢® �a; a = 1; : : : ; p; ª («®ª «ì®) íª¢¨¢ «¥â®¬ã

á¥¬¥©áâ¢ã �a = @=@za; a = n � p + 1; : : : ; n. �à¨¬¥ï¥¬ë© ¯à¨ íâ®¬

¤¨ää¥®¬®àä¨§¬ ¯¥à¥¢¥¤¥â ¯®«¥ �0 ¢ ¥ª®â®à®¥ ¯®«¥ �0 = �i0(z)@=@z
i.

�¥¬¥©áâ¢® �a; a = 0; n� p+ 1; : : : ; n;  ää¨ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¯à¨-

¢¥¤¥¬ ª á¥¬¥©áâ¢ã �0 = �0 � �b0(z)�b; �a = �a; a; b = n � p + 1; : : : ; n.

� ª¨¬ ®¡à §®¬, �b0 = 0; b = n � p + 1; : : : ; n. � ª ª ª ¤ ®¥ á¥¬¥©áâ¢®

ï¢«ï¥âáï  ää¨® ¯®«ë¬, â® [�0; �a] = hba�b; a; b = n � p + 1; : : : ; n.

�¥£ª® ¢¨¤¥âì, çâ® ¢ ¤ ®¬ á«ãç ¥ hba = 0. �âáî¤  á«¥¤ã¥â, çâ® ª®¬-

¯®¥âë �l0; l = 1; : : : ; n� p; ¥ § ¢¨áïâ ®â zn�p+1; : : : ; zn. � áá¬®âà¨¬

¢ ®¡« áâ¨ ¨§¬¥¥¨ï ¯¥à¥¬¥ëå z1; : : : ; zn�p ¯®«¥ ~�0 = �l0@=@z
l; l =

= 1; : : : ; n � p. � ª ª ª dimSpanF = p + 1, â® �0 6= 0 ¨, á«¥¤®¢ â¥«ì-

®, ~�0 6= 0. �®£« á® â¥®à¥¬¥ 1.3, ¥®á®¡®¥ ¢¥ªâ®à®¥ ¯®«¥ § ¬¥®©

¯¥à¥¬¥ëå ¬®¦® ¢ë¯àï¬¨âì. �«¥¤®¢ â¥«ì®, ¯®«¥ ~�0 «®ª «ì® ¤¨ä-

ä¥®¬®àä® ¯®«î @=@xn�p ®â®á¨â¥«ì® ¥ª®â®à®£® ¤¨ää¥®¬®àä¨§¬ 

xl =  l(z1; : : : ; zn�p); l = 1; : : : ; n � p. �¥¯¥àì ®áâ «®áì § ¬¥â¨âì, çâ®

¯®¤ ¤¥©áâ¢¨¥¬ ¤¨ää¥®¬®àä¨§¬ 

xl =  l(z1; : : : ; zn�p); l = 1; : : : ; n� p;
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xk = zk; k = n� p + 1; : : : ; n;

¯®«ï �a; a = 0; n � p + 1; : : : ; n; ¯¥à¥©¤ãâ ¢ ¤¨ää¥®¬®àäë¥ ¯®«ï

(1.162). 2

� «¥¥ ç¥à¥§ K ®¡®§ ç ¥âáï t-ª®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤¥®¥ t-á¨áâ¥¬®©

�ä ää  (1.156), ¢ â¥à¬¨ å ª®â®à®© áä®à¬ã«¨à®¢ ë ¨¦¥á«¥¤ãî-

é¨¥ ãâ¢¥à¦¤¥¨ï. (�®®â¢¥âáâ¢¥®, CtK | t-å à ªâ¥à¨áâ¨ç¥áª®¥ à á-

¯à¥¤¥«¥¨¥, K1 | t-ª®à á¯à¥¤¥«¥¨¥ ¨§ ¤¢®©áâ¢¥®£® ¯à®¨§¢®¤®£®

àï¤  (1.111).)

�¥®à¥¬  1.21. �¯®«¥ ¨â¥£à¨àã¥¬ ï t-á¨áâ¥¬  �ä ää  (1.156)

«®ª «ì® t-íª¢¨¢ «¥â  ¢ à¥£ã«ïà®© â®çª¥ à á¯à¥¤¥«¥¨ï SpanK?
t-á¨áâ¥¬¥

dxk = 0; k = 1; : : : ; q; (1.163)

¥á«¨ dimSpanK? = n� q, ¨ t-á¨áâ¥¬¥�
dxq � dt = 0;

dxk = 0;
(1.164)

k = 1; : : : ; q � 1;

¥á«¨ dimSpanK? = n� q + 1.

�®ª  §  â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ á¥¬¥©áâ¢® á ®â¬¥ç¥ë¬ ¯®«¥¬

(1.154), ª®â®à®¥ ï¢«ï¥âáï ¢§ ¨¬ë¬ ª t-á¨áâ¥¬¥ �ä ää  (1.156) (£¤¥

p = n � q). �®¯®áâ ¢¨¬ íâ®¬ã á¥¬¥©áâ¢ã á¥¬¥©áâ¢® ¯®«¥©, § ¤ ëå ¢

M �R1,
~�; �̂a; a = 1; : : : ; p; (1.165)

£¤¥ ~�0 = (�0; 1) = (�10; : : : ; �
n
0 ; 1); �̂a = (�a; 0) = (�1a; : : : ; �

n
a ; 0); a = 1; : : : ; p.

�¥¬¥©áâ¢® (1.165) ¡ã¤¥¬ âà ªâ®¢ âì ª ª á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© ¡¥§

®â¬¥ç¥®£® ¯®«ï. �¥âàã¤® ¢¨¤¥âì, çâ® á¥¬¥©áâ¢® (1.165) ï¢«ï¥âáï

«¨¥©® ¥á¢ï§ ë¬ ¨ ¢§ ¨¬ë¬ (ª ª á¥¬¥©áâ¢® ¡¥§ ®â¬¥ç¥®£® ¯®-

«ï) ª á¨áâ¥¬¥ �ä ää  (1.156). �âáî¤  á«¥¤ã¥â, çâ® á¥¬¥©áâ¢® (1.165)

ï¢«ï¥âáï ¯®«ë¬, çâ® à ¢®á¨«ì® â®¬ã, çâ® á¥¬¥©áâ¢® (1.154) á ®â¬¥-

ç¥ë¬ ¯®«¥¬ ï¢«ï¥âáï  ää¨® ¯®«ë¬. �¥¯¥àì ¨§ ¯à¥¤«®¦¥¨ï 1.37

¨ â¥®à¥¬ë 1.20 ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥¨¥ ¤ ®© â¥®à¥¬ë. �¥©áâ¢¨â¥«ì-

®, á¥¬¥©áâ¢® (1.161) ï¢«ï¥âáï ¢§ ¨¬ë¬ ª á¨áâ¥¬¥ (1.163),   á¥¬¥©áâ¢®

(1.162) | ª á¨áâ¥¬¥ (1.164). 2

�¥®à¥¬  1.22. �ãáâì CtK � P , £¤¥ P | à¥£ã«ïà®¥ ¢¯®«¥ ¨â¥-

£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢ ®¡« áâ¨ M ¨ ¨¬¥îé¥¥ à £ s.
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�®£¤  t-á¨áâ¥¬  �ä ää  (1.156) «®ª «ì® t-íª¢¨¢ «¥â  t-á¨áâ¥¬¥

�ä ää  ¢¨¤ 


k = 
kj (x
1; : : : ; xs)dxj +
kn+1(x

1; : : : ; xs)dt = 0; (1.166)

k = 1; : : : ; q; j = 1; : : : ; s:

�®ª  §  â ¥ « ì á â ¢ ®. �á«¨ s = n, â® ¤®ª §ë¢ âì ¥ç¥£®. �ãáâì

s < n. �®£« á® â¥®à¥¬¥ 1.13, à á¯à¥¤¥«¥¨¥ P? ¢ ¥ª®â®à®© («®-

ª «ì®©) á¨áâ¥¬¥ ª®®à¤¨ â ¨¬¥¥â ¡ §¨á®¥ á¥¬¥©áâ¢® ¢¨¤  (1.137), £¤¥

p = n � s. �®£« á® ¤®ª § â¥«ìáâ¢ã íâ®© â¥®à¥¬ë, § ¬¥  ¯¥à¥¬¥-

ëå ®¯à¥¤¥«ï¥âáï ¯®«ë¬  ¡®à®¬ ¨â¥£à «®¢ P?. t-�¨áâ¥¬  (1.156)

¯®¤ ¤¥©áâ¢¨¥¬ á®®â¢¥âáâ¢ãîé¥£® t-¤¨ää¥®¬®àä¨§¬  ¯¥à¥©¤¥â ¢ ¥ª®-

â®àãî t-á¨áâ¥¬ã

�k = �ki (x) dx
i + �kn+1(x) dt = 0; k = 1; : : : ; q: (1.167)

� ª ª ª P? � (CtK)?, â® �a 2 (CtK)?. �®íâ®¬ã ¨§ ¤®ª § â¥«ìáâ¢ 

â¥®à¥¬ë 1.12 á«¥¤ã¥â, çâ®

�ki �
i
a = 0; k = 1; : : : ; q; a = s + 1; : : : ; n; (1.168)

rank



�ki1�
i
a : : : �ki;n+1�

i
a

�11 : : : �1n+1
...

. . .
...

�
q
1 : : : �

q
n+1


= q; (1.169)

k = 1; : : : ; q; a = s + 1; : : : ; n; �ia = �ia | ª®¬¯®¥âë �a. �§ (1.168)

¢ëâ¥ª ¥â, çâ® �ki = 0; i = s + 1; : : : ; n. � ¢¥áâ¢  (1.169) à ¢®á¨«ìë

áãé¥áâ¢®¢ ¨î â ª¨å £« ¤ª¨å äãªæ¨© �kl (x), çâ®

�kij�
i = �kl �

l
j ; j = 1; : : : ; n+ 1:

�â¨ à ¢¥áâ¢  ¬®¦® ¯¥à¥¯¨á âì â ª:

@�kj

@xi
= �kl �

l
j ; (1.170)

k = 1; : : : ; q; i = s + 1; : : : ; n; j = 1; : : : ; n+ 1:

�®ª ¦¥¬, çâ® t-á¨áâ¥¬ã (1.167) á ¯®¬®éìî «¨¥©® ¥¢ëà®¦¤¥®£®

¯à¥®¡à §®¢ ¨ï

�r = �rk(x)�
k (1.171)

¬®¦® ¯à¨¢¥áâ¨ ª t-íª¢¨¢ «¥â®© t-á¨áâ¥¬¥

�r = �rj (x) dx
j + �rn+1(x) dt = 0; k = 1; : : : ; q; (1.172)
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ª®¬¯®¥âë ª®â®à®© ¥ § ¢¨áïâ ®â xs+1. �ã¤¥¬ ¨áª âì äãªæ¨¨ �rk(x)

¨§ ãá«®¢¨ï

@�rj

@xs+1
=

@�rk
@xs+1

�kj + �rk
@�kj

@xs+1
=

@�rk
@xs+1

�kj + �rl �
l
k�

k
j =

= �kj

�
@�rk
@xs+1

+ �rl �
l
k

�
= 0:

� ª ª ª ãà ¢¥¨ï (1.167) «¨¥©® ¥á¢ï§ ë, â® íâ¨ à ¢¥áâ¢  ¢ë¯®«-

ïîâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

@�rk
@xs+1

= ��rl �lk(x): (1.173)

�â¨ á®®â®è¥¨ï ¯à¨ ä¨ªá¨à®¢ ëå xj; j 6= s + 1, ¬®¦® âà ªâ®¢ âì

ª ª á¨áâ¥¬ã ®¤®à®¤ëå «¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �¥-

¯¥àì ïá®, çâ® ¢ ª ç¥áâ¢¥ ¬ âà¨æë k�rkk ¬®¦® ¢§ïâì äã¤ ¬¥â «ì-

ãî ¬ âà¨æã à¥è¥¨© íâ®© á¨áâ¥¬ë. � «®£¨çë¬ ®¡à §®¬ t-á¨áâ¥¬ã

(1.172) ¬®¦® ¯à¨¢¥áâ¨ ª t-á¨áâ¥¬¥, ª®¬¯®¥âë ª®â®à®© ¥ § ¢¨áïâ ®â

xs+2, ¨ â.¤. 2

� ¬¥ç ¨¥ 1.16. �á«¨ CtK | à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ ¨ ¯®¤

ª®à á¯à¥¤¥«¥¨¥¬ P ¢ ãá«®¢¨¨ â¥®à¥¬ë ¯®¨¬ âìCtK, â® á®®â¢¥âáâ¢ã-

îé ï t-á¨áâ¥¬  �ä ää  (1.166) å à ªâ¥à¨§ã¥âáï â¥¬, çâ® ®  § ¢¨á¨â

®â ¬¨¨¬ «ì® ¢®§¬®¦®£® ç¨á«  ¯¥à¥¬¥ëå (à ¢®£® à £ã CtK)

áà¥¤¨ ¢á¥å t-á¨áâ¥¬ �ä ää , t-íª¢¨¢ «¥âëå (1.156). �â® ¤®ª §ë¢ -

¥âáï à ááã¦¤¥¨ï¬¨,   «®£¨çë¬¨ â¥¬, ª®â®àë¥ ¨á¯®«ì§ãîâáï ¢ ª« á-

á¨ç¥áª®¬ á«ãç ¥ ®¡ëçëå á¨áâ¥¬ �ä ää  [10]. �â¬¥â¨¬, çâ®, á®£« á®

¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.22, ¯¥à¥å®¤ ª á¨áâ¥¬¥ (1.166) ®áãé¥áâ¢«ï¥âáï

¢ íâ®¬ á«ãç ¥ á ¯®¬®éìî § ¬¥ë ª®®à¤¨ â, ¢ ª®â®àãî ¢å®¤ïâ ¨â¥-

£à «ë CtK,   â ª¦¥ ¥ª®â®àëå «¨¥©ëå ¯à¥®¡à §®¢ ¨©.

�¥®à¥¬  1.23. �ãáâì K1 | à¥£ã«ïà®¥ t-ª®à á¯à¥¤¥«¥¨¥, ¤«ï ª®-

â®à®£® dimK1 = p > 0. �®£¤  t-á¨áâ¥¬  �ä ää  (1.156) «®ª «ì®

t-íª¢¨¢ «¥â  t-á¨áâ¥¬¥ �ä ää 


k = 
ki (y) dy
i + 
kn+1(y) dt = 0; k = 1; : : : ; q; (1.174)

£¤¥ ¯¥à¢ë¥ p ãà ¢¥¨© á®áâ ¢«ïîâ ¡ §¨áãî t-á¨áâ¥¬ã �ä ää  K1,

¯à¨ç¥¬

d
k =

qX
j=1

�jk ^
j; k = 1; : : : ; p; (1.175)

£¤¥ �jk | ¥ª®â®àë¥ ä®à¬ë �ä ää .



106 �«.1. ���������. ��������

�®ª  §  â ¥ « ì á â ¢ ®. � ª ª ª K1 � K, â® áãé¥áâ¢ã¥â (¯® ªà ©¥©

¬¥à¥, «®ª «ì®) ¡ §¨á ï t-á¨áâ¥¬  �ä ää  (1.174) t-ª®à á¯à¥¤¥«¥¨ï

K, ¯¥à¢ë¥ p ãà ¢¥¨© ª®â®à®© ®¡à §ãîâ ¡ §¨áãî t-á¨áâ¥¬ã �ä ä-

ä  t-ª®à á¯à¥¤¥«¥¨ï K1. �ç¥¢¨¤®, çâ® t-á¨áâ¥¬  (1.156) («®ª «ì®)

íª¢¨¢ «¥â  t-á¨áâ¥¬¥ (1.174). �®ª ¦¥¬ (1.175). �®¯®«¨¬ ä®à¬ë

�ä ää  
k; k = 1; : : : ; q, ¤® n+1 «¨¥©® ¥á¢ï§ ëå ä®à¬ �ä ää 


k; k = 1; : : : ; n+1, ª®¬¯®¥âë ª®â®àëå ¬®¦® áç¨â âì ¥ § ¢¨áïé¨¬¨

®â t. �®£« á® à §¤¥«ã 1.4, ¨¬¥¥¬

d
k =
X
i<j


kij

i ^
j ; k = 1; : : : ; p; i; j = 1; : : : ; n+ 1:

�«ï ¤®ª § â¥«ìáâ¢  (1.175) ¤®áâ â®ç® ¯®ª § âì, çâ®


kij(y) = 0; i; j > q: (1.176)

�®£« á® (1.85), 
kij = d
k(�i; �j), £¤¥ �i; i = 1; : : : ; n+ 1; | ¤¢®©áâ¢¥-

®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© ª 
k; k = 1; : : : ; n + 1. � ¯®¬¨¬, çâ®


k(�i) = �ki . � ¬¥â¨¬, çâ® ¯®«ï �i; i = q + 1; : : : ; n + 1; á®áâ ¢«ïîâ

¢§ ¨¬®¥ á¥¬¥©áâ¢® ª á¨áâ¥¬¥ �ä ää  (1.174). � áá¬®âà¨¬ ¡ §¨á®¥

á¥¬¥©áâ¢®  ää¨®£® à á¯à¥¤¥«¥¨ï K?: �i; i = 0; 1; : : : ; n� q. �®áâ -

¢¨¬ ¥¬ã ¢ á®®â¢¥âáâ¢¨¥ á¥¬¥©áâ¢® ¯®«¥©, § ¤ ®¥ ¢ ®¡« áâ¨ ¨§¬¥¥¨ï

¯¥à¥¬¥ëå y; t: �00 = (�0; 1); �
0
i = (�i; 0); i = 1; : : : ; n � q. �¥¬¥©áâ¢ 

�i; i = q+1; : : : ; n+1; ¨ �0i; i = 0; 1; : : :; n�q; ï¢«ïîâáï íª¢¨¢ «¥âë¬¨.
�®íâ®¬ã à ¢¥áâ¢  (1.176) ¡ã¤ãâ ¨¬¥âì ¬¥áâ®, ¥á«¨

d
k(�0i; �
0
j) = 0; i; j = 0; 1; : : : ; n� q: (1.177)

�®£« á® (1.88), ¨¬¥¥¬

d
k(�0i; �
0
j) = �0i


k(�0j)� �0j

k(�0j)� 
k([�0i; �

0
j]):

�§ ®¯à¥¤¥«¥¨ï (K1)? (á¬. à §¤¥« 1.4) á«¥¤ã¥â, çâ® [�i; �j] 2 L(K1)? .

�®íâ®¬ã 
k([�0i; �
0
j ]) = 0. � «¥¥, â ª ª ª �0 2 K?; �j 2 LK?

; j =

= 1; : : : ; n � q, â® 
k(�0j) = 0; j = 0; 1; : : :; n � q. �«¥¤®¢ â¥«ì®, á¯à -

¢¥¤«¨¢ë à ¢¥áâ¢  (1.177). 2

� ¬¥ç ¨¥ 1.17. �§ â¥®à¥¬ë 1.23 ¢ëâ¥ª ¥â, çâ® ¢¥è¨¥ ¤¨ää¥-

à¥æ¨ «ë d
k; k = 1; : : : ; p; à ¢ë ã«î ¢ á¨«ã (1.174). �â®â ä ªâ

¬®¦® ¨â¥à¯à¥â¨à®¢ âì â ª¦¥ á«¥¤ãîé¨¬ ®¡à §®¬. � ¯¨è¥¬ d!k ¢

áâ ¤ àâ®¬ ¡ §¨á¥ (á¬. (1.83)):

d
k =
X
i<j


ij(y; t)dy
i ^ dyj +

nX
i=1


i;n+1(y; t)dy
i ^ dt;
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i; j = 1; : : : ; n; k = 1; : : : ; q:

�ëà §¨¬ q ¤¨ää¥à¥æ¨ «®¢ dyir ; r = 1; : : : ; q, ¨§ (1.174) ¨ ¯®¤áâ ¢¨¬ ¢

ãª § ë¥ ¢ëà ¦¥¨ï ¤«ï d
k. �§ â¥®à¥¬ë 1.23 «¥£ª® á«¥¤ã¥â, çâ® ¤«ï

k = 1; : : : ; p íâ¨ ¢ëà ¦¥¨ï â®¦¤¥áâ¢¥® ®¡à âïâáï ¢ ã«ì. �«ï k > p

íâ¨ ¢ëà ¦¥¨ï ¥ ®¡à âïâáï ¢ ã«ì ¨ ¢ ª ª®© â®çª¥ (y; t). �®á«¥¤¥¥

ãâ¢¥à¦¤¥¨¥ à ¢®á¨«ì® á«¥¤ãîé¥¬ã: ¤«ï ¯à®¨§¢®«ì®© â®çª¨ (y0; t)

¥ áãé¥áâ¢ã¥â â ª¨å ä®à¬ �j 2 T �(M � R1)(y0;t), çâ®

d
k(y0; t) =

qX
j=1

�j ^
j(y0; t); k > p: (1.178)

�«ï â®£® çâ®¡ë ¤®ª § âì íâ®â ä ªâ, ¤®áâ â®ç® ¯®ª § âì, çâ® ¨§ (1.178)

¢ëâ¥ª ¥â


k(y0; t) 2 K1(y0; t); k > p; (1.179)

¨¡® (1.179) ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® dimK1(y0; t) = p. �®§ì¬¥¬ ¤¢ 

¯à®¨§¢®«ìëå ¯®«ï �; � 2 K?. �ãáâì ~� = (�; 1); ~� = (�; 1). �§ (1.178)

¢ëâ¥ª ¥â, çâ® d
k(y0; t)(~�; ~�) = 0. �®£« á® (1.88), ¨¬¥¥¬

d
k(~�; ~�) = ~�
k(~�)� ~�
k(~�) �
k([~�; ~�]):

�®íâ®¬ã ¢ â®çª¥ (y0; t) 
k([~�; ~�]) = 0. �âáî¤  á«¥¤ã¥â (1.179).

�¥®à¥¬  1.24. t-�à ¢¥¨¥ �ä ää  (ª ª®¢ë¬ ï¢«ï¥âáï t-á¨áâ¥¬ 

�ä ää  (1.156) ¯à¨ q = 1)

! = !i(y) dy
i + !n+1(y) dt = 0 (1.180)

¢ â®çª¥, ï¢«ïîé¥©áï à¥£ã«ïà®© ¤«ï ª®à á¯à¥¤¥«¥¨ï CtK ¨ ¢ ª®â®-

à®© !n+1 6= 0, «®ª «ì® t-íª¢¨¢ «¥â® ®¤®¬ã ¨§ á«¥¤ãîé¨å ãà ¢¥-

¨©:

dxn � dt = 0; (1.181)

dxn � x1dx2 � : : :� x2k�1dx2k � dt = 0; (1.182)

dxn � xn�1dt = 0; (1.183)

dxn � x1dx2 � : : :� x2j�1dx2j � xn�1dt = 0; (1.184)

£¤¥ k; j = 1; : : : ; (n� 2)=2, ¥á«¨ n ç¥â®, n>4; k = 1; : : : ; (n� 1)=2, ¥á«¨

n ¥ç¥â®, n>3; j = 1; : : : ; (n � 3)=2, ¥á«¨ n ¥ç¥â®, n>5. �¨á«®

¯¥à¥¬¥ëå ¢ ª ¦¤®© ¨§ á¨áâ¥¬ (1.181){(1.184) à ¢® à £ã CtK.
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�®ª  §  â ¥ « ì á â ¢ ®. � §¤¥«¨¬ (1.180)   !n+1. � à¥§ã«ìâ â¥ ãà ¢-

¥¨¥ (1.180) ¯à¥®¡à §ã¥âáï ¢ t-íª¢¨¢ «¥â®¥ ãà ¢¥¨¥

ai(y) dy
i + dt = 0: (1.185)

�®áâà®¨¬ á¨áâ¥¬ã �ä ää  ¢¨¤  (1.105), (1.106), ¯®à®¦¤ îéãî t-å -

à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ CtK. �â  á¨áâ¥¬  ¡ã¤¥â ¨¬¥âì ¢¨¤

ai(y) dy
i = 0; (1.186)

(aijaj1 � aij1aj)dy
i = 0; 16j < j1 < n+ 1; (1.187)

aijdy
i = 0; j = 1; : : : ; n; (1.188)

£¤¥ aij = (@aj=@y
i) � (@ai=@y

j). �ç¥¢¨¤®, çâ® CtK ¯®à®¦¤ ¥âáï á¨-

áâ¥¬®© �ä ää  (1.186), (1.188). �¨áâ¥¬  (1.186), (1.188) á®¢¯ ¤ ¥â á

å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬®© �ä ää  ä®à¬ë �ä ää  a = ai(y) dy
i

(ª®â®à ï ®â«¨ç ¥âáï ®â å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ãà ¢¥¨ï �ä ä-

ä  a = ai(y) dy
i = 0). �®£« á® â¥®à¥¬¥ 1.19, ¥á«¨ ç¨á«® «¨¥©® ¥-

á¢ï§ ëå ä®à¬ íâ®© á¨áâ¥¬ë,  §ë¢ ¥¬®¥ ª« áá®¬ ä®à¬ë a, à ¢®

p, â® ä®à¬  a á ¯®¬®éìî â®«ìª® § ¬¥ë ¯¥à¥¬¥ëå (ª®â®à ï áâà®-

¨âáï á ¨á¯®«ì§®¢ ¨¥¬ ¨â¥£à «®¢ á¨áâ¥¬ë (1.186), (1.188)) ¡¥§ ¯à¨¬¥-

¥¨ï «¨¥©®£® ¯à¥®¡à §®¢ ¨ï ¯à¨¢®¤¨âáï ª ä®à¬¥, § ¢¨áïé¥© ®â

p ¯¥à¥¬¥ëå. �« áá p ¬®¦¥â ¡ëâì «î¡ë¬ ç¨á«®¬ ®â 1 ¤® n. �á-

«¨ p | ¥ç¥â®¥ ç¨á«®, â® ä®à¬  a ¯à¨¢®¤¨âáï ª ¢¨¤ã (1.150) ¨«¨ ª

¢¨¤ã (1.151). �ç¥¢¨¤®, çâ® ¯®á«¥ â ª®© § ¬¥ë ¯¥à¥¬¥ëå ãà ¢¥-

¨¥ �ä ää  (1.185) ¯¥à¥©¤¥â ¢ t-íª¢¨¢ «¥â®¥ ãà ¢¥¨¥ (1.181) ¨«¨

(1.182). �á«¨ p | ç¥â®¥ ç¨á«®, â® ä®à¬  a ¯à¨¢®¤¨âáï ª ¢¨¤ã (1.152)

¨«¨ ª ¢¨¤ã (1.153). �ç¥¢¨¤®, çâ® ãà ¢¥¨¥ (1.185) ¯à¨ íâ®¬ ¯à¨¢®-

¤¨âáï ª á®®â¢¥âáâ¢ãîé¥¬ã t-íª¢¨¢ «¥â®¬ã ãà ¢¥¨î

xn�1dxn � dt = 0; (1.189)

xn�1dxn � x1dx2 � : : :� x2j�1dx2j � dt = 0: (1.190)

�à ¢¥¨ï (1.189), (1.190) § ¬¥®© ¯¥à¥¬¥ëå ¢¨¤ 

(1=xn�1) 7! xn�1; (xi=xn�1) 7! xi; i = 1; : : : ; n� 1;

¯à¨¢®¤ïâáï ª ãà ¢¥¨ï¬ (1.183), (1.184). (�¤¥áì ¯à¥¤¯®« £ ¥âáï ¡¥§

®£à ¨ç¥¨ï ®¡é®áâ¨, çâ® ¢ à áá¬ âà¨¢ ¥¬®© ®ªà¥áâ®áâ¨ xn�1 6= 0.)

2
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1.6. �àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢

�¢¥¤¥¬ á ç «  ¯®ïâ¨¥ £àã¯¯ë ¯à¥®¡à §®¢ ¨© ¯à®¨§¢®«ì®£® ¬®-

¦¥áâ¢  M . �ãáâì �(M ) | ¬®¦¥áâ¢® ¢á¥å ¡¨¥ªæ¨© M , â.¥. ¢§ ¨¬®

®¤®§ çëå ®â®¡à ¦¥¨© ¬®¦¥áâ¢  M   á¥¡ï. �ã¯¥à¯®§¨æ¨ï ¡¨¥ª-

æ¨©  ; ' 2 �(M ) â ª¦¥ ¯à¨ ¤«¥¦¨â �(M ) ¨ ®¡®§ ç ¥âáï ç¥à¥§  '

(§¤¥áì ¨¬¥¥âáï ¢ ¢¨¤ã, çâ®   â®çª¨ M á ç «  ¤¥©áâ¢ã¥â ',   § â¥¬  ).

�®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥ (ª®â®à®¥ ®áâ ¢«ï¥â ¢á¥ â®çª¨ M   ¬¥áâ¥)

¥áâ¥áâ¢¥® ¯à¨ ¤«¥¦¨â �(M ) ¨ ®¡®§ ç ¥âáï ç¥à¥§ eM . � ¦¤®© ¡¨-

¥ªæ¨¨  2 �(M ) á®®â¢¥âáâ¢ã¥â ®¡à â®¥ ®â®¡à ¦¥¨¥  �1 2 �(M ), â.¥.

â ª®¥ ®â®¡à ¦¥¨¥, çâ®   �1 =  �1 = eM .

�®¦¥áâ¢® S � �(M )  §ë¢ ¥âáï £àã¯¯®© ¯à¥®¡à §®¢ ¨¥ M , ¥á«¨:

1) s1; s2 2 S =) s1s2 2 S,

2)s 2 S =) s�1 2 S.

�§ ®¯à¥¤¥«¥¨ï £àã¯¯ë S á«¥¤ã¥â, çâ® eM 2 S.

�¢¥¤¥¬ ¯®ïâ¨¥ ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢.

�ãáâì M | ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rn. � áá¬®âà¨¬ á®¢®ªã¯-

®áâì ¯à¥®¡à §®¢ ¨©

G = fgt: t 2 R1g � �(M );

ª ¦¤®¥ ¨§ ª®â®àëå ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬. �¢¥¤¥¬ ®â®¡à ¦¥¨¥

H:R1 �M ! M , ®¯à¥¤¥«ï¥¬®¥ à ¢¥áâ¢®¬ H(t; y) = gt(y). �à¥¤¯®«®-

¦¨¬, çâ® ¤«ï ª ¦¤®£® ä¨ªá¨à®¢ ®£® y 2M ¢ë¯®«ïîâáï á¢®©áâ¢ :
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1) ®â®¡à ¦¥¨¥ H £« ¤ª® § ¢¨á¨â ®â t   R1,

2) g0(y) = y,

3) gt2 (gt1(y)) = gt1+t2 (y),

4) g�t(gt(y)) = y.

�§ á¢®©áâ¢ 3), 4) á«¥¤ã¥â, çâ®

gt2gt1 = gt1+t2 2 G; (gt)�1 = g�t 2 G;

â.¥. G | £àã¯¯  ¯à¥®¡à §®¢ ¨© M , ª®â®à ï  §ë¢ ¥âáï £«®¡ «ì®©

®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© ¤¨ää¥®¬®àä¨§¬®¢ ®¡« áâ¨ M (®¡ëç®

á«®¢® ú£«®¡ «ì ïû ®¯ãáª îâ). � ¬¥â¨¬, çâ® g0 = eM , H | £« ¤ª®¥

®â®¡à ¦¥¨¥ R1 �M ¢ M ,   á¢®©áâ¢® 4) ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ á¢®©áâ¢

2), 3).

�à¨¬¥à 1.7. �à¨¢¥¤¥¬ ¥ª®â®àë¥ úáâ ¤ àâë¥û ®¤®¯ à ¬¥âà¨-

ç¥áª¨¥ £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢:

 ) £àã¯¯  á¤¢¨£®¢ M = R1, á®áâ®ïé ï ¨§ ¯à¥®¡à §®¢ ¨©

gt: y 7! y + t;

¡) £àã¯¯  à áâï¦¥¨© M = R1, á®áâ®ïé ï ¨§ ¯à¥®¡à §®¢ ¨©

gt: y 7! yet;

¢) £àã¯¯  ¢à é¥¨© M = R2, á®áâ®ïé ï ¨§ ¯à¥®¡à §®¢ ¨©

gt: (x; y) 7! (x cos t� y sin t; x sin t+ y cos):

�¢¥¤¥¬ ®¡®¡é¥¨¥ ¯®ïâ¨ï ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë. � áá¬®â-

à¨¬ á®¢®ªã¯®áâì «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢ G = fgt: t 2 R
1g

®¡« áâ¨ M � R
n. �«ï ª ¦¤®£® gt 2 G áãé¥áâ¢ãîâ â ª¨¥ ®¡« áâ¨

domgt; rangt (¢®§¬®¦®, ¯ãáâë¥), çâ® gt ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¨ää¥®-

¬®àä¨§¬ domgt   ran gt. �ã¯¥à¯®§¨æ¨ï gt2gt1 ¥áâì «®ª «ìë© ¤¨ä-

ä¥®¬®àä¨§¬, ¯à¨ç¥¬

dom(gt2gt1) = (gt1)�1(domst2 ); ran (gt2gt1) = gt2(ran gt1 \ domgt2):

�¢¥¤¥¬ ¬®¦¥áâ¢® U � R
1 �M ,   ª®â®à®¬ ®¯à¥¤¥«¥® ®â®¡à ¦¥¨¥

H:U !M , § ¤ ¢ ¥¬®¥ à ¢¥áâ¢®¬ H(t; y) = gt(y). �ãáâì ¤«ï ª ¦¤®£®

ä¨ªá¨à®¢ ®£® y 2M ¢ë¯®«ïîâáï á¢®©áâ¢ :

1) ¬®¦¥áâ¢® ç¨á¥« t 2 R
1, ¤«ï ª®â®àëå y 2 domgt, ï¢«ï¥âáï

¨â¥à¢ «®¬ Iy,   ª®â®à®¬ ®â®¡à ¦¥¨¥ H £« ¤ª® § ¢¨á¨â ®â t;

2) g0(y) = y;



1.6. ������ ��������������� 111

3) ¥á«¨ y 2 dom(gt2gt1), â® y 2 domgt1+t2 , ¯à¨ç¥¬

gt2gt1(y) = gt1+t2 (y);

4) ¥á«¨ y 2 domgt, â® gt(y) 2 domg�t, ¯à¨ç¥¬ g�tgt(y) = y.

�§ íâ¨å á¢®©áâ¢ á«¥¤ã¥â, çâ® U | ®¡« áâì ¢ R1 �M , á®¤¥à¦ é ï

¬®¦¥áâ¢® f0g �M ,   H | £« ¤ª®¥ ®â®¡à ¦¥¨¥ U ¢ M . �à®¬¥ â®£®,

(gt)�1 = g�t, ¯à¨ç¥¬ domgt = ran g�t, ran gt = domg�t.

�®¢®ªã¯®áâì «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢ G, ã¤®¢«¥â¢®àïîé ï

á¢®©áâ¢ ¬ 1){4),  §ë¢ ¥âáï «®ª «ì®© ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯®©

¤¨ää¥®¬®àä¨§¬®¢ ®¡« áâ¨ M (ç áâ® ®¡« áâì ®¯à¥¤¥«¥¨ï U ¥ ãâ®ç-

ïîâ,   á«®¢® ú«®ª «ì ïû ®¯ãáª îâ). � ¬¥â¨¬, çâ® ¥¤¨áâ¢¥®¥ ®â-

«¨ç¨¥ ®â £«®¡ «ì®© £àã¯¯ë § ª«îç ¥âáï ¢ ¢¨¤¥ ®¡« áâ¨ U , ¢ ª®â®à®©

®¯à¥¤¥«¥® ®â®¡à ¦¥¨¥ H: ¥á«¨ U = R
1 �M , â® «®ª «ì ï £àã¯¯ 

ï¢«ï¥âáï £«®¡ «ì®©.

�à¨¬¥à 1.8. �à¥®¡à §®¢ ¨ï

gt: y 7! y

1� ty

ï¢«ïîâáï «®ª «ìë¬¨ ¤¨ää¥®¬®àä¨§¬ ¬¨ M = R
1 ¨ ®¡à §ãîâ «®-

ª «ìãî ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã. � ¤ ®¬ á«ãç ¥ ®â®¡à ¦¥¨¥

H ®¯à¥¤¥«¥® ¢ ®¡« áâ¨

U = f(t; y): 1� ty > 0g � R1 �M:

� áá¬®âà¨¬ á¢ï§ì ¬¥¦¤ã ¢¥ªâ®àë¬¨ ¯®«ï¬¨ ¨ ®¤®¯ à ¬¥âà¨ç¥-

áª¨¬¨ £àã¯¯ ¬¨ ¤¨ää¥®¬®àä¨§¬®¢, ª®â®à ï ¯® áãé¥áâ¢ã ï¢«ï¥âáï ¨-

â¥à¯à¥â æ¨¥© å®à®è® ¨§¢¥áâ®© á¢ï§¨ ¬¥¦¤ã á¨áâ¥¬ ¬¨ ¤¨ää¥à¥æ¨-

 «ìëå ãà ¢¥¨© ¨ ¨å à¥è¥¨ï¬¨.

� ¦¤ ï («®ª «ì ï ¨ £«®¡ «ì ï) ®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  G

®¯à¥¤¥«ï¥â ¢¥ªâ®à®¥ ¯®«¥

� = �i(y)
@

@yi

¯® ä®à¬ã« ¬

�i(y) =
@Hi

@t

����
t=0

;

£¤¥ H(t; y) = gt(y). �à¨ íâ®¬ ¤«ï ª ¦¤®© â®çª¨ y0 ªà¨¢ ï

y(t) = H(t; y0) = gt(y0); t 2 Iy0 ;
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ï¢«ï¥âáï ¨â¥£à «ì®© ªà¨¢®© ¯®«ï �, ã¤®¢«¥â¢®àïîé¥©  ç «ì®¬ã

ãá«®¢¨î y(0) = y0. �¥©áâ¢¨â¥«ì®, ¤®ª ¦¥¬ à ¢¥áâ¢®�
@Hi(t; y0)

@t

�
t=t1

= �i(H(t1; y0)); 8t 2 Iy0 : (1.191)

�®£« á® á¢®©áâ¢ ¬ 1) ¨ 3) ¢ ®¯à¥¤¥«¥¨¨ G, ¤«ï ¤®áâ â®ç® ¬ «ëå

� 2 R1 ¨¬¥¥¬ à ¢¥áâ¢ 

Hi(t1 + �; y0) = Hi(�;H(t1; y0)):

�¨ää¥à¥æ¨àãï íâ¨ à ¢¥áâ¢  ¯® � ¢ â®çª¥ � = 0, ¯®«ãç ¥¬ ¢ «¥¢®©

ç áâ¨ �
@Hi(t1 + �; y0)

@�

�
�=0

=

�
@Hi(t; y0)

@t

�
t=t1

(§¤¥áì ¨á¯®«ì§®¢   § ¬¥  t1+� = t),   ¢ ¯à ¢®© ç áâ¨ | �i(H(t1; y0)).

�à ¢¨¢ ï, ¯®«ãç¨¬ (1.191).

�¡à â®, ¯ãáâì ¢ ®¡« áâ¨ M � Rn § ¤ ® ¢¥ªâ®à®¥ ¯®«¥

� = �i(y)
@

@yi
:

�à¥¤¯®«®¦¨¬ á ç « , çâ® ¯®«¥ � ï¢«ï¥âáï ¯®«ë¬. �â® ®§ ç ¥â, çâ®

à¥è¥¨¥ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

_yi = �i(y); i = 1; : : : ; n; (1.192)

¤«ï «î¡®©  ç «ì®© â®çª¨ y0 2 M ®¯à¥¤¥«¥® ¯à¨ ¢á¥å R1. �¢¥¤¥¬

®â®¡à ¦¥¨¥ H:R1�M !M ¯® ¯à ¢¨«ã: y(t) = H(t; y0) | ¨â¥£à «ì-

 ï ªà¨¢ ï ¯®«ï �, ®¯à¥¤¥«¥ ï   R1, ¯à¨ç¥¬ y(0) = y0. �ë¬¨

á«®¢ ¬¨, ®â®¡à ¦¥¨¥ H § ¤ ¥â ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (1.192). �®-

ª ¦¥¬, çâ® á®¢®ªã¯®áâì ¯à¥®¡à §®¢ ¨© G = fgt: t 2 R1g ®¡« áâ¨ M ,

â ª¨å, çâ® gt(y) = H(t; y), ï¢«ï¥âáï £«®¡ «ì®© ®¤®¯ à ¬¥âà¨ç¥áª®©

£àã¯¯®© ¤¨ää¥®¬®àä¨§¬®¢. �®-¯¥à¢ëå, ¢ á¨«ã ¨§¢¥áâëå â¥®à¥¬ ®

¤¨ää¥à¥æ¨àã¥¬®áâ¨ à¥è¥¨© á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

¯® t ¨ ¯®  ç «ìë¬ ãá«®¢¨ï¬, ®â®¡à ¦¥¨¥ H ï¢«ï¥âáï £« ¤ª¨¬ [52].

�«¥¤®¢ â¥«ì®, ª ¦¤®¥ ®â®¡à ¦¥¨¥ gt |£« ¤ª®¥, ¨ ¢ë¯®«ï¥âáï á¢®©-

áâ¢® 1) ¢ ®¯à¥¤¥«¥¨¨ ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë. �§ ®¯à¥¤¥«¥¨ï

H á«¥¤ã¥â, çâ® H(0; y) = g0(y) = y; 8y 2M , â.¥. ¢ë¯®«ï¥âáï á¢®©áâ¢®

2). �®ª ¦¥¬ á¢®©áâ¢® 3). �¨ªá¨àã¥¬ t1 2 R1 ¨ à áá¬®âà¨¬ ªà¨¢ãî

y(t) = H(t+ t1; y). �§ à ¢¥áâ¢

@Hi(t + t1; y)

@t
=
@Hi(t+ t1; y)

@(t+ t1)
= �i(H(t+ t1))
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á«¥¤ã¥â, çâ® y(t) | à¥è¥¨¥ á¨áâ¥¬ë (1.192), ¯à¨ç¥¬ á  ç «ìë¬

ãá«®¢¨¥¬ y(0) = H(t1; y). � ¤àã£®© áâ®à®ë, ¯® ®¯à¥¤¥«¥¨î, à¥è¥¨¥

á¨áâ¥¬ë (1.192) á â ª¨¬  ç «ìë¬ ãá«®¢¨¥¬ § ¯¨áë¢ ¥âáï á«¥¤ãîé¨¬

®¡à §®¬: H(t;H(t1; y)). �§ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï á«¥¤ã¥â, çâ®

H(t2;H(t1; y)) = H(t2 + t1; y); 8t2 2 R1:

�â® ¨ ®§ ç ¥â ¢ë¯®«¥¨¥ á¢®©áâ¢  3). �¢®©áâ¢® 4) á«¥¤ã¥â ¨§ á¢®©áâ¢

2), 3).

�á«¨ ¯®«¥ � ¥ ¯®«®¥, â®   «®£¨ç® ®¯à¥¤¥«ï¥âáï ®â®¡à ¦¥¨¥

H ¯® ¯à ¢¨«ã: H(t; y0) = y(t) | ¨â¥£à «ì ï ªà¨¢ ï ¯®«ï �, ®¯à¥-

¤¥«¥ ï   ¬ ªá¨¬ «ì®¬ ¨â¥à¢ «¥ Iy0 � R
1, ¯à¨ç¥¬ y(0) = y0.

� ¤ ®¬ á«ãç ¥ ®â®¡à ¦¥¨¥ H ®¯à¥¤¥«¥®   ¥ª®â®à®¬ ¬®¦¥-

áâ¢¥ U � R
1 � M , á®¤¥à¦ é¥¬ f0g � M . �à¨ íâ®¬ ¯à¥®¡à §®¢ ¨ï

gt(y) = H(t; y) ï¢«ïîâáï «®ª «ìë¬¨ ¤¨ää¥®¬®àä¨§¬ ¬¨ ®¡« áâ¨ M .

� «®£¨ç®, ª ª ¨ ¤«ï ¯®«®£® ¯®«ï, ¬®¦® ¯®ª § âì, çâ® ¯à¥®¡à -

§®¢ ¨ï gt á®áâ ¢«ïîâ «®ª «ìãî ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¨ä-

ä¥®¬®àä¨§¬®¢ G = fgt: t 2 R1g (¯®¤à®¡®áâ¨ ¢ [8]).

�â ª, ¯®«®¥ (¥¯®«®¥) ¢¥ªâ®à®¥ ¯®«¥ ¯®à®¦¤ ¥â £«®¡ «ìãî («®-

ª «ìãî) ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¤¨ää¥®¬®àä¨§¬®¢. � «¥¥ ¢

«î¡®¬ á«ãç ¥ ¡ã¤¥â ¨á¯®«ì§®¢ âìáï, ª ª ¯à ¢¨«®, ¡®«¥¥ ª®à®âª ï äà -

§ : ¯®«¥ ¯®à®¦¤ ¥â ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã. �à¨ íâ®¬, ¥á«¨ ¢

ª ª®©-«¨¡® ä®à¬ã«¥ ¥ ãª §   ®¡« áâì ®¯à¥¤¥«¥¨ï, â® ¯à¥¤¯®« £ ¥â-

áï á¯à ¢¥¤«¨¢®áâì íâ®© ä®à¬ã«ë â ¬, £¤¥ ®  ¨¬¥¥â á¬ëá«.

�à¨¬¥à 1.9. �¥ªâ®àë¥ ¯®«ï

@

@y
; y

@

@y
; � y

@

@x
+ x

@

@y

¯®à®¦¤ îâ £«®¡ «ìë¥ ®¤®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë, à áá¬®âà¥ë¥

¢ ¯à¨¬¥à¥ 1.7. �¥ªâ®à®¥ ¯®«¥

y2
@

@y

¯®à®¦¤ ¥â «®ª «ìãî ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã, à áá¬®âà¥ãî ¢

¯à¨¬¥à¥ 1.8.

�ãáâì ¢¥ªâ®à®¥ ¯®«¥ � 2 T (M ) ¯®à®¦¤ ¥â ®¤®¯ à ¬¥âà¨ç¥áªãî

£àã¯¯ã G = fgtg. �«ï «î¡®© £« ¤ª®© äãªæ¨¨ �(y), § ¤ ®© ¢ ®¡« -

áâ¨ M , ä¨ªá¨àãï â®çªã y, ¯®«ãç¨¬ äãªæ¨î �(gt(y)), § ¢¨áïéãî ®â

t. �à¨¬¥ïï ª íâ®© äãªæ¨¨ ä®à¬ã«ã �¥©«®à  ¢ ®ªà¥áâ®áâ¨ â®çª¨

t = 0, ¯®«ãç¨¬

�(gt(y)) = �(y) + t��(y) + o(t): (1.193)
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� ç áâ®áâ¨, ¤«ï äãªæ¨¨ � = yi ¨¬¥¥¬

(gt)i(y) = yi + t�i(y) + o(t): (1.194)

�« ¤ª ï äãªæ¨ï �  §ë¢ ¥âáï ¨¢ à¨ â®¬ ®¤®¯ à ¬¥âà¨ç¥áª®©

£àã¯¯ë G, ¥á«¨ �(y) = �(gt(y)); 8y 2M; t 2 Iy.
�à¥¤«®¦¥¨¥ 1.39. �¢ à¨ âë ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë G

áãâì ¨â¥£à «ë ¢¥ªâ®à®£® ¯®«ï �, ª®â®à®¥ ¯®à®¦¤ ¥â G.

�®ª  §  â ¥ « ì á â ¢ ®. �á«¨ �(y) |¨¢ à¨ â, â® ¨§ (1.193) «¥£ª®

á«¥¤ã¥â, çâ® ��(y) = 0, â.¥. �(y) | ¨â¥£à « ¯®«ï �. �¡à â®, ¯ãáâì �

ï¢«ï¥âáï ¨â¥£à «®¬ ¯®«ï �. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 ¨ ¢¢¥¤¥¬

äãªæ¨î F (t) = �(gt(y0)). �¬¥¥¬ ¢ ª ¦¤®© â®çª¥ t 2 Iy0 à ¢¥áâ¢®
dF (t)

dt
=
@�

@yi
�i(gt(y0)) = ��jy=gt(y0) = 0:

�«¥¤®¢ â¥«ì®, F (t) = const , â.¥. �(y) | ¨¢ à¨ â. 2

�®ª § ®¥ ãâ¢¥à¦¤¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¤àã£ãî ä®à¬ã«¨à®¢ªã

ã¯®¬¨ ¢è¥£®áï ¢ à §¤¥«¥ 1.3 ãâ¢¥à¦¤¥¨ï: ¨â¥£à «ë ¢¥ªâ®à®£®

¯®«ï ¯à¥¤áâ ¢«ïîâ á®¡®© äãªæ¨¨, ª®â®àë¥ ¯à¨¨¬ îâ ¯®áâ®ïë¥

§ ç¥¨ï   ¨â¥£à «ìëå âà ¥ªâ®à¨ïå.

� ¤¨¬ â¥¯¥àì ¨â¥à¯à¥â æ¨î ¯®ïâ¨© f-á¢ï§®áâ¨, f-¯à®¥ªâ¨àã¥-

¬®áâ¨ ¢¥ªâ®àëå ¯®«¥©,   â ª¦¥ ª á ¨ï ¯®«¥¬ ¬®£®®¡à §¨ï, à áá¬®-

âà¥ëå ¢ à §¤¥«¥ 1.3, ¢ â¥à¬¨ å ®¤®¯ à ¬¥âà¨ç¥áª¨å £àã¯¯.

�à¥¤«®¦¥¨¥ 1.40. �ãáâì ¢¥ªâ®àë¥ ¯®«ï

� = �i(y)
@

@yi
; � = �k(x)

@

@xk
;

§ ¤ ë¥ ¢ ®¡« áâïå M � Rn, N � Rm, ¯®à®¦¤ îâ ¢ íâ¨å ®¡« áâïå

®¤®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë G = fgtg, H = fhtg, ¨ ¯ãáâì § ¤ ®

£« ¤ª®¥ ®â®¡à ¦¥¨¥ f :M ! N . �®£¤  ¤«ï ª ¦¤®© â®çª¨ y 2 M

¢ë¯®«ïîâáï á®®â®è¥¨ï

fgt(y) = htf(y); t 2 Iy: (1.195)

� ® ª  §  â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® ¯®«ï � ¨ � ï¢«ïîâáï f-

á¢ï§ ë¬¨. �«ï ¯à®¨§¢®«ì®© â®çª¨ y 2M à áá¬®âà¨¬ ¢ ®¡« áâ¨ N

£« ¤ªãî ªà¨¢ãî c(t) = fgt(y). �¬¥¥¬, á®£« á® ®¯à¥¤¥«¥¨î f-á¢ï§ -

®áâ¨ (1.12),

dck

dt
=
@fk

@yi
�i(gt(y)) = �k(f(gt(y))) = �k(c(t));
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k = 1; : : : ;m:

�«¥¤®¢ â¥«ì®, c(t) ï¢«ï¥âáï ¨â¥£à «ì®© ªà¨¢®© ¯®«ï � á  ç «ìë¬

ãá«®¢¨¥¬ c(0) = f(y). � ¤àã£®© áâ®à®ë, ªà¨¢ ï ht(f(y)) â ª¦¥ ï¢«ï¥â-

áï ¨â¥£à «ì®© ªà¨¢®© ¯®«ï � á â¥¬ ¦¥  ç «ìë¬ ãá«®¢¨¥¬. �âáî¤ 

¢ëâ¥ª ¥â (1.195).

�¡à â®, ¯ãáâì á¯à ¢¥¤«¨¢® (1.195). �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã

y 2M ¨ ¯®«®¦¨¬ c(t) = htf(y) = fgt(y). �¬¥¥¬ à ¢¥áâ¢ 

dck

dt

����
t=0

= �k(f(y)) =
@fk

@yi
�i(y); k = 1; : : : ;m;

â.¥. ¯®«ï � ¨ � ï¢«ïîâáï f-á¢ï§ ë¬¨. 2

�â¥à¯à¥â æ¨î ¯®ïâ¨ï f-¯à®¥ªâ¨àã¥¬®áâ¨ ¤«ï  á ã¤®¡® ¡ã¤¥â

á¤¥« âì á ¨á¯®«ì§®¢ ¨¥¬ ¯®ïâ¨ï à¥£ã«ïà®£® ®â®è¥¨ï íª¢¨¢ «¥â-

®áâ¨.

�ãáâì   ¬®¦¥áâ¢¥ M § ¤ ® ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R. �®-

¢®àïâ, çâ® R á®¢¬¥áâ¨¬® á ¡¨¥ªæ¨¥©  2 �(M ), ¥á«¨

aRb =)  (a)R (b):

�ã¤¥¬ £®¢®à¨âì â ª¦¥, çâ® ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R á®¢¬¥áâ¨¬®

á £àã¯¯®© G � �(M ), ¥á«¨

aRb; g 2 G =) g(a)Rg(b): (1.196)

�á®, çâ® âà¨¢¨ «ìë¥ ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ �0; �1 (ª®â®àë¥

®¯à¥¤¥«¥ë ¢ à §¤¥«¥ 1.1) á®¢¬¥áâ¨¬ë á «î¡®© £àã¯¯®©. �á«¨ áãé¥-

áâ¢ã¥â ¥âà¨¢¨ «ì®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R, á®¢¬¥áâ¨¬®¥ á

£àã¯¯®© G, â® G  §ë¢ ¥âáï ¨¬¯à¨¬¨â¨¢®© £àã¯¯®©,   ª« ááë íª¢¨¢ -

«¥â®áâ¨ R  §ë¢ îâáï á¨áâ¥¬ ¬¨ ¨¬¯à¨¬¨â¨¢®áâ¨ £àã¯¯ë G. �á«¨

¥ áãé¥áâ¢ã¥â ¥âà¨¢¨ «ìëå ®â®è¥¨© íª¢¨¢ «¥â®áâ¨, á®¢¬¥áâ¨-

¬ëå á £àã¯¯®© G, â® G  §ë¢ ¥âáï ¯à¨¬¨â¨¢®© £àã¯¯®©.

�ãáâì M | ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà áâ¢  Rn. �â®è¥¨¥ íª¢¨-

¢ «¥â®áâ¨ R, § ¤ ®¥ ¢ ®¡« áâ¨ M ,  §ë¢ ¥âáï à¥£ã«ïàë¬, ¥á«¨

áãé¥áâ¢ã¥â â ª®©  ¡®à äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå äãªæ¨©

'k(y); k = 1; : : : ;m6n; (1.197)

rank

@'k@yi


k=1;:::;m

i=1;:::;n

= m; 8y 2M;

çâ®

y1Ry2 () 'k(y1) = 'k(y2); k = 1; : : : ;m: (1.198)
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�«ï à¥£ã«ïà®£® ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ R, § ¤ ¢ ¥¬®£® äãª-

æ¨ï¬¨ (1.197), å à ªâ¥à® â®, çâ®   ä ªâ®à¬®¦¥áâ¢¥ M=R ¬®¦®

¢¢¥áâ¨ áâàãªâãàã ®¡« áâ¨ ¢ Rm, ¯à¨ç¥¬ ª ®¨ç¥áª®© ¯à®¥ªæ¨¥© ¡ã-

¤¥â áã¡¬¥àá¨ï. �¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ ®â®¡à ¦¥¨¥ ':M ! R
m,

®¯à¥¤¥«ï¥¬®¥ äãªæ¨ï¬¨ (1.197). �®£« á® ¯à¥¤«®¦¥¨î 1.2, ¬®¦¥-

áâ¢® ~M = '(M ) � Rm ï¢«ï¥âáï ®¡« áâìî. �¡« áâì ~M ¬®¦® ®â®¦¤¥-

áâ¢¨âì á ä ªâ®à¬®¦¥áâ¢®¬ M=R,   ®â®¡à ¦¥¨¥ ' | á ª ®¨ç¥áª®©

¯à®¥ªæ¨¥© M ! M=R. �¥©áâ¢¨â¥«ì®, ¯à¨ ®â®¡à ¦¥¨¨ ' ¢á¥ â®çª¨

®¡« áâ¨ M , ¯à¨ ¤«¥¦ é¨¥ ®¤®¬ã ª« ááã íª¢¨¢ «¥â®áâ¨, ¯¥à¥å®-

¤ïâ ¢ ®¤ã â®çªã ¬®¦¥áâ¢  ~M , ª®â®àãî ¬®¦® ¨¤¥â¨ä¨æ¨à®¢ âì á

íâ¨¬ ª« áá®¬. � ªâ¨ç¥áª¨ á ¯®¬®éìî ¤ ëå à ááã¦¤¥¨© ¢¢®¤¨âáï

¥ª®â®à ï á¨áâ¥¬  ª®®à¤¨ â   ä ªâ®à¬®¦¥áâ¢¥ M=R. � ¬¥â¨¬, çâ®

ª ¦¤ë© ª« áá íª¢¨¢ «¥â®áâ¨ ï¢«ï¥âáï n�m-¬¥àë¬ ¬®£®®¡à §¨¥¬

'k(y) = ck; k = 1; : : : ;m; (1.199)

£¤¥ ck = const .

�á«¨ § ¤   ¥ª®â®à ï áîàê¥ªâ¨¢ ï áã¡¬¥àá¨ï ' ®¡« áâ¨ M � Rn
  ®¡« áâì N � Rm, § ¤ ¢ ¥¬ ï äãªæ¨ï¬¨ (1.197), â® ®ç¥¢¨¤®, çâ®

N ¬®¦® âà ªâ®¢ âì ª ª ä ªâ®à¬®¦¥áâ¢® ¯® à¥£ã«ïà®¬ã ®â®è¥-

¨î íª¢¨¢ «¥â®áâ¨ R ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ (1.198). �ã¤¥¬

£®¢®à¨âì, çâ® ' ¨¤ãæ¨àã¥â ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R.

�ãáâìM � Rn | ®¡« áâì,   R| ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨  M .

�¯à¥¤¥«¥¨¥ á®¢¬¥áâ¨¬®áâ¨ ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ á «®ª «ìë¬

¤¨ää¥®¬®àä¨§¬®¬  ¯® áãé¥áâ¢ã ®áâ ¥âáï ¯à¥¦¨¬, ¥á«¨ ãç¨âë¢ âì

®¡« áâì ®¯à¥¤¥«¥¨ï dom �M «®ª «ì®£® ¤¨ää¥®¬®àä¨§¬   ¢ á®-

®â¢¥âáâ¢¨¨ á ¯à¨ïâë¬ à ¥¥ á®£« è¥¨¥¬: áä®à¬ã«¨à®¢ ë¥ ãâ¢¥à-

¦¤¥¨ï ¨ § ¯¨á ë¥ ¢ëà ¦¥¨ï ¢¥àë â ¬, £¤¥ ®¨ ¨¬¥îâ á¬ëá«.

�á«¨ R | à¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨, § ¤ ¢ ¥¬®¥ äãª-

æ¨ï¬¨ (1.197), â® ®¯à¥¤¥«¥¨¥ á®¢¬¥áâ¨¬®áâ¨ R c «®ª «ì®© ®¤®¯ à -

¬¥âà¨ç¥áª®© £àã¯¯®© ¤¨ää¥®¬®àä¨§¬®¢ G ¬®¦® § ¯¨á âì â ª:

'k(y1) = 'k(y2) =) 'k(gt(y1)) = 'k(gt(y2)); (1.200)

k = 1; : : : ;m:

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ãá«®¢¨¥ '-¯à®¥ªâ¨àã¥-

¬®áâ¨ ¢¥ªâ®à®£® ¯®«ï ¢ â¥à¬¨ å ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë, ¯®-

à®¦¤ ¥¬®© íâ¨¬ ¯®«¥¬, ¥á«¨ ' | áîàê¥ªâ¨¢ ï áã¡¬¥àá¨ï.

�à¥¤«®¦¥¨¥ 1.41. �ãáâì G ï¢«ï¥âáï ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯-

¯®© ¤¨ää¥®¬®àä¨§¬®¢ ®¡« áâ¨ M , ª®â®à ï ¯®à®¦¤ ¥âáï ¯®«¥¬ �,

®â®¡à ¦¥¨¥ ':M ! N ï¢«ï¥âáï áîàê¥ªâ¨¢®© áã¡¬¥àá¨¥©,   R |
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à¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨   M , ¨¤ãæ¨àã¥¬®¥ ®â®¡à -

¦¥¨¥¬ '. �®«¥ � '-¯à®¥ªâ¨àã¥¬® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  R

á®¢¬¥áâ¨¬® á G.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¯®«¥ � ï¢«ï¥âáï '-¯à®¥ªâ¨àã¥¬ë¬ ¨

¯ãáâì ¯®«¥ � = '�� ¯®à®¦¤ ¥â ®¤®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã H = fhtg
¤¨ää¥®¬®àä¨§¬®¢ ®¡« áâ¨ N . �®§ì¬¥¬ â®çª¨ y1; y2 2 M , â ª¨¥, çâ®

y1Ry2. �®£« á® ¯à¥¤«®¦¥¨î 1.40,

'gt(yl) = ht'(yl); k = 1; : : : ;m; l = 1; 2:

� ª ª ª '(y1) = '(y2), â® '(gt(y1)) = '(gt(y2)), â.¥. gt(y1)Rg
t(y2).

�«¥¤®¢ â¥«ì®, R á®¢¬¥áâ¨¬® á G.

�¡à â®, ¯à¥¤¯®«®¦¨¬, çâ® ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R, ¯®à®¦-

¤ ¥¬®¥ äãªæ¨ï¬¨ (1.197), á®¢¬¥áâ¨¬® á S. �ãáâì y1Ry2. �¨ää¥à¥-

æ¨àãï à ¢¥áâ¢ 

'k(gt(y1)) = 'k(gt(y2)); k = 1; : : : ;m;

¯® t ¢ â®çª¥ t = 0, ¯®«ãç¨¬, çâ® '�jy1�(y1) = '�jy1�(y2):�§ ¯à¥¤«®¦¥¨ï
1.3 ¢ëâ¥ª ¥â, çâ® ¯®«¥ � ï¢«ï¥âáï '-¯à®¥ªâ¨àã¥¬ë¬. 2

� ¯®¬¨¬ ®¯à¥¤¥«¥¨¥ ª á ¨ï ¯®«¥¬ ¬®£®®¡à §¨ï. �ãáâì ¯®«¥

� 2 T (M ) ¨ N � M | ¬®£®®¡à §¨¥. �®¢®àïâ, çâ® ¯®«¥ � ª á ¥âáï

N , ¥á«¨ ¢ ª ¦¤®© â®çª¥ y 2 N ª á â¥«ìë© ¢ªâ®à �(y) ¯à¨ ¤«¥¦¨â

ª á â¥«ì®¬ã ¯à®áâà áâ¢ã TNy ¬®£®®¡à §¨ï. �â® ¯®ïâ¨¥ íª¢¨¢ -

«¥â® ¯®ïâ¨î «®ª «ì®© ¨¢ à¨ â®áâ¨ ¬®£®®¡à §¨ï ®¤®¯ à ¬¥-

âà¨ç¥áª®© £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢ G = fgtg, ¯®à®¦¤ ¥¬®© ¯®«¥¬ �.

�®£®®¡à §¨¥ N  §ë¢ ¥âáï «®ª «ì® ¨¢ à¨ âë¬, ¥á«¨ ¤«ï ª ¦-

¤®© â®çª¨ y0 2 N  ©¤¥âáï â ª®© ¨â¥à¢ « J � R1, ¯à¨ç¥¬ 0 2 J , çâ®
gt(y0) 2 N; t 2 J . �®£®®¡à §¨¥ N  §ë¢ ¥âáï ¨¢ à¨ âë¬, ¥á«¨

¤«ï ª ¦¤®© â®çª¨ y0 2 N ¨â¥à¢ « J á®¢¯ ¤ ¥â á® ¢á¥¬ ¨â¥à¢ «®¬

Iy0 ,   ª®â®à®¬ ®¯à¥¤¥«¥  ¨â¥£à «ì ï ªà¨¢ ï gt(y0) ¯®«ï �, ª®â®à®¥

¯®à®¦¤ ¥â «®ª «ìãî £àã¯¯ã G.

�à¥¤«®¦¥¨¥ 1.42. �¥ªâ®à®¥ ¯®«¥ � 2 T (M ) ª á ¥âáï ¬®£®-

®¡à §¨ï N � M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  N ï¢«ï¥âáï «®ª «ì®

¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë ¤¨ää¥®-

¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬®© ¯®«¥¬ �.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¯®«¥ � ª á ¥âáï N . �®§ì¬¥¬ ¯à®¨§¢®«ì-

ãî â®çªã y0 ¬®£®®¡à §¨ï N ¨ ¥ª®â®àãî ª àâã (V; �), â ªãî, çâ®

x0 = ��1(y0) 2 V . � á®®â¢¥âáâ¢¨¨ á ¯à¥¤«®¦¥¨¥¬ 1.5 ¢ ®¡« áâ¨ V áã-

é¥áâ¢ã¥â ¨¤ãæ¨à®¢ ®¥ ¯®«¥ �, â ª®¥, çâ® � = ���. �§ ¯à¥¤«®¦¥¨ï

1.40 ¢ëâ¥ª ¥â, çâ®   ¥ª®â®à®¬ ¨â¥à¢ «¥ J

�gt(x0) = gt�(x0):
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�«¥¤®¢ â¥«ì®, gt(y0) = gt�(x0) 2 N .

�¡à â®, ¯ãáâì ¤«ï ¯à®¨§¢®«ì®© â®çª¨ y0 áãé¥áâ¢ã¥â â ª®© ¨â¥à-

¢ « J ,çâ® gt(y0) 2 N; t 2 J , ¯à¨ç¥¬ 0 2 J . � áá¬®âà¨¬ ¥ª®â®àãî ª à-

âã (V; �), ¤«ï ª®â®à®© x0 = ��1(y0) 2 V . � ®¡« áâ¨ V ¢¢¥¤¥¬ ªà¨¢ãî

c(t) = ��1(gt(y0)), ®¯à¥¤¥«¥ãî   ¢®§¬®¦® ¡®«¥¥ ã§ª®¬ ¨â¥à¢ «¥

J 0 � J . � ª ª ª ¯ à ¬¥âà¨§ æ¨ï � ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬, â®

íâ  ªà¨¢ ï £« ¤ª ï. �¨ää¥à¥æ¨àãï à ¢¥áâ¢®

gt(y0) = �c(t)

¯® t ¢ â®çª¥ t = 0, ¯®«ãç¨¬ à ¢¥áâ¢®

�(y0) = �� jx0
dc

dt

����
t=0

;

£¤¥ dc=dtjt=0 | ª á â¥«ìë© ¢¥ªâ®à ªà¨¢®© c(t) ¢ â®çª¥ x0, ¯à¨ ¤«¥-

¦ é¨© ª á â¥«ì®¬ã ¯à®áâà áâ¢ã TVx0 . � ª¨¬ ®¡à §®¬, ¯® ®¯à¥¤¥«¥-

¨î ª á â¥«ì®£® ¯à®áâà áâ¢  ¬®£®®¡à §¨ï ¢¥ªâ®à �(y0) ¯à¨ ¤«¥-

¦¨â TNy0 . 2

�á«¨ ¬®£®®¡à §¨¥ N � M ï¢«ï¥âáï § ¬ªãâë¬ ¬®¦¥áâ¢®¬ ¢ M ,

â® ãá«®¢¨¥ ª á ¨ï ¯®«¥¬ � ¬®£®®¡à §¨ï ¢«¥ç¥â ¨¢ à¨ â®áâì N

¤«ï £àã¯¯ë G = fgtg, ¯®à®¦¤¥®© ¯®«¥¬. �â¬¥â¨¬, ªáâ â¨, çâ® § ¬-

ªãâë¬ ï¢«ï¥âáï ¬®£®®¡à §¨¥, § ¤ ®¥ ¢ ¥ï¢®¬ ¢¨¤¥ ª ª ¬®¦¥-

áâ¢® â®ç¥ª y 2 M , ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢¥-

¨© (1.4).

�¥©áâ¢¨â¥«ì®, ¯ãáâì N | § ¬ªãâ®¥ ¬®£®®¡à §¨¥. �®§ì¬¥¬ ¯à®-

¨§¢®«ìãî â®çªã y0 ¨ ¯®ª ¦¥¬, çâ®   ¢á¥¬ ¨â¥à¢ «¥ ®¯à¥¤¥«¥¨ï Iy0
¨â¥£à «ì ï ªà¨¢ ï y(t) = gt(y0) ¯à¨ ¤«¥¦¨â N . �¥ ®£à ¨ç¨¢ ï

®¡é®áâ¨, ¤®ª ¦¥¬ íâ®â ä ªâ ¤«ï t>0. �¢¥¤¥¬ ¬®¦¥áâ¢  â®ç¥ª

A = ft>0: y(t) 2 Ng; B = ft > 0: y(t) =2 Ng:

�ãáâì t1 = inf B. �®ª ¦¥¬, çâ® y(t1) 2 N . �®¦® ãâ¢¥à¦¤ âì, çâ®

áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì â®ç¥ª tk 2 A; k = 1; : : :, â ª ï, çâ®

t1 = lim
k!1

tk. � ª ª ª ¬®¦¥áâ¢® N § ¬ªãâ®¥, â® y(t1) 2 N . �®ª ¦¥¬

â¥¯¥àì, çâ® áãé¥áâ¢ã¥â ®âªàëâë© ¨â¥à¢ « J , â ª®©, çâ®

y(t) 2 N; t 2 J; t1 2 J:

�âáî¤  ¡ã¤¥â á«¥¤®¢ âì, çâ® t1 6= infB. �â® ¯à®â¨¢®à¥ç¨¥ ¯®ª ¦¥â,

çâ® B | ¯ãáâ®¥ ¬®¦¥áâ¢®. �ãáâì y1 = y(t1) = gt1(y0). �§ ¯à¥¤ë¤ãé¥-

£® ¯à¥¤«®¦¥¨ï á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®£® ¨â¥à¢ «  (�"; "), çâ®
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g� (y1) 2 N; � 2 (�"; "). �§ âà¥âì¥£® á¢®©áâ¢  ¢ ®¯à¥¤¥«¥¨¨ ®¤®¯ à -

¬¥âà¨ç¥áª®© £àã¯¯ë ¢ëâ¥ª ¥â, çâ®

g�+t1 (y0) = g�gt1 (y0) = g� (y1) 2 N; � 2 (�"; "):

�®« £ ï t = � + t1, ¯®«ãç¨¬, çâ®

y(t) = gt(y0) 2 N; t 2 J = (t1 � �; t1 + �):

�â ª, ¤®ª § ®

�à¥¤«®¦¥¨¥ 1.43. �á«¨ ¬®£®®¡à §¨¥ N �M ï¢«ï¥âáï § ¬ªã-

âë¬ ¬®¦¥áâ¢®¬ ¢ M , â® ¢¥ªâ®à®¥ ¯®«¥ � 2 T (M ) ª á ¥âáï ¬®-

£®®¡à §¨ï N â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  N ï¢«ï¥âáï ¨¢ à¨ âë¬

¬®£®®¡à §¨¥¬ £àã¯¯ë G = fgtg, ¯®à®¦¤¥®© ¯®«¥¬ �.

�ãáâì � | ¢¥ªâ®à®¥ ¯®«¥, § ¤ ®¥ ¢ ®¡« áâ¨ M � R
n, ¨ ¯ãáâì

h | «®ª «ìë© ¤¨ää¥®¬®àä¨§¬ ®¡« áâ¨ M , â.¥. ¤¨ää¥®¬®àä¨§¬

¥ª®â®à®© ®¡« áâ¨ domh � M   ®¡« áâì ranh � M . � ®¡« áâ¨ ranh

®¤®§ ç® ®¯à¥¤¥«¥® ¯®«¥ �, ¤¨ää¥®¬®àä®¥ ¯®«î �jdomh, â.¥. ¯®«¥

� = h�(�jdom h). �®«¥¥ ¯®¤à®¡®,

�(y) = h�jh�1(y)�(h
�1(y)):

� «¥¥ ¢® ¢á¥å â ª¨å á«ãç ïå ¡ã¤¥¬ ¯¨á âì ¯à®áâ® � = h��, áç¨â ï,

çâ® à áá¬ âà¨¢ ¥¬ë¥ ¯®«ï ®£à ¨ç¥ë   á®®â¢¥âáâ¢ãîé¨¥ ®¡« áâ¨

®¯à¥¤¥«¥¨ï.

�®¢®àïâ, çâ® ¢¥ªâ®à®¥ ¯®«¥ � 2 T (M ) ¨¢ à¨ â® ®â®á¨â¥«ì®

«®ª «ì®£® ¤¨ää¥®¬®àä¨§¬  h ®¡« áâ¨ M , ¥á«¨

�(h(y)) = h�jy�(y);

¨«¨ ¡®«¥¥ ª®à®âª® � = h�� (ª ª ¬ë ãá«®¢¨«¨áì ¯¨á âì). �®¢®àïâ â ª¦¥,

çâ® ¢¥ªâ®à®¥ ¯®«¥ � ¨¢ à¨ â® ®â®á¨â¥«ì® ®¤®¯ à ¬¥âà¨ç¥áª®©

£àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢, ¥á«¨ � ¨¢ à¨ â® ®â®á¨â¥«ì® ª ¦¤®-

£® «®ª «ì®£® ¤¨ää¥®¬®àä¨§¬  íâ®© £àã¯¯ë. �§ ¯à¥¤«®¦¥¨ï 1.40

¢ëâ¥ª ¥â

�à¥¤«®¦¥¨¥ 1.44. �¥ªâ®à®¥ ¯®«¥ �, ¯®à®¦¤ îé¥¥ ®¤®¯ à -

¬¥âà¨ç¥áªãî £àã¯¯ã G = fgtg, ¨¢ à¨ â® ®â®á¨â¥«ì® ®¤®¯ à -

¬¥âà¨ç¥áª®© £àã¯¯ë S = fstg â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯à¥®¡à §®-

¢ ¨ï íâ¨å £àã¯¯ ª®¬¬ãâ¨àãîâ, â.¥. s�gt = gts� .

�«¥¤áâ¢¨¥ 1.5. �¥ªâ®à®¥ ¯®«¥ ¨¢ à¨ â® ®â®á¨â¥«ì® ®¤-

®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë, ¯®à®¦¤ ¥¬®© íâ¨¬ ¯®«¥¬. 2
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�ãé¥áâ¢ã¥â ¨ä¨¨â¥§¨¬ «ìë©   «®£ ¯à¥¤«®¦¥¨ï 1.44, â.¥. ãá-

«®¢¨¥ ¨¢ à¨ â®áâ¨ ¢ â¥à¬¨ å ¢¥ªâ®àëå ¯®«¥©. �à¥¦¤¥ ç¥¬ ¤®-

ª §ë¢ âì á®®â¢¥âáâ¢ãîé¥¥ ãâ¢¥à¦¤¥¨¥, ¢ë¢¥¤¥¬ ¯®«¥§ãî ä®à¬ã«ã

¤«ï ª®¬¬ãâ â®à  ¢¥ªâ®àëå ¯®«¥©.

�¥¬¬  1.1. �ãáâì �; � 2 T (M ) ¨ ¯ãáâì ¯®«¥ � ¯®à®¦¤ ¥â ®¤®-

¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã S = fstg. �®£¤ 

[�; �] = lim
t!0

1

t
(� � st��): (1.201)

� ® ª  §  â ¥ « ì á â ¢ ®. �®ª ¦¥¬ (1.201) ¢ ¯à®¨§¢®«ì®© â®çª¥ y 2
2M . � ª ª ª

(st��)(y) = st�js�t(y)�(s�t(y));
â® âà¥¡ã¥âáï  ©â¨ ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï st� ¢ â®çª¥ s

�t(y). � -

ç¥ £®¢®àï, ã¦® ¢ëç¨á«¨âì ç áâë¥ ¯à®¨§¢®¤ë¥ äãªæ¨© (st)i(y),

i = 1; : : : ; n. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© (1.194). �¨ää¥à¥æ¨àãï «¥¢ë¥

¨ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢  (1.194) ¯® yj , ¯®«ãç¨¬

@(st)i(y)

@yj
= �ij + t

@�i

@yj
+ o(t):

�á¯®«ì§ãï ä®à¬ã«ã (1.193), ¯®«ãç¨¬

�j(s�t(y)) = �j(y) � t�k
@�j

@yk
+ o(t):

� ª¨¬ ®¡à §®¬,

(st��)
i(y) =

�
�ij + t

@�i

@yj
+ o(t)

��
�j � t�k

@�j

@yk
+ o(t)

�
=

= �i(y) + t

�
�j
@�i

@yj
� �j

@�i

@yj

�
+ o(t):

(�¤¥áì ¯à®¨§¢®¤ë¥ @�i=@yj ¡¥àãâáï ¢ â®çª¥ s�t(y).) �âáî¤  ¯à¥¤¥«ì-

ë¬ ¯¥à¥å®¤®¬ ¯®«ãç¨¬ (1.201) ¢ â®çª¥ y 2M . 2

�¥®à¥¬  1.25. �ãáâì �; � 2 T (M ). �¥ªâ®à®¥ ¯®«¥ � ¨¢ à¨ â-

® ®â®á¨â¥«ì® ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë, ¯®à®¦¤ ¥¬®© ¢¥ªâ®à-

ë¬ ¯®«¥¬ �, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ¨ ¯®«ï ª®¬¬ãâ¨àã-

îâ, â.¥.

[�; �] = 0: (1.202)
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�®ª  §  â ¥ « ì á â ¢ ®. �¡®§ ç¨¬ ç¥à¥§ S = fstg ®¤®¯ à ¬¥âà¨ç¥-
áªãî £àã¯¯ã, ¯®à®¦¤ ¥¬ãî ¯®«¥¬ �. �á«¨ ¯®«¥ � ¨¢ à¨ â® ®â®á¨-

â¥«ì® S, â® ¨§ (1.201) á«¥¤ã¥â (1.202).

�«ï ¤®ª § â¥«ìáâ¢  ®¡à â®£® ãâ¢¥à¦¤¥¨ï à áá¬®âà¨¬ á¥¬¥©áâ¢®

¢¥ªâ®àëå ¯®«¥©, § ¢¨áïé¨å ®â ¯ à ¬¥âà  t,

�t = st��:

� ª¨¬ ®¡à §®¬, �0 = �. �§ (1.202), ¨á¯®«ì§ãï (1.201), ¢ë¢®¤¨¬, çâ®

@�t

@t

����
t=0

= 0

¢áî¤ã ¢ ®¡« áâ¨ M . �á¯®«ì§ãï âà¥âì¥ á¢®©áâ¢® ®¤®¯ à ¬¥âà¨ç¥áª®©

£àã¯¯ë, ¯®«ãç¨¬

�t2+t1 = st2+t1� � = st2� s
t1
� � = st2� �

t1:

�¨ªá¨àã¥¬ t1 ¨ ¯®«®¦¨¬ �t1 = �t+t1 . �á¯®«ì§ãï ¯à¥¤«®¦¥¨¥ 1.4,

á«¥¤áâ¢¨¥ 1.5 ¨ (1.202), ¯®«ãç¨¬ à ¢¥áâ¢®

[st��; �] = 0:

�«¥¤®¢ â¥«ì®,
@�t1
@t

����
t=0

=
@�t

@t

����
t=t1

= 0:

�®íâ®¬ã ¯®«ï �t ¥ § ¢¨áïâ ®â t, â.¥. ¯®«¥ � ¨¢ à¨ â® ®â®á¨â¥«ì®

®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë G. 2

�¡®¡é¥¨¥¬ ¯®ïâ¨ï ¨¢ à¨ â®áâ¨ ¢¥ªâ®à®£® ¯®«ï ®â®á¨â¥«ì-

® «®ª «ì®£® ¤¨ää¥®¬®àä¨§¬  ï¢«ï¥âáï ¯®ïâ¨¥ ¨¢ à¨ â®áâ¨  ä-

ä¨®£® à á¯à¥¤¥«¥¨ï ®â®á¨â¥«ì® «®ª «ì®£® ¤¨ää¥®¬®àä¨§¬ .

�â® ¯®ïâ¨¥ ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì ¢ ®¡« áâ¨ M � Rn
§ ¤ ë  ää¨®¥ à á¯à¥¤¥«¥¨¥ F ¨ «®ª «ìë© ¤¨ää¥®¬®àä¨§¬ h.

�®¢®àïâ, çâ® F ¨¢ à¨ â® ®â®á¨â¥«ì® h, ¥á«¨

F (h(y)) = h�jyF ((y)); 8y 2 domh;

¨«¨ ¡®«¥¥ ª®à®âª® h�F = F . �ã¤¥¬ £®¢®à¨âì â ª¦¥, çâ® F ¨¢ à¨ â-

® ®â®á¨â¥«ì® ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë G, ¥á«¨ F ¨¢ à¨ â®

®â®á¨â¥«ì® ª ¦¤®£® «®ª «ì®£® ¤¨ää¥®¬®àä¨§¬  gt 2 G, â.¥. ¥á«¨
gt�jyF (y) = F (gt(y)); 8gt 2 G; y 2 domgt:

�®«¥¥ ª®à®âª® ä ªâ ¨¢ à¨ â®áâ¨ § ¯¨áë¢ ¥âáï â ª:

gt�F = F; 8gt 2 G:
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�®ª ¦¥¬ ãá«®¢¨¥ ¨¢ à¨ â®áâ¨  ää¨®£® à á¯à¥¤¥«¥¨ï ®â®-

á¨â¥«ì® ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë, ®¡®¡é îé¥¥ â¥®à¥¬ã 1.25.

�¥®à¥¬  1.26. �ää¨®¥ à á¯à¥¤¥«¥¨¥ F , § ¤ ®¥ ¢ ®¡« áâ¨ M �
R
n, ¨¢ à¨ â® ®â®á¨â¥«ì® ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë, ¯®à®-

¦¤ ¥¬®© ¢¥ªâ®àë¬ ¯®«¥¬ � 2 T (M ), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[�; F ]� LF (1.203)

(â.¥. [�; �] 2 LF ; 8� 2 F ).
�®ª  §  â ¥ « ì á â ¢ ®. �¥®¡å®¤¨¬®áâì. �ãáâì fs�g | ®¤®¯ à ¬¥-

âà¨ç¥áª ï £àã¯¯ , ¯®à®¦¤ ¥¬ ï ¯®«¥¬ �, ¨ ¯ãáâì � | ¯®«¥, ¯à¨ ¤«¥-

¦ é¥¥ F . �®£« á® «¥¬¬¥ 1.1,

[�; �](y) = lim
�!0

1

�
(�(y) � (s���)(y)); 8y 2M: (1.204)

�® ãá«®¢¨î (s���)(y) 2 F (y). �«¥¤®¢ â¥«ì®,
�(y) � (s���)(y) 2 LF (y):

�âáî¤  ¨ ¨§ (1.204) ¢ëâ¥ª ¥â, çâ® [�; �](y) 2 LF (y).
�®áâ â®ç®áâì. �ãáâì fs�g | ®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  ¤¨ä-

ä¥®¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬ ï ¯®«¥¬ �, ã¤®¢«¥â¢®àïîé¨¬ (1.203). �¨ª-

á¨àã¥¬ y0. �â¥£à «ì ï ªà¨¢ ï s
� (y0) ¯®«ï � ®¯à¥¤¥«¥    ¥ª®â®à®¬

¨â¥à¢ «¥ Iy0 � R1. �®áâ â®ç® ¤®ª § âì, çâ®

s�� jy0F (y0) = F (s� (y0)); �>0; � 2 Iy0 : (1.205)

�«ï �60 ¤®ª § â¥«ìáâ¢®   «®£¨ç®. �ç¨â ¥¬, çâ® �(y0) 6= 0 (¥á«¨

�(y0) = 0, â® ãâ¢¥à¦¤¥¨¥ ®ç¥¢¨¤®). �¡®§ ç¨¬ ç¥à¥§ A ¬®¦¥áâ¢®

ç¨á¥« � 2 Iy0 , ã¤®¢«¥â¢®àïîé¨å (1.205). �®¦¥áâ¢® ®áâ «ìëå ç¨á¥«

f� 2 Iy0 : �>0g;
®¡®§ ç¨¬ ç¥à¥§ B. �à¥¡ã¥âáï ¯®ª § âì, çâ® B = ;. �®¯ãáâ¨¬ ¯à®-

â¨¢®¥. �®£¤  áãé¥áâ¢ã¥â infB, ª®â®àë© ®¡®§ ç¨¬ ç¥à¥§ � . �®ª ¦¥¬,

¢®-¯¥à¢ëå, çâ® � 2 A. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì �k 2 A, â ªãî,

çâ® lim�k ! � . �¢¥¤¥¬ ®¡®§ ç¥¨¥: y = s� (y0). � áá¬®âà¨¬ â ª¦¥

¡ §¨á®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥©

��; � = 0; 1; : : : ; p;

 ää¨®£® à á¯à¥¤¥«¥¨ï F , ®¯à¥¤¥«¥®¥ ¢ ®ªà¥áâ®áâ¨ â®çª¨ y.

�ãáâì d 2 F (y0). �¬¥¥¬
s�k� jy0d = �0(s

�k (y0)) + ��k��(s
�k (y0)):
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�§ á®®¡à ¦¥¨© ¥¯à¥àë¢®áâ¨ á«¥¤ã¥â, çâ® íâ¨ à ¢¥áâ¢  ¯à¨ �k ! �

¯¥à¥©¤ãâ ¢ à ¢¥áâ¢ 

s�� jy0d = �0(s
� (y0)) + ����(s

� (y0))

(¯à¨ç¥¬ �� = lim
k!1

��k ), â.¥. � 2 A. � ®ªà¥áâ®áâ¨ â®çª¨ y (®ç¥¢¨¤®,

çâ® �(y) 6= 0) á¤¥« ¥¬ â ªãî § ¬¥ã ª®®à¤¨ â x = '(y), ¯®á«¥ ª®â®-

à®© ¯®«¥ � ¯à¨¬¥â ¢¨¤ @=@x1. (� ¯®¬¨¬, çâ® íâ® ¬®¦® á¤¥« âì ¢

á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.3.) �¢¥¤¥¬ ®¡®§ ç¥¨¥: x = '(y). �®£« á®

(1.203), ¨¬¥¥¬�
@

@x1
; ��

�
= ���(x)��; � = 0; 1; : : : ; p; � = 1; : : : ; p:

(� ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â ¤«ï ¡ §¨á®£® á¥¬¥©áâ¢  ��; � = 0; 1; : : : ; p;

¨  ää¨®£® à á¯à¥¤¥«¥¨ï F á®åà ¨¬ ®¡®§ ç¥¨ï.) �®áâà®¨¬ ¡ -

§¨á®¥ á¥¬¥©áâ¢® ¯®«¥©

��; � = 0; 1; : : : ; p;

 ää¨®£® à á¯à¥¤¥«¥¨ï F , ª®¬¯®¥âë ª®â®àëå ¥ § ¢¨áïâ ®â x1.

�â® á¥¬¥©áâ¢® ¤®«¦® ¡ëâì  ää¨® íª¢¨¢ «¥â® á¥¬¥©áâ¢ã

��; � = 0; 1; : : : ; p;

çâ® ®§ ç ¥â ¢ë¯®«¥¨¥ á«¥¤ãîé¨å á®®â®è¥¨©:

�0 = �0 + {
�
0 (x)��; �� = {

�
�(x)��; �; � = 1; : : : ; p;

¯à¨ç¥¬ j{��j�=1;:::;p�=1;:::;p 6= 0. �¬¥¥¬

�
@

@x1
; �0

�
=

�
@

@x1
; �0

�
+

@

@x1

�
{
�
0

�
�� + {

�
0

�
@

@x1
; ��

�
=

=

�
�

0 +

@{

0

@x1
+ {

�
0�


�

�
� ;�

@

@x1
; ��

�
=

�
@{�
@x1

+ {���

�

�
� :

�«¥¤®¢ â¥«ì®, äãªæ¨¨ {��; � = 0; 1; : : : ; p; � = 1; : : : ; p; ¤®«¦ë ã¤®-

¢«¥â¢®àïâì á¨áâ¥¬ ¬ ãà ¢¥¨©

@{

0

@x1
= ���(x){�0 � �


0 (x); (1.206)
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@{�
@x1

= ���(x){��; � = 1; : : : ; p: (1.207)

�¨áâ¥¬ë (1.206), (1.207) (¯à¨ ä¨ªá¨à®¢ ëå x2; : : : ; xn) ¯à¥¤áâ ¢«ïîâ

á®¡®© á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �á®,

çâ® ¢ ª ç¥áâ¢¥ ¬ âà¨æë k{��k�=1;:::;p�=1;:::;p ¬®¦® ¢§ïâì äã¤ ¬¥â «ìãî

¬ âà¨æã à¥è¥¨© á¨áâ¥¬ë (1.207),   ¢ ª ç¥áâ¢¥ {

0 | «î¡®¥ à¥è¥¨¥

á¨áâ¥¬ë (1.206). � ®¢ëå ¯¥à¥¬¥ëå ¯à¥®¡à §®¢ ¨ï s� ¨¬¥îâ ¢¨¤

(x1; x2; : : : ; xn) 7! (x1 + �; x2; : : : ; xn):

�ç¥¢¨¤®, çâ®

s�� jx��(x) = ��(s
�(x)); � = 0; 1; : : :; p; � 2 J;

£¤¥ J = (��; �) | ¥ª®â®àë© ¨â¥à¢ «. � ª ª ª s�s� = s�+� , â®, ¯®« £ ï

� = � + � , ¯®«ãç¨¬, çâ®

s�� jy0F (y0) = F (s� (y0)); � 2 (� � �; � + �):

�«¥¤®¢ â¥«ì®, � 6= infB ¨ B | ¯ãáâ®¥ ¬®¦¥áâ¢®. 2

�®ïâ¨¥ ¨¢ à¨ â®áâ¨ à á¯à¥¤¥«¥¨ï ®â®á¨â¥«ì® «®ª «ì®£®

¤¨ää¥¬®àä¨§¬  â¥á® á¢ï§ ® á ¯®ïâ¨¥¬ á®¢¬¥áâ¨¬®áâ¨ ®â®è¥¨ï

íª¢¨¢ «¥â®áâ¨ á «®ª «ìë¬ ¤¨ää¥®¬®àä¨§¬®¬. � áá¬®âà¨¬ íâã

á¢ï§ì. � ¦¤®¥ à¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R, § ¤ ®¥ ¢

®¡« áâ¨ M � Rn á ¯®¬®éìî äãªæ¨© (1.197), ¯®à®¦¤ ¥â ¢ M à¥£ã«ïà-

®¥ ¨¢®«îâ¨¢®¥ (  á«¥¤®¢ â¥«ì®, ¨ ¢¯®«¥ ¨â¥£à¨àã¥¬®¥) à á¯à¥-

¤¥«¥¨¥ �R à £  n�m, ¤«ï ª®â®à®£® ª« ááë íª¢¨¢ «¥â®áâ¨ (1.199)

ï¢«ïîâáï ¨â¥£à «ìë¬¨ (n � m)-¬¥àë¬¨ ¬®£®®¡à §¨ï¬¨. � §¨á-

ë¥ á¥¬¥©áâ¢  à á¯à¥¤¥«¥¨ï �R ¯à¥¤áâ ¢«ïîâ á®¡®© ¯®«ë¥ á¥¬¥©-

áâ¢  ¢¥ªâ®àëå ¯®«¥©, ®¯à¥¤¥«¥ë¥ ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ y 2
2M , ¤«ï ª®â®àëå äãªæ¨¨ (1.197) á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à -

«®¢. � ª¨¥ ¯®«ë¥ á¥¬¥©áâ¢  áãé¥áâ¢ãîâ ¢ á®®â¢¥âáâ¢¨¨ á ¯à¥¤«®¦¥-

¨¥¬ 1.9.

�à¥¤«®¦¥¨¥ 1.45. �¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R,

§ ¤ ®¥ ¢ ®¡« áâ¨ M � R
n, á®¢¬¥áâ¨¬® á «®ª «ìë¬ ¤¨ää¥®¬®à-

ä¨§¬®¬  ®¡« áâ¨ M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à á¯à¥¤¥«¥¨¥ �R

¨¢ à¨ â® ®â®á¨â¥«ì®  .

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì R á®¢¬¥áâ¨¬® á  . �«ï à á¯à¥¤¥«¥-

¨ï �R íâ® ®§ ç ¥â, çâ® ¨â¥£à «ìë¥ ¬®£®®¡à §¨ï à §¬¥à®áâ¨

dim�R ¯®¤ ¤¥©áâ¢¨¥¬ ¤¨ää¥®¬®àä¨§¬   ¯¥à¥å®¤ïâ ¤àã£ ¢ ¤àã£ .
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�à¨ íâ®¬ ¤¨ää¥à¥æ¨ « ®â®¡à ¦¥¨ï  ¨§®¬®àäë¬ ®¡à §®¬ ¯¥à¥-

¢®¤¨â ª á â¥«ìë¥ ¯à®áâà áâ¢  íâ¨å ¬®£®®¡à §¨© â ª¦¥ ¤àã£ ¢ ¤àã-

£  (¢ á®®â¢¥âáâ¢ãîé¨å â®çª å). �® ª á â¥«ì®¥ ¯à®áâà áâ¢® ¨â¥-

£à «ì®£® ¬®£®®¡à §¨ï à §¬¥à®áâ¨ dim�R, ¯à®å®¤ïé¥£® ç¥à¥§ â®ç-

ªã y0 2M , á®¢¯ ¤ ¥â á �R(y0). �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨  (y0) = y1, â®

 �jy0�R(y0) = �R(y1). � ª¨¬ ®¡à §®¬, à á¯à¥¤¥«¥¨¥ �R ¨¢ à¨ â®

®â®á¨â¥«ì®  . �ãáâì â¥¯¥àì,  ®¡®à®â, à á¯à¥¤¥«¥¨¥ �R ¨¢ à¨ â-

® ®â®á¨â¥«ì®  . �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥

N à á¯à¥¤¥«¥¨ï �R à §¬¥à®áâ¨ dim�R, â.¥. ¥ª®â®àë© ª« áá íª¢¨-

¢ «¥â®áâ¨ ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ R. �®¤ ¤¥©áâ¢¨¥¬ ¤¨ää¥®-

¬®àä¨§¬   ¬®£®®¡à §¨¥ N ¯¥à¥©¤¥â ¢ ¬®£®®¡à §¨¥ ~N . �à¨ íâ®¬

 �jy0TNy0 = T ~N (y0); y0 2 dom :

� ª ª ª TNy0 = �R(y0) ¨  �jy0�R(y0) = �R( (y0)), â® T ~N (y0) =

= �R( (y0)). �â® ®§ ç ¥â, çâ® ~N ï¢«ï¥âáï ¨â¥£à «ìë¬ ¬®£®®¡à -

§¨¥¬ à §¬¥à®áâ¨ dim�R ¨ ¢å®¤¨â ¢® ¬®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥â-

®áâ¨ R. 2

�§ ¤®ª § ®£® ¯à¥¤«®¦¥¨ï ¨ â¥®à¥¬ë 1.26 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1.6. �¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R á®¢-

¬¥áâ¨¬® á ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯®©, ¯®à®¦¤ ¥¬®© ¯®«¥¬ �, â®£-

¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[�;�R] � �R: (1.208)

�â ª, ª ª ¬ë ¢ëïá¨«¨, à¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R

¯®à®¦¤ ¥â à¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ �R. �® ¬®¦®

â ª¦¥ £®¢®à¨âì, çâ® ¨,  ®¡®à®â, à¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥-

«¥¨¥ D ¯®à®¦¤ ¥â, ¯® ªà ©¥© ¬¥à¥ «®ª «ì®, ¥ª®â®à®¥ à¥£ã«ïà®¥

®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ RD, § ¤ ¢ ¥¬®¥ ¯®«ë¬  ¡®à®¬ ¨â¥£à -

«®¢ à á¯à¥¤¥«¥¨ï D, ª®â®àë© áãé¥áâ¢ã¥â ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨

®¯à¥¤¥«¥¨ï D. �á®, çâ® �RD = D. �â®â ä ªâ,   â ª¦¥ á«¥¤áâ¢¨¥ 1.6

¨á¯®«ì§ãîâáï ¤«ï ¯®¨áª  ®â®è¥¨© íª¢¨¢ «¥â®áâ¨, ª®â®àë¥ á®¢¬¥á-

â¨¬ë á § ¤ ®© ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯®©. �ç¥¢¨¤®, çâ® ¬®¦®

áä®à¬ã«¨à®¢ âì á«¥¤ãîé¥¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï â ª¨å ®â®è¥¨©

íª¢¨¢ «¥â®áâ¨.

�¥®à¥¬  1.27. �«ï ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë G, ¯®à®¦¤ ¥¬®©

¢¥ªâ®àë¬ ¯®«¥¬ � 2 T (M ), áãé¥áâ¢ãîâ à¥£ã«ïàë¥ ®â®è¥¨ï

íª¢¨¢ «¥â®áâ¨, ®¯à¥¤¥«¥ë¥ ¢ ®ªà¥áâ®áâ¨ â®çª¨ y 2 M ¨ á®¢-

¬¥áâ¨¬ë¥ á G, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ®ªà¥áâ®áâ¨ â®çª¨
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y 2M áãé¥áâ¢ãîâ à¥£ã«ïàë¥ ¨¢®«îâ¨¢ë¥ à á¯à¥¤¥«¥¨ï D, ã¤®-

¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬

[�;D] � D: (1.209)

� ¦¤®¥ â ª®¥ à á¯à¥¤¥«¥¨¥ ¯®à®¦¤ ¥â ®â®è¥¨¥ íª¢¨¢ «¥â®-

áâ¨ RD, á®¢¬¥áâ¨¬®¥ á G.

� áá¬®âà¨¬ â¥¯¥àì ¡®«¥¥ ®¡é¨¥, ç¥¬ ®¤®¯ à ¬¥âà¨ç¥áª¨¥, £àã¯¯ë

¤¨ää¥®¬®àä¨§¬®¢, â®ç¥¥, «®ª «ìë¥ £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢, ¯®-

à®¦¤ ¥¬ë¥ á¥¬¥©áâ¢ ¬¨ ¢¥ªâ®àëå ¯®«¥©. �ãáâì ¢ ®¡« áâ¨ M � R
n

§ ¤ ® á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥©

�j = �ij(y)
@

@yi
; j 2 J: (1.210)

�®ª «ì®© £àã¯¯®© ¤¨ää¥®¬®àä¨§¬®¢, ¯®à®¦¤¥®© á¥¬¥©áâ¢®¬ ¢¥ª-

â®àëå ¯®«¥© (1.210),  §ë¢ ¥âáï ¬®¦¥áâ¢® G «®ª «ìëå ¤¨ää¥®¬®à-

ä¨§¬®¢ ¢¨¤ 

g = gtkjk : : : g
t1
j1
; (1.211)

£¤¥ gtj | «®ª «ìë¥ ¤¨ää¥®¬®àä¨§¬ë, ¯à¨ ¤«¥¦ é¨¥ «®ª «ìë¬

®¤®¯ à ¬¥âà¨ç¥áª¨¬ £àã¯¯ ¬ ¤¨ää¥®¬®àä¨§¬®¢ Gj, ¯®à®¦¤ ¥¬ëå

¢¥ªâ®àë¬¨ ¯®«ï¬¨ �j ; j 2 J . �®ª «ì ï £àã¯¯  G ï¢«ï¥âáï ¬¨¨¬ «ì-

ë¬ ¬®¦¥áâ¢®¬ «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢, ª®â®à®¥ á®¤¥à¦¨â «®-

ª «ìë¥ ®¤®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë Gj; j 2 J; ¯®à®¦¤ ¥¬ë¥ ¯®«ï¬¨
(1.210), ¨ ª®â®à®¥ § ¬ªãâ® ®â®á¨â¥«ì® ®¡à §®¢ ¨ï ª®¬¯®§¨æ¨© ¨

®¡à âëå «®ª «ìëå ¤¨ää¥®¬®àä¨§¬®¢. �á«¨ ¯®«ï (1.210) ¯®«ë¥, â®

G | ú®¡ëç ïû £àã¯¯  ¯à¥®¡à §®¢ ¨©. � «¥¥, ª ª ¯à ¢¨«®, á«®¢®

ú«®ª «ì ïû ¡ã¤¥â ®¯ãáª âìáï.

� áá¬®âà¨¬  àï¤ã á á¥¬¥©áâ¢®¬ ¢¥ªâ®àëå ¯®«¥© (1.210) á¥¬¥©áâ¢®

¢¥ªâ®àëå ¯®«¥©

�p = �lp(x)
@

@xl
; p 2 P; (1.212)

§ ¤ ëå ¢ ®¡« áâ¨ N � R
m ¨ ¯®à®¦¤ îé¨å ¢ íâ®© ®¡« áâ¨ £àã¯¯ã

¤¨ää¥®¬®àä¨§¬®¢ H.

�®àä¨§¬®¬ f £àã¯¯ë G, ¯®à®¦¤ ¥¬®© á¥¬¥©áâ¢®¬ (1.210), ¢ £àã¯¯ã

H, ¯®à®¦¤ ¥¬ãî á¥¬¥©áâ¢®¬ (1.212),  §ë¢ ¥âáï £« ¤ª®¥ ®â®¡à ¦¥¨¥

f :M ! N , ¥á«¨ J = P , ¨ ª ª â®«ìª® y 2 domg, £¤¥ g | ¯à¥®¡à §®¢ ¨¥

(1.211), â® f(y) 2 domh, £¤¥ ¯à¥®¡à §®¢ ¨¥ h = htkjk : : :h
t1
j1
; ¯à¨ç¥¬

fg(y) = hf(y):

�àã¯¯ë, ¯®à®¦¤ ¥¬ë¥ á¥¬¥©áâ¢ ¬¨ ¯®«¥©, á â ª ¢¢¥¤¥ë¬¨ ¬®à-

ä¨§¬ ¬¨ ®¡à §ãîâ ª â¥£®à¨î, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ G.
�§ ¯à¥¤«®¦¥¨ï 1.40 á«¥¤ã¥â
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�à¥¤«®¦¥¨¥ 1.46. �ãáâì ¢ ®¡« áâïå M � Rn; N � Rm § ¤ ë

á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© (1.210), (1.212), ¯à¨ç¥¬ J = P . �« ¤ª®¥

®â®¡à ¦¥¨¥ f :M ! N ï¢«ï¥âáï ¬®àä¨§¬®¬ £àã¯¯ë ¤¨ää¥®¬®àä¨§-

¬®¢, ¯®à®¦¤ ¥¬®© á¥¬¥©áâ¢®¬ (1.210), ¢ £àã¯¯ã ¤¨ää¥®¬®àä¨§¬®¢,

¯®à®¦¤ ¥¬ãî á¥¬¥©áâ¢®¬ (1.212), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á®®â-

¢¥âáâ¢ãîé¨¥ ¯®«ï á¥¬¥©áâ¢ f-á¢ï§ ë, â.¥.

�j = f��j; j 2 J: (1.213)

� à §¤¥«¥ 1.3 (á¬. á. 35) ¡ë«  ¢¢¥¤¥  ª â¥£®à¨ï VF á¥¬¥©áâ¢ ¢¥ª-

â®àëå ¯®«¥©, ¬®àä¨§¬ë ¢ ª®â®à®© ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (1.213).

� ª¨¬ ®¡à §®¬, ¨§ ¯à¥¤«®¦¥¨ï 1.46 ¢ëâ¥ª ¥â ¨§®¬®àä®áâì ª â¥£®-

à¨© G ¨ VF . �®« ï ¯®¤ª â¥£®à¨ï ª â¥£®à¨¨ G, ®¡ê¥ªâ ¬¨ ª®â®à®©

ï¢«ïîâáï £àã¯¯ë, ¯®à®¦¤ ¥¬ë¥ á¥¬¥©áâ¢ ¬¨, á®áâ®ïé¨¬¨ ¨§ ª®¥ç-

®£® ç¨á«  ¯®«¥©, ®¡®§ ç ¥âáï ç¥à¥§ FG. �â  ª â¥£®à¨ï ¨§®¬®àä 

ª â¥£®à¨¨ FVF , ®¡ê¥ªâ ¬¨ ª®â®à®© ï¢«ïîâáï ª®¥çë¥ á¥¬¥©áâ¢  ¯®-

«¥©.

�«ï £àã¯¯, ¯®à®¦¤ ¥¬ëå á¥¬¥©áâ¢ ¬¨ ¯®«¥©, ¥áâ¥áâ¢¥ë¬ ®¡à -

§®¬ ¢¢®¤ïâáï ¯®ïâ¨ï ¨¢ à¨ â , á®¢¬¥áâ¨¬®áâ¨ á à¥£ã«ïàë¬ ®â®-

è¥¨¥¬ íª¢¨¢ «¥â®áâ¨, ¨¬¯à¨¬¨â¨¢®áâ¨ ¨ «®ª «ì®© ¨¢ à¨ â-

®áâ¨ ¬®£®®¡à §¨ï, ¢¢¥¤¥ë¥ à ¥¥ ¤«ï ®¤®¯ à ¬¥âà¨ç¥ª¨å £àã¯¯.

�ª ¦¥¬, ¯®ïâ¨¥ «®ª «ì®© ¨¢ à¨ â®áâ¨ ¢¢®¤¨âáï á«¥¤ãîé¨¬ ®¡-

à §®¬. �®£®®¡à §¨¥ N �M  §ë¢ ¥âáï «®ª «ì® ¨¢ à¨ âë¬ ¬®-

£®®¡à §¨¥¬ £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢ G, ¯®à®¦¤ ¥¬®© á¥¬¥©áâ¢®¬ ¯®-

«¥© (1.210), ¥á«¨ ¤«ï «î¡®© â®çª¨ y 2 N ¨ ¤«ï «î¡®£® ª®¥ç®£®  ¡®à 

¨¤¥ªá®¢ j1; : : : ; jk 2 J  ©¤¥âáï  ¡®à ¨â¥à¢ «®¢

I1 � R1; : : : ; Ik � R1; (1.214)

á®¤¥à¦ é¨å 0 2 R1, â ª®©, çâ® gtkjk : : : g
t1
j1
(y) 2 N; 8tl 2 Il; l = 1; : : : ; k.

�®£®®¡à §¨¥ N  §ë¢ ¥âáï ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ £àã¯¯ë G,

¥á«¨ y0 2 N ) g(y0) 2 N; 8g 2 G.
�¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï,   «®£¨çë¥ ¯à¥¤«®¦¥¨ï¬ 1.39, 1.41,

1.45 ¨ 1.42, ª®â®àë¥ á¢®¤ïâ ¢®¯à®á ®¡ ¨¢ à¨ â å £àã¯¯ë ª ¢®¯à®áã ®¡

¨â¥£à « å á¥¬¥©áâ¢  ¯®«¥©, ¢®¯à®á ® á®¢¬¥áâ¨¬®áâ¨ à¥£ã«ïà®£® ®â-

®è¥¨ï íª¢¨¢ «¥â®áâ¨ á £àã¯¯®© | ª ¢®¯à®áã ® f-¯à®¥ªâ¨àã¥¬®áâ¨

á¥¬¥©áâ¢  ¯®«¥© ¨ ¨¢ à¨ â®áâ¨ à á¯à¥¤¥«¥¨ï ®â®á¨â¥«ì® £àã¯-

¯ë,   â ª¦¥ ¢®¯à®á ® «®ª «ì®© ¨¢ à¨ â®áâ¨ ¬®£®®¡à §¨ï £àã¯-

¯ë | ª ¢®¯à®áã ® ª á ¨¨ ¬®£®®¡à §¨ï á¥¬¥©áâ¢®¬ ¯®«¥©. �®ª ¦¥¬,

ª ¯à¨¬¥àã, á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�à¥¤«®¦¥¨¥ 1.47. �¥¬¥©áâ¢® ¯®«¥© (1.210) ª á ¥âáï ¬®£®®¡à -

§¨ï N � M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬®£®®¡à §¨¥ N ï¢«ï¥âáï
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«®ª «ì® ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ £àã¯¯ë G, ¯®à®¦¤ ¥¬®© á¥-

¬¥©áâ¢®¬ (1.210).

�®ª  §  â ¥ « ì á â ¢ ®. �á«¨ ¬®£®®¡à §¨¥ N ï¢«ï¥âáï «®ª «ì® ¨-

¢ à¨ âë¬, â® ä ªâ ª á ¨ï ¯®«ï¬¨ (1.210) ¬®£®®¡à §¨ï ¥¯®áà¥¤-

áâ¢¥® ¢ëâ¥ª ¥â ¨§ ®¯à¥¤¥«¥¨ï £àã¯¯ë G ¨ ¯à¥¤«®¦¥¨ï 1.42. �ãáâì

â¥¯¥àì ¯®«ï (1.210) ª á îâáï N . �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 ¨ ¥-

ª®â®àãî ª àâã (V; �), ¤«ï ª®â®à®© x0 = ��1(y0) 2 V . � ®¡« áâ¨ V

®¯à¥¤¥«¥® á¥¬¥©áâ¢® ¨¤ãæ¨à®¢ ëå ¯®«¥©

�j = �
p

j (x)
@

@xp
; j 2 J:

�â¨ ¯®«ï ¯®à®¦¤ îâ ®¤®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë Gj = fgtjg ¤¨ää¥®-
¬®àä¨§¬®¢ ®¡« áâ¨ V . �®§ì¬¥¬ ¯à®¨§¢®«ìë© ª®¥çë©  ¡®à ¨¤¥ª-

á®¢ j1; : : : ; jk 2 J . �§ ®¯à¥¤¥«¥¨ï «®ª «ì®© ®¤®¯ à ¬¥âà¨ç¥áª®©

£àã¯¯ë á«¥¤ã¥â, çâ® ¢ëà ¦¥¨¥ gtkjk : : : g
t1
j1
(x) ®¯à¥¤¥«¥®   ¥ª®â®à®¬

¬®¦¥áâ¢¥ â®ç¥ª (t1; : : : ; tk; x), ª®â®à®¥ ®âªàëâ® ¢ Rk � V ¨ ª®â®à®¥

á®¤¥à¦¨â ¬®¦¥áâ¢® (0; : : : ; 0) � V . �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â â ª®©

 ¡®à ¨â¥à¢ «®¢ (1.214), á®¤¥à¦ é¨å 0 2 R1, çâ®

x0 2 dom
�
gtkjk : : : g

t1
j1

�
; 8t1 2 I1; : : : ; 8tk 2 Ik:

� ª ª ª �j = ���j ; j 2 J , â®, á®£« á® ¯à¥¤«®¦¥¨î 1.46,

gtkjk : : : g
t1
j1
(y0) = �(gtkjk : : : g

t1
j1
(x0)) 2 N; 8tl 2 Il; l = 1; : : : ; k: 2

�§ ¯à¥¤«®¦¥¨ï 1.43 á«¥¤ã¥â

�à¥¤«®¦¥¨¥ 1.48. �¥¬¥©áâ¢® ¯®«¥© (1.210) ª á ¥âáï § ¬ªã-

â®£® ¬®£®®¡à §¨ï N �M â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬®£®®¡à §¨¥

N ï¢«ï¥âáï ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ £àã¯¯ë G, ¯®à®¦¤ ¥¬®©

á¥¬¥©áâ¢®¬ (1.210).

�¢®©áâ¢  £àã¯¯ ¤¨ää¥®¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬ëå á¥¬¥©áâ¢ ¬¨ ¢¥ª-

â®àëå ¯®«¥©, § ç¨â¥«ì® ®â«¨ç îâáï ®â á¢®©áâ¢ ®¤®¯ à ¬¥âà¨ç¥-

áª¨å £àã¯¯. �â¬¥â¨¬ §¤¥áì «¨èì ¥ª®â®àë¥ ®â«¨ç¨ï. � ª, «î¡ ï

®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯  G, ¯®à®¦¤ ¥¬ ï ¢¥ªâ®àë¬ ¯®«¥¬ � ¡¥§

®á®¡ëå â®ç¥ª, ¨¬¥¥â («®ª «ìë¥) ¨¢ à¨ âë¥ ¬®£®®¡à §¨ï «î¡®©

à §¬¥à®áâ¨ ®â 1 ¤® n (£¤¥ n | à §¬¥à®áâì ®¡« áâ¨ M , ¢ ª®â®à®©

§ ¤ ® ¢¥ªâ®à®¥ ¯®«¥ �). � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.7, «î¡®¥ ¬®-

£®®¡à §¨¥ à §¬¥à®áâ¨ r; 1 6 r < n; ¬®¦® § ¤ âì ¢ ¢¨¤¥ (1.52), £¤¥

q = n � r; m = n � 1,   äãªæ¨¨ 'k(y); k = 1; : : : ; n � 1; á®áâ ¢«ïîâ

¯®«ë©  ¡®à ¨â¥£à «®¢ ¯®«ï �.
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�â® ª á ¥âáï £àã¯¯ë G, ¯®à®¦¤ ¥¬®© á¥¬¥©áâ¢®¬ g ¢¥ªâ®àëå ¯®-

«¥© (1.210), â® §¤¥áì áãé¥áâ¢®¢ ¨¥ «®ª «ì® ¨¢ à¨ âëå ¬®£®®¡à -

§¨© ®¯à¥¤¥«¥âáï  «£¥¡à®© �¨ g�, â.¥. ¬¨¨¬ «ì®©  «£¥¡à®© �¨, á®-

¤¥à¦ é¥© g. �á«¨ dim�g�(y0) = p < n, £¤¥ �g� | à á¯à¥¤¥«¥¨¥,

¯®à®¦¤ ¥¬®¥  «£¥¡à®© g�, y0 | à¥£ã«ïà ï â®çª  íâ®£® à á¯à¥¤¥«¥-

¨ï, â® áãé¥áâ¢ãîâ («®ª «ì®) ¨¢ à¨ âë¥ ¬®£®®¡à §¨ï £àã¯¯ë G,

¯à®å®¤ïé¨¥ ç¥à¥§ y0, «î¡®© à §¬¥à®áâ¨ ®â p ¤® n (§¤¥áì n | à §¬¥à-

®áâì ®¡« áâ¨ M , ¢ ª®â®à®© § ¤ ® á¥¬¥©áâ¢® g). � á®®â¢¥âáâ¢¨¨ á â¥®-

à¥¬®© 1.7 «î¡®¥ ¨¢ à¨ â®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ r; p 6 r < n;

¬®¦® «®ª «ì® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (1.52), £¤¥ q = n � r, m = n � p,

  äãªæ¨¨ 'k(y); k = 1; : : : ;m, á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢

á¥¬¥©áâ¢  g. �á«¨ dim�g�(y) = n; 8y 2 M , â® ¨¢ à¨ âëå ¬®£®-

®¡à §¨© à §¬¥à®áâ¨ r < n ¥ áãé¥áâ¢ã¥â (íâ® á«¥¤ã¥â ¨§ à ¢¥áâ¢ 

(1.49)). � íâ®¬ á«ãç ¥ (¯à¨ ãá«®¢¨¨ á¢ï§®áâ¨ M ) £àã¯¯  G ï¢«ï¥âáï

âà §¨â¨¢®©, â.¥. ¤«ï «î¡ëå â®ç¥ª y1; y2 áãé¥áâ¢ã¥â â ª®¥ ¯à¥®¡à §®-

¢ ¨¥ g 2 G, çâ® y2 = g(y1). �®ª ¦¥¬ íâ® ãâ¢¥à¦¤¥¨¥, ¨§¢¥áâ®¥ ª ª

â¥®à¥¬  � è¥¢áª®£®|�¦®ã [54, 66].

�¥®à¥¬  1.28 (� è¥¢áª®£®|�¦®ã). �ãáâì G | £àã¯¯  ¤¨ä-

ä¥®¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬ ï á¥¬¥©áâ¢®¬ ¯®«¥© g, ª®â®à®¥ § ¤ ® ¢

á¢ï§®© ®¡« áâ¨ M � Rn. �á«¨ dim�g�(y) = n; 8y 2M , â® £àã¯¯  G

âà §¨â¨¢ .

�®ª  §  â ¥ « ì á â ¢ ®. �®ª ¦¥¬ á ç « , çâ® ¤«ï ª ¦¤®© â®çª¨

y1 2M áãé¥áâ¢ã¥â ®ªà¥áâ®áâì L �M , ®¡« ¤ îé ï á«¥¤ãîé¨¬ á¢®©-

áâ¢®¬: ¤«ï «î¡®© â®çª¨ y 2 L  ©¤¥âáï â ª®¥ ¯à¥®¡à §®¢ ¨¥ g 2 G,

çâ® g(y1) = y. �ãáâì á¥¬¥©áâ¢® g á®áâ®¨â ¨§ ¯®«¥© (1.210). � ª ª ª

dim�g�(y1) = n, â® áãé¥áâ¢ã¥â â ª®¥ ¢¥ªâ®à®¥ ¯®«¥ �j1 2 g, çâ®

�j1(y1) 6= 0. �¢¥¤¥¬ ®â®¡à ¦¥¨¥ {1 ¨â¥à¢ «  I � R
1 ¢ M á«¥¤ãî-

é¨¬ ®¡à §®¬: t 7! {1(t) = gtj1(y1), £¤¥ fgtg | ®¤®¯ à ¬¥âà¨ç¥áª ï

£àã¯¯ , ¯®à®¦¤ ¥¬ ï ¯®«¥¬ �j1 . �â®¡à ¦¥¨¥ {1 ï¢«ï¥âáï ¨¬¬¥àá¨-

¥©, ¨¡® ïª®¡¨¥¢  ¬ âà¨æ  ®â®¡à ¦¥¨ï {1 ¯à¥¤áâ ¢«ï¥â á®¡®© áâ®«¡¥æ,

á®áâ®ïé¨© ¨§ ª®¬¯®¥â ¯®«ï �j1 . �§ ¯à¥¤«®¦¥¨ï 1.1 á«¥¤ã¥â áãé¥-

áâ¢®¢ ¨¥ â ª®£® ¨â¥à¢ «  I0 � I, çâ® ¬®¦¥áâ¢® N1 = {1(I
0) ï¢«ï¥âáï

®¤®¬¥àë¬ ¬®£®®¡à §¨¥¬ ¢ M . �§ ¯à¥¤«®¦¥¨ï 1.42 ¢ëâ¥ª ¥â, çâ®

¯®«¥ �j1 ª á ¥âáï N1. � «¥¥, áãé¥áâ¢ãîâ â ª¨¥ ç¨á«® �1 2 I0 ¨ ¢¥ª-

â®à®¥ ¯®«¥ �j2 , çâ® ¢¥ªâ®àë �j1 (y2); �j2(y2), £¤¥ y2 = {(�1), «¨¥©®

¥§ ¢¨á¨¬ë. �¥©áâ¢¨â¥«ì®, ¢ ¯à®â¨¢®¬ á«ãç ¥ á¥¬¥©áâ¢® g,   á«¥-

¤®¢ â¥«ì®, ¨  «£¥¡à  g� ª á «¨áì ¡ë ¬®£®®¡à §¨ï N1. �§ ä®à¬ã«ë

(1.49) á«¥¤ã¥â, çâ® à £ à á¯à¥¤¥«¥¨ï �g� ¢ â®çª å ¬®£®®¡à §¨ï N1

¤®«¦¥ ¡ëâì à ¢¥ ¥¤¨¨æ¥, çâ® ¥¢®§¬®¦® (¥á«¨ n > 1). �¢¥¤¥¬

®â®¡à ¦¥¨¥ {2: (t1; t2) 7! gt2j2g
t1
j1
(y1). � £ ®â®¡à ¦¥¨ï {2 ¢ â®çª¥

(�1; 0) à ¢¥ ¤¢ã¬. �¥©áâ¢¨â¥«ì®, ¬ âà¨æ  �ª®¡¨ ®â®¡à ¦¥¨ï {2 ¢
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íâ®© â®çª¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¤¢  áâ®«¡æ , á®áâ®ïé¨¥ ¨§ ª®¬¯®¥â

¢¥ªâ®à®¢ �j1(y2); �j2(y2). �«¥¤®¢ â¥«ì®, ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®ç-

ª¨ (�1; 0) ®â®¡à ¦¥¨¥ {2 ï¢«ï¥âáï ¨¬¬¥àá¨¥©. �®£« á® ¯à¥¤«®¦¥-

¨î 1.1, áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì U â®çª¨ (�1; 0), çâ® ¬®¦¥áâ¢®

N2 = {2(U ) ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ à §¬¥à®áâ¨ 2. �á«¨ n > 2, â®

â ª¨¬ ¦¥ ®¡à §®¬ ¬®¦® ¯®áâà®¨âì ¬®£®®¡à §¨¥ N3, ¨ â ª ¤ «¥¥. �®

¨¤ãªæ¨¨ ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ¨¥:

 ) n ¢¥ªâ®àëå ¯®«¥© �j1 ; : : : ; �jn ¨§ g (¥ ®¡ï§ â¥«ì® à §«¨çëå);

¡) n ç¨á¥« �1; : : : ; �n (�n = 0), â ª¨å, çâ® ®â®¡à ¦¥¨¥

{n: (t1; : : : ; tn) 7! gtnjn : : : g
t1
j1
(y1)

¨¬¥¥â à £ n ¢ â®çª¥ (�1; : : : ; �n).

�«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ 1.1 (®¡ ®¡à â®¬ ®â®¡à ¦¥¨¨), áãé¥-

áâ¢ã¥â â ª ï ®ªà¥áâ®áâì V â®çª¨ (�1; : : : ; �n), çâ® {n ¤¨ää¥®¬®àä®

®â®¡à ¦ ¥â ®¡« áâì V   ¥ª®â®àãî ®¡« áâì W = {n(V ) � M . �§

¯®áâà®¥¨ï W á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ â ª®£® ¯à¥®¡à §®¢ ¨ï ~g 2 G,

çâ® ~g(y1) = yn = {n(�1; : : : ; �n). �¥¯¥àì ïá®, çâ® ¢ ª ç¥áâ¢¥ ®¡« áâ¨

L ¬®¦® ¢§ïâì ®¡« áâì ~g�1(W ). �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ®áâ -

¥âáï § ¬¥â¨âì, çâ® «î¡ë¥ ¤¢¥ â®çª¨ M ¬®¦® á®¥¤¨¨âì ª®¬¯ ªâ®©

ªà¨¢®©, ª®â®àãî ¯®ªàë¢ ¥â ª®¥ç®¥ ç¨á«® ®¡« áâ¥© â¨¯  L. �âáî¤ 

«¥£ª® á«¥¤ã¥â, çâ® ¤«ï «î¡ëå ¤¢ãå â®ç¥ª M  ©¤¥âáï ¯à¥®¡à §®¢ ¨¥

¨§ G, ¯¥à¥¢®¤ïé¥¥ ®¤ã â®çªã ¢ ¤àã£ãî. 2

� ¬¥ç ¨¥ 1.18. �á«¨ dim�g� (y) = p < n; 8y 2 M , â® ¬®¦® ¤®-

ª § âì, çâ® G | ¨âà §¨â¨¢ ï £àã¯¯ , ¯à¨ç¥¬ M à §¡¨¢ ¥âáï  

®à¡¨âë G, ª®â®àë¥ ï¢«ïîâáï p-¬¥àë¬¨ ¬£®®¡à §¨ï¬¨ (¢®§¬®¦®,

¡®«¥¥ ®¡é¥£® ¢¨¤ , ç¥¬ à áá¬ âà¨¢ ¥¬ë¥ ¢ íâ®© ª¨£¥), ¯®«ãç îé¨¥áï

áª«¥©ª®© ¨â¥£à «ìëå ¬®£®®¡à §¨© à á¯à¥¤¥«¥¨ï �g� ¢¨¤  (1.199),

£¤¥ äãªæ¨¨ 'k; k = 1; : : : ; n� p; á®áâ ¢«ïîâ («®ª «ì®) ¯®«ë©  ¡®à

¨â¥£à «®¢ á¥¬¥©áâ¢  ¯®«¥© g. �á«¨ M á®¤¥à¦¨â ®á®¡ë¥ â®çª¨ à á-

¯à¥¤¥«¥¨ï �g� , â® ¨áç¥à¯ë¢ îé¨© ®â¢¥â ¢ â¥à¬¨ å  «£¥¡àë g� ¯®

¯®¢®¤ã âà §¨â¨¢®áâ¨ £àã¯¯ë G ¬®¦® ¤ âì «¨èì, ª®£¤  á¥¬¥©áâ¢®

g á®áâ®¨â ¨§   «¨â¨ç¥áª¨å ¯®«¥©. � íâ®¬ á«ãç ¥ ç¥à¥§ ª ¦¤ãî â®çªã

y0 2M , ¤«ï ª®â®à®© dim�g�(y0) = p, ¯à®å®¤¨â p-¬¥à®¥ ¨¢ à¨ â®¥

¬®£®®¡à §¨¥ £àã¯¯ë G. � ç áâ®áâ¨, ¢   «¨â¨ç¥áª®¬ á«ãç ¥ á¯à -

¢¥¤«¨¢® ®¡à é¥¨¥ â¥®à¥¬ë � è¥¢áª®£®|�¦®ã: ¥á«¨ £àã¯¯  G âà -

§¨â¨¢ , â®M | á¢ï§ ï ®¡« áâì ¨ dim�g� (y) = n; 8y 2M . � £« ¤ª®¬

á«ãç ¥ íâ®, ¢®®¡é¥ £®¢®àï, ¥¢¥à®. (�® ¯®¢®¤ã ¢á¥å íâ¨å ¢®¯à®á®¢ á¬.,

 ¯à¨¬¥à, [57, 67].)

� áá¬®âà¨¬ ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ à¥£ã«ïàëå ®â®è¥¨© íª¢¨-

¢ «¥â®áâ¨, á®¢¬¥áâ¨¬ëå á £àã¯¯®© ¤¨ää¥®¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬®©
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á¥¬¥©áâ¢®¬ ¢¥ªâ®àëå ¯®«¥©. �¤¥áì â ª¦¥ ¨¬¥¥âáï ®â«¨ç¨¥ ®â á«ã-

ç ï ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë. �«ï ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯-

¯ë áãé¥áâ¢ãîâ ¥âà¨¢¨ «ìë¥ ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨, á®¢¬¥á-

â¨¬ë¥ á £àã¯¯®©. � ç áâ®áâ¨, «î¡®©  ¡®à ¥§ ¢¨á¨¬ëå ¨¢ à¨ â®¢

'1(y); : : : ; 'm(y) ®¯à¥¤¥«ï¥â («®ª «ì®) á®¢¬¥áâ¨¬®¥ ®â®è¥¨¥ íª¢¨-

¢ «¥â®áâ¨, ª« áá ¬¨ íª¢¨¢ «¥â®áâ¨ ª®â®à®£® ï¢«ïîâáï ¬®£®®¡à -

§¨ï 'k(y) = ck; k = 1; : : : ;m. �ãé¥áâ¢ãîâ ¥âà¨¢¨ «ìë¥ á®¢¬¥áâ¨¬ë¥

®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ ¨ ¤àã£®£® ¢¨¤ . � ª¨¬ ®¡à §®¬, ®¤®¯ -

à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë ¨¬¯à¨¬¨â¨¢ë. �àã¯¯ , ¯®à®¦¤ ¥¬ ï á¥¬¥©-

áâ¢®¬ ¢¥ªâ®àëå ¯®«¥©, ¢®®¡é¥ £®¢®àï, ¥ ï¢«ï¥âáï ¨¬¯à¨¬¨â¨¢®©.

�§ â¥®à¥¬ë 1.27 ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ ãá«®¢¨¥ ¨¬¯à¨¬¨â¨¢®áâ¨.

�¥®à¥¬  1.29. �àã¯¯  ¤¨ää¥®¬®àä¨§¬®¢ G, ¯®à®¦¤ ¥¬ ï á¥¬¥©-

áâ¢®¬ g ¢¥ªâ®àëå ¯®«¥© (1.210), § ¤ ëå ¢ ®¡« áâ¨ M � R
n, ¨¬-

¯à¨¬¨â¨¢  ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0 2 M â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¢ ®ªà¥áâ®áâ¨ y0 áãé¥áâ¢ã¥â â ª®¥ à¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥

à á¯à¥¤¥«¥¨¥ D à £  p; 0 < p < n; çâ®

[�j; D] � D; j 2 J; (1.215)

¯à¨ç¥¬ ª« ááë à¥£ã«ïà®£® ®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ RD ï¢«ïîâ-

áï á¨áâ¥¬ ¬¨ ¨¬¯à¨¬¨â¨¢®áâ¨.

�á¯®«ì§®¢ ¨¥ á®®â®è¥¨© (1.215) ¤«ï ¨§ãç¥¨ï ¢®¯à®á  ® áãé¥-

áâ¢®¢ ¨¨ ¨  å®¦¤¥¨¨ á¨áâ¥¬ ¨¬¯à¨¬¨â¨¢®áâ¨ £àã¯¯ë G ¯à¨¢®¤¨â

ª ¢®¯à®áã ® á®¢¬¥áâ®áâ¨ ¨  å®¦¤¥¨¨ à¥è¥¨© ¥ª®â®à®© á¨áâ¥¬ë

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå á ®¤¨ ª®¢®©

£« ¢®© ç áâìî, ¯à¨ç¥¬ £« ¢ ï ç áâì § ¤ ¥âáï ¯®«ï¬¨ á¥¬¥©áâ¢  g.

�á«¨ íâ  á¨áâ¥¬  ¥ á®¢¬¥áâ , â® £àã¯¯  G ¯à¨¬¨â¨¢ . �¥®à¨ï á¨á-

â¥¬ ãà ¢¥¨© á ®¤¨ ª®¢®© £« ¢®© ç áâìî à §¢¨¢ ¥âáï ¢ á«¥¤ãîé¥¬

à §¤¥«¥. �§ íâ®© â¥®à¨¨ á«¥¤ã¥â, çâ® ¤«ï ¨§ãç¥¨ï ¢®¯à®á  ® ¯à¨¬¨-

â¨¢®áâ¨ ¨ ¨¬¯à¨¬¨â¨¢®áâ¨ £àã¯¯ë G, â ª ¦¥, ª ª ¨ ¤«ï ¨§ãç¥¨ï

¢®¯à®á  ® âà §¨â¨¢®áâ¨ ¨ ¨âà §¨â¨¢®áâ¨ £àã¯¯ë G, ¥®¡å®¤¨¬®

¨á¯®«ì§®¢ ¨¥  «£¥¡àë �¨ g�. �®®â®è¥¨ï (1.215) ¯®¤à®¡® ¨áá«¥¤ã-

îâáï ¢ £« ¢¥ 4, ¯®á¢ïé¥®© ä ªâ®à¨§ æ¨¨ ã¯à ¢«ï¥¬ëå á¨áâ¥¬. �â®

á¢ï§ ® á â¥¬, çâ® ¢®¯à®á ® ä ªâ®à¨§ æ¨¨ ¢ ®¤®© ¨§ ª â¥£®à¨© ã¯à -

¢«ï¥¬ëå á¨áâ¥¬ à ¢®á¨«¥ ¢®¯à®áã ® ¯à¨¬¨â¨¢®áâ¨ ¨ ¨¬¯à¨¬¨â¨¢®-

áâ¨ ¥ª®â®à®© £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬®© ã¯à ¢«ï¥¬®©

á¨áâ¥¬®©.

� ¬¥ç ¨¥ 1.19. �á«¨ £àã¯¯  G ¯®à®¦¤ ¥âáï á¥¬¥©áâ¢®¬ ¢¥ªâ®à-

ëå ¯®«¥© g,   g� | ª®¥ç®¬¥à ï  «£¥¡à  �¨ (â.¥. ¥¥ à §¬¥à®áâì

ª ª «¨¥©®£® ¯à®áâà áâ¢  ª®¥ç ), ¯à¨ç¥¬ g | ¥¥ ¡ §¨á, â® G ï¢«ï-

¥âáï â ª  §ë¢ ¥¬®© («®ª «ì®©) £àã¯¯®© �¨. �¥®à¨ï â ª¨å £àã¯¯
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¤®áâ â®ç® ¯®¤à®¡® à §à ¡®â   [14]. �¢®©áâ¢  £àã¯¯ë �¨ ¯®«®áâìî

®¯à¥¤¥«ïîâáï á¢®©áâ¢ ¬¨ ¥¥  «£¥¡àë �¨. � ç áâ®áâ¨, ¨¬¥¥âáï ¢§ -

¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¯®¤ «£¥¡à ¬¨ g� ¨ ¯®¤£àã¯¯ ¬¨

G, ¨¤¥ « ¬¨ g� ¨ ®à¬ «ìë¬¨ ¯®¤£àã¯¯ ¬¨ G ¨ â.¤. � ®¡é¥¬ á«ãç ¥

á¢ï§ì ¬¥¦¤ã g� ¨ G ¥¤®áâ â®ç® à §à ¡®â  . �«ï ¨§ãç¥¨ï â ª¨å ¢®-

¯à®á®¢, ª ª âà §¨â¨¢®áâì ¨ ¨¬¯à¨¬¨â¨¢®áâì £àã¯¯ë G, ¯à¨¬¥¥¨¥

 «£¥¡àë g� ï¢«ï¥âáï íää¥ªâ¨¢ë¬.

1.7. �¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå

á ®¤¨ ª®¢®© £« ¢®© ç áâìî

� áá¬ âà¨¢ îâáï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤ 

a
j
k(x)

@yi

@xj
= bik(x; y); (1.216)

i = 1; : : : ; n; j = 1; : : : ;m; k = 1; : : : ; r:

�ãªæ¨¨ a
j
k; b

i
k | £« ¤ª¨¥ ¢ ®¡« áâ¨ V � U , £¤¥ V � Rm, U � Rn.

� ¬¥ç ¨¥ 1.20. �¨áâ¥¬ë (1.216) ¤«ï r = 1 à áá¬ âà¨¢ «¨áì ¢

[28]. �àã£®© ç áâë© á«ãç © á¨áâ¥¬ ¢¨¤ 

@yi

@xj
= bij(x; y); i = 1; : : : ; n; j = 1; : : : ;m; (1.217)

â ª¦¥ å®à®è® ¨§¢¥áâ¥ (á¬.,  ¯à¨¬¥à, [29, 15]). � [30]  ¢â®à®¬ ¯®-

«ãç¥  «£®à¨â¬ ¯à®¢¥àª¨ á®¢¬¥áâ®áâ¨ ¨  å®¦¤¥¨ï à¥è¥¨© á¨áâ¥¬

(1.216) á® á¯¥æ¨ «ì®© ¯à ¢®© ç áâìî. �â®â  «£®à¨â¬ ®¡®¡é¥   á«ã-

ç © ¯à®¨§¢®«ìëå á¨áâ¥¬ (1.216) [31], ª®â®àë© à áá¬ âà¨¢ ¥âáï ¢ íâ®¬

à §¤¥«¥.

�«¥¤ãï [28], ¡ã¤¥¬ ¨áª âì à¥è¥¨¥ y(x) á¨áâ¥¬ë (1.216) ¢ ¥ï¢®¬

¢¨¤¥

 c(x; y) = 0; c = 1; : : : ; n; (1.218)

rank
@ c=@yi

 (x;y)=0
= n:

�¥£ª® ¯à®¢¥à¨âì (á¬. ¤ «¥¥ â¥®à¥¬ã 1.30), çâ® ¢ëà ¦¥¨¥ (1.218) â®£¤ 

¨ â®«ìª® â®£¤  ®¯à¥¤¥«ï¥â ¥ï¢® à¥è¥¨¥ á¨áâ¥¬ë (1.216), ª®£¤  ¢

á¨«ã (1.216) ¢ë¯®«ïîâáï à ¢¥áâ¢ 

a
j
k

@ c

@xj
+ bik

@ c

@yi
= 0:
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�  £¥®¬¥âà¨ç¥áª®¬ ï§ëª¥ (á¬. ¯à¥¤«®¦¥¨¥ 1.8) íâ® ®§ ç ¥â, çâ® ¢¥ª-

â®àë¥ ¯®«ï a
j
k@=@x

j + bik@=@y
i ª á îâáï ¬®£®®¡à §¨ï (1.218). � «¥¥

¢ë¢®¤ïâáï ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï â ª¨å ¬®£®®¡à §¨©, ¨å ®¡é¨© ¢¨¤

¨ ¯à®æ¥¤ãà   å®¦¤¥¨ï. �à¨¬¥¨â¥«ì® ª á¨áâ¥¬¥ (1.216) íâ¨ ä ª-

âë ¢ëà ¦ îâ á®®â¢¥âáâ¢¥® ãá«®¢¨ï á®¢¬¥áâ®áâ¨, ®¡é¥¥ à¥è¥¨¥ ¨

 «£®à¨â¬ ¥£®  å®¦¤¥¨ï.

�¢¥¤¥¬ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© b, á®áâ®ïé¥¥ ¨§ ¯®«¥©

Xk = a
j
k(x)

@

@xj
; k = 1; : : : ; r; (1.219)

§ ¤ ëå ¢ ®¡« áâ¨ V , ¨ á¥¬¥©áâ¢® ¯®«¥© b
0, á®áâ®ïé¥¥ ¨§ ¯®«¥©

X0k = a
j
k(x)

@

@xj
+ bik(x; y)

@

@yi
; k = 1; : : : ; r; (1.220)

§ ¤ ëå ¢ ®¡« áâ¨ V � U . �§ ®¯à¥¤¥«¥¨ï á«¥¤ã¥â, çâ® X0k =

= Xk+b
i
k@=@y

i. �®£« á® à §¤¥«ã 1.3, á¥¬¥©áâ¢® b ®¯à¥¤¥«ï¥â ¯®á«¥¤®-

¢ â¥«ì®áâì á¥¬¥©áâ¢ ¢¥ªâ®àëå ¯®«¥© | ¯à®¨§¢®¤ë© àï¤ (1.32). �ã-

¤¥¬ áç¨â âì, çâ® ¢á¥ à á¯à¥¤¥«¥¨ï �bk ï¢«ïîâáï à¥£ã«ïàë¬¨. (�â®

®¯à ¢¤ ® «®ª «ì®áâìî ¤ «ì¥©è¥£® à áá¬®âà¥¨ï,   â ª¦¥ â¥¬, çâ®

®á®¡ë¥ â®çª¨ �bk á®áâ ¢«ïîâ ¨£¤¥ ¥ ¯«®â®¥ § ¬ªãâ®¥ ¬®¦¥áâ¢®, ¨

à¥è¥¨ï y = '(x) á¨áâ¥¬ë (1.216), ¯à®å®¤ïé¨¥ ç¥à¥§ à¥£ã«ïàë¥ â®çª¨

x 2 V , ¯à®¤®«¦ îâáï   ®á®¡ë¥ â®çª¨ ¯® ¥¯à¥àë¢®áâ¨.) � ª¨¬ ®¡à -

§®¬, ¤«ï ¥ª®â®à®£® N6m � 1 �bN = �bN+1 , ¯à¨ç¥¬ �bN = �b� . �¢¥-

¤¥¬ ®¡®§ ç¥¨¥: B = �b� . � ¬¥â¨¬, çâ® ¢ ¤ ®¬ á«ãç ¥ �b� = (�b)
�.

� àï¤ã á ¯à®¨§¢®¤ë¬ àï¤®¬ (1.32) ¤«ï á¥¬¥©áâ¢  b ¢¢¥¤¥¬ ¢ à á-

á¬®âà¥¨¥ ¯à®¨§¢®¤ë© àï¤ ¤«ï á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© b
0:

b00 � b01 � : : : � b0k � : : : :

�â¨ ¯®«ï § ¤ ë ¢ ®¡« áâ¨ V � U . � ¦¤®¬ã ¯®«î X 2 b
� ¡ã¤¥â

¢§ ¨¬® ®¤®§ ç® á®®â¢¥âáâ¢®¢ âì ¯®«¥ X0 2 b0�, ¯à¨ç¥¬ X0 = X+

+�i@=@yi, £¤¥ �i | ¥ª®â®àë¥ äãªæ¨¨ ®â x; y. �¢¥¤¥¬ ®¡®§ ç¥¨¥:

B0 = �b0�

�®ª ¦¥¬ â¥¯¥àì ãâ¢¥à¦¤¥¨¥, áä®à¬ã«¨à®¢ ®¥ ¢  ç «¥ à §¤¥« .

�¥®à¥¬  1.30. �®£®®¡à §¨¥ (1.218) â®£¤  ¨ â®«ìª® â®£¤  ®¯à¥-

¤¥«ï¥â ¥ï¢® à¥è¥¨¥ á¨áâ¥¬ë (1.216), ª®£¤  á¥¬¥©áâ¢® b
0 ª á ¥âáï

íâ®£® ¬®£®®¡à §¨ï.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¬®£®®¡à §¨¥ (1.218) ®¯à¥¤¥«ï¥â ¥ï¢-

® à¥è¥¨¥ á¨áâ¥¬ë (1.216). �à®¤¨ää¥à¥æ¨àã¥¬ (1.218) ¯® xj, áç¨â ï
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yi äãªæ¨ï¬¨ ®â x. �®«ãç¨¬, çâ® ¢ á¨«ã (1.218) ¢ë¯®«ïîâáï à ¢¥-

áâ¢ 
@ c

@xj
+
@ c

@yi
@yi

@xj
; (1.221)

j = 1; : : : ;m; c = 1; : : : ; n:

� ¢¥áâ¢  (1.221), ã¬®¦¥ë¥ á®®â¢¥âáâ¢¥®   a
j
k, ¯à®áã¬¬¨àã¥¬

¯® j ¤«ï ä¨ªá¨à®¢ ëå k; c. �á¯®«ì§ãï (1.216), ¯®«ãç¨¬, çâ® ¢ á¨«ã

(1.218) ¢ë¯®«ïîâáï à ¢¥áâ¢  X0k 
c = 0, â.¥. ¯®«ï (1.220) ª á îâáï

(1.218). �¡à â®, ¯ãáâì b0 ª á ¥âáï (1.218). �®¢  à áá¬®âà¨¬ à ¢¥-

áâ¢  (1.221) ¨ ¯à®áã¬¬¨àã¥¬ ¨å, ã¬®¦¨¢ á®®â¢¥âáâ¢¥®   a
j
k, ¯® j

¯à¨ ä¨ªá¨à®¢ ëå k; c. �á¯®«ì§ãï ä ªâ ª á ¨ï ¯®«ï¬¨ X0k ¬®£®-

®¡à §¨ï (1.218), ¯®«ãç¨¬

@ c

@yi

�
a
j
k

@yi

@xj
� bik

�
= 0:

� ª ª ª j@ c=@yij 6= 0, â® ®âáî¤  ¯®«ãç ¥¬, çâ® äãªæ¨¨ y(x), ®¯à¥-

¤¥«ï¥¬ë¥ ¥ï¢® ãà ¢¥¨ï¬¨ (1.218), á®áâ ¢«ïîâ à¥è¥¨¥ á¨áâ¥¬ë

(1.216). 2

�â ª, § ¤ ç   å®¦¤¥¨ï à¥è¥¨© á¨áâ¥¬ë (1.216) á¢®¤¨âáï ª  -

å®¦¤¥¨î ¬®£®®¡à §¨© (1.218), ª®â®àëå ª á ¥âáï á¥¬¥©áâ¢® b0. �ëïá-

¨¬ ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï â ª¨å ¬®£®®¡à §¨©.

�¥¬¬  1.2. �á«¨ ç¥à¥§ â®çªã (x0; y0) ¯à®å®¤¨â ¬®£®®¡à §¨¥ ¢¨¤ 

(1.218), ª®â®à®£® ª á ¥âáï b0, â® dimB(x0) = dimB0(x0; y0).

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì áãé¥áâ¢ã¥â ¬®£®®¡à §¨¥ (1.218), ãª -

§ ®¥ ¢ ãá«®¢¨¨. � ®¥ ¬®£®®¡à §¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

yi = 'i(x), i = 1; : : : ; n (¢ ç áâ®áâ¨, y0 = '(x0) ). � ª ª ª ¯®«ïX
0 2 b0�

ª á îâáï íâ®£® ¬®£®®¡à §¨ï, â®, á®£« á® ¯à¥¤«®¦¥¨î 1.5, ª ¦¤®¬ã

¯®«î X0 ®¤®§ ç® á®®â¢¥âáâ¢ã¥â ¨¤ãæ¨à®¢ ®¥ ¯®«¥ X0, ®¯à¥¤¥-

«¥®¥ ¢ ®¡« áâ¨ ¨§¬¥¥¨ï ¯¥à¥¬¥ëå x. �á«¨ ãç¥áâì ¯à¥¤«®¦¥¨¥

1.6, â® ïá®, çâ® X0 = X ¤«ï «î¡®£® ¯®«ï X0 2 b
0�. �«¥¤®¢ â¥«ì®,

B = B0. �¥¯¥àì ãâ¢¥à¦¤¥¨¥ «¥¬¬ë ¢ëâ¥ª ¥â ¨§ â®¦¤¥áâ¢  (1.50). 2

�¥¬¬  1.3. �ãáâì dimB(x0) = dimB0(x0; y0) = p, £¤¥ (x0; y0)

ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© à á¯à¥¤¥«¥¨ï B0. �®£¤  ç¥à¥§ ª ¦¤ãî

â®çªã ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0) ¯à®å®¤¨â ¬®£®®¡à §¨¥

¢¨¤  (1.218), ª®â®à®£® ª á ¥âáï b0, ¯à¨ç¥¬:

1) ¥á«¨ p = m, â® ¢áï á®¢®ªã¯®áâì ¬®£®®¡à §¨© (1.218) ®¯¨áë¢ -

¥âáï â ª:

F q(x:y) = cq ; q = 1; : : : ; n; (1.222)
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£¤¥ F q(x; y) | ¯®«ë©  ¡®à ¨â¥£à «®¢ á¥¬¥©áâ¢  b
0 ¢ â®çª¥ (x0; y0),

cq = const ;

2) ¥á«¨ p < m, â® ¢áï á®¢®ªã¯®áâì ¬®£®®¡à §¨© (1.218) ®¯¨áë¢ -

¥âáï â ª:

F q(x; y) = Hq(�1(x); : : : ;�t(x)); q = 1; : : : ; n; (1.223)

£¤¥ �k(x), F q(x; y) | ¯®«ë©  ¡®à ¨â¥£à «®¢ b
0, ¯à¨ç¥¬ äãªæ¨¨

�k(x) á®áâ ¢«ïîâ ®¤®¢à¥¬¥® ¯®«ë©  ¡®à ¨â¥£à «®¢ b ¢ â®ç-

ª¥ x0, rank k@F q=@yik = n, t = m � p, Hq | ¯à®¨§¢®«ìë¥ £« ¤ª¨¥

äãªæ¨¨.

�®ª  §  â ¥ « ì á â ¢ ®. �á«¨ p = 0, â® ¤®ª § â¥«ìáâ¢® âà¨¢¨ «ì®: ¢

íâ®¬ á«ãç ¥ á¥¬¥©áâ¢® b
0 ª á ¥âáï «î¡®£® ¬®£®®¡à §¨ï ¢¨¤  (1.218).

�ãáâì p > 0. � ª ª ª dimB0(x; y)>dimB(x; y), â® â®çª  x0 ï¢«ï¥âáï

à¥£ã«ïà®© â®çª®© à á¯à¥¤¥«¥¨ï B. �á«¨ p < m, â®, á®£« á® â¥®à¥¬¥

1.6, ¢ â®çª¥ x0 à á¯à¥¤¥«¥¨¥ B ¨¬¥¥â ¯®«ë©  ¡®à ¨â¥£à «®¢

�k(x); k = 1; : : : ; t = m� p: (1.224)

� ¤àã£®© áâ®à®ë, à á¯à¥¤¥«¥¨¥ B0 ¨¬¥¥â ¢ â®çª¥ (x0; y0) ¯®«ë©

 ¡®à ¨â¥£à «®¢, á®áâ®ïé¨© ¨§ äãªæ¨© (1.224) ¨ ¥ª®â®àëå äãªæ¨©

F q(x; y); q = 1; : : : ; n: (1.225)

�á«¨ p = m, â® B0 ¨¬¥¥â n ¥§ ¢¨á¨¬ëå ¨â¥£à «®¢ (1.225). �®ª ¦¥¬,

çâ® (¢ «î¡®¬ á«ãç ¥) ¢ ®ªà¥áâ®áâ¨ (x0; y0)

rankP = n; (1.226)

£¤¥ P = k@F q=@yik. �âáî¤  ¡ã¤¥â á«¥¤®¢ âì, çâ® «î¡®¥ ¬®£®®¡à -

§¨¥ (1.222) ¨«¨ (1.223) ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ ¢¨¤  (1.218), ª®â®à®£®

ª á ¥âáï B0.

� áá¬®âà¨¬ ¥ª®â®à®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© Ya =

= gja(x)@=@x
j , a = 1; : : : ; p; à á¯à¥¤¥«¥¨ï B. �®£¤  á®®â¢¥âáâ¢ãîé¥¥

á¥¬¥©áâ¢® ¯®«¥© Y 0a = Ya + �ia@=@y
i, a = 1; : : : ; p, ¢ á¨«ã ãá«®¢¨© ¤ ®©

«¥¬¬ë, ¡ã¤¥â ¡ §¨áë¬ á¥¬¥©áâ¢®¬ à á¯à¥¤¥«¥¨ï B0. �¥ ®£à ¨ç¨¢ ï

®¡é®áâ¨, áç¨â ¥¬, çâ® ¢ ®ªà¥áâ®áâ¨ x0

jgka(x)jk=1;:::;pa=1;:::;p 6= 0: (1.227)

�á«¨ p = m, â® äãªæ¨¨ (1.225) á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à -

«®¢ ¯®«®£® á¥¬¥©áâ¢  Y 0a; a = 1; : : : ; p, ¯®íâ®¬ã ¨§ ¯à¥¤«®¦¥¨ï 1.10
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¢ëâ¥ª ¥â (1.226). �ãáâì p < m, â®£¤  äãªæ¨¨ (1.224), (1.225) á®áâ -

¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ á¥¬¥©áâ¢  Y 0a; a = 1; : : : ; p. �§ (1.227)

¨ ¯à¥¤«®¦¥¨ï 1.10 á«¥¤ã¥â, çâ®

K =

���� Q 0

S P

���� 6= 0; (1.228)

£¤¥

Q =

@�k@xj


k=1;:::;t

j=p+1;:::;m

; S =

@F q@xj


q=1;:::;n

j=p+1;:::;m

:

�à¨¬¥ïï ª (1.228) à §«®¦¥¨¥ � ¯« á  ¯® n ¯®á«¥¤¨¬ áâ®«¡æ ¬,

¯®«ãç¨¬

K = jQj � jP j: (1.229)

� ª ª ª äãªæ¨¨ (1.224) á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ á¥-

¬¥©áâ¢  Ya 2 b�, â® ¨§ (1.228), (1.229) ¢ëâ¥ª ¥â (1.226). �®ª ¦¥¬ â¥-

¯¥àì, çâ® «î¡®¥ ¬®£®®¡à §¨¥ (1.218), ª®â®à®£® ª á ¥âáï B0, ¢ ®ªà¥áâ-

®áâ¨ (x0; y0) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ (1.222) ¨«¨ (1.223). �®á¯®«ì§ã¥¬áï

â¥®à¥¬®© 1.7, ¨¬¥ï ¢ ¢¨¤ã, çâ® ¢ ¤ ®¬ á«ãç ¥ (�b0)
� = B0. �®£« á®

â¥®à¥¬¥ 1.7, ¬®£®®¡à §¨¥ (1.218) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

Gq(F 1(x; y); : : : ; Fn(x; y)) = 0; q = 1; : : : ; n; (1.230)

¥á«¨ p = m, ¨«¨ ¢ ¢¨¤¥

Gq(�1(x); : : : ;�t(x); F 1(x; y); : : : ; Fn(x; y)) = 0; q = 1; : : : ; n; (1.231)

¥á«¨ p < m, £¤¥ Gq | ¥§ ¢¨á¨¬ë¥ äãªæ¨¨. � ª ª ª à ¢¥áâ¢ 

(1.230) ¨ (1.231) ®¤®§ ç® à §à¥è¨¬ë ®â®á¨â¥«ì® y, â® ®âáî¤ 

«¥£ª® á«¥¤ã¥â, ãç¨âë¢ ï (1.226), çâ® à ¢¥áâ¢  (1.230), (1.231) ¬®¦®

à §à¥è¨âì ®â®á¨â¥«ì® äãªæ¨© F i(x; y), â.¥. ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

(1.222), (1.223). 2

� ¬¥ç ¨¥ 1.21. �á«¨ äãªæ¨¨ ¢ (1.216) § ¢¨áïâ ®â x; y, â® â ª¦¥

¬®¦® ¢¢¥áâ¨ à á¯à¥¤¥«¥¨ï B ¨ B0, â®«ìª® ¢ íâ®¬ á«ãç ¥ ®¡  à á¯à¥-

¤¥«¥¨ï § ¤ ë ¢ ®¡« áâ¨ V �U . �à¥¤ë¤ãé¨¥ ãâ¢¥à¦¤¥¨ï ®áâ ãâáï
á¯à ¢¥¤«¨¢ë¬¨ §  ¨áª«îç¥¨¥¬ â®£®, çâ® ¢ (1.223) äãªæ¨¨ �k ¡ã¤ãâ

§ ¢¨á¥âì ®â x; y ¨, ¢®®¡é¥ £®¢®àï, ¥ ¡ã¤ãâ ï¢«ïâìáï ¨â¥£à « ¬¨ à á-

¯à¥¤¥«¥¨ï B.

�¥¬¬  1.4. �ãáâì à¥è¥¨¥ y = '(x) á¨áâ¥¬ë (1.216) ¯à¨ ¤«¥-

¦¨â (ª ª £à ä¨ª) ¬®¦¥áâ¢ã

�d(x; y) = 0; d = 1; : : : ; l: (1.232)
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�®£¤  íâ® à¥è¥¨¥ ¯à¨ ¤«¥¦¨â â ª¦¥ ¬®¦¥áâ¢ã

�dk(x; y) = 0; k = 1; : : : ; r; d = 1; : : : ; l; (1.233)

£¤¥ �dk = X0k�
d.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì à¥è¥¨¥ y = '(x) á¨áâ¥¬ë (1.216) ¯à¨-

 ¤«¥¦¨â ¬®¦¥áâ¢ã (1.232). �®¤áâ ¢¨¬ y = '(x) ¢ (1.232) ¨ ¯à®¤¨ä-

ä¥à¥æ¨àã¥¬ ¯®«ãç¥®¥ â®¦¤¥áâ¢® (1.232) ¯® xj. �®«ãç¨¬, çâ® ¢ á¨«ã

(1.232) ¢ë¯®«ïîâáï à ¢¥áâ¢ 

@�d

@xj
+
@�d

@yi
@yi

@xj
= 0:

�â¨ à ¢¥áâ¢ , ã¬®¦¥ë¥ á®®â¢¥âáâ¢¥®   a
j
k, ¯à®áã¬¬¨àã¥¬ ¯® j.

�ç¨âë¢ ï (1.216), ¯®«ãç¨¬, çâ® ¢ á¨«ã (1.232) ¢ë¯®«ïîâáï à ¢¥áâ¢ 

(1.233). 2

�á¯®«ì§ãï ¤®ª § ë¥ ãâ¢¥à¦¤¥¨ï, ¯®áâà®¨¬  «£®à¨â¬ ¯à®¢¥àª¨

á®¢¬¥áâ®áâ¨ ¨  «£®à¨â¬ ¯®áâà®¥¨ï ®¡é¥£® à¥è¥¨ï á¨áâ¥¬ë (1.216)

¢ ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0) 2 V � U .

� áá¬®âà¨¬ ¥ª®â®à®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® q � b� à á¯à¥¤¥«¥¨ï B

¢ ®ªà¥áâ®áâ¨ x0, á®áâ®ïé¥¥ ¨§ ¯®«¥© Ya = gja(x)@=@x
j; a = 1; : : : ; p.

(�à¥¤¯®« £ ¥âáï, çâ® dimB(x0) = p > 0, ¨¡® ¥á«¨ p = 0, â® ¢ (1.216)

a
j
k(x) = 0.) �¥¬¥©áâ¢ã q á®®â¢¥âáâ¢ã¥â á¥¬¥©áâ¢® q0, á®áâ®ïé¥¥ ¨§

¥ª®â®àëå ¯®«¥© Y 0a = Ya + �ia(x; y)@=@y
i; a = 1; : : : ; p, ¯à¨ ¤«¥¦ é¨å

b0�. �®£« á® «¥¬¬¥ 1.2, ¬®£®®¡à §¨ï (1.218), ®¯à¥¤¥«ïîé¨¥ à¥è¥¨ï

á¨áâ¥¬ë (1.216), ¤®«¦ë «¥¦ âì ¢® ¬®¦¥áâ¢¥ P â®ç¥ª (x; y), ¢ ª®â®àëå

dimB(x) = dimB0(x; y). �á®, çâ® P � K, £¤¥ K | ¬®¦¥áâ¢® â®ç¥ª

(x; y), ¢ ª®â®àëå X0d = �bd(x; y)Y
0
b ; d = 1; : : : ; r; [Y 0a; Y

0
b ] = hcab(x; y)Y

0
c ,

£¤¥ �bd; h
c
ab | ¥ª®â®àë¥ äãªæ¨¨. �®¦¥áâ¢® K ¬®¦® ®¯¨á âì ª ª

¬®¦¥áâ¢® â®ç¥ª, ã¤®¢«¥â¢®àïîé¨å ¥ª®â®à®© á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å

ãà ¢¥¨©

�j(x; y) = 0; j = 1; : : : ; e: (1.234)

�®¦® â ª ®å à ªâ¥à¨§®¢ âì ¤ ë© íâ ¯ ¯à®¢¥¤¥¨ï  «£®à¨â¬ .

�¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (1.216) ¯à¨¢¥¤¥  ¯® áãé¥áâ¢ã

ª íª¢¨¢ «¥â®© á¨áâ¥¬¥ ãà ¢¥¨©, á®áâ®ïé¥© ¨§ ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©

gja(x)
@yi

@xj
= �ia(x; y); (1.235)

i = 1; : : : ; n; j = 1; : : : ;m; a = 1; : : : ; p;

¨ ª®¥çëå ãà ¢¥¨© (1.234).
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�¤¥áì ¬®£ãâ ¯à¥¤áâ ¢¨âìáï ¤¢  á«ãç ï.

�«ãç © 1. � ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0) à ¢¥áâ¢  (1.234)

ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥®. �âáî¤  «¥£ª® á«¥¤ã¥â, çâ® ¢ íâ®©

®ªà¥áâ®áâ¨ ¤«ï «î¡®£® ¯®«ï X0 2 b0� á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

X0 = �b(x; y)Y 0b , £¤¥ �
b | ¥ª®â®àë¥ äãªæ¨¨. � ª¨¬ ®¡à §®¬, K = P ,

¨ á¥¬¥©áâ¢® q0 ï¢«ï¥âáï ¡ §¨áë¬ á¥¬¥©áâ¢®¬ ¨¢®«îâ¨¢®£® à á¯à¥¤¥-

«¥¨ï B0. �®£« á® «¥¬¬¥ 1.3, ç¥à¥§ ª ¦¤ãî â®çªã ®ªà¥áâ®áâ¨ (x0; y0)

¯à®å®¤¨â ¬®£®®¡à §¨¥ (1.218), § ¤ îé¥¥ à¥è¥¨¥ á¨áâ¥¬ë (1.216). �á-

«¨ p = m, â®, à §à¥è ï (1.222), ¯®«ãç¨¬ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (1.216)

yi = 'i(x; c1; : : : ; cn); i = 1; : : : ; n; (1.236)

£¤¥ ci | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥, ¯à¨ç¥¬ ç¥à¥§ ª ¦¤ãî â®çªã (x; y)

¯à®å®¤¨â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ á¨áâ¥¬ë (1.216), á®®â¢¥âáâ¢ãîé¥¥ ¥-

ª®â®àë¬ ci. �á«¨ p < m, â®, à §à¥è ï (1.223), ¯®«ãç¨¬ ®¡é¥¥ à¥è¥¨¥

á¨áâ¥¬ë (1.216)

yi = 'i(x;H1(�1(x); : : : ;�t(x)); : : : ;Hn(�1(x); : : : ;�t(x))); (1.237)

i = 1; : : : ; n;

£¤¥ Hq | ¯à®¨§¢®«ìë¥ äãªæ¨¨, ¯à¨ç¥¬ ç¥à¥§ ª ¦¤ãî â®çªã (x; y)

¯à®å®¤¨â ¥ª®â®à®¥ á¥¬¥©áâ¢® ¥á®¢¯ ¤ îé¨å à¥è¥¨©.

�«ãç © 2. � ¢¥áâ¢  (1.234) ¥ ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥® ¨ ¢

ª ª®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0). � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥ à¥è¥¨ï,

¯à®å®¤ïé¨¥ ç¥à¥§ (x0; y0), áãé¥áâ¢ãîâ «¨èì â®£¤ , ª®£¤  (x0; y0) ï¢«ï-

¥âáï ®á®¡®© â®çª®© à á¯à¥¤¥«¥¨ï B0. �¥©áâ¢¨â¥«ì®, ¥á«¨ (x0; y0) |

à¥£ã«ïà ï â®çª  à á¯à¥¤¥«¥¨ï B0, â® «¨¡® dimB(x0) < dimB0(x0; y0),

«¨¡® ¢®§¬®¦¥ ã¦¥ à áá¬®âà¥ë© á«ãç © 1. �¥è¥¨ï á¨áâ¥¬ë (1.216)

¯à¥¤áâ ¢«ïîâ á®¡®© ¬®£®®¡à §¨ï, ª®â®àëå ª á ¥âáï à á¯à¥¤¥«¥¨¥ B0

¨ ª®â®àë¥ ¤®«¦ë ¯à¨ ¤«¥¦ âì ¬®¦¥áâ¢ã K. �«ï à¥è¥¨ï ¢®¯à®á 

® áãé¥áâ¢®¢ ¨¨ â ª¨å ¬®£®®¡à §¨© à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì

¬®¦¥áâ¢ äãªæ¨©

G1 � G2 � : : : � Gk � : : : (1.238)

� (1.238) G1 á®áâ®¨â ¨§ äãªæ¨© �
j(x; y), ®¯à¥¤¥«ïîé¨å á¨áâ¥¬ã ãà ¢-

¥¨© (1.234). �«ï k > 1 ¬®¦¥áâ¢® äãªæ¨© Gk á®áâ®¨â ¨§ Gk�1 ¨

äãªæ¨© ¢¨¤  X0s�(x; y), £¤¥ � 2 Gk�1, X0s 2 b
0. �ãáâì G =

S1
k=1Gk.

�à¥¤¯®«®¦¨¬, çâ® G á®áâ®¨â ¨§ äãªæ¨© �l; l 2 L; ¨ à áá¬®âà¨¬

¬®¦¥áâ¢® W â®ç¥ª (x; y), ã¤®¢«¥â¢®àïîé¨å à ¢¥áâ¢ ¬

�l(x; y) = 0; l 2 L: (1.239)
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�®£« á® «¥¬¬¥ 1.4, à¥è¥¨ï á¨áâ¥¬ë (1.216) ª ª ¬®£®®¡à §¨ï ¤®«¦-

ë «¥¦ âì ¢® ¬®¦¥áâ¢¥ W . � ¬¥â¨¬, çâ® ¬ë ¨â¥à¥áã¥¬áï ¬®£®-

®¡à §¨ï¬¨ á¯¥æ¨ «ì®£® ¢¨¤  (1.218). �¥¦¤ã â¥¬ à ¢¥áâ¢  (1.239)

¬®£ãâ ®¯à¥¤¥«ïâì ¯ãáâ®¥ ¬®¦¥áâ¢® ¨«¨ § ¤ ¢ âì á¢ï§¨ ¬¥¦¤ã ¥§ -

¢¨á¨¬ë¬¨ ¯¥à¥¬¥ë¬¨  a(x) = 0, ¯à¨ íâ®¬, à §ã¬¥¥âáï, W ¥ ¬®¦¥â

á®¤¥à¦ âì ¬®£®®¡à §¨ï ¢¨¤  (1.218). �¤¥áì á«¥¤ã¥â ¢®á¯®«ì§®¢ âìáï

â¥®à¥¬®© ® äãªæ¨® «ì®© § ¢¨á¨¬®áâ¨ ¨§ ¬ â¥¬ â¨ç¥áª®£®   «¨§ ,

ª®â®àãî áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬ [49].

�¥®à¥¬  1.31 (â¥®à¥¬  ® äãªæ¨® «ì®© § ¢¨á¨¬®áâ¨). �á-

«¨ fk(z); k = 1; : : : ;m6n;| £« ¤ª¨¥ äãªæ¨® «ì® ¥§ ¢¨á¨¬ë¥ äãª-

æ¨¨ ¢ ®¡« áâ¨M � Rn,   fm+1(z)| â ª ï £« ¤ª ï äãªæ¨ï ¢ M , çâ®

¢ «î¡®© â®çª¥ z 2M

rank

@fk@zi


k=1;:::;m+1

i=1;:::;n

= m;

â® ¤«ï ª ¦¤®© â®çª¨ y 2M áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì U , çâ®

fm+1(z) = F (f1(z); : : : ; fm(z)); z 2 U;

£¤¥ F | £« ¤ª ï äãªæ¨ï. 2

� ¬¥ç ¨¥ 1.22. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ® äãªæ¨® «ì®©

§ ¢¨á¨¬®áâ¨ á«¥¤ã¥â, çâ® ®ªà¥áâ®áâì U , ä¨£ãà¨àãîé ï ¢ ä®à¬ã«¨-

à®¢ª¥ íâ®© â¥®à¥¬ë, § ¢¨á¨â «¨èì ®â â®çª¨ z ¨ äãªæ¨© fk(z); k =

= 1; : : : ;m, ® ¥ § ¢¨á¨â ®â ¢¨¤  äãªæ¨¨ fm+1(z).

� ¬¥ç ¨¥ 1.23. � á®®â¢¥âáâ¢¨¨ á ¯à¥¤«®¦¥¨¥¬ 1.23 ¨ § ¬¥ç ¨-

¥¬ 1.7 ãá«®¢¨¥ â¥®à¥¬ë ® äãªæ¨® «ì®© § ¢¨á¨¬®áâ¨ ¬®¦® § ¯¨á âì

â ª:

df1 ^ : : :^ dfm 6= 0; df1 ^ : : :^ dfm ^ dfm+1 = 0:

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¬ âà¨æã k@�l=@yikl2Li=1;:::;n. �à¥¤¯®«®¦¨¬,

çâ® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0) à £ íâ®© ¬ âà¨æë ¯®áâ®ï-

¥ ¨ à ¢¥ s. (� íâ®¬ á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì, çâ® (x0; y0) | à¥£ã«ïà ï

¯® y â®çª  ¬®¦¥áâ¢  äãªæ¨© G.) �á«¨ s = 0, â® à ¢¥áâ¢  (1.239)

®¯à¥¤¥«ïîâ «¨¡® ¯ãáâ®¥ ¬®¦¥áâ¢®, «¨¡® § ¤ îâ á¢ï§¨  a(x) = 0. � ¢

â®¬ ¨ ¤àã£®¬ á«ãç ¥ á¨áâ¥¬  (1.216) ¥ ¨¬¥¥â à¥è¥¨©.

�ãáâì s > 0. � áá¬®âà¨¬ â ª¨¥ äãªæ¨¨ �j(x; y) = �lj 2 G,

j = 1; : : : ; s; çâ® rank
@�j=@yij=1;:::;s

i=1;:::;n
= s. �®£¤  ¢ ¥ª®â®à®© ®ªà¥áâ-

®áâ¨ â®çª¨ (x0; y0) äãªæ¨¨ �j(x; j); j = 1; : : : ; s; ¢¬¥áâ¥ á äãªæ¨¥©

�0(x; y) = x á®áâ ¢«ïîâ  ¡®à ¨§ s + 1 äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå
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äãªæ¨©. �® â¥®à¥¬¥ 1.31 (® äãªæ¨® «ì®© § ¢¨á¨¬®áâ¨), ¢ ¥ª®-

â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0), § ¢¨áïé¥© «¨èì ®â ¢¨¤  äãªæ¨© �
j

(á¬. § ¬¥ç ¨¥ 1.22), ¨¬¥¥¬ ¯à¥¤áâ ¢«¥¨ï

�l(x; y) = hl(x; �1(x; y); : : : ; �s(x; y)); l 2 L;
£¤¥ gl | £« ¤ª¨¥ äãªæ¨¨. � ª¨¬ ®¡à §®¬, ¢ íâ®© ®ªà¥áâ®áâ¨ ¬®¦¥-

áâ¢® W ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�j(x; y) = 0; j = 1; : : : ; s; (1.240)

rank

@�j@yi


j=1;:::;s

i=1;:::;n

= s;

hl(x; 0; : : : ; 0) = 0; l 2 L: (1.241)

�á«¨ ¥ áãé¥áâ¢ã¥â ®ªà¥áâ®áâ¨, ¢ ª®â®à®© ¢ëà ¦¥¨ï (1.241) ¢ë¯®«-

ïîâáï â®¦¤¥áâ¢¥®, â® «¨¡® à ¢¥áâ¢  (1.240), (1.241) ¯à®â¨¢®à¥ç¨-

¢ë, «¨¡® § ¤ îâ á¢ï§¨ ¬¥¦¤ã ¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥ë¬¨, ¨ ¯®íâ®¬ã

¬®¦¥áâ¢® W ¥ á®¤¥à¦¨â ¬®£®®¡à §¨© (1.218). �á«¨ ¢á¥ ¢ëà ¦¥¨ï

(1.241) ï¢«ïîâáï â®¦¤¥áâ¢ ¬¨, â® ¬®¦¥áâ¢® W (¢ á®®â¢¥âáâ¢ãîé¥©

®ªà¥áâ®áâ¨) ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ (1.240). �®ª ¦¥¬, çâ® ¢ íâ®¬

á«ãç ¥ á¨áâ¥¬  (1.216) ¨¬¥¥â à¥è¥¨¥.

�á«¨ ¢ (1.240) s = n, â® ¬®£®®¡à §¨¥ (1.240) ®¯à¥¤¥«ï¥â ¥ï¢®

¥¤¨áâ¢¥®¥ à¥è¥¨¥ á¨áâ¥¬ë (1.216) yi = 'i(x); i = 1; : : : ; n. �ãáâì

s < n. �® â¥®à¥¬¥ 1.2 (® ¥ï¢®© äãªæ¨¨) ãà ¢¥¨ï (1.240) ¬®¦-

® ¯à¥¤áâ ¢¨âì ¢ à §à¥è¥®¬ ¢¨¤¥ ®â®á¨â¥«ì® s ¯¥à¥¬¥ëå ¨§

(y1; : : : ; yn). �à¥¤¯®«®¦¨¬, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ® (1.240) ¬®¦-

® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

yi = 'i(x; y1; : : : ; yd); i = d+ 1; : : : ; n; d = n� s: (1.242)

� ª ª ª ¯®«ï X0k ª á îâáï ¬®£®®¡à §¨ïW , § ¤ ¢ ¥¬®£® à ¢¥áâ¢ -

¬¨ (1.242), â® ¬®¦® ¢¢¥áâ¨ ¨¤ãæ¨à®¢ ë¥ ¯®«ï, ª®â®àë¥ ¢ á®®â¢¥â-

áâ¢¨¨ á ¯à¥¤«®¦¥¨¥¬ 1.6 ¨¬¥îâ ¢¨¤

X0k = a
j
k(x)

@

@xj
+ bik(x; y; '(y))

@

@yi
; i = 1; : : : ; d;

£¤¥ y = (y1; : : : ; yd),  

'(y) = (y1; : : : ; yd; 'd+1(y1; : : : ; yd); : : : ; 'n(y1; : : : ; yn)):

�î¡®¥ ¬®£®®¡à §¨¥ (1.218), «¥¦ é¥¥ ¢ ¬®£®®¡à §¨¨ (1.242), ¬®¦¥â

¡ëâì § ¤ ® à ¢¥áâ¢ ¬¨ (1.242) ¨ ¥ª®â®àë¬¨ à ¢¥áâ¢ ¬¨

 j(x; y1; : : : ; yd) = 0; j = 1; : : : ; d; (1.243)
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����@ j@yi

���� 6= 0:

�®«ï X0k ª á îâáï ¬®£®®¡à §¨ï (1.242), (1.243) â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¯®«ïX0k ª á îâáï ¬®£®®¡à §¨ï (1.243). � ª¨¬ ®¡à §®¬, ¢®¯à®á ®

áãé¥áâ¢®¢ ¨¨ à¥è¥¨© á¨áâ¥¬ë (1.216) á¢®¤¨âáï ª ¢®¯à®áã ® áãé¥áâ¢®-

¢ ¨¨ ¬®£®®¡à §¨© ¢¨¤  (1.243), ª®â®àëå ª á îâáï ¨¤ãæ¨à®¢ ë¥

¯®«ï X0.

� áá¬®âà¨¬ á¥¬¥©áâ¢® ¨¤ãæ¨à®¢ ëå ¯®«¥© Y 0a; a = 1; : : : ; p, á®-

®â¢¥âáâ¢ãîé¨å ¯®«ï¬ Ya, ¢å®¤ïé¨¬ ¢ á¥¬¥©áâ¢® q0. � ª ª ª ¬®£®-

®¡à §¨¥ (1.242) ¯à¨ ¤«¥¦¨â K, â® ¢ â®çª å ¬®£®®¡à §¨ï (1.242) ¯®«ï

X0s 2 b
0, [Y 0a; Y

0
b ] ¢ëà ¦ îâáï «¨¥©® ç¥à¥§ ¯®«ï Y 0a; a = 1; : : : ; p. �á-

®, çâ® ¨ ¨¤ãæ¨à®¢ ë¥ ¯®«ï X0s, [Y
0
a; Y

0
b ] «¨¥©® ¢ëà ¦ îâáï ç¥à¥§

¯®«ï Y 0a; a = 1; : : : ; p, ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0), £¤¥ ¨á-

¯®«ì§®¢ ® ®¡®§ ç¥¨¥ y = (y1; : : : ; yd). � á¨«ã â®£®, çâ® ¤¨ää¥à¥æ¨-

 « ¯ à ¬¥âà¨§ æ¨¨ ¬®£®®¡à §¨ï ï¢«ï¥âáï «¨¥©ë¬ ¨§®¬®àä¨§¬®¬,

á¥¬¥©áâ¢® Y 0a; a = 1; : : : ; p, ï¢«ï¥âáï «¨¥©® ¥á¢ï§ ë¬,   á«¥¤®¢ -

â¥«ì®, ¡ §¨áë¬ á¥¬¥©áâ¢®¬ à á¯à¥¤¥«¥¨ï B0. �â ª, ¢ ®ªà¥áâ®áâ¨

(x0; y0) ¢ë¯®«ïîâáï à ¢¥áâ¢  dimB(x) = dimB0(x; y). (�â®â ¦¥ à¥-

§ã«ìâ â á«¥¤ã¥â ¨§ ¯à¨¢¥¤¥®© ¢ à §¤¥«¥ 1.3 ä®à¬ã«ë (1.50).) �®íâ®-

¬ã, á®£« á® «¥¬¬¥ 1.3, ç¥à¥§ ª ¦¤ãî â®çªã ®ªà¥áâ®áâ¨ â®çª¨ (x0; y0)

¯à®å®¤¨â ¬®£®®¡à §¨¥ ¢¨¤  (1.243), ª®â®à®£® ª á îâáï ¯®«ï X0s. �áï

á®¢®ªã¯®áâì â ª¨å ¬®£®®¡à §¨© ®¯¨áë¢ ¥âáï á®®â¢¥âáâ¢¥® á«ãç ï¬

p = m ¨ p < m á«¥¤ãîé¨¬ ®¡à §®¬:

F i(x; y) = ci; i = 1; : : : ; d; (1.244)

F i(x; y) = Hi(�1(x); : : : ;�t(x)); i = 1; : : : ; d; (1.245)

£¤¥ �k(x), F i(x; y) | ¯®«ë©  ¡®à ¨â¥£à «®¢ á¥¬¥©áâ¢  ¯®«¥© b0, ¯à¨-

ç¥¬ j@F k=@yijk=1;:::;di=1;:::;d 6= 0, �k(x) | ¯®«ë©  ¡®à ¨â¥£à «®¢ á¥¬¥©áâ¢ 

¯®«¥© b. � §à¥è ï (1.244), (1.245) ®â®á¨â¥«ì® y, ¯®«ãç¨¬, çâ® ®¡é¥¥

à¥è¥¨¥ á¨áâ¥¬ë (1.216) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ (1.242) ¨

yi = 'i(x; c1; : : : ; cd); i = 1; : : : ; d; (1.246)

¥á«¨ p = m, ¨«¨ ¢ ¢¨¤¥ (1.242) ¨

yi = 'i(x;H1(�1(x); : : : ;�t(x)); : : : ;Hd(�1(x); : : : ;�t(x))); (1.247)

i = 1; : : : ; d;

¥á«¨ p < m. �¤¥áì ci = const , Hj | ¯à®¨§¢®«ìë¥ äãªæ¨¨.
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�â¬¥â¨¬, çâ® ¬®£®®¡à §¨¥ W á®¢¯ ¤ ¥â (¢ ®ªà¥áâ®áâ¨ (x0; y0)) á

¬®¦¥áâ¢®¬ P . �â® á«¥¤ã¥â ¨§ à ¢¥áâ¢

p = dimB(x) = dimB0(x; y) = dimB0(x; y); (x; y) 2W:

�ã¬¬¨àã¥¬ ¨§«®¦¥®¥ á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  1.32. �¨áâ¥¬  (1.216) ¨¬¥¥â à¥è¥¨¥, ¯à®å®¤ïé¥¥ ç¥à¥§

â®çªã (x0; y0), ¯à¨ ¢ë¯®«¥¨¨ ®¤®£® ¨§ á«¥¤ãîé¨å ¤¢ãå ãá«®¢¨©:

1) (x0; y0) | à¥£ã«ïà ï â®çª  à á¯à¥¤¥«¥¨ï B0; dimB(x0) =

= dimB0(x0; y0) = p (¢ íâ®¬ á«ãç ¥ ç¥à¥§ ª ¦¤ãî â®çªã ®ªà¥áâ®áâ¨

â®çª¨ (x0; y0) ¯à®å®¤¨â à¥è¥¨¥ á¨áâ¥¬ë (1.216), ¯à¨ç¥¬ ¥á«¨ p = m,

â® ®¡é¥¥ à¥è¥¨¥ ¨¬¥¥â ¢¨¤ (1.236), ¥á«¨ p < m, â® | (1.237);

2) (x0; y0) | ®á®¡ ï â®çª  à á¯à¥¤¥«¥¨ï B0; dimB(x0) =

= dimB0(x0; y0) = p; ¬®¦¥áâ¢® W ¢ ®ªà¥áâ®áâ¨ (x0; y0) ï¢«ï-

¥âáï ¬®£®®¡à §¨¥¬ ¢¨¤  (1.240) (¢ íâ®¬ á«ãç ¥ ç¥à¥§ ª ¦¤ãî â®ç-

ªã ¬®£®®¡à §¨ï W ¢ ®ªà¥áâ®áâ¨ (x0; y0) ¯à®å®¤¨â à¥è¥¨¥ á¨áâ¥-

¬ë (1.216), ¯à¨ç¥¬ «î¡®¥ à¥è¥¨¥ æ¥«¨ª®¬ ¯à¨ ¤«¥¦¨â W ; ¥á«¨ ¢

(1.240) s = n, â® ¨¬¥¥âáï ¢á¥£® ®¤® à¥è¥¨¥, ¯à¨ç¥¬ ®® á®¢¯ ¤ ¥â

á W ; ¥á«¨ s < n, â® ®¡é¥¥ à¥è¥¨¥ ¨¬¥¥â ¢¨¤ (1.242), (1.246), ª®£¤ 

p = m, ¨ (1.242), (1.247), ª®£¤  p < m).

� ¬¥ç ¨¥ 1.24. �à®¢¥àª  ¢ë¯®«¥¨ï ãá«®¢¨© â¥®à¥¬ë 1.32 ¯à®-

¨§¢®¤¨âáï á ¯®¬®éìî  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©,    å®¦¤¥¨¥ ®¡é¥-

£® à¥è¥¨ï | á ¯®¬®éìî à¥è¥¨ï ¥ª®â®àëå á¨áâ¥¬  «£¥¡à ¨ç¥áª¨å

¨ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �¥©áâ¢¨â¥«ì®, ¡ -

§¨á®¥ á¥¬¥©áâ¢® q = fYa; a = 1; : : : ; pg à á¯à¥¤¥«¥¨ï B  å®¤¨âáï

á ¯®¬®éìî ¯à®æ¥áá  ¯®¯®«¥¨ï ¯ãâ¥¬ ¢ëç¨á«¥¨ï ª®¥ç®£® ç¨á« 

®¯à¥¤¥«¨â¥«¥© (á¬. § ¬¥ç ¨¥ 1.6). � ª®£® ¦¥ à®¤  ®¯¥à æ¨¨ âà¥¡ãîâ-

áï ¤«ï  å®¦¤¥¨ï ¢ëà ¦¥¨© (1.234). �á«¨ ¨¬¥¥¬ á«ãç © 1, â® ¤«ï

 å®¦¤¥¨ï ®¡é¥£® à¥è¥¨ï á¨áâ¥¬ë (1.216) âà¥¡ã¥âáï  ©â¨ ¯®«ë©

 ¡®à ¨â¥£à «®¢ ¯®«®£® á¥¬¥©áâ¢ , çâ® íª¢¨¢ «¥â® à¥è¥¨î ¥-

ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �á«¨

¨¬¥¥¬ á«ãç © 2, â® ¤«ï ¯®áâà®¥¨ï ¬®£®®¡à §¨ï (1.240) ¯à ªâ¨ç¥áª¨

¢¬¥áâ® ¯®á«¥¤®¢ â¥«ì®áâ¨ (1.238) áâà®¨âáï ¯®á«¥¤®¢ â¥«ì®áâì

~G1 � ~G2 � : : : ~Gk � : : : ;

£¤¥ ~Gk |¬ ªá¨¬ «ì®¥ ¬®¦¥áâ¢® äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå äãª-

æ¨© (¯® y ) ¨§ Gk (¯à¥¤¯®« £ ¥âáï, çâ® (x0; y0) | à¥£ã«ïà ï ¯® y â®çª 

¬®¦¥áâ¢ Gk). �«ï ¥ª®â®à®£® k6n ~Gk = ~Gk+1. �¥£ª® ¯à®¢¥à¨âì, çâ®

¢ íâ®¬ á«ãç ¥ ~Gk+1 = ~Gk+2 = : : : �ãªæ¨¨ ¨§ ~Gk ¨ á®áâ ¢«ïîâ ¢ëà -

¦¥¨¥ (1.240). �á«¨ å®âï ¡ë ®¤  ¨§ äãªæ¨© ¢¨¤  X0s�, £¤¥ � 2 ~Gk,
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¥ ®¡à é ¥âáï â®¦¤¥áâ¢¥® ¢ ã«ì ¢ á¨«ã (1.240), â® á¨áâ¥¬  (1.216)

¥á®¢¬¥áâ . �á«¨ ¢á¥ äãªæ¨¨ â ª®£® à®¤  ®¡à é îâáï â®¦¤¥áâ¢¥®

¢ ã«ì ¢ á¨«ã (1.240), â® íâ® ¡ã¤¥â ¢¥à® ¨ ¤«ï «î¡®© äãªæ¨¨ ¨§ G.

� íâ®¬ á«ãç ¥ á¨áâ¥¬  (1.216) ¨¬¥¥â à¥è¥¨¥, ¨ ®¡é¨© ¢¨¤ ¥£® ®¯à¥-

¤¥«ï¥âáï á ¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï ¬®¦¥áâ¢  (1.240) ¢ ¢¨¤¥ (1.242) ¨

 å®¦¤¥¨ï ¨â¥£à «®¢ ¨¤ãæ¨à®¢ ®£® á¥¬¥©áâ¢  Y 0a; a = 1; : : : ; p.

� ¬¥ç ¨¥ 1.25. �«ï ç áâ®£® á«ãç ï á¨áâ¥¬ë (1.217) ãá«®¢¨ï 1)

¨ 2) â¥®à¥¬ë 1.32 ï¢«ïîâáï ¯® áãé¥áâ¢ã ãá«®¢¨ï¬¨ ¨§¢¥áâëå â¥®à¥¬

�à®¡¥¨ãá  ¨ �®¬ á |�¥¡«¥  [29, 15]. �â¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥

à ¢¥áâ¢  (1.234), § ¤ îé¨¥ ¬®¦¥áâ¢® K, ¨¬¥îâ ¢¨¤

Yjb
i
k � Ykb

i
j = 0; i = 1; : : : ; n; j; k = 1; : : : ;m; (1.248)

£¤¥ Yj = @=@xj + bij@=@y
i. � ¢¥áâ¢  (1.248) ¬®¦® âà ªâ®¢ âì ª ª

à ¢¥áâ¢® á¬¥è ëå ¯à®¨§¢®¤ëå:

@2yi

@xj@xs
=

@2yi

@xs@xj

(¢ á¨«ã (1.217)).

� ¬¥ç ¨¥ 1.26. �á«¨ ¢ á¨áâ¥¬¥ (1.216) äãªæ¨¨ a
j
k § ¢¨áïâ ®â x,

y, â®  «£®à¨â¬  å®¦¤¥¨ï à¥è¥¨ï ¢ ®ªà¥áâ®áâ¨ à¥£ã«ïà®© â®çª¨

à á¯à¥¤¥«¥¨ï B   «®£¨ç¥ à áá¬®âà¥®¬ã á«ãç î, ª®£¤  äãªæ¨¨

¥ § ¢¨áïâ ®â y. � §¨æ  § ª«îç ¥âáï â®«ìª® ¢ â®¬, çâ® ¥á«¨ p < m,

â® ®¡é¥¥ à¥è¥¨¥, ¢®®¡é¥ £®¢®àï, ¥«ì§ï ¯à¥¤áâ ¢¨âì ¢ à §à¥è¥®¬

®â®á¨â¥«ì® y ¢¨¤¥ (1.237) ¨«¨ (1.242), (1.247). �¡é¥¥ à¥è¥¨¥ ¬®¦®

§ ¯¨á âì «¨èì ¢ ¥ï¢®¬ ¢¨¤¥ (1.223) ¨«¨ (1.242), (1.245), â ª ª ª ¢ íâ¨å

¢ëà ¦¥¨ïå äãªæ¨¨ �k ¡ã¤ãâ § ¢¨á¥âì ®â x, y. � «¥¥ ¥®¡å®¤¨¬®

à áá¬®âà¥âì ¬®¦¥áâ¢® ®á®¡ëå â®ç¥ª à á¯à¥¤¥«¥¨ï B, ª®â®à®¥ ¨¬¥¥â

¥ª®â®àë© ¢¨¤  q(x; y) = 0 ¨ ¬®¦¥â á®¤¥à¦ âì à¥è¥¨ï y = '(x)

á¨áâ¥¬ë (¢ á«ãç ¥, ª®£¤  äãªæ¨¨ a
j
k ¥ § ¢¨áïâ ®â y, íâ® ¬®¦¥áâ¢®

¨¬¥¥â ¢¨¤  q(x) = 0 ¨ ¥ ¬®¦¥â á®¤¥à¦ âì à¥è¥¨© á¨áâ¥¬ë, ¯®íâ®¬ã

¨¬ ¬®¦® ¯à¥¥¡à¥çì).

� ¬¥ç ¨¥ 1.27. �ãáâì ¢ (1.216) äãªæ¨¨ bik § ¢¨áïâ â ª¦¥ ®â ¤®-

¯®«¨â¥«ìëå ¯¥à¥¬¥ëå z (â.¥. bik = bik(x; y; z)), ª®â®àë¥ ï¢«ïîâáï

¥¨§¢¥áâë¬¨ äãªæ¨ï¬¨ z(x). �¥à¥¬¥ë¥ z  §ë¢ îâáï ¯ à ¬¥âà¨-

ç¥áª¨¬¨. �á«®¢¨ï á®¢¬¥áâ®áâ¨ ¤«ï á¨áâ¥¬ ãà ¢¥¨© ¡¥§ ¯ à ¬¥âà¨-

ç¥áª¨å ¯¥à¥¬¥ëå ¬®¦® ¨á¯®«ì§®¢ âì ¤«ï á¨áâ¥¬ á ¯ à ¬¥âà¨ç¥áª¨-

¬¨ ¯¥à¥¬¥ë¬¨, ¯à ¢¤  ®¨ ã¦¥ ¥ ¡ã¤ãâ  «£¥¡à ¨ç¥áª¨¬¨,   ¡ã¤ãâ

¯à¥¤áâ ¢«ïâì á®¡®© ¥ª®â®àë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¤«ï z(x).

�á«¨ äãªæ¨¨ ajs; b
i
s § ¢¨áïâ ®â z ¨ ¯à®¨§¢®¤ëå @z=@x, â® ¯à¨¬¥¥¨¥
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¤ ®£® ¢ íâ®¬ ¯ à £à ä¥  «£®à¨â¬  á®¢¬¥áâ®áâ¨ ¯à¨¢®¤¨â â ª¦¥

ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ ®â®á¨â¥«ì® z(x), ª®â®àë¥ ¬®£ãâ

¡ëâì ¤®¢®«ì® á«®¦ë¬¨.

� ¬¥ç ¨¥ 1.28. �á«¨  àï¤ã á á¨áâ¥¬®© ¤¨ää¥à¥æ¨ «ìëå ãà ¢-

¥¨© (1.216) § ¤ ë ª®¥çë¥ á®®â®è¥¨ï

 l(x; y) = 0; l 2 L; (1.249)

â® ¯à¨ ¨áá«¥¤®¢ ¨¨ ¢®¯à®á  ® à¥è¥¨ïå á¨áâ¥¬ë (1.216), (1.249) á®®â-

®è¥¨ï (1.249) á«¥¤ã¥â ¯à¨á®¥¤¨¨âì ª à ¢¥áâ¢ ¬ (1.234), ®¯à¥¤¥«ï-

îé¨¬ ¬®¦¥áâ¢® K. �ãáâì  àï¤ã á á¨áâ¥¬®© (1.216) § ¤ ë ¤¨ää¥-

à¥æ¨ «ìë¥ á®®â®è¥¨ï

�l
�
x; y;

@y

@x

�
= 0; l 2 L; (1.250)

¨«¨, ¨ ç¥ £®¢®àï, ¤   á¨áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, á®-

áâ®ïé ï ¨§ ãà ¢¥¨© (1.216) ¨ ãà ¢¥¨© (1.250). �á«¨ ¢ ¯à®æ¥áá¥

¯à®¢¥¤¥¨ï  «£®à¨â¬  ¨áá«¥¤®¢ ¨ï   á®¢¬¥áâ®áâì á¨áâ¥¬ë (1.216)

¢ëïá¨«®áì, çâ® dim�b� = p = m, â® ¤¨ää¥à¥æ¨ «ìë¥ á®®â®è¥-

¨ï (1.250) ¬®¦® ¯à¥®¡à §®¢ âì ¢ ª®¥çë¥. �¥©áâ¢¨â¥«ì®, ¨§ ãà ¢-

¥¨© (1.235) ¯à®¨§¢®¤ë¥ @yi=@xj ¢ëà ¦ îâáï ª ª äãªæ¨¨ ®â x; y.

�®á«¥ ¯®¤áâ ®¢ª¨ íâ¨å äãªæ¨© ¢ (1.250) ¯®«ãç¨¬ ª®¥çë¥ á®®â®-

è¥¨ï ¢¨¤  (1.249), ª®â®àë¥ á«¥¤ã¥â ¯à¨á®¥¤¨¨âì ª à ¢¥áâ¢ ¬ (1.234)

¨ ¯à®¤®«¦¨âì ¯à®¢¥¤¥¨¥  «£®à¨â¬ .



�« ¢  2

� â¥£®à¨¨

ã¯à ¢«ï¥¬ëå á¨áâ¥¬

2.1. � â¥£®à¨ï AS

�¥à¥©¤¥¬ ª ¨§ãç¥¨î ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á«¥¤ãîé¥£®

¢¨¤ :

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr : (2.1)

�à¥¤¯®« £ ¥âáï, çâ® f0 | £« ¤ª®¥ ¢¥ªâ®à®¥ ¯®«¥; f | n� r-¬ âà¨æ ,
áâ®«¡æë ª®â®à®© f�; � = 1; : : : ; r, | £« ¤ª¨¥ ¢¥ªâ®àë¥ ¯®«ï; M |

®¡« áâì ¢ R
n, ª®â®à ï  §ë¢ ¥âáï ä §®¢ë¬ ¯à®áâà áâ¢®¬ á¨áâ¥-

¬ë. �¥à¥¬¥ë¥ y  §ë¢ îâáï ä §®¢ë¬¨ ¯¥à¥¬¥ë¬¨, u | ã¯à ¢-

«¥¨ï¬¨.

�¥è¥¨¥¬ ¨«¨ ä §®¢®© âà ¥ªâ®à¨¥© á¨áâ¥¬ë (2.1)  §ë¢ ¥âáï ¥-

¯à¥àë¢ ï ªãá®ç® C1-£« ¤ª ï äãªæ¨ï y(t); t 2 [t0; t1], ¤«ï ª®â®à®©

áãé¥áâ¢ã¥â â ª®¥ ªãá®ç®-¥¯à¥àë¢®¥ ã¯à ¢«¥¨¥ u(t); t 2 [t0; t1], çâ®

äãªæ¨¨ y(t); u(t) ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬ (2.1). (� ¯®¬¨¬, çâ®

C1-£« ¤ª®áâì ®§ ç ¥â áãé¥áâ¢®¢ ¨¥ ¨ ¥¯à¥àë¢®áâì ¯¥à¢ëå ¯à®¨§-

¢®¤ëå.) �«ï äãªæ¨©, â¥à¯ïé¨å à §àë¢, ¯à¨¨¬ ¥¬ á«¥¤ãîé¥¥ á®-

£« è¥¨¥: ¢ â®çª å à §àë¢  § ç¥¨ï äãªæ¨© à ¢ë ¯à¥¤¥« ¬ á¯à -

¢ , ¯à¨ç¥¬ ¢ ª®æ å ®âà¥§ª  ®¯à¥¤¥«¥¨ï [t0; t1] äãªæ¨¨ áç¨â îâáï

¥¯à¥àë¢ë¬¨.

� ª ¦¤®© ã¯à ¢«ï¥¬®© á¨áâ¥¬®© (2.1) ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ á¢ï§ë-

¢ ¥âáï àï¤ ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å ®¡ê¥ªâ®¢, á ¯®¬®éìî ª®-

â®àëå íää¥ªâ¨¢® ¨áá«¥¤ã¥âáï à¥¤ãªæ¨ï á¨áâ¥¬ë. � ç¨á«® ®á®¢ëå

¢å®¤ïâ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© f = ff�; � = 0; 1; : : :; rg, ¬¨¨¬ «ì-
 ï  «£¥¡à  �¨ f

�, á®¤¥à¦ é ï f, «®ª «ì ï £àã¯¯  ¤¨ää¥®¬®àä¨§¬®¢,
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¯®à®¦¤ ¥¬ ï f,  ää¨®¥ à á¯à¥¤¥«¥¨¥ F :

y 2M 7! F (y) = f0(y) + span ff�(y); � = 1; : : : ; rg

¨ ¤¢®©áâ¢¥®¥ t-ª®à á¯à¥¤¥«¥¨ï F?. �â¨ ®¡ê¥ªâë ¡ã¤¥¬  §ë¢ âì

 áá®æ¨¨à®¢ ë¬¨ ®¡ê¥ªâ ¬¨ á¨áâ¥¬ë (2.1) ( ¯à¨¬¥à, f |  áá®æ¨-

¨à®¢ ®¥ á¥¬¥©áâ¢® ¯®«¥© á¨áâ¥¬ë (2.1)). � ¬¥â¨¬, çâ® ã¯à ¢«ï¥-

¬ë¥ á¨áâ¥¬ë ¢¨¤  (2.1) ç áâ®  §ë¢ îâ  ää¨ë¬¨, â ª ª ª ®¤¨

¨§ ®á®¢ëå  áá®æ¨¨à®¢ ëå ¤¨ä¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å ®¡ê¥ª-

â®¢ |  ää¨®¥ à á¯à¥¤¥«¥¨¥.

�á«¨ F ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬, â® á¨áâ¥¬  (2.1)  §ë¢ ¥âáï á¨¬-

¬¥âà¨ç¥áª®©. �¯à ¢«ï¥¬ ï á¨áâ¥¬  (2.1)  §ë¢ ¥âáï à¥£ã«ïà®©, ¥á«¨

rank f(y) = const . �á®, çâ® à¥£ã«ïà ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ®¯à¥-

¤¥«ï¥â à¥£ã«ïà®¥  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥. �¥£ã-

«ïà ï á¨áâ¥¬  (2.1)  §ë¢ ¥âáï ¥¯à¨¢®¤¨¬®©, ¥á«¨ rank f = r, â.¥.

 áá®æ¨¨à®¢ ë¥ ¯®«ï f�; � = 1; : : : ; r, ï¢«ïîâáï «¨¥©® ¥á¢ï§ ë-

¬¨.

� ¤ «ì¥©è¥¬ à áá¬ âà¨¢ îâáï â®«ìª® à¥£ã«ïàë¥  ää¨ë¥ á¨-

áâ¥¬ë.

�á«¨ dim�f� = n, 8y 2M , £¤¥ �f� |à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ f,

â® £®¢®àïâ, çâ® á¨áâ¥¬  (2.1)  å®¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨. (� §¢ ¨¥

®¡ãá«®¢«¥® â¥¬, çâ® ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ¯®çâ¨ ¢á¥ á¨áâ¥¬ë ¢¨¤ 

(2.1)  å®¤ïâáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨ [45].)

�®àä¨§¬®¬  á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã

_x = g0(x) + g(x)v; x 2 N � Rm; v 2 Rs; (2.2)

 §ë¢ ¥âáï â ª®¥ £« ¤ª®¥ ®â®¡à ¦¥¨¥  :M ! N , çâ® ª ª â®«ìª®

y(t); t 2 [t0; t1], | à¥è¥¨¥ á¨áâ¥¬ë (2.1), â® x(t); t 2 [t0; t1], | à¥è¥¨¥

á¨áâ¥¬ë (2.2).

�¥£ª® ¢¨¤¥âì, çâ® à¥£ã«ïàë¥  ää¨ë¥ á¨áâ¥¬ë (2.1) á â ª¨¬¨

¬®àä¨§¬ ¬¨ ®¡à §ãîâ ª â¥£®à¨î, ª®â®à ï ®¡®§ ç ¥âáï ç¥à¥§ AS . �¥-
£ã«ïàë¥ á¨¬¬¥âà¨ç¥áª¨¥  ää¨ë¥ á¨áâ¥¬ë ®¡à §ãîâ ¯®«ãî ¯®¤-

ª â¥£®à¨î ª â¥£®à¨¨ AS , ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ SAS. �®¦¤¥áâ¢¥-
ë© ¬®àä¨§¬ 1S  ää¨®© á¨áâ¥¬ë S, ®¯¨áë¢ ¥¬®© á®®â®è¥¨ï¬¨

(2.1), | íâ® â®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥ eM :M ! M . �§®¬®àä¨§¬

 :S1 ! S2, £¤¥ S1; S2 | á¨áâ¥¬ë, ®¯¨áë¢ ¥¬ë¥ á®®â®è¥¨ï¬¨ (2.1),

(2.2), | íâ® â ª®© ¤¨ää¥®¬®àä¨§¬  :M ! M , çâ®  ;  �1 ï¢«ïîâáï

¬®àä¨§¬ ¬¨. �â¬¥â¨¬, çâ® ¥á«¨  :M ! N | ¬®àä¨§¬ á¨áâ¥¬ë S1,

®¯¨áë¢ ¥¬®© á®®â®è¥¨ï¬¨ (2.1), ¢ á¨áâ¥¬ã S2, ®¯¨áë¢ ¥¬ãî á®®â-

®è¥¨ï¬¨ (2.2), ¨ V � M | ®¡« áâì, â® ®â®¡à ¦¥¨¥  jV :V ! N

ï¢«ï¥âáï ¬®àä¨§¬®¬ á¨áâ¥¬ë (S1)V ¢ á¨áâ¥¬ã S2, £¤¥ (S1)V |  ää¨-

 ï á¨áâ¥¬ , ï¢«ïîé ïáï ®£à ¨ç¥¨¥¬ á¨áâ¥¬ë S1   V .
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�¥®à¥¬  2.1. �ãáâì F , G |  áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥-

¤¥«¥¨ï á¨áâ¥¬ (2.1), (2.2). �®£¤  £« ¤ª®¥ ®â®¡à ¦¥¨¥  :M ! N

ï¢«ï¥âáï ¬®àä¨§¬®¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2), ¥á«¨ ¨ â®«ìª®

¥á«¨  | ¬®àä¨§¬ F ¢ G (â.¥.  �jF (y) � G( (y)); 8y 2M ).

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì  :M ! N | ¬®àä¨§¬ á¨áâ¥¬ë (2.1) ¢

á¨áâ¥¬ã (2.2). �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2M ¨ ¢¥ªâ®à � 2 F (y0).
�®£¤  áãé¥áâ¢ã¥â â ª ï â®çª  u0 2 R

r, çâ® � = f0(y0) + f(y0)u0.

�®ª ¦¥¬, çâ®  �jy0� 2 G( (y)). � áá¬®âà¨¬ à¥è¥¨¥ á¨áâ¥¬ë (2.1)

y(t); t 2 [t0; t1]; y(t0) = y0, ª®â®à®¥ á®®â¢¥âáâ¢ã¥â ¥ª®â®à®¬ã ã¯à ¢«¥-

¨î u(t); t 2 [t0; t1]. � ª ª ª x(t) =  (y(t)); t 2 [t0; t1]; | à¥è¥¨¥

á¨áâ¥¬ë (2.2), â® ®ç¥¢¨¤®, çâ® _x(t) 2 G(x(t)). �áâ «®áì § ¬¥â¨âì, çâ®
_x(t0) =  �jy0 _y(t0) =  �jy0�. �ãáâì  :M ! N | ¬®àä¨§¬ F ¢ G ¨

y(t); t 2 [t0; t1];| à¥è¥¨¥ á¨áâ¥¬ë (2.1), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î

u(t); t 2 [t0; t1]. �®ª ¦¥¬, çâ® x(t) =  (y(t)); t 2 [t0; t1], | à¥è¥¨¥

á¨áâ¥¬ë (2.2), â.¥. âà¥¡ã¥âáï ¤®ª § âì áãé¥áâ¢®¢ ¨¥ â ª®£® ªãá®ç®-

¥¯à¥àë¢®£® ã¯à ¢«¥¨ï u(t); t 2 [t0; t1], çâ® äãªæ¨¨ y(t); u(t) ã¤®-

¢«¥â¢®àïîâ á®®â®è¥¨ï¬ (2.1). �â® ãâ¢¥à¦¤¥¨¥ ¤®áâ â®ç® ¤®ª -

§ âì ¤«ï á«ãç ï, ª®£¤  y(t) | C1-£« ¤ª ï ªà¨¢ ï. �ãáâì rank g = p.

�ã¤¥¬ áç¨â âì, çâ® ªà¨¢ ï x(t) ¯à¨ ¤«¥¦¨â ®¡« áâ¨, ¢ ª®â®à®© ª ª®©-

¨¡ã¤ì ¬¨®à p-£® ¯®àï¤ª  ®â«¨ç¥ ®â ã«ï. (�á«¨ íâ®â ä ªâ ¥ ¨¬¥¥â

¬¥áâ , â® ¤ «ì¥©è¨¥ à ááã¦¤¥¨ï á«¥¤ã¥â ¯à®¢¥áâ¨ ¤«ï ª ¦¤®© ¨§

®¡« áâ¥© â ª®£® ¢¨¤ , ç¨á«® ª®â®àëå ª®¥ç®, ¯à¨ç¥¬ ®¨ ¯®ªàë¢ îâ

ªà¨¢ãî y(t). �®áâà®¥ë¥ ¯à¨ íâ®¬ ã¯à ¢«¥¨ï ¥âàã¤® áª«¥¨âì ¢

®¤® ªãá®ç®-¥¯à¥àë¢®¥ ã¯à ¢«¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ ªà¨¢®© x(t).)

� ª ª ª _x(t) =  �jy(t) _y(t) ¨ _y(t) 2 F (y(t)), â® _x(t) 2 G(x(t)). �«¥¤®¢ -

â¥«ì®,  ©¤ãâáï â ª¨¥ äãªæ¨¨ v(t); t 2 [t0; t1], çâ®

_x(t) = g0(x(t)) + g�(x(t))v
�(t); t 2 [t0; t1]: (2.3)

�®ª ¦¥¬, çâ® ¢ ª ç¥áâ¢¥ v�(t) ¬®¦® ¢§ïâì ¥¯à¥àë¢ë¥ äãªæ¨¨. �á-

«¨ p = 0, â® ¤®ª § â¥«ìáâ¢® ®ç¥¢¨¤®. �ãáâì p = s > 0. �®£¤  äãªæ¨¨

v(t) ®¤®§ ç® ®¯à¥¤¥«ïîâáï ¨§ á®®â®è¥¨© (2.3) ¨ ï¢«ïîâáï ¥¯à¥-

àë¢ë¬¨ äãªæ¨ï¬¨, ¨¡® ¯à¥¤áâ ¢«ïîâ á®¡®© ¥¤¨áâ¢¥®¥ à¥è¥¨¥

á®¢¬¥áâ®© á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© á ¥¯à¥àë¢-

ë¬¨ ª®íää¨æ¨¥â ¬¨. �ãáâì 0 < p < s. �à¥¤¯®«®¦¨¬, çâ® ®â«¨ç¥

®â ã«ï ¬¨®à p-£® ¯®àï¤ª  ¢ ¬ âà¨æ¥ kgi�(x)ki=1;:::;n�=1;:::;p , ¯®à®¦¤ ¥¬ë©

¯®«ï¬¨ g�; � = 1; : : : ; p. �®£¤  g� = {
�
� (x)g�; � = p + 1; : : : ; s, £¤¥ {�� |

£« ¤ª¨¥ äãªæ¨¨. � ¯¨è¥¬ á®®â®è¥¨ï (2.3) ¢ ¢¨¤¥

_x(t) = g0(x(t)) + g�(x(t))(v
�(t) + {�� (x(t))v

�(t)): (2.4)

�§ á®®â®è¥¨© (2.4) ¬®¦® ®¤®§ ç® ®¯à¥¤¥«¨âì ¥¯à¥àë¢ë¥ äãª-

æ¨¨ w�(t) = v�(t)+{��(x(t))v
� (t). �§ï¢ ¢ ª ç¥áâ¢¥ v�(t), � = p+1; : : : ; s,
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¯à®¨§¢®«ìë¥ ¥¯à¥àë¢ë¥ äãªæ¨¨, ¯®«ãç¨¬ ¥¯à¥àë¢ë¥ äãªæ¨¨

v�(t) = w�(t) � {�� (x(t))v� , � = 1; : : : ; p. �á®, çâ® äãªæ¨¨ x(t) ¨

¯®áâà®¥ë¥ ¥¯à¥àë¢ë¥ äãªæ¨¨ v�(t); � = 1; : : : ; s, ã¤®¢«¥â¢®àïîâ

(2.3), â.¥. x(t); t 2 [t0; t1]; | à¥è¥¨¥ á¨áâ¥¬ë (2.2). 2

� ¯®¬¨¬, çâ® ¢ à §¤¥«¥ 1.3 ¡ë«¨ ¢¢¥¤¥ë ª â¥£®à¨ï à¥£ã«ïàëå

 ää¨ëå à á¯à¥¤¥«¥¨© RAD ¨ ª â¥£®à¨ï à¥£ã«ïàëå à á¯à¥¤¥«¥-

¨© RD. �®áâà®¨¬ ®â®¡à ¦¥¨¥ A:AS ! RAD á«¥¤ãîé¨¬ ®¡à §®¬.

� ¦¤®©  ää¨®© ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ S ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥

 áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ A(S),   ª ¦¤®¬ã ¬®àä¨§¬ã

 :S1 ! S2 | ¬®àä¨§¬ A( ):A(S1) ! A(S2), ª®â®àë© ï¢«ï¥âáï â¥¬

¦¥ á ¬ë¬ ®â®¡à ¦¥¨¥¬  :M ! N (£¤¥ M;N | ®¡« áâ¨, ¢ ª®â®àëå

®¯à¥¤¥«¥ë á¨áâ¥¬ë S1; S2). � á¨«ã â¥®à¥¬ë 2.1 ®â®¡à ¦¥¨¥ A ®¯à¥-

¤¥«¥® ª®àà¥ªâ®. �á®, çâ® ®â®¡à ¦¥¨¥ A ï¢«ï¥âáï äãªâ®à®¬ ¨§

AS ¢ RAD. �à®¬¥ â®£®, ¬®¦® ãâ¢¥à¦¤ âì, çâ® äãªâ®à A ®áãé¥-

áâ¢«ï¥â íª¢¨¢ «¥â®áâì ¬¥¦¤ã ª â¥£®à¨¥© AS ¨ ª â¥£®à¨¥© FRAD,
ª®â®à ï ï¢«ï¥âáï ¯®«®© ¯®¤ª â¥£®à¨¥© ª â¥£®à¨¨ RAD. (� ¯®¬¨¬,
çâ® ®¡ê¥ªâ ¬¨ ª â¥£®à¨¨ FRAD ï¢«ïîâáï à¥£ã«ïàë¥  ää¨ë¥ à á-

¯à¥¤¥«¥¨ï,  ää¨® ¯®à®¦¤ ¥¬ë¥ ª®¥çë¬ ç¨á«®¬ ¢¥ªâ®àëå ¯®-

«¥©.) �¥©áâ¢¨â¥«ì®, ¨§ â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® ¤«ï ª ¦¤®© ¯ àë

®¡ê¥ªâ®¢ S1; S2 2 ObAS ®â®¡à ¦¥¨¥

MorAS(S1; S2)!MorFRAD(A(S1); A(S2))

¡¨¥ªâ¨¢®. � ¤àã£®© áâ®à®ë, ¤«ï ª ¦¤®£® ®¡ê¥ªâ  F ¨§ FRAD áã-

é¥áâ¢ã¥â ®¡ê¥ªâ S ¨§ AS , â ª®©, çâ® A(S) = F . � á ¬®¬ ¤¥«¥, ¯ãáâì

 ää¨®¥ à á¯à¥¤¥«¥¨¥ F ®¯à¥¤¥«¥® ¢ ®¡« áâ¨ M � R
n. � áá¬®â-

à¨¬ ¢ íâ®© ®¡« áâ¨ ¥ª®â®à®¥ ª®¥ç®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥©

��; � = 0; 1; : : : ; r; ¯®à®¦¤ îé¥¥ F , â.¥.

F (y) = a�span f��(y); � = 0; 1; : : : ; rg; 8y 2M:

�®£¤  ¥á«¨ á ¯®¬®éìî ¯®«¥© f0 = �0; f� = �0 � ��; � = 1; : : : ; r; ¯®-

áâà®¨âì  ää¨ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã S, ®¯¨áë¢ ¥¬ãî á®®â®è¥-

¨ï¬¨ (2.1), â® ®ç¥¢¨¤®, çâ® A(S) = F . �á® â ª¦¥, çâ® ¨ ª â¥£®à¨¨

SAS;FRD íª¢¨¢ «¥âë.

�â ª, ¤®ª § ®

�à¥¤«®¦¥¨¥ 2.1. � â¥£®à¨¨ AS ¨ FRAD íª¢¨¢ «¥âë.

� ¬¥ç ¨¥ 2.1. � â¥£®à¨¨ AS ¨ FRAD ¥ ¨§®¬®àäë. �¥©áâ¢¨-

â¥«ì®, ¥á«¨ F 2 ObFRAD, â®, á®£« á® ¤®ª § â¥«ìáâ¢ã ¯à¥¤«®¦¥¨ï
2.1, ¯®áâà®¥¨¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë S, â ª®©, çâ® A(S) = F , ¥®¤-

®§ ç®. �ç¥¢¨¤®, çâ® ¢á¥ â ª¨¥ á¨áâ¥¬ë ¨§®¬®àäë (®â®á¨â¥«ì®
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¨§®¬®àä¨§¬ , ï¢«ïîé¥£®áï â®¦¤¥áâ¢¥ë¬ ®â®¡à ¦¥¨¥¬). �®¯ãá-

ª ï ¢®«ì®áâì à¥ç¨, ¬®¦® áª § âì, çâ® ª â¥£®à¨ï FRAD ¯®«ãç ¥âáï

¨§ AS áª«¥¨¢ ¨¥¬ (ä ªâ®à¨§ æ¨¥©) â ª®£® à®¤  ¨§®¬®àäëå á¨áâ¥¬.

�à¨ íâ®¬ áª«¥¨¢ ¨¨ ¥ ¯à®¨áå®¤¨â ¯®â¥à¨ á®¢®ªã¯®áâ¨ ¬®àä¨§¬®¢.

�§ áª § ®£® á«¥¤ã¥â ¢ë¢®¤:  å®¦¤¥¨¥ ¬®àä¨§¬®¢ ª â¥£®à¨¨ AS
à¥£ã«ïàëå  ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á¢®¤¨âáï ª  å®¦¤¥¨î

¬®àä¨§¬®¢ ª â¥£®à¨¨ à¥£ã«ïàëå  ää¨ëå à á¯à¥¤¥«¥¨©. � ª¨¬

®¡à §®¬, â¥®à¨ï à¥¤ãªæ¨¨  ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬, ®á®¢  ï

  ¨á¯®«ì§®¢ ¨¨ ¬®àä¨§¬®¢ ª â¥£®à¨¨ AS, ¨¬¥¥â ¢ ¢¨¤¥ â¥®à¨¨  ä-

ä¨ëå à á¯à¥¤¥«¥¨© ¨ ¤¢®©áâ¢¥®© â¥®à¨¨ t-ª®à á¯à¥¤¥«¥¨©  ¤¥-

ª¢ âë© ¬ â¥¬ â¨ç¥áª¨©  ¯¯ à â.

�à¨áâã¯¨¬ ª ¨§ãç¥¨î ¬®àä¨§¬®¢ ª â¥£®à¨¨ AS.
�ãáâì  :M ! N |¬®àä¨§¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2). � ¬¥®©

ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîé¥© ¬®àä¨§¬ã  , ¡ã¤¥¬  §ë¢ âì £« ¤ª®¥

®â®¡à ¦¥¨¥ �:M�Rr ! R
s, ®¡« ¤ îé¥¥ á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨

y(t); t 2 [t0; t1];| à¥è¥¨¥ á¨áâ¥¬ë (2.1), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î

u(t); t 2 [t0; t1], â® x(t) =  (y(t)); t 2 [t0; t1], | à¥è¥¨¥ á¨áâ¥¬ë (2.2),

á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î v(t) = �(y(t); u(t)); t 2 [t0; t1].

�à¥¤«®¦¥¨¥ 2.2. �ãáâì  :M ! N , �:M � Rr ! R
s | £« ¤-

ª¨¥ ®â®¡à ¦¥¨ï. �â®¡à ¦¥¨¥  ï¢«ï¥âáï ¬®àä¨§¬®¬ ã¯à ¢«ï¥-

¬®© á¨áâ¥¬ë (2.1) ¢ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã (2.2), ¯à¨ç¥¬ ®â®¡à ¦¥¨¥

� ï¢«ï¥âáï á®®â¢¥âáâ¢ãîé¥© § ¬¥®© ã¯à ¢«¥¨©, â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ¤«ï «î¡ëå y 2 M;u 2 Rr

g0( (y)) + g( (y))�(y; u) =
@ 

@y
(f0(y) + f(y)u): (2.5)

� ® ª   §  â ¥ « ì á â ¢ ®. �ãáâì  | ¬®àä¨§¬,   � | § ¬¥  ã¯-

à ¢«¥¨©. �®§ì¬¥¬ ¯à®¨§¢®«ìë¥ â®çª¨ y0 2 M;u0 2 Rr. � áá¬®â-

à¨¬ â ª®¥ à¥è¥¨¥ á¨áâ¥¬ë (2.1) y(t); t 2 [t0; t1], ª®â®à®¥ á®®â¢¥âáâ¢ã-

¥â ã¯à ¢«¥¨î u(t) = u0; t 2 [t0; t1], ¯à¨ç¥¬ y(t0) = y0. � ª ª ª

x(t) =  (y(t)) | à¥è¥¨¥ á¨áâ¥¬ë (2.2), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î

v(t) = �(y(t); u(t)), â® _x(t0) = g0( (y0)) + g( (y0))�(y0; u0). � ¤àã£®©

áâ®à®ë,

_x(t0) =

�
@ 

@y

�
y0

_y(t0) =

�
@ 

@y

�
y0

(f0(y0) + f(y0)u0):

�âáî¤  ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì (2.5) ¯à¨ y = y0, u = u0. �¡à â®,

¯ãáâì ¢ë¯®«ï¥âáï (2.5). �®§ì¬¥¬ à¥è¥¨¥ y(t) á¨áâ¥¬ë (2.1), á®®â¢¥â-

áâ¢ãîé¥¥ ã¯à ¢«¥¨î u(t). �®ª ¦¥¬, çâ® x(t) =  (y(t)) | à¥è¥¨¥
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á¨áâ¥¬ë (2.2), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î v(t) = �(y(t); u(t)). �¬¥-

¥¬, á®£« á® (2.5),

_x(t) =
@ 

@y
_y(t) =

@ 

@y
(f0(y(t)) + f(y(t)u(t)) = g0( (y(t)))+

+g( (y(t)))�(y(t); u(t)) = g0(x(t)) + g(x(t))v(t): 2

�«¥¤áâ¢¨¥ 2.1. �ãáâì  :M ! N , �:M � Rr ! R
s | £« ¤ª¨¥

®â®¡à ¦¥¨ï, ¯à¨ç¥¬ � ¨¬¥¥â ¢¨¤

v� = �
�
0 (y) + ���(y)u

�; � = 1; : : : ; s: (2.6)

�â®¡à ¦¥¨¥  ï¢«ï¥âáï ¬®àä¨§¬®¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2),

¯à¨ç¥¬ ®â®¡à ¦¥¨¥ � ï¢«ï¥âáï á®®â¢¥âáâ¢ãîé¥© § ¬¥®© ã¯à ¢-

«¥¨©, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

@ 

@y
f0(y) = g0( (y)) + �

�
0 (y)g� ( (y));

@ 

@y
f�(y) = ���(y)g� ( (y)); y 2M; � = 1; : : : ; r: 2

(2.7)

�«¥¤áâ¢¨¥ 2.2. �ãáâì  :M ! N | ¬®àä¨§¬ á¨áâ¥¬ë S1, ®¯¨-

áë¢ ¥¬®© á®®â®è¥¨ï¬¨ (2.1), ¢ á¨áâ¥¬ã S2, ®¯¨áë¢ ¥¬ãî á®®â®-

è¥¨ï¬¨ (2.2). �®£¤  ¤«ï ª ¦¤®© â®çª¨ y0 2 M  ©¤¥âáï â ª ï

®ªà¥áâ®áâì U ¨ ®â®¡à ¦¥¨¥ �:U � Rr ! R
s, ¨¬¥îé¥¥ ¢¨¤ (2.6),

çâ® � ï¢«ï¥âáï § ¬¥®© ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîé¥© ¬®àä¨§¬ã

 jU á¨áâ¥¬ë (S1)jU ¢ á¨áâ¥¬ã S2.

�®ª  §  â ¥ « ì á â ¢ ®. �§ â¥®à¥¬ë 2.1 ¨ ¯à¥¤«®¦¥¨ï 1.21 á«¥¤ã¥â,

çâ®

@ 

@y
f0(y) 2 G( (y)); @ 

@y
f�(y) 2 LG( (y)); � = 1; : : : ; r;

¤«ï «î¡®© â®çª¨ y 2 M . �«¥¤®¢ â¥«ì®, áãé¥áâ¢ãîâ äãªæ¨¨ ���,

ã¤®¢«¥â¢®àïîé¨¥ (2.7), â.¥. á¨áâ¥¬  (2.7) á®¢¬¥áâ . �ãáâì x0 =  (y0).

�®£¤  áãé¥áâ¢ã¥â ®ªà¥áâ®áâì V â®çª¨ x0, ¢ ª®â®à®© ®â«¨ç¥ ®â ã«ï

¥ª®â®àë© ¡ §¨áë© ¬¨®à ¬ âà¨æë g(x). �ç¥¢¨¤®, çâ® ¢ ®ªà¥áâ®áâ¨

U =  �1(V ) áãé¥áâ¢ã¥â £« ¤ª®¥ à¥è¥¨¥ á¨áâ¥¬ë (2.7), ª®â®à®¥ ¨

®¯à¥¤¥«ï¥â § ¬¥ã ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîéãî ¬®àä¨§¬ã  jU . 2
� ¬¥ç ¨¥ 2.2. �«ï ¤ ®£® ¬®àä¨§¬   § ¬¥  ã¯à ¢«¥¨© (2.6)

®¯à¥¤¥«¥  ¥®¤®§ ç®: ª ¦¤®¥ £« ¤ª®¥ à¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨©

(2.7) ®¯à¥¤¥«ï¥â á®®â¢¥âáâ¢ãîéãî § ¬¥ã ã¯à ¢«¥¨©. � ¬¥  ã¯à -

¢«¥¨© ®¯à¥¤¥«ï¥âáï ®¤®§ ç® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬ 

(2.2) ¥¯à¨¢®¤¨¬  (â.¥. rank g = s).
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� ¤ «ì¥©è¥¬ ¯®¤ § ¬¥®© ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîé¥© ¬®àä¨§-

¬ã, ¡ã¤¥¬ ¯®¨¬ âì § ¬¥ã ã¯à ¢«¥¨© ¢¨¤  (2.6). �«ï ä¨ªá¨à®¢ ®©

â®çª¨ y 2M § ¬¥  ã¯à ¢«¥¨© �:M�Rr ! R
s ®¯à¥¤¥«ï¥â ®â®¡à ¦¥-

¨¥ �y:R
r ! R

s, áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ u 2 Rr â®çªã
v = �(y; u) 2 Rs. � ¬¥  ã¯à ¢«¥¨©  §ë¢ ¥âáï ¥¢ëà®¦¤¥®©, ¥á«¨

r = s ¨ �y | ¡¨¥ªæ¨ï, â.¥. j�j 6= 0.

2.2. �¯¥æ¨ «ìë¥ ¯®¤ª â¥£®à¨¨

ª â¥£®à¨¨ AS

�¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ ¥ª®â®àë¥ á¯¥æ¨ «ìë¥ ¢¨¤ë ¬®àä¨§¬®¢.

�®àä¨§¬  :M ! N á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2)  §ë¢ ¥âáï ¬®à-

ä¨§¬®¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬, ¥á«¨ r = s ¨ ®â®¡à ¦¥¨¥ v = u

ï¢«ï¥âáï á®®â¢¥âáâ¢ãîé¥© § ¬¥®© ã¯à ¢«¥¨©, â.¥. ¥á«¨ y(t) | à¥è¥-

¨¥ á¨áâ¥¬ë (2.1), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u(t), â® x(t) =  (y(t))

| à¥è¥¨¥ á¨áâ¥¬ë (2.2), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î v(t) = u(t).

�ää¨ë¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë (2.1) á â ª¨¬¨ ¬®àä¨§¬ ¬¨ ®¡à -

§ãîâ ª â¥£®à¨î, ª®â®à ï ®¡®§ ç ¥âáï ç¥à¥§ ASP ¨ ï¢«ï¥âáï ¯®¤ª â¥-

£®à¨¥© ª â¥£®à¨¨ AS.
� á«ãç ¥ ¬®àä¨§¬  ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ á®®â®è¥¨ï (2.7) ¯à¨-

¨¬ îâ á«¥¤ãîé¨© ¢¨¤:

f i�(y)
@ k

@yi
= gk�( (y)); k = 1; : : : ;m; � = 0; 1; : : : ; r: (2.8)

�âáî¤  ¢ëâ¥ª ¥â

�à¥¤«®¦¥¨¥ 2.3. �â®¡à ¦¥¨¥  :M ! N ï¢«ï¥âáï ¬®àä¨§-

¬®¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2) â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  ¯®«ï f�; g�; � = 0; 1; : : : ; r,  -á¢ï§ ë.

� à §¤¥«¥ 1.3 (á¬. á. 35) ¡ë«  ¢¢¥¤¥  ª â¥£®à¨ï FVF , ®¡ê¥ªâ -
¬¨ ª®â®à®© ï¢«ïîâáï ª®¥çë¥ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©. � ¦¤®©

ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ (2.1) áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥  áá®æ¨¨à®¢ ®¥ á¥-

¬¥©áâ¢® ¯®«¥© f = ff�; � = 0; 1; : : : ; rg; ª®â®à®¥ ï¢«ï¥âáï ®¡ê¥ªâ®¬ ª -

â¥£®à¨¨ FVF . � á¨«ã ®¯à¥¤¥«¥¨ï ¬®àä¨§¬®¢ ¢ ª â¥£®à¨¨ FVF ¨

¯à¥¤«®¦¥¨ï 2.3, ïá®, çâ® ª â¥£®à¨¨ ACP ¨ FVF ¨§®¬®àäë. �à®¬¥

â®£®, ª ¦¤®©  ää¨®© á¨áâ¥¬¥ á®®â¢¥âáâ¢ã¥â  áá®æ¨¨à®¢  ï £àã¯-

¯  ¤¨ää¥®¬®àä¨§¬®¢, ª®â®à ï ¯®à®¦¤ ¥âáï  áá®æ¨¨à®¢ ë¬ á¥¬¥©-

áâ¢®¬ ¯®«¥©. �§ ¯à¥¤«®¦¥¨ï 1.46 á«¥¤ã¥â, çâ® ª â¥£®à¨ï ASP ¨§®-

¬®àä  â ª¦¥ ª â¥£®à¨¨ FG £àã¯¯ ¤¨ää¥®¬®àä¨§¬®¢.

�â ª, á¯à ¢¥¤«¨¢®
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�à¥¤«®¦¥¨¥ 2.4. � â¥£®à¨ï ASP ¨§®¬®àä  ª â¥£®à¨ï¬ FVF
¨ FG.

�â¬¥â¨¬, çâ® ¯à¨ ¨§ãç¥¨¨ ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ®¡é¥-

£® ¢¨¤ 

_y = f(y; u); y 2M � Rn; u 2 U � Rr; (2.9)

¢ ª ç¥áâ¢¥  áá®æ¨¨à®¢ ®£® á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© à áá¬ âà¨¢ -

îâ á¥¬¥©áâ¢® f0 = ffu; u 2 Ug, £¤¥ ¯®«ï fu 2 T (M ) ¯®«ãç îâáï ¨§ ¯à -

¢®© ç áâ¨ á¨áâ¥¬ë (2.9) ¯®¤áâ ®¢ª®© ¢á¥¢®§¬®¦ëå § ç¥¨© u 2 U .

� ª ç¥áâ¢¥  áá®æ¨¨à®¢ ®©  «£¥¡àë �¨ ¢ëáâã¯ ¥â  «£¥¡à  �¨ f'
�,  

ª ç¥áâ¢¥  áá®æ¨¨à®¢ ®© £àã¯¯ë | £àã¯¯  ¤¨ää¥®¬®àä¨§¬®¢, ¯®à®-

¦¤ ¥¬ ï á¥¬¥©áâ¢®¬ f0.

�«ï á¨áâ¥¬ (2.9)   «®£¨ç® ¢¢®¤ïâáï ¬®àä¨§¬ë ¯® ä §®¢ë¬ ¯¥-

à¥¬¥ë¬: £« ¤ª®¥ ®â®¡à ¦¥¨¥  :M ! N  §ë¢ ¥âáï ¬®àä¨§¬®¬ ¯®

ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬ë (2.9) ¢ á¨áâ¥¬ã

_g = g(x; v); x 2 N � Rm; u 2 V � Rs; (2.10)

¥á«¨ r = s, U = V ¨  ¯¥à¥¢®¤¨â à¥è¥¨ï á¨áâ¥¬ë (2.9) ¢ à¥è¥¨ï á¨-

áâ¥¬ë (2.10), á®®â¢¥âáâ¢ãîé¨¥ ®¤¨ ª®¢ë¬ ã¯à ¢«¥¨ï¬. �¯à ¢¥¤«¨¢

á«¥¤ãîé¨© à¥§ã«ìâ â: ®â®¡à ¦¥¨¥  :M ! N ï¢«ï¥âáï ¬®àä¨§¬®¬ ¯®

ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬ë (2.9) ¢ (2.10) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

gu =  �fu; 8u 2 U . �«ï  ää¨ëå á¨áâ¥¬ íâ®â à¥§ã«ìâ â, ®ç¥¢¨¤®,

à ¢®á¨«¥ ¯à¥¤«®¦¥¨î 2.3 (¤ ®¥ ãâ¢¥à¦¤¥¨¥ ¥áâì ¥¯®áà¥¤áâ¢¥-

®¥ á«¥¤áâ¢¨¥ ¯à¥¤«®¦¥¨ï 2.2 ¯à¨ �(y; u) = u). � ¬¥â¨¬ â ª¦¥, çâ®

f
� = f

0�. �¢®©áâ¢  £àã¯¯, ¯®à®¦¤ ¥¬ëå á¥¬¥©áâ¢ ¬¨ f ¨ f
0, ®¤¨ ª®¢ë.

�§ãç¥¨¥¬ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á (ï¢ë¬ ¨«¨ ¥ï¢ë¬) ¨á¯®«ì§®-

¢ ¨¥¬ ¬®àä¨§¬®¢ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ § ¨¬ «¨áì ¬®£¨¥ ¨áá«¥-

¤®¢ â¥«¨, ¢ ®á®¢®¬ ¢ 70-¥ £®¤ë (á¬.,  ¯à¨¬¥à, ®¡§®àë [11, 12]). �§

¯à¥¤«®¦¥¨ï 2.4 (¨ ¨§   «®£¨ç®£® à¥§ã«ìâ â  ¤«ï á¨áâ¥¬ ®¡é¥£® ¢¨¤ 

(2.9)) ïá®, çâ® ®á®¢ë¬¨ ¨áâàã¬¥â ¬¨ â ª®£® ¨§ãç¥¨ï ï¢«ïîâáï

 áá®æ¨¨à®¢ ®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© ¨  áá®æ¨¨à®¢  ï £àã¯-

¯  ¤¨ää¥®¬®àä¨§¬®¢. �®«ìèãî à®«ì §¤¥áì ¨£à îâ ¬¥â®¤ë â¥®à¨¨

£àã¯¯ �¨ ¨  «£¥¡à �¨. � áâ®ïé ï ª¨£  ¯®á¢ïé¥  à¥¤ãªæ¨¨ ¢ ª -

â¥£®à¨¨ AS, ®¤ ª® ¯® å®¤ã ¨§«®¦¥¨ï ¡ã¤ãâ ®â¬¥ç âìáï,   ¨®£¤  ¨

¤®ª §ë¢ âìáï ¥ª®â®àë¥ à¥§ã«ìâ âë ¯® à¥¤ãªæ¨¨ ¢ ª â¥£®à¨¨ ASP.
� ¬¥â¨¬, çâ® ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¬®àä¨§¬®¢ ¯® ä §®¢ë¬ ¯¥à¥-

¬¥ë¬ ¤«ï ¤ ëå á¨áâ¥¬ (2.1) ¨ (2.2) ï¢«ï¥âáï ¢®¯à®á®¬ ® á®¢¬¥áâ-

®áâ¨ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (2.8) ®â®á¨â¥«ì® ¥¨§-

¢¥áâëå äãªæ¨©  k(y); k = 1; : : : ;m. �â® á¨áâ¥¬  ï¢«ï¥âáï á¨áâ¥¬®© ¢

ç áâëå ¯à®¨§¢®¤ëå á ®¤¨ ª®¢®© £« ¢®© ç áâìî. � ª®£® à®¤  á¨á-

â¥¬ë ¡ë«¨ à áá¬®âà¥ë ¢ à §¤¥«¥ 1.7. �§ à¥§ã«ìâ â®¢ íâ®£® à §¤¥« 
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á«¥¤ã¥â, çâ® áãé¥áâ¢®¢ ¨¥ ¬®àä¨§¬®¢ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¤«ï

¤ ëå á¨áâ¥¬ ãáâ  ¢«¨¢ ¥âáï â®«ìª®  «£¥¡à ¨ç¥áª¨¬¨ áà¥¤áâ¢ ¬¨.

�¯à¥¤¥«¥¨¥ ¬®àä¨§¬®¢ á¢®¤¨âáï ª  å®¦¤¥¨î à¥è¥¨© ¥ª®â®àëå

á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

� ¬¥ç ¨¥ 2.3. �®®â®è¥¨ï (2.7), ®¯à¥¤¥«ïîé¨¥ ¬®àä¨§¬ë ®¡-

é¥£® ¢¨¤ , ï¢«ïîâáï á¨áâ¥¬®© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ®â®á¨-

â¥«ì® ¥¨§¢¥áâëå  i, ���(y), ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã á

®¤¨ ª®¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì®  i. �¥¨§¢¥áâë¥ ��� ï¢«ïîâ-

áï ¯ à ¬¥âà¨ç¥áª¨¬¨. �áá«¥¤®¢ âì â ª¨¥ ãà ¢¥¨ï ã¦¥ á«®¦¥¥ (á¬.

§ ¬¥ç ¨¥ 1.27 ¢ à §¤¥«¥ 1.7). �®íâ®¬ã ç áâ® íää¥ªâ¨¢¥¥  å®¤¨âì

¬®àä¨§¬ë, ®¯¨à ïáì   â¥®à¥¬ã 2.1. �®á«¥ íâ®£® á®®â¢¥âáâ¢ãîé¨¥

§ ¬¥ë ã¯à ¢«¥¨©  å®¤ïâáï ç¨áâ®  «£¥¡à ¨ç¥áª¨¬¨ áà¥¤áâ¢ ¬¨ à¥-

è¥¨¥¬ ãà ¢¥¨© (2.7) ®â®á¨â¥«ì® ��� (y).

�®¦® áª § âì, çâ® ¯à¨ ¬®àä¨§¬ å ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¥

¬¥ïîâáï § ç¥¨ï ã¯à ¢«¥¨©. �¢¥¤¥¬ â¥¯¥àì ¢¨¤ ¬®àä¨§¬®¢, ¯à¨

ª®â®àëå ¥ ¬¥ïîâáï ä §®¢ë¥ ¯¥à¥¬¥ë¥.

�®àä¨§¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2)  §ë¢ ¥âáï ¬®àä¨§¬®¬ ¯®

ã¯à ¢«¥¨ï¬, ¥á«¨ M � N ¨  | ¨ê¥ªæ¨ï M ¢ N (â.¥. ®â®¡à ¦¥¨¥,

áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®© â®çª¥ y 2 M âã ¦¥ â®çªã, ® à áá¬ -

âà¨¢ ¥¬ãî ª ª â®çªã N ).

�ää¨ë¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë (2.1) á â ª¨¬¨ ¬®àä¨§¬ ¬¨ ®¡à -

§ãîâ ª â¥£®à¨î, ª®â®à ï ®¡®§ ç ¥âáï ç¥à¥§ ASC ¨ ï¢«ï¥âáï ¯®¤ª â¥-

£®à¨¥© ª â¥£®à¨¨ AS.
�á«¨  | ¬®àä¨§¬ ¯® ã¯à ¢«¥¨ï¬, â® á®®â¢¥âáâ¢ãîé ï § ¬¥ 

ã¯à ¢«¥¨© v = �0(y)+�(y)u ®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨© (2.7), ª®â®àë¥

¢ ¤ ®¬ á«ãç ¥ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

f0(y) = g0( (y)) + �
�
0 (y)g�( (y));

f�(y) = ���(y)g�( (y)); y 2M; � = 1; : : : ; r:

�®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¬®àä¨§¬®¢ ¯® ã¯à ¢«¥¨ï¬ ¤«ï ¤ ëå

á¨áâ¥¬ à¥è ¥âáï  «£¥¡à ¨ç¥áª¨ ¯ãâ¥¬ ¨áá«¥¤®¢ ¨ï   á®¢¬¥áâ®áâì

íâ®© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©.

�ª § ®¥ ¬®¦® ¨â¥à¯à¥â¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬. �®â ä ªâ,

çâ® áãé¥áâ¢ã¥â ¬®àä¨§¬ ¯® ã¯à ¢«¥¨ï¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2),

à ¢®á¨«¥ â®¬ã, çâ® á¨áâ¥¬  (2.1) ¯®«ãç ¥âáï ¨§ á¨áâ¥¬ë (2.2) ®£à -

¨ç¥¨¥¬   M ¨ ¯®¤áâ ®¢ª®© v = �0(y) + �(y)u, â.¥. § ¬¥®© (¥

®¡ï§ â¥«ì® ¥¢ëà®¦¤¥®©) ã¯à ¢«¥¨©.

�®àä¨§¬ë ¯® ã¯à ¢«¥¨ï¬, ï¢«ïîé¨¥áï ¨§®¬®àä¨§¬ ¬¨,  §ë¢ -

îâáï ¨§®¬®àä¨§¬ ¬¨ ¯® ã¯à ¢«¥¨ï¬. �ç¥¢¨¤®, çâ® ¥á«¨ á¨áâ¥¬ 
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(2.1) ¯®«ãç ¥âáï ¨§ á¨áâ¥¬ë (2.2) ¥¢ëà®¦¤¥®© § ¬¥®© ã¯à ¢«¥¨©,

â® á¨áâ¥¬ë (2.1) ¨ (2.2) ¨§®¬®àäë ¯® ã¯à ¢«¥¨ï¬, ® ¥  ®¡®à®â.

� áá¬®âà¨¬ ¢®¯à®á ® ¯à¥¤áâ ¢«¥¨¨ ¬®àä¨§¬®¢ ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨

¤àã£¨å ¬®àä¨§¬®¢. � ç¥ £®¢®àï, ¥á«¨ ¨¬¥¥âáï ¬®àä¨§¬  á¨áâ¥¬ë

S1 ¢ á¨áâ¥¬ã S2, â® ¯®áâ ¢¨¬ ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ â ª¨å á¨áâ¥¬

Qi; i = 1; : : : ; k; ¨ ¬®àä¨§¬®¢ i:Qi! Qi+1; i = 1; : : : ; k�1, çâ® Q1 = S1,

Qk = S2 ¨  = k�1 : : : 1. �ë ¡ã¤¥¬ ¨â¥à¥á®¢ âìáï ¯à¥¤áâ ¢«¥¨¥¬

¬®àä¨§¬®¢ ®¡é¥£® ¢¨¤  ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ ¡®«¥¥ ¯à®áâëå ¬®àä¨§¬®¢

¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨ ¬®àä¨§¬®¢ ¯® ã¯à ¢«¥¨ï¬.

� ç¥¬ á í«¥¬¥â àëå ãâ¢¥à¦¤¥¨©.

�à¥¤«®¦¥¨¥ 2.5. �®àä¨§¬, ¤«ï ª®â®à®£® áãé¥áâ¢ã¥â ¥¢ëà®¦-

¤¥ ï § ¬¥  ã¯à ¢«¥¨©, à §« £ ¥âáï ¢ ª®¬¯®§¨æ¨î ¬®àä¨§¬  (â®ç-

¥¥, ¨§®¬®àä¨§¬ ) ¯® ã¯à ¢«¥¨ï¬ ¨ ¬®àä¨§¬  ¯® ä §®¢ë¬ ¯¥à¥¬¥-

ë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì  | ¬®àä¨§¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã

(2.2), ¯à¨ç¥¬ r = s ¨ áãé¥áâ¢ã¥â ¥¢ëà®¦¤¥ ï § ¬¥  ã¯à ¢«¥¨©

�:M �Rr ! R
r ¢¨¤  v = �0(y) +�(y)u; j�j 6= 0. �®áâà®¨¬ ®â®¡à ¦¥¨¥

~�:M �Rr ! R
r ¢¨¤ 

u = ~�0(y) + ~�(y)v; (2.11)

£¤¥ ~�(y) = ��1(y); ~�0(y) = ���1(y)�0(y), ¨ á¨áâ¥¬ã

_y = ~f0(y) + ~f�(y)v
� ; y 2M; v 2 Rr; (2.12)

ª®â®à ï ¯®«ãç ¥âáï ¨§ (2.1) ¯®¤áâ ®¢ª®© (2.11). �á®, çâ® â®¦¤¥áâ¢¥-

®¥ ®â®¡à ¦¥¨¥ eM ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã

(2.12). �ç¥¢¨¤® â ª¦¥, çâ®  ï¢«ï¥âáï ¬®àä¨§¬®¬ ¯® ä §®¢ë¬ ¯¥à¥-

¬¥ë¬ á¨áâ¥¬ë (2.12) ¢ á¨áâ¥¬ã (2.2). 2

�à¥¤«®¦¥¨¥ 2.6. �®àä¨§¬, ª®â®àë© ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§-

¬®¬, à §« £ ¥âáï ¢ ª®¬¯®§¨æ¨î ¬®àä¨§¬  (â®ç¥¥, ¨§®¬®àä¨§¬ ) ¯®

ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨ ¬®àä¨§¬  ¯® ã¯à ¢«¥¨ï¬.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì ¬®àä¨§¬ã  á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã

(2.2) á®®â¢¥âáâ¢ã¥â § ¬¥  ã¯à ¢«¥¨© v = �(y; u). �®áâà®¨¬ ¢ ®¡« áâ¨

N á¨áâ¥¬ã

_x = ~g0(x) + ~g�(x)u
�; x 2 N; u 2 Rr ; (2.13)

ª®â®à ï ¯®«ãç ¥âáï ¨§ (2.2) ¯®¤áâ ®¢ª®© v = �̂(x; u) = �( �1(x); u).

�¥£ª® ¢¨¤¥âì, çâ®  ï¢«ï¥âáï ¬®àä¨§¬®¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬

á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.13). �á® â ª¦¥, çâ® â®¦¤¥áâ¢¥®¥ ®â®¡-

à ¦¥¨¥ eN ï¢«ï¥âáï ¬®àä¨§¬®¬ á¨áâ¥¬ë (2.13) ¢ á¨áâ¥¬ã (2.2). 2
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� áá¬®âà¨¬ â¥¯¥àì ¥áª®«ìª® ¡®«¥¥ ®¡é¨© á«ãç ©. �®àä¨§¬  

á¨áâ¥¬ë (2.1) ¢ á¨áâ¥¬ã (2.2)  §ë¢ ¥âáï ¯®«ë¬, ¥á«¨  �jyF (y) =

= G( (y)); 8y 2 M , £¤¥ F;G |  áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥-

¤¥«¥¨ï á¨áâ¥¬ (2.1) ¨ (2.2). � ¬¥â¨¬, çâ® ¬®àä¨§¬ ¯® ä §®¢ë¬ ¯¥à¥-

¬¥ë¬ ï¢«ï¥âáï ¯®«ë¬ ¬®àä¨§¬®¬. �¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 2.7. �ãáâì S1; S2 | á¨áâ¥¬ë, ®¯¨áë¢ ¥¬ë¥ á®®â-

®è¥¨ï¬¨ (2.1), (2.2), ¯à¨ç¥¬ r = s, ¨ ¯ãáâì  | ¯®«ë© ¬®àä¨§¬

S1 ¢ S2. �®£¤  ¤«ï ª ¦¤®© â®çª¨ y0 2M áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ-

®áâì V , çâ® ¬®àä¨§¬  jV á¨áâ¥¬ë S1jV ¢ S2 à §« £ ¥âáï ¢ ª®¬¯®-

§¨æ¨î ¨§®¬®àä¨§¬  ¯® ã¯à ¢«¥¨ï¬ ¨ ¬®àä¨§¬  ¯® ä §®¢ë¬ ¯¥à¥¬¥-

ë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �á«¨  | ¬®àä¨§¬, â® äãªæ¨¨ ���(y); � =

= 0; 1; : : : ; r, � = 1; : : : ; r, ®¯à¥¤¥«ïîé¨¥ á®®â¢¥âáâ¢ãîé¨¥ § ¬¥ë ã¯à -

¢«¥¨© (2.6),  å®¤ïâáï ¨§ ãá«®¢¨© (2.7). �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã

y0. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì V íâ®© â®çª¨, çâ® ¤«ï

¬®àä¨§¬   jV ¨¬¥¥âáï ¥¢ëà®¦¤¥ ï § ¬¥  ã¯à ¢«¥¨©, â.¥. ¢ (2.6)

j���j�=1;:::;r�=1;:::;r 6= 0. �ãáâì rank g = p ¨ ¯®«ï g�; � =

= 1; : : : ; p; ï¢«ïîâáï «¨¥©® ¥á¢ï§ ë¬¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ x0 =

=  (y0). �ãáâì F;G| áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥¤¥«¥¨ï á¨á-

â¥¬ S1; S2. � ª ª ª  | ¯®«ë© ¬®àä¨§¬, â®  �jyLF (y) = LG( (y)),

8y 2 M . �«¥¤®¢ â¥«ì®, ¢¥ªâ®àë ~f�(y) =  �jyf�(y) 2 TN (y), � =

= 1; : : : ; r; ¯®à®¦¤ îâ «¨¥©ë¥ ¯à®áâà áâ¢  LG( (y)); 8y 2 M . �®-

íâ®¬ã áà¥¤¨ ¯®«¥© f�; � = 1; : : : ; r;  ©¤ãâáï â ª¨¥ p ¯®«¥©, áª ¦¥¬

f�; � = 1; : : : ; p, çâ® ¢¥ªâ®àë ~f�(y0); � = 1; : : : ; p; á®áâ ¢«ïîâ ¡ §¨á

LG( (y0)). �á®, çâ® ¤«ï ¢á¥å â®ç¥ª y ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨

y0 ¢¥ªâ®àë ~f�; � = 1; : : : ; p; ¡ã¤ãâ á®áâ ¢«ïâì ¡ §¨á LG( (y)). �â ª,

áãé¥áâ¢ã¥â ®ªà¥áâ®áâì V â®çª¨ y0, ¢ ª®â®à®© á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢-

«¥¨ï

~f�(y) = ���(y)g� ( (y)); � = 1; : : : ; p; � = 1; : : : ; p; (2.14)

£¤¥ ��� | £« ¤ª¨¥ äãªæ¨¨, ¯à¨ç¥¬ rank k���(y)k�=1;:::;p�=1;:::;p = p. �®«ãç¥-

ë¥ äãªæ¨¨ ���(y) ¨á¯®«ì§ã¥¬ ¤«ï ¯®áâà®¥¨ï ¬ âà¨æë � ¢ § ¬¥¥

ã¯à ¢«¥¨© v = �0(y) + �(y)u. �á«¨ p = s = r, â® ¤  ï ¬ âà¨æ  ã¦¥

¯®áâà®¥ . �ãáâì p < r. �¥¤®áâ îé¨¥ äãªæ¨¨ ��� ®¯à¥¤¥«¨¬ á«¥¤ãî-

é¨¬ ®¡à §®¬. �®«®¦¨¬ ��� = 0; � = 1; : : : ; p; � = p + 1; : : : ; r; ��� = ���
(á¨¬¢®« �à®¥ª¥à ), � = p + 1; : : : ; r; � = p + 1; : : : ; r. �®á«¥ íâ®£®

äãªæ¨¨ ���; � = p + 1; : : : ; r; � = 1; : : : ; p, ®¯à¥¤¥«ïâáï ®¤®§ ç® ¨§

á®®â®è¥¨©

@ 

@y
f�(y) = ���(y)g� ( (y)); � = p+ 1; : : : ; r; � = 1; : : : ; r:
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� à¥§ã«ìâ â¥ ¯®«ãç¨âáï ¬ âà¨æ  � = k���k�=1;:::;r�=1;:::;r á«¥¤ãîé¥£® ¢¨¤ :

� =

 A 0

� E

 : (2.15)

� (2.15) ¬ âà¨æ  A = k���k�=1;:::;p�=1;:::;p ¨¬¥¥â à £ p,   E | ¥¤¨¨ç ï

¬ âà¨æ . �§ ¢¨¤  (2.15) á«¥¤ã¥â, çâ® j�j 6= 0. �â ª, ¤«ï ¬®àä¨§¬   jV
¯®áâà®¥  § ¬¥  ã¯à ¢«¥¨©, ï¢«ïîé ïáï ¥¢ëà®¦¤¥®©. �âáî¤  ¨

¨§ ¯à¥¤«®¦¥¨ï 2.5 ¢ëâ¥ª ¥â ¤®ª §ë¢ ¥¬®¥ ãâ¢¥à¦¤¥¨¥. 2



�« ¢  3

�ª¢¨¢ «¥â®áâì

ã¯à ¢«ï¥¬ëå á¨áâ¥¬

3.1. �¡é¨¥ á¢®©áâ¢  íª¢¨¢ «¥âëå

ã¯à ¢«ï¥¬ëå á¨áâ¥¬

� áá¬®âà¨¬ ¤¢¥  ää¨ë¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë, ï¢«ïîé¨¥áï ®¡ê-

¥ªâ ¬¨ ª â¥£®à¨¨ AS:

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr ; (3.1)

_x = g0(x) + g(x)v; x 2 N � Rn; v 2 Rs: (3.2)

�® ®¯à¥¤¥«¥¨î á¨áâ¥¬  (3.1) íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.2) ¢ ª â¥£®à¨¨

AS, ¥á«¨ á¨áâ¥¬  (3.1) ¨§®¬®àä  á¨áâ¥¬¥ (3.2) ¢ ª â¥£®à¨¨ AS, â.¥.
áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬  :M ! N á¨áâ¥¬ë (3.1) ¢ á¨áâ¥¬ã (3.2). �â®

®§ ç ¥â ¯®¤à®¡¥¥, çâ®  | ¤¨ää¥®¬®àä¨§¬, ¯à¨ç¥¬ ¥á«¨ y(t) |

à¥è¥¨¥ á¨áâ¥¬ë (3.1), â® x(t) =  (y(t)) | à¥è¥¨¥ á¨áâ¥¬ë (3.2), ¨

®¡à â®, ¥á«¨ x(t) | à¥è¥¨¥ á¨áâ¥¬ë (3.2), â® y(t) =  �1(x(t)) |

à¥è¥¨¥ á¨áâ¥¬ë (3.1).

�á«¨  | ¨§®¬®àä¨§¬ ¢ ª â¥£®à¨¨ ASP ¨«¨, ¨ ç¥ £®¢®àï, ¨§®¬®à-

ä¨§¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬ë (3.1)

¨ (3.2) íª¢¨¢ «¥âë ¢ ª â¥£®à¨¨ ASP ¨«¨ íª¢¨¢ «¥âë ¯® ä §®¢ë¬

¯¥à¥¬¥ë¬. � «®£¨ç® ®¯à¥¤¥«ï¥âáï íª¢¨¢ «¥â®áâì ¢ ª â¥£®à¨¨

ASC ¨«¨, ¨ ç¥ £®¢®àï, íª¢¨¢ «¥â®áâì ¯® ã¯à ¢«¥¨ï¬.
� ¤¨¬ «®ª «ìë© ¢ à¨ â ®¯à¥¤¥«¥¨ï íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬.

�®¢®àïâ, çâ® á¨áâ¥¬  (3.1) «®ª «ì® íª¢¨¢ «¥â  ¢ â®çª¥ y0 2M á¨á-

â¥¬¥ (3.2), ¥á«¨ áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì V �M â®çª¨ y0 ¨ â ª®©
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¤¨ää¥®¬®àä¨§¬  :V !  (V ), çâ®  ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ á¨áâ¥¬ë

(3.1), ®£à ¨ç¥®©   ®ªà¥áâ®áâì V , ¢ á¨áâ¥¬ã (3.2), ®£à ¨ç¥ãî

  ®ªà¥áâ®áâì  (V ). �á«¨ á¨áâ¥¬  (3.1) «®ª «ì® íª¢¨¢ «¥â  ¢ ª ¦-

¤®© â®çª¥ y 2 M á¨áâ¥¬¥ (3.2), â® ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (3.1)

«®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.2).

�ãé¥áâ¢¥ãî à®«ì ¢ ¢®¯à®á¥ ®¡ íª¢¨¢ «¥â®áâ¨ ¨£à ¥â á«¥¤ãî-

é¥¥ ãâ¢¥à¦¤¥¨¥, ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª îé¥¥ ¨§ â¥®à¥¬ë 2.1.

�¥®à¥¬  3.1. �ää¨ë¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë íª¢¨¢ «¥âë

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¨å  áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥-

¤¥«¥¨ï ¤¨ää¥®¬®àäë. 2

�¢¥¤¥®¥ ¯®ïâ¨¥ íª¢¨¢ «¥â®áâ¨ ï¢«ï¥âáï ¥áª®«ìª® ¡®«¥¥ è¨-

à®ª¨¬, ç¥¬ ¯®ïâ¨¥ íª¢¨¢ «¥â®áâ¨, ®á®¢ ®¥   ¥¢ëà®¦¤¥ëå

§ ¬¥ å ¯¥à¥¬¥ëå. �®á«¥¤¥¥ ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬.

� áá¬®âà¨¬ ¤¨ää¥®¬®àä¨§¬ D:M � Rr ! N � Rr, £¤¥ M , N |

®¡« áâ¨ ¢ Rn, ¢¨¤ 

(y; u) 7! (x; v) = ( (y);�(y; u)); (3.3)

£¤¥ ®â®¡à ¦¥¨¥ y 7! x =  (y) ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬ M   N ,

  ®â®¡à ¦¥¨¥

(y; u) 7! v = �(y; u) = �0(y) + �(y)u (3.4)

¤«ï ª ¦¤®£® ä¨ªá¨à®¢ ®£® y 2M ®¯à¥¤¥«ï¥â ¡¨¥ªæ¨î �y:R
r ! R

r

(â.¥. ¬ âà¨æ  �(y) ¥¢ëà®¦¤¥ ).

�¡à âë© ¤¨ää¥®¬®àä¨§¬ D�1:N �Rr !M �Rr ¨¬¥¥â ¢¨¤

(x; v) 7! (y; u) = ( �1(x); ~�(x; v)); (3.5)

¯à¨ç¥¬ ®â®¡à ¦¥¨¥ ~�:N �Rr ! R
r ¢ë£«ï¤¨â â ª:

(x; v) 7! u = ~�(x; v); (3.6)

£¤¥ ~�(x; v) = ~�0(x) + ~�(x)v, ¯à¨ç¥¬

~�0(x) = ���1( �1(x))�0( �1(x)); ~�(x) = ��1( �1(x));

â.¥. ~�x = ��1
 �1(x)

.

�®¢®àïâ, çâ® á¨áâ¥¬ë (3.1), (3.2), ¤«ï ª®â®àëå r = s, ¤¨ää¥®¬®àä-

ë, ¥á«¨ áãé¥áâ¢ã¥â â ª®© ¤¨ää¥®¬®àä¨§¬ D ¢¨¤  (3.3), çâ®

g0( (y)) =  �jy(f0(y) � f(y)��1(y)�0(y));

g( (y)) =  �jy(f(y)��1(y)); y 2M:
(3.7)
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� íâ®¬ á«ãç ¥ £®¢®àïâ â ª¦¥, çâ® á¨áâ¥¬  (3.2) ¯®«ãç ¥âáï ¨§ á¨á-

â¥¬ë (3.1) § ¬¥®© ¯¥à¥¬¥ëå (3.3). �¥£ª® ¢¨¤¥âì, çâ®, á®£« á® íâ®©

â¥à¬¨®«®£¨¨, á¨áâ¥¬  (3.1) ¯®«ãç ¥âáï ¨§ (3.2) (®¡à â®©) § ¬¥®©

¯¥à¥¬¥ëå (3.5). �¥©áâ¢¨â¥«ì®, ¥á«¨ ¢ë¯®«ïîâáï à ¢¥áâ¢  (3.7),

â® ¢ë¯®«ïîâáï ¨ à ¢¥áâ¢ 

f0( 
�1(x)) =  �1� jx(g0(x)� g(x)~��1(x)~�0(x));

f( �1(x)) =  �1� jx(g(x)~��1(x)); x 2 N: (3.8)

� ¤¨¬ «®ª «ìë© ¢ à¨ â ®¯à¥¤¥«¥¨ï ¤¨ää¥®¬®àä®áâ¨ á¨áâ¥¬.

�®¢®àïâ, çâ® á¨áâ¥¬  (3.1) «®ª «ì® ¤¨ää¥®¬®àä  ¢ â®çª¥ y0 2M á¨-

áâ¥¬¥ (3.2), ¥á«¨ áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì V �M â®çª¨ y0 ¨ â ª®©

¤¨ää¥®¬®àä¨§¬ D:V �Rr ! U�Rr ¢¨¤  (3.3), çâ® á¨áâ¥¬  (3.1), ®£à -
¨ç¥ ï   ®ªà¥áâ®áâì V , ¤¨ää¥®¬®àä  ®â®á¨â¥«ì® ¤¨ää¥®¬®à-

ä¨§¬  D á¨áâ¥¬¥ (3.2), ®£à ¨ç¥®©   ®ªà¥áâ®áâì U � N . �á«¨

á¨áâ¥¬  (3.1) «®ª «ì® ¤¨ää¥®¬®àä  ¢ ª ¦¤®© â®çª¥ y 2M á¨áâ¥¬¥

(3.2), â® ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (3.1) «®ª «ì® ¤¨ää¥®¬®àä 

á¨áâ¥¬¥ (3.2).

�¢ï§ì ¯®ïâ¨© íª¢¨¢ «¥â®áâ¨ ¨ ¤¨ää¥®¬®àä®áâ¨ á¨áâ¥¬ ¢ëà -

¦ ¥â

�¥®à¥¬  3.2. �ãáâì ¤«ï á¨áâ¥¬ (3.1) ¨ (3.2) r = s. �á«¨ á¨áâ¥¬ 

(3.1) ¤¨ää¥®¬®àä  á¨áâ¥¬¥ (3.2), â® á¨áâ¥¬  (3.1) íª¢¨¢ «¥â 

á¨áâ¥¬¥ (3.2). �á«¨ á¨áâ¥¬  (3.1) íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.2), â®

á¨áâ¥¬  (3.1) «®ª «ì® ¤¨ää¥®¬®àä  á¨áâ¥¬¥ (3.2).

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬ë S1; S2, ®¯¨áë¢ ¥¬ë¥ á®®â®-

è¥¨ï¬¨ (3.1), (3.2), ¤¨ää¥®¬®àäë ®â®á¨â¥«ì® ¤¨ää¥®¬®àä¨§¬ 

D ¢¨¤  (3.3). �§ (3.7), (3.8) ¨ á«¥¤áâ¢¨ï 2.1 ¯à¥¤«®¦¥¨ï 2.2 ¢ëâ¥ª ¥â,

çâ®  | ¬®àä¨§¬ S1 ¢ S2 (¯à¨ç¥¬ (3.4) | á®®â¢¥âáâ¢ãîé ï § ¬¥ 

ã¯à ¢«¥¨©),    �1 | ¬®àä¨§¬ S2 ¢ S1 (¯à¨ç¥¬ (3.6) | á®®â¢¥âáâ¢ã-

îé ï § ¬¥  ã¯à ¢«¥¨©). �¡à â®, ¯ãáâì á¨áâ¥¬ë S1 ¨ S2 íª¢¨¢ -

«¥âë, ¯à¨ç¥¬  :M ! N | ¨§®¬®àä¨§¬. �®áâ â®ç® ¯®ª § âì, çâ®

¤«ï ª ¦¤®© â®çª¨ y0 2M áãé¥áâ¢ã¥â ®ªà¥áâ®áâì V ¨ ¥¢ëà®¦¤¥ ï

§ ¬¥  ã¯à ¢«¥¨© �:V � Rr ! R
r, á®®â¢¥âáâ¢ãîé ï ¨§®¬®àä¨§¬ã

 V :V ! U á¨áâ¥¬ë (S1)V ¢ á¨áâ¥¬ã (S2)U . �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯®-

áâà®¨âì ¤¨ää¥®¬®àä¨§¬ D:V � Rr ! U � Rr ¢¨¤  (3.3) (£¤¥ ¢¬¥áâ®

 ¨á¯®«ì§ã¥âáï  V ), â®, á®£« á® á«¥¤áâ¢¨î 2.1 ¯à¥¤«®¦¥¨ï 2.2, ¡ã-

¤ãâ ¢ë¯®«ïâìáï á®®â®è¥¨ï (3.7) ¢ â®çª å y 2 V , â.¥. á¨áâ¥¬ë (S1)V
¨ (S2)U ¡ã¤ãâ ¤¨ää¥®¬®àäë ®â®á¨â¥«ì® ¤¨ää¥®¬®àä¨§¬  D. �§

¯à¥¤«®¦¥¨ï 2.7 ¢ëâ¥ª ¥â, çâ® ¢ á«ãç ¥ ¯®«®£® ¬®àä¨§¬  (ª ª®¢ë¬,

à §ã¬¥¥âáï, ï¢«ï¥âáï ¨§®¬®àä¨§¬) ¤«ï ª ¦¤®© â®çª¨ y0 2 M ¬®¦®

¯®áâà®¨âì â ªãî «®ª «ìãî ¥¢ëà®¦¤¥ãî § ¬¥ã ã¯à ¢«¥¨©. 2
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� ¬¥ç ¨¥ 3.1. �ãáâì á¨áâ¥¬ë (3.1) ¨ (3.2), ¤«ï ª®â®àëå r = s,

¤¨ää¥®¬®àäë ®â®á¨â¥«ì® ¤¨ää¥®¬®àä¨§¬  D:M �Rr ! N �Rr
¢¨¤  (3.3). �®£¤ , á®£« á® ¯à¥¤«®¦¥¨î 2.5, ¨§®¬®àä¨§¬ à §« £ -

¥âáï ¢ ª®¬¯®§¨æ¨î ¨§®¬®àä¨§¬  ¯® ã¯à ¢«¥¨ï¬ ¨ ¨§®¬®àä¨§¬  ¯®

ä §®¢ë¬ ¯¥à¥¬¥ë¬. � ç¥ £®¢®àï, á¨áâ¥¬ã (3.2) ¬®¦® ¯®«ãç¨âì

¨§ á¨áâ¥¬ë (3.1), á¤¥« ¢ á ç «  ¥¢ëà®¦¤¥ãî § ¬¥ã ã¯à ¢«¥¨©

u 7! v = �(y; u),   § â¥¬ | ¥¢ëà®¦¤¥ãî § ¬¥ã ä §®¢ëå ¯¥à¥-

¬¥ëå y 7! x =  (y). � ¤àã£®© áâ®à®ë, á®£« á® ¯à¥¤«®¦¥¨î 2.6,

¨§®¬®àä¨§¬  à §« £ ¥âáï ¢ ª®¬¯®§¨æ¨î ¨§®¬®àä¨§¬  ¯® ä §®¢ë¬ ¯¥-

à¥¬¥ë¬ ¨ ¨§®¬®àä¨§¬  ¯® ã¯à ¢«¥¨ï¬. �ë¬¨ á«®¢ ¬¨, á¨áâ¥¬ã

(3.2) â ª¦¥ ¬®¦® ¯®«ãç¨âì ¨§ á¨áâ¥¬ë (3.1), á¤¥« ¢ á ç «  ¥¢ë-

à®¦¤¥ãî § ¬¥ã ä §®¢ëå ¯¥à¥¬¥ëå y 7! x =  (y),   § â¥¬ |

¥¢ëà®¦¤¥ãî § ¬¥ã ã¯à ¢«¥¨© u 7! v = ~��1(x; u) = �( �1(x); u).

�á«¨ ¤«ï á¨áâ¥¬ (3.1) ¨ (3.2) r 6= s, â® íâ¨ á¨áâ¥¬ë ¥ ¬®£ãâ

¡ëâì ¤¨ää¥®¬®àäë¬¨ (¨«¨, ¨ ç¥ £®¢®àï, ®¤ã ¨§ ¤àã£®© ¥«ì§ï

¯®«ãç¨âì ¥¢ëà®¦¤¥®© § ¬¥®© ¯¥à¥¬¥ëå). �¤ ª® â ª¨¥ á¨áâ¥-

¬ë ¬®£ãâ ¡ëâì íª¢¨¢ «¥âë¬¨. � ¯à¨¬¥à, ¥á«¨ ¤«ï á¨áâ¥¬ë (3.1)

rank kf i�ki=1;:::;n�=1;:::;r = p < r ¨ f�; � = 1; : : : ; p; | «¨¥©® ¥á¢ï§ ë¥ ¯®-

«ï, â®, á®£« á® â¥®à¥¬¥ 3.1, á¨áâ¥¬  (3.1) íª¢¨¢ «¥â  ¥¯à¨¢®¤¨¬®©

á¨áâ¥¬¥

_y = f0(y) + f�(y)u
�; � = 1; : : : ; p; y 2M � Rn; u 2 Rp: (3.9)

�¥©áâ¢¨â¥«ì®, á¨áâ¥¬ë (3.1) ¨ (3.9) ¯®à®¦¤ îâ   M ®¤¨ ª®¢ë¥  á-

á®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥¤¥«¥¨ï. �âáî¤  á«¥¤ã¥â, çâ® ®¨

íª¢¨¢ «¥âë ¯® ã¯à ¢«¥¨ï¬. (�§®¬®àä¨§¬®¬ ï¢«ï¥âáï â®¦¤¥áâ¢¥-

®¥ ®â®¡à ¦¥¨¥ M !M .)

�á«¨ á¨áâ¥¬ë (3.1) ¨ (3.2) íª¢¨¢ «¥âë, ¯à¨ç¥¬ r 6= s, â® ¨å ä®à-

¬ «ì® ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª ¤¨ää¥®¬®àäë¥ ¢ á«¥¤ãîé¥¬

á¬ëá«¥. �ãáâì r < s. �®¯®áâ ¢¨¬ á¨áâ¥¬¥ (3.1) íª¢¨¢ «¥âãî ¥© á¨-

áâ¥¬ã

_y = f0(y) + f�(y)u
�; � = 1; : : : ; s; y 2M � Rn; u 2 Rs; (3.10)

£¤¥ f� = 0; � = r+1; : : : ; s: �®£« á® â¥®à¥¬¥ 3.2, á¨áâ¥¬ë (3.10) ¨ (3.2),

¯® ªà ©¥© ¬¥à¥, «®ª «ì® ¤¨ää¥®¬®àäë. � ¯à¨¬¥à, á¨áâ¥¬ë

_y = u1; y 2 R1; u1 2 R1; (3.11)

_x = v1 + v2; x 2 R1; v 2 R2; (3.12)

íª¢¨¢ «¥âë, ¨¡® ®â®¡à ¦¥¨¥ x =  (y) = y ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬

(3.11) ¢ (3.12). �®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á¨áâ¥¬¥ (3.11) íª¢¨¢ «¥âãî

á¨áâ¥¬ã

_y = u1 + 0 � u2; y 2 R1; u 2 R2: (3.13)
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�¥£ª® ¢¨¤¥âì, çâ® á¨áâ¥¬ë (3.13) ¨ (3.12) ¤¨ää¥®¬®àäë ®â®á¨-

â¥«ì® ¤¨ää¥®¬®àä¨§¬  D:

x =  (y) = y; v1 =
(u1 + u2)

2
; v2 =

(u1 � u2)

2
:

3.2. �« áá¨ä¨ª æ¨ï ¥ª®â®àëå â¨¯®¢

ã¯à ¢«ï¥¬ëå á¨áâ¥¬

�®ïâ¨¥ íª¢¨¢ «¥â®áâ¨  ää¨ëå á¨áâ¥¬ ®¯à¥¤¥«ï¥â ®â®è¥-

¨¥ íª¢¨¢ «¥â®áâ¨   á®¢®ªã¯®áâ¨  ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬.

�«¥¤®¢ â¥«ì®, íâ  á®¢®ªã¯®áâì à §¡¨¢ ¥âáï   ª« ááë íª¢¨¢ «¥â®-

áâ¨, á®áâ®ïé¨¥ ¨§ íª¢¨¢ «¥âëå á¨áâ¥¬. � ª ¢á¥£¤  ¢ â ª¨å á«ãç ïå

¢®§¨ª ¥â ¯à®¡«¥¬  ª« áá¨ä¨ª æ¨¨, ª®â®à ï § ª«îç ¥âáï ¢ ®¯¨á ¨¨

ª« áá®¢ íª¢¨¢ «¥â®áâ¨, â.¥. ¢ ®¯¨á ¨¨ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ á â®ç®-

áâìî ¤® íª¢¨¢ «¥â®áâ¨. � è¨à®ª®¬ á¬ëá«¥ íâ  ¯à®¡«¥¬  ¢ª«îç ¥â ¢

á¥¡ï,  ¯à¨¬¥à, á«¥¤ãîé¨¥ § ¤ ç¨:  å®¦¤¥¨¥ ªà¨â¥à¨¥¢ íª¢¨¢ «¥â-

®áâ¨ ¤¢ãå á¨áâ¥¬; ¯®áâà®¥¨¥ ¤¨ää¥®¬®àä¨§¬®¢, ®áãé¥áâ¢«ïîé¨å

íª¢¨¢ «¥â®áâì; ¯®áâà®¥¨¥ ¯à¥¤áâ ¢¨â¥«¥© ª« áá®¢ íª¢¨¢ «¥â®áâ¨

(¯® ¢®§¬®¦®áâ¨,  ¨¡®«¥¥ ¯à®áâ®£® ¢¨¤ ).

� «¥¥ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ® ú«®ª «ì®©û ª« áá¨ä¨ª æ¨¨ ¥-

ª®â®àëå â¨¯®¢  ää¨ëå á¨áâ¥¬, â.¥. ¢®¯à®á ®¡ ®¯¨á ¨¨ á¨áâ¥¬ á

â®ç®áâìî ¤® «®ª «ì®© íª¢¨¢ «¥â®áâ¨. �à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï,

çâ® ¤«ï ª ¦¤®© á¨áâ¥¬ë (3.1) â®çª  y0, ¢ ®ªà¥áâ®áâ¨ ª®â®à®© ¨áá«¥-

¤ã¥âáï ¢®¯à®á ®¡ íª¢¨¢ «¥â®áâ¨, ¢ § ¢¨á¨¬®áâ¨ ®â â¨¯  á¨áâ¥¬ ¤®«¦-

  ã¤®¢«¥â¢®àïâì ¥ª®â®àë¬ ãá«®¢¨ï¬ à¥£ã«ïà®áâ¨, â®ç¥¥ | ¡ëâì

à¥£ã«ïà®© â®çª®© ¥ª®â®àëå à á¯à¥¤¥«¥¨©, á¢ï§ ëå á  ää¨®©

á¨áâ¥¬®©. � £¨ íâ¨å à á¯à¥¤¥«¥¨© ï¢«ïîâáï ¨¢ à¨ â ¬¨, â.¥. ¢¥-

«¨ç¨ ¬¨, ª®â®àë¥ ¥ ¬¥ïîâáï ¯à¨ ¯¥à¥å®¤¥ ª íª¢¨¢ «¥â®© á¨áâ¥¬¥.

�¨¯  ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ | íâ® ãá«®¢®¥ ¯®ïâ¨¥, ¢ë-

¤¥«ïîé¥¥ ¥ª®â®àãî á®¢®ªã¯®áâì á¨áâ¥¬, å à ªâ¥à¨§ã¥¬ãî «¨¡® § -

ç¥¨ï¬¨ ¥ª®â®àëå ¨¢ à¨ â®¢, «¨¡® ®¯à¥¤¥«¥ë¬¨ á®®â®è¥¨ï¬¨

¬¥¦¤ã ¨¢ à¨ â ¬¨ («¨¡® â¥¬ ¨ ¤àã£¨¬).

�ãáâì F |  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥, K = F? |

 áá®æ¨¨à®¢ ®¥ t-ª®à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (3.1). �¢ à¨ âë, ª®â®-

àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï, | íâ® à £¨  ää¨ëå à á¯à¥¤¥«¥¨© ¨

à á¯à¥¤¥«¥¨©, ¯®à®¦¤ ¥¬ëå F (á¬. à §¤¥« 1.3), ¨«¨, çâ® à ¢®á¨«ì®,

à £¨ t-ª®à á¯à¥¤¥«¥¨© ¨ à á¯à¥¤¥«¥¨©, ¯®à®¦¤ ¥¬ëåK (á¬. à §¤¥«

1.4). � ¯à¨¬¥à, âà¨¢¨ «ìë¬ ¨¢ à¨ â®¬  àï¤ã á n = dimM ï¢«ï-

¥âáï ¢¥«¨ç¨  dimF , ª®â®àãî ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ p. �ã¤¥¬ ¯à¥¤¯®-
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« £ âì, çâ® à á¯à¥¤¥«¥¨¥ SpanF , â ª ¦¥, ª ª ¨ F , ï¢«ï¥âáï à¥£ã«ïà-

ë¬. �®íâ®¬ã ¨¬¥¥¬ ¤àã£®© âà¨¢¨ «ìë© ¨¢ à¨ â | dimSpanF ,

ª®â®àë© ®¡®§ ç ¥âáï ç¥à¥§ l. � ç¥ £®¢®àï,

p = rank kf i�ki=1;:::;n�=1;:::;r; l = rank kf i�ki=1;:::;n�=0;1;:::;r:

� ¦ë¬¨ ¨¢ à¨ â ¬¨ ï¢«ïîâáï à £ å à ªâ¥à¨áâ¨ç¥áª®£® à á-

¯à¥¤¥«¥¨ï CF ¨ à £ t-å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï CtK.

� ¯®¬¨¬, çâ® ¯®á«¥¤¨©  §ë¢ ¥âáï ª« áá®¬ K ¨ ®¡®§ ç ¥âáï ç¥à¥§

classK. �¬¥¥¬ à ¢¥áâ¢® dimCF = n � classK (¢ á«ãç ¥ à¥£ã«ïà®-

áâ¨ CF ¨ CtK). �« áá K ¢ëç¨á«ï¥âáï á ¯®¬®éìî  «£¥¡à ¨ç¥áª¨å

®¯¥à æ¨©: âà¥¡ã¥âáï ¯®áâà®¨âì å à ªâ¥à¨áâ¨ç¥áªãî á¨áâ¥¬ã �ä ää 

(1.105), (1.106) ¨ ®¯à¥¤¥«¨âì ¬ ªá¨¬ «ì®¥ ç¨á«® «¨¥©® ¥á¢ï§ ëå

ãà ¢¥¨©, çâ® à ¢®á¨«ì® ¢ëç¨á«¥¨î à £  ¬ âà¨æë.

�àã£¨¬¨ ç áâ® ¨á¯®«ì§ã¥¬ë¬¨ ¨¢ à¨ â ¬¨ ï¢«ïîâáï à £¨  ä-

ä¨ëå à á¯à¥¤¥«¥¨©, á®áâ ¢«ïîé¨å ¯à®¨§¢®¤ë© àï¤ (1.60)  ää¨-

®£® à á¯à¥¤¥«¥¨ï F . �á«¨ â®çª , ¢ ®ªà¥áâ®áâ¨ ª®â®à®© ¢¥¤¥âáï à á-

á¬®âà¥¨¥, ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¯à®¨§¢®¤®£® àï¤ , â® ®, ¯®

áãé¥áâ¢ã, ï¢«ï¥âáï ª®¥ç®© ¯®á«¥¤®¢ â¥«ì®áâìî

F0 � F1 � : : : � FN ; (3.14)

£¤¥ F0 = F , ª®â®à ï  §ë¢ ¥âáï ¯à®¨§¢®¤ë¬ ä« £®¬. �à®¨§¢®¤®¬ã

ä« £ã (3.14) á®®â¢¥âáâ¢ã¥â ¯à®¨§¢®¤ë© ª®ä« £ t-ª®à á¯à¥¤¥«¥¨ï K

K0 � K1 � : : : � KN ; (3.15)

£¤¥ K0 = K, ¯à¨ç¥¬ (Fi)? = Ki; i = 0; 1; : : : ; N .

�¢¥¤¥¬ ®¡®§ ç¥¨ï: dimKi = qi; i = 0; 1; : : : ; N , q = q0. � ª¨¬

®¡à §®¬, dimFi = n � qi; i = 0; 1; : : : ; N , ¢ ç áâ®áâ¨, p = n � q. � ¯®-

¬¨¬, çâ® ç¨á«® N + 1, ª®â®à®¥ â ª¦¥ ï¢«ï¥âáï ¨¢ à¨ â®¬,  §ë¢ -

¥âáï ¤«¨®© ¯à®¨§¢®¤®£® ä« £  (3.14) ¨, á®®â¢¥âáâ¢¥®, ¯à®¨§¢®¤®£®

ª®ä« £  (3.15).

�«ï  å®¦¤¥¨ï ç¨á¥« qi ¬®¦® ¨á¯®«ì§®¢ âì ¤¢   «£®à¨â¬ . �®-

¯¥à¢ëå, íâ® ¯à®æ¥áá ¯®¯®«¥¨ï, ®¯¨á ë© ¢ § ¬¥ç ¨¨ 1.6: ¢ ¯®á«¥-

¤®¢ â¥«ì®áâ¨ (1.65) ç¨á«® ¯®«¥© á¥¬¥©áâ¢  di, ª®â®à®¥ ï¢«ï¥âáï ¡ §¨á-

ë¬ ¤«ï à á¯à¥¤¥«¥¨ï LFi , à ¢® à £ã Fi. �àã£¨¬  «£®à¨â¬®¬ ï¢«ï-

¥âáï ¯à®æ¥áá ¯®áâà®¥¨ï ¡ §¨áëå á¨áâ¥¬ �ä ää  t-ª®à á¯à¥¤¥«¥¨©

Ki; i = 0; 1; : : : ; N (á¬. á. 86). �¨á«® ãà ¢¥¨© ¢ ¡ §¨á®© á¨áâ¥¬¥

�ä ää  t-ª®à á¯à¥¤¥«¥¨ï Ki ª ª à § à ¢® qi. �¡   «£®à¨â¬  ¨á-

¯®«ì§ãîâ «¨èì í«¥¬¥â àë¥  «£¥¡à ¨ç¥áª¨¥ ®¯¥à æ¨¨.

�à¨ ¨§ãç¥¨¨ ¢®¯à®á  ®¡ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ ¨á¯®«ì§ãîâáï ¨

¤àã£¨¥ ¨¢ à¨ âë,  ¯à¨¬¥à dimCtK1 ¨ â.¤.
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�à¨ ¯à¥®¡à §®¢ ¨¨ á¨áâ¥¬ë (3.1) ª íª¢¨¢ «¥â®© á¨áâ¥¬¥ (3.2)

¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ¯à¨¥¬ë. �¥à¥âáï ¡ §¨á®¥ á¥¬¥©áâ¢®  ää¨-

®£® à á¯à¥¤¥«¥¨ï F , ª®â®à®¥, ¤®¯ãáâ¨¬, á®áâ®¨â ¨§ ¯®«¥©

f�; � = 0; 1; : : : ; p: (3.16)

�â® á¥¬¥©áâ¢®, à áá¬ âà¨¢ ¥¬®¥ ª ª á¥¬¥©áâ¢® á ®â¬¥ç¥ë¬ ¯®«¥¬,

¯à¨¢®¤¨âáï ª ¥ª®â®à®¬ã  ää¨® íª¢¨¢ «¥â®¬ã á¥¬¥©áâ¢ã á ®â¬¥-

ç¥ë¬ ¯®«¥¬

g�; � = 0; 1; : : : ; p: (3.17)

� ¯®¬®éìî á¥¬¥©áâ¢  (3.17) áâà®¨âáï  ää¨ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬ 

(3.2), ª®â®à ï íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.1). �®¦¥â ¯à¨¬¥ïâìáï ¨ ¤¢®©-

áâ¢¥ë© ¯®¤å®¤, â.¥. ¡¥à¥âáï ¡ §¨á ï t-á¨áâ¥¬  �ä ää   áá®æ¨¨à®-

¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï (ª®â®àãî ¬®¦® ¯®«ãç¨âì ¨§ ¢ëà ¦¥¨©

(3.1) ¨áª«îç¥¨¥¬ ¯¥à¥¬¥ëå u ¨ ã¬®¦¥¨¥¬   dt). �â  t-á¨áâ¥¬ 

�ä ää  ¯à¨¢®¤¨âáï ª ¥ª®â®à®© t-íª¢¨¢ «¥â®© t-á¨áâ¥¬¥ �ä ää .

�®áâà®¨¢ ¤«ï ¥¥ ¢§ ¨¬®¥ á¥¬¥©áâ¢® á ®â¬¥ç¥ë¬ ¯®«¥¬ (3.17), ¯®-

«ãç¨¬ íª¢¨¢ «¥âãî á¨áâ¥¬ã (3.2). � §ã¬¥¥âáï, íâ¨ ¯®¤å®¤ë ¬®£ãâ

¯à¨¬¥ïâìáï á®¢¬¥áâ®. �â¬¥â¨¬, çâ® ¯à¨ íâ®¬ è¨à®ª® ¯à¨¬¥îâáï

à¥§ã«ìâ âë, ¯à¨¢¥¤¥ë¥ ¢ à §¤¥«¥ 1.5.

� «¥¥ ¢ íâ®¬ à §¤¥«¥ à áá¬ âà¨¢ îâáï á«¥¤ãîé¨¥ â¨¯ë  ää¨ëå

á¨áâ¥¬:

1) ¨¢®«îâ¨¢ë¥ á¨áâ¥¬ë;

2) á¨áâ¥¬ë, ¤«ï ª®â®àëå p = n� 1;

3) á¨áâ¥¬ë, ¤«ï ª®â®àëå n < 5;

4) á¨áâ¥¬ë, ª®â®àë¥ íª¢¨¢ «¥âë «¨¥©ë¬.

�«ï ª ¦¤®£® â¨¯  á¨áâ¥¬ (¯à¨ ä¨ªá¨à®¢ ®¬ § ç¥¨¨ n) ¨¬¥-

¥âáï â ª®© ª®¥çë©  ¡®à á¨áâ¥¬, çâ® «î¡ ï á¨áâ¥¬  ¤ ®£® â¨¯ 

«®ª «ì® íª¢¨¢ «¥â  ®¤®© ¨§ á¨áâ¥¬, ¢å®¤ïé¨å ¢  ¡®à. �¨áâ¥¬ë,

á®áâ ¢«ïîé¨¥  ¡®à, ¬®¦® à §¤¥«¨âì   ¤¢  â¨¯ : ª ®¨ç¥áª¨¥ ä®à-

¬ë ¨ ¯à¨¢¥¤¥ë¥ ä®à¬ë. �â®àë¥ ®â«¨ç îâáï ®â ¯¥à¢ëå ¯à¨áãâáâ¢¨-

¥¬ ¯à®¨§¢®«ìëå äãªæ¨©. � «¨ç¨¥ ¯à¨¢¥¤¥ëå ä®à¬ å à ªâ¥à®

«¨èì ¤«ï á¨áâ¥¬ â¨¯  3) ¯à¨ n = 3; 4 (¯à¨ç¥¬ ¢ á«ãç ¥, ª®£¤  n = 3,

¨¬¥¥âáï â®«ìª® ®¤  ¯à¨¢¥¤¥ ï ä®à¬ ). � ¡®à ª ®¨ç¥áª¨å ¨ ¯à¨-

¢¥¤¥ëå ä®à¬, á®®â¢¥âáâ¢ãîé¨© ¤ ®¬ã â¨¯ã, á®áâ®¨â ¨§ ¯®¯ à®

¥íª¢¨¢ «¥âëå á¨áâ¥¬, ¨¡® ®¨ ®¯à¥¤¥«ïîâáï à §ë¬¨ § ç¥¨ï¬¨

¨¢ à¨ â®¢. �¬¥áâ¥ á â¥¬, ¯à¨¢¥¤¥ ï ä®à¬  ¯à¨ ª®ªà¥â¨§ æ¨¨

¯à®¨§¢®«ìëå äãªæ¨© ¬®¦¥â ¯®à®¦¤ âì ª ª íª¢¨¢ «¥âë¥, â ª ¨

¥íª¢¨¢ «¥âë¥ á¨áâ¥¬ë. �«ï ª« áá¨ä¨ª æ¨¨ ¬®¦¥áâ¢  ¢®§¨ª î-

é¨å á¨áâ¥¬ ¨á¯®«ì§ã¥¬ëå §¤¥áì ç¨á«®¢ëå ¨¢ à¨ â®¢ ¥ ¤®áâ â®ç®.

� ¤ ®¬ à §¤¥«¥ ¯à¨¢¥¤¥ë ¥ª®â®àë¥ à¥§ã«ìâ âë ¯® ª« áá¨ä¨ª -
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æ¨¨ ¬®¦¥áâ¢  á¨áâ¥¬, ¯®à®¦¤ ¥¬ëå ¯à¨¢¥¤¥®© ä®à¬®© ¤«ï á«ãç ï

n = 3.

� ç¥¬ á ¨¢®«îâ¨¢ëå  ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ (3.1), â.¥.

â ª¨å á¨áâ¥¬, ¤«ï ª®â®àëå  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥

ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬. �¢®«îâ¨¢®áâì F ®§ ç ¥â, çâ® F = F1, £¤¥

F1 | ¢â®à®© ç«¥ ¢ ¯à®¨§¢®¤®¬ àï¤¥ (1.60). � â¥à¬¨ å ¨¢ à¨ â®¢

â¨¯ ¨¢®«îâ¨¢ëå á¨áâ¥¬ å à ªâ¥à¨§ã¥âáï à ¢¥áâ¢®¬

dimF = dimF1 = p:

�à®¢¥àª  ¨¢®«îâ¨¢®áâ¨ í«¥¬¥â à : ¤®áâ â®ç® ¯®ª § âì, çâ®

¡ §¨á®¥ á¥¬¥©áâ¢® (3.16)  ää¨®£® à á¯à¥¤¥«¥¨ï F ï¢«ï¥âáï  ä-

ä¨® ¯®«ë¬, â.¥. ¢ë¯®«ïîâáï à ¢¥áâ¢ 

[f�; f�] = �

��(y)f ; �; � = 0; 1; : : : ; p;  = 1; : : : ; p:

�¥®à¥¬  3.3. �¢®«îâ¨¢ ï  ää¨ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (3.1)

«®ª «ì® íª¢¨¢ «¥â  ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:

_xi = 0; i = 1; : : : ; n; (3.18)�
_x1 = 1;

_xk = 0; k = 2; : : : ; n;
(3.19)

�
_xi = 0; i = 1; : : : ; n� p;

_xk = vk; k = n� p+ 1; : : : ; n;
(3.20)

8<
:

_xi = 0; i = 1; : : : ; n� p� 1;

_xn�p = 1;

_xk = vk; k = n� p+ 1; : : : ; n;

(3.21)

_xi = vi; i = 1; : : : ; n; (3.22)�
_x1 = 1;

_xk = vk; k = 2; : : : ; n:
(3.23)

� ® ª   §  â ¥ « ì á â ¢ ®. �á«¨ p = 0, â® á¨áâ¥¬  (3.1) ï¢«ï¥âáï á¨á-

â¥¬®© ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �á«¨ ¯à¨ íâ®¬

l = 1, â® íâ® á¨áâ¥¬  ¡¥§ ®á®¡ëå â®ç¥ª, ¨, áâ «® ¡ëâì, ® , á®£« á®

â¥®à¥¬¥ 1.3, «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.19). �á«¨ p = l = 0, â®

ã á¨áâ¥¬ë (3.1) ¯à ¢ë¥ ç áâ¨ â®¦¤¥áâ¢¥® à ¢ë ã«î, ¨, á«¥¤®¢ -

â¥«ì®, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ (3.18). � ª¦¥ ®ç¥¢¨¤®, çâ® ¥á«¨ p = n,

â® á¨áâ¥¬  (3.1) íª¢¨¢ «¥â  (¯® ã¯à ¢«¥¨ï¬) á¨áâ¥¬¥ _y = v, y 2M ,

v 2 Rn, ¨¡® ®¨ ®¯à¥¤¥«ïîâ ®¤¨ ª®¢ë¥  áá®æ¨¨à®¢ ë¥ à á¯à¥¤¥«¥-
¨ï F : y 7! TMy. � ª¨¬ ®¡à §®¬, ¢ íâ®¬ á«ãç ¥ ¯à¨å®¤¨¬ ª á¨áâ¥¬¥
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(3.22). �á«¨ 0 < p < n, â® ¡ §¨á®¥ á¥¬¥©áâ¢® F ï¢«ï¥âáï  ää¨® ¯®«-

ë¬ á¥¬¥©áâ¢®¬ (á ®â¬¥ç¥ë¬ ¯®«¥¬). �§ â¥®à¥¬ë 1.20 á«¥¤ã¥â, çâ®

á¨áâ¥¬  (3.1) «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.20), ¥á«¨ l = p. �á«¨

l = p+ 1; l 6= n, â® á¨áâ¥¬  (3.1) «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.21).

�á«¨ l = p + 1 = n, â® á¨áâ¥¬  (3.1) «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥

(3.23). 2

� ¬¥ç ¨¥ 3.2. �«ï ¨¢®«îâ¨¢®© á¨áâ¥¬ë ä ªâ «®ª «ì®© íª¢¨-

¢ «¥â®áâ¨ â®© ¨«¨ ¨®© á¨áâ¥¬¥ (3.18){(3.23) ®¯à¥¤¥«ï¥âáï «¨èì § -

ç¥¨ï¬¨ n, p, l,   ¯¥à¥å®¤ ª íª¢¨¢ «¥â®© á¨áâ¥¬¥ ®áãé¥áâ¢«ï¥âáï á

¯®¬®éìî à¥è¥¨ï ¥ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ì-

ëå ãà ¢¥¨© ¨ «¨¥©®£® ¯à¥®¡à §®¢ ¨ï.

� ¬¥ç ¨¥ 3.3. �¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë (3.1), ¤«ï ª®â®àëå p = n,

 §®¢¥¬ âà¨¢¨ «ìë¬¨. �à¨¢¨ «ìë¥ á¨áâ¥¬ë ®¡à §ãîâ ¯®¤â¨¯ ¨¢®-

«îâ¨¢ëå á¨áâ¥¬. �á¥ âà¨¢¨ «ìë¥ á¨áâ¥¬ë (¤«ï ¤ ®£® § ç¥¨ï n)

íª¢¨¢ «¥âë á¨áâ¥¬¥ (3.21). � §¢ ¨¥ ®¡ãá«®¢«¥® â¥¬, çâ® ¯® áãé¥-

áâ¢ã «î¡ ï § ¤ ç  ã¯à ¢«¥¨ï ¤«ï â ª¨å á¨áâ¥¬ ï¢«ï¥âáï âà¨¢¨ «ì®©,

¨¡® «î¡ ï ¥¯à¥àë¢ ï ªãá®ç® C1-£« ¤ª ï ªà¨¢ ï ï¢«ï¥âáï à¥è¥¨-

¥¬.

� áá¬®âà¨¬ â¥¯¥àì ¤àã£®© â¨¯  ää¨ëå á¨áâ¥¬ (3.1), å à ªâ¥à¨-

§ãîé¨©áï à ¢¥áâ¢®¬ p = n� 1. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.4. �ää¨ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (3.1), ¤«ï ª®â®à®©

p = n � 1, n > 1, «®ª «ì® íª¢¨¢ «¥â  ¢ â®çª¥ y0, ï¢«ïîé¥©áï

à¥£ã«ïà®© ¤«ï CtK, ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:�
_xi = vi; i = 1; : : : ; n� 1;

_xn = 0;
(3.24)�

_xi = vi; i = 1; : : : ; n� 1;

_xn = x1v2 + : : :+ x2k�1v2k;
(3.25)�

_xi = vi; i = 1; : : : ; n� 1;

_xn = 1;
(3.26)�

_xi = vi; i = 1; : : : ; n� 1;

_xn = 1 + x1v2 + : : :+ x2k�1v2k;
(3.27)�

_xi = vi; i = 1; : : : ; n� 1;

_xn = xn�1;
(3.28)�

_xi = vi; i = 1; : : : ; n� 1;

_xn = xn�1 + x1v2 + : : :+ x2j�1v2j ;
(3.29)

£¤¥ k; j = 1; : : : ; (n� 2)=2, ¥á«¨ n ç¥â®, n>4; k = 1; : : : ; (n� 1)=2, ¥á«¨

n ¥ç¥â®, n>3; j = 1; : : : ; (n� 3)=2, ¥á«¨ n ¥ç¥â®, n>5.
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�®ª  §  â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  ¢ë¯®«ï-

îâáï à ¢¥áâ¢  p = l = n � 1, â.¥. á«ãç © á¨¬¬¥âà¨ç¥áª®© á¨áâ¥¬ë.

� §¨á ï t-á¨áâ¥¬  �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K ï¢«ï¥âáï ¯® áãé¥-

áâ¢ã ®¡ëç®© á¨áâ¥¬®© �ä ää , § ¤ ®© ¢ ®¡« áâ¨ M ¨ á®áâ®ïé¥©

¨§ ®¤®£® ãà ¢¥¨ï

!i(y)dy
i = 0: (3.30)

� ¬¥â¨¬, çâ® CtK = CtF? = CF? (¨¡® F ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬).

�®£« á® â¥®à¥¬¥ 1.16, ãà ¢¥¨¥ (3.30) «®ª «ì® íª¢¨¢ «¥â® ®¤®-

¬ã ¨§ ãà ¢¥¨© (1.142), (1.143) ¢ § ¢¨á¨¬®áâ¨ ®â à £  CF?, ª®â®àë©

¬®¦¥â ¡ëâì «î¡ë¬ ¥ç¥âë¬ ç¨á«®¬ 2k+16n, £¤¥ k = 0; 1; : : : �¥âàã¤-

® ¢¨¤¥âì, çâ® ¢§ ¨¬ë¬ á¥¬¥©áâ¢®¬ (¢ íâ®¬ á«ãç ¥ ¬®¦® £®¢®à¨âì

®¡ ®¡ëçëå á¥¬¥©áâ¢ å ¡¥§ ®â¬¥ç¥®£® ¯®«ï) ¤«ï ãà ¢¥¨ï (1.142)

ï¢«ï¥âáï á¥¬¥©áâ¢®

gi =
@

@xi
; i = 1; : : : ; n� 1; (3.31)

  ¤«ï ãà ¢¥¨© (1.143) | á¥¬¥©áâ¢ 

g1 =
@

@x1
; g2 =

@

@x2
+ x1

@

@xn
; : : : ;

g2k�1 =
@

@x2k�1
; g2k =

@

@x2k
+ x2k�1

@

@xn
;

gi =
@

@xi
; i = 2k + 1; : : : ; n� 1:

(3.32)

�¥¬¥©áâ¢ã (3.31) á®®â¢¥âáâ¢ã¥â (¨¢®«îâ¨¢ ï) á¨áâ¥¬  (3.24),   á¥¬¥©-

áâ¢ ¬ (3.32) | á¨áâ¥¬ë (3.25). �ãáâì â¥¯¥àì p 6= l. � íâ®¬ á«ãç ¥ F ¥

ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬. � áá¬®âà¨¬ ¡ §¨á®¥ t-ãà ¢¥¨¥ �ä ää 

t-ª®à á¯à¥¤¥«¥¨ï K

!i(y)dy
i + !n+1(y)dt = 0: (3.33)

�®£« á® â¥®à¥¬¥ 1.24, ãà ¢¥¨¥ (3.33) «®ª «ì® t-íª¢¨¢ «¥â® ®¤®-

¬ã ¨§ ãà ¢¥¨© (1.181){(1.184) ¢ § ¢¨á¨¬®áâ¨ ®â à £  CtK, ª®â®àë©

¢ ¤ ®¬ á«ãç ¥ ¬®¦¥â ¡ëâì «î¡ë¬ ç¨á«®¬ ®â 1 ¤® n. � «®£¨çë¬

®¡à §®¬ ¯®áâà®¨¢ ¢§ ¨¬ë¥ á¥¬¥©áâ¢  ¯®«¥© á ®â¬¥ç¥ë¬ ¯®«¥¬ ¤«ï

ãà ¢¥¨© (1.181){(1.184), ¯®«ãç¨¬ á ¯®¬®éìî ¨å  ää¨ë¥ ã¯à ¢-

«ï¥¬ë¥ á¨áâ¥¬ë (3.26){(3.29). 2

� ¬¥ç ¨¥ 3.4. �«ï á¨áâ¥¬ë (3.1) ä ªâ «®ª «ì®© íª¢¨¢ «¥â®-

áâ¨ â®© ¨«¨ ¨®© á¨áâ¥¬¥ (3.24){(3.29) ®¯à¥¤¥«ï¥âáï «¨èì § ç¥¨ï¬¨
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n, l ¨ CtK (¯®á«¥¤ïï ¢¥«¨ç¨   å®¤¨âáï í«¥¬¥â àë¬¨ ¢ëç¨á«¥¨-

ï¬¨),   ¯¥à¥å®¤ ª á®®â¢¥âáâ¢ãîé¥© íª¢¨¢ «¥â®© á¨áâ¥¬¥ ®áãé¥áâ¢«ï-

¥âáï á ¯®¬®éìî à¥è¥¨ï ¥ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥-

æ¨ «ìëå ãà ¢¥¨© ¨ ¥ª®â®àëå ®¯¥à æ¨© ¨§ «¨¥©®©  «£¥¡àë.

� «¥¥ â¨¯ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ¡ã¤¥â å à ªâ¥à¨§®¢ âìáï à §¬¥à®-

áâìî ä §®¢®£® ¯à®áâà áâ¢ . �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥®à¥¬  3.5. �¨áâ¥¬  (3.1), ¤«ï ª®â®à®© n = 1, «®ª «ì® íª¢¨¢ -

«¥â  ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:

_x1 = 0; _x1 = 1; _x1 = v1: (3.34)

� ® ª   §  â ¥ « ì á â ¢ ® â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ â®£® ä ªâ , çâ® ¯à¨ n =

= 1  ää¨ ï á¨áâ¥¬  ï¢«ï¥âáï ¨¢®«îâ¨¢®©, ¨ ¨§ â¥®à¥¬ë 3.3. 2

�¥®à¥¬  3.6. �¨áâ¥¬  (3.1), ¤«ï ª®â®à®© n = 2, «®ª «ì® íª¢¨-

¢ «¥â  ¢ â®çª¥, ï¢«ïîé¥©áï à¥£ã«ïà®© ¤«ï CtK, ®¤®© ¨§ á«¥¤ã-

îé¨å á¨áâ¥¬: �
_x1 = 0;

_x2 = 0;

�
_x1 = 1;

_x2 = 0;

�
_x1 = 0;

_x2 = v1;
(3.35)

�
_x1 = 1;

_x2 = v1;

�
_x1 = x2;

_x2 = v1;

�
_x1 = v1;

_x2 = v2:
(3.36)

� ® ª   §  â ¥ « ì á â ¢ ® â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ â®£® ä ªâ , çâ® ¯à¨ n =

= 2  ää¨ ï á¨áâ¥¬  ï¢«ï¥âáï «¨¡® ¨¢®«îâ¨¢®©, «¨¡® ¯à¨ ¤«¥-

¦¨â â¨¯ã p = n� 1, ¨ ¨§ â¥®à¥¬ 3.3, 3.4. 2

�¥®à¥¬  3.7. �¨áâ¥¬  (3.1), ¤«ï ª®â®à®© n = 3, «®ª «ì® íª¢¨¢ -

«¥â  ¢ â®çª¥, ï¢«ïîé¥©áï à¥£ã«ïà®© ¤«ï F1, SpanF1, CtK, CtK1,

®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:8<
:

_x1 = 0;

_x2 = 0;

_x3 = 0;

8<
:

_x1 = 1;

_x2 = 0;

_x3 = 0;

8<
:

_x1 = 0;

_x2 = 0;

_x3 = v1;

8<
:

_x1 = 0;

_x2 = 1;

_x3 = v1;

(3.37)

8<
:

_x1 = 0;

_x2 = x3;

_x3 = v1;

8<
:

_x1 = 1;

_x2 = x3;

_x3 = v1;

8<
:

_x1 = x2;

_x2 = x3;

_x3 = v1;

8<
:

_x1 = 1 + x3v1;

_x2 = v1;

_x3 = H(x)v1;

(3.38)

£¤¥ H(x) | ¯à®¨§¢®«ì ï äãªæ¨ï, ¯à¨ç¥¬ @H=@x1 6= 0,8<
:

_x1 = 0;

_x2 = v1;

_x3 = v2;

8<
:

_x1 = 1;

_x2 = v1;

_x3 = v2;

8<
:

_x1 = v1;

_x2 = v2;

_x3 = v3;

(3.39)
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8<
:

_x1 = x3v1;

_x2 = v1;

_x3 = v2;

8<
:

_x1 = x2;

_x2 = v1;

_x3 = v2;

8<
:

_x1 = 1 + x3v1;

_x2 = v1;

_x3 = v2:

(3.40)

� ® ª   §  â ¥ « ì á â ¢ ®. �¨áâ¥¬ë (3.37), (3.39) á®®â¢¥âáâ¢ãîâ á«ãç ï¬

¨¢®«îâ¨¢ëå á¨áâ¥¬ ¤«ï p = 0; 1; 2; 3. �¨áâ¥¬ë (3.40) á®®â¢¥âáâ¢ãîâ

á«ãç î ¥¨¢®«îâ¨¢ëå á¨áâ¥¬ ¤«ï p = n � 1 = 2. �áâ «®áì à áá¬®-

âà¥âì á«ãç © p = 1, dimF1 = d 6= p, l = 2. �¤¥áì ¨¬¥¥âáï ¥áª®«ìª®

¢ à¨ â®¢.

1) d = 2, dimSpanF1 = 2, â.¥. F1 ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬ (F1 =

= SpanF1).

�¥âàã¤® ¢¨¤¥âì, çâ® F1 ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬ à á¯à¥¤¥«¥¨¥¬.

�¥©áâ¢¨â¥«ì®, ¥á«¨ f0, f1 | ¡ §¨á®¥ á¥¬¥©áâ¢® F (ª ª á¥¬¥©áâ¢® á

®â¬¥ç¥ë¬ ¯®«¥¬ f0), â® â®â ä ªâ, çâ® d = 2, ®§ ç ¥â, çâ® f0, f1 |

¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï F1 (ª ª á¥¬¥©áâ¢® ¡¥§ ®â¬¥ç¥®£®

¯®«ï), ª®â®à®¥ ï¢«ï¥âáï ¯®«ë¬. �®«®â  íâ®£® á¥¬¥©áâ¢  á«¥¤ã¥â ¨§

®¯à¥¤¥«¥¨ï F1 : [f0; f1] 2 LF1 = F1. � ¬¥â¨¬ â ª¦¥, çâ® dimCtK = 3,

¨¡® ¥á«¨ dimCtK = 2, â® à á¯à¥¤¥«¥¨¥ CF (ª®â®à®¥, á®£« á® â¥®à¥¬¥

1.12, à¥£ã«ïà®) ¨¬¥¥â à £, à ¢ë© 1, ¨, á«¥¤®¢ â¥«ì®, CF = LF ,

â.¥. F | ¨¢®«îâ¨¢®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥. � §¨áãî t-á¨áâ¥¬ã

�ä ää  t-ª®à á¯à¥¤¥«¥¨ï K § ¯¨è¥¬ ¢ ¢¨¤¥ (1.174)


1
i (y)dy

i + 
1
4(y)dt = 0; (3.41)


2
i (y)dy

i + 
2
4(y)dt = 0; i = 1; 2; 3; (3.42)

£¤¥ (3.41) | ¡ §¨á®¥ t-ãà ¢¥¨¥ �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K1. � ª

ª ª F1 | à á¯à¥¤¥«¥¨¥, â® ¢ (3.41) 
1
4 � 0.

�®£« á® â¥®à¥¬¥ 1.16, ãà ¢¥¨¥ (3.41) íª¢¨¢ «¥â® ãà ¢¥¨î

dz1 = 0: (3.43)

�à ¢¥¨¥ (3.42) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¯à¥®¡à §®¢ ¨¨ ¯¥à¥©¤¥â ¢ ¥-

ª®â®à®¥ ãà ¢¥¨¥

bi(z)dz
i + b4(z)dt = 0: (3.44)

�®¤áâ ®¢ª®© (3.43) ¢ (3.44), â.¥. ¥ª®â®àë¬ «¨¥©ë¬ ¯à¥®¡à §®¢ -

¨¥¬, (3.43), (3.44) ¯à¨¢®¤¨âáï ª t-á¨áâ¥¬¥, á®áâ®ïé¥© ¨§ (3.43) ¨ t-

ãà ¢¥¨ï

b2(z)dz
2 + b3(z)dz

3 + b4(z)dt = 0: (3.45)

� ¬¥â¨¬, çâ® b4 6= 0, ¨¡® p 6= l. � áá¬®âà¨¬ t-ãà ¢¥¨¥ (3.45) ¢

¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå z2; z3; t, áç¨â ï z1 ¯ à ¬¥âà®¬. �§ ¢¨¤ 

(3.43) ¨ (3.45) á«¥¤ã¥â, çâ® t-å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  �ä ää  t-

ãà ¢¥¨ï (3.45) ¯®«ãç ¥âáï ¨§ t-å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë �ä ä-

ä  t-á¨áâ¥¬ë (3.43), (3.45) ¯®¤áâ ®¢ª®© dz1 = 0 ¨ ã¤ «¥¨¥¬ ãà ¢¥¨ï
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(3.43). �âáî¤  ¨ ¨§ â®£® ä ªâ , çâ® CtK | à¥£ã«ïà®, á«¥¤ã¥â, çâ® t-

å à ªâ¥à¨áâ¨ç¥áª®¥ à á¯à¥¤¥«¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ t-ãà ¢¥¨î (3.45),

à¥£ã«ïà® (¢ ¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå z2; z3) ¨ ¨¬¥¥â à £ 2. �¥¯¥àì

®âáî¤  ¨ ¨§ â¥®à¥¬ë 1.24 «¥£ª® á«¥¤ã¥â, çâ® t-á¨áâ¥¬  �ä ää  (3.41),

(3.42) «®ª «ì® t-íª¢¨¢ «¥â  t-á¨áâ¥¬¥

dx1 = 0; dx2 � x3dt = 0; (3.46)

ª®â®à®© á®®â¢¥âáâ¢ã¥â ¯¥à¢ ï á¨áâ¥¬  áà¥¤¨  ää¨ëå á¨áâ¥¬ (3.38).

2) d = 2, dimSpanF1 = 3, â.¥. F1 ¥ ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬.

� §¨áãî t-á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K § ¯¨è¥¬ ¢ ¢¨¤¥

(3.41), (3.42), £¤¥ (3.41) | ¡ §¨á®¥ t-ãà ¢¥¨¥ �ä ää  t-ª®à á¯à¥-

¤¥«¥¨ï K1. �®¤ç¥àª¥¬, çâ® 
1
4 6= 0. �¤¥áì ¢®§¬®¦ë á«¥¤ãîé¨¥

á«ãç ¨.

 ) dimCtK1 = 1.

�®£« á® â¥®à¥¬¥ 1.24, t-ãà ¢¥¨¥ (3.41) «®ª «ì® t-íª¢¨¢ «¥â®

t-ãà ¢¥¨î

dz1 � dt = 0: (3.47)

�®¤ ¤¥©áâ¢¨¥¬ á®®â¢¥âáâ¢ãîé¥© § ¬¥ë ¯¥à¥¬¥ëå ¨ ¯®¤áâ ®¢ª¨

(3.47) t-ãà ¢¥¨¥ (3.42) ¯à¥®¡à §ã¥âáï ¢ ¥ª®â®à®¥ t-ãà ¢¥¨¥ (3.45).

� áá¬®âà¨¬ ¥ª®â®à®¥ ¢§ ¨¬®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© �0; �1 (á

®â¬¥ç¥ë¬ ¯®«¥¬) ª t-á¨áâ¥¬¥ (3.47), (3.45). � ª ª ª �0 2 F , �1 2 LF ,
â® ¨§ ¢¨¤  (3.47) ¢ëâ¥ª ¥â, çâ® �10 = 1; �11 = 0. � ª ª ª �1 6= 0, â®

¯®á«¥ ¥ª®â®à®© § ¬¥ë ª®®à¤¨ â zi ! zi ¯®«¥ �1 ¯à¥®¡à §ã¥âáï ¢

¯®«¥ (0; 0; 1). �à¨ íâ®¬ ®ç¥¢¨¤®, çâ® íâã § ¬¥ã ¬®¦® ¢ë¡à âì â ª,

çâ® ¯¥à¥¬¥ ï z1 ¥ ¯à¥®¡à §ã¥âáï, â.¥. z1 = z1. � ®¢®© á¨áâ¥¬¥

ª®®à¤¨ â ¨¬¥¥âáï ¢§ ¨¬ ï (ª �0; �1) t-á¨áâ¥¬  �ä ää  ¢¨¤ 

dz1 � dt = 0; dz2 + a(z)dt = 0: (3.48)

�®ª ¦¥¬, çâ® @a=@z3 6= 0. �ëç¨á«¨¬ ¢¥è¨© ¤¨ää¥à¥æ¨ « ¢â®à®©

ä®à¬ë ¢ (3.48)

d(dz2 + a(z)dt) =
@a

@z1
dz1 ^ dt+ @a

@z2
dz2 ^ dt+ @a

@z3
dz3 ^ dt: (3.49)

�â®â ¢¥è¨© ¤¨ää¥à¥æ¨ « ¢ á¨«ã (3.48) ¥ ¤®«¦¥ ¡ëâì à ¢¥ ã«î

(íâ® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.23). �® ¯®á«¥ ¯®¤áâ ®¢ª¨ (3.48) ¢ (3.49)

®áâ ¥âáï (@a=@z3)dz3 ^ dt. �«¥¤®¢ â¥«ì®, @a=@z3 6= 0. � ¬¥®©

¯¥à¥¬¥ëå x1 = z1; x2 = z2; x3 = �a(z) t-á¨áâ¥¬  (3.48) ¯à¥®¡à §ã¥âáï
¢ t-á¨áâ¥¬ã �ä ää 

dx1 � dt = 0; dx2 � x3dt = 0;
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ª®â®à®© á®®â¢¥âáâ¢ã¥â ¢â®à ï á¨áâ¥¬  áà¥¤¨  ää¨ëå á¨áâ¥¬ (3.38).

¡) CtK1 = 2.

�®£« á® â¥®à¥¬¥ 1.24, t-ãà ¢¥¨¥ (3.41) «®ª «ì® t-íª¢¨¢ «¥â®

t-ãà ¢¥¨î

dx1 � z2dt = 0: (3.50)

�®á«¥ á®®â¢¥âáâ¢ãîé¥© § ¬¥ë ¯¥à¥¬¥ëå ¨ ¯®¤áâ ®¢ª¨ (3.50) t-

ãà ¢¥¨¥ (3.42) ¯à¥®¡à §ã¥âáï ¢ ¥ª®â®à®¥ t-ãà ¢¥¨¥ (3.45). � ¬¥-

â¨¬, çâ® ®¤®¢à¥¬¥® b2 ¨ b4 ¥ à ¢ë ã«î. � ¯à®â¨¢®¬ á«ãç ¥

¢¥è¨© ¤¨ää¥à¥æ¨ «

d(dz1 � z2dt) = dz2 ^ dt (3.51)

¥ ¬®¦¥â ¡ëâì à ¢¥ ã«î ¢ á¨«ã t-á¨áâ¥¬ë (3.50), (3.45). �ãáâì b2 6= 0

(á«ãç © b4 6= 0 ¯à¨¢®¤¨â ª â®¬ã ¦¥ à¥§ã«ìâ âã). �à¥®¡à §ã¥¬ (3.45) ª

¢¨¤ã

dz2 � b3dz
3 � b4dt = 0: (3.52)

�¥è¨© ¤¨ää¥à¥æ¨ « (3.51) ¤®«¦¥ ¡ëâì à ¢¥ ã«î ¢ á¨«ã (3.50)

¨ (3.52). �®á«¥ ¯®¤áâ ®¢ª¨ (3.52) ¢ (3.51) ¨¬¥¥¬

d(dz1 � z2dt) = b3dz
3 ^ dt+ b4dt ^ dt = b3dz

3 ^ dt:

�«¥¤®¢ â¥«ì®, b3 = 0. �®ª ¦¥¬ â¥¯¥àì, çâ® @b4=@z
3 6= 0. �ëç¨á«¨¬

¢¥è¨© ¤¨ää¥à¥æ¨ «

d(dz2 � b4dt) = � @b4
@z1

dz1 ^ dt� @b4

@z2
dz2 ^ dt @b4

@z3
dz3 ^ dt: (3.53)

� á¨«ã t-á¨áâ¥¬ë (3.50), (3.52) ® ¥ ¤®«¦¥ ¡ëâì à ¢¥ ã«î. �®á«¥

¯®¤áâ ®¢ª¨ (3.50) ¨ (3.52) ¢ (3.53) ¯®«ãç¨¬, çâ®

d(dz2 � b4dt) = (�@b4=@z3)dz3 ^ dt:

�«¥¤®¢ â¥«ì®, @b4=@z
3 6= 0. � ¬¥®© ¯¥à¥¬¥ëå x1 = z1; x2 =

= z2; x3 = b4(z) t-á¨áâ¥¬  (3.50), (3.52) ¯à¨¢®¤¨âáï ª t-á¨áâ¥¬¥

dx1 � x2dt = 0; dx2 � x3dt = 0;

ª®â®à®© á®®â¢¥âáâ¢ã¥â âà¥âìï á¨áâ¥¬  áà¥¤¨  ää¨ëå á¨áâ¥¬ (3.38).

¢) dimCtK1 = 3.

�®£« á® â¥®à¥¬¥ 1.24, t-ãà ¢¥¨¥ (3.41) «®ª «ì® t-íª¢¨¢ «¥â®

t-ãà ¢¥¨î

dx1 � x3dx2 � dt = 0: (3.54)
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�®á«¥ á®®â¢¥âáâ¢ãîé¥© § ¬¥ë ¯¥à¥¬¥ëå ¨ ¯®¤áâ ®¢ª¨ (3.54) t-

ãà ¢¥¨¥ (3.42) ¯à¥®¡à §ã¥âáï ¢ ¥ª®â®à®¥ t-ãà ¢¥¨¥

b2(x)dx
2 + b3(x)dx

3 + b4(x)dt = 0: (3.55)

� ¬¥â¨¬, çâ® ®¤®¢à¥¬¥® b2 ¨ b3 ¥ à ¢ë ã«î. � ¯à®â¨¢®¬ á«ãç ¥

¢¥è¨© ¤¨ää¥à¥æ¨ «

d(dx1 � x3dx2 � dt) = �dx3 ^ dx2 (3.56)

¥ ¬®¦¥â ¡ëâì à ¢¥ ã«î ¢ á¨«ã (3.54), (3.55).

�ãáâì b3 6= 0 (á«ãç © b2 6= 0 ¯à¨¢®¤¨â ª â®¬ã ¦¥ à¥§ã«ìâ âã).

�à¥®¡à §ã¥¬ (3.55) ª ¢¨¤ã

b2dx
2 + dx3 + b4dt = 0: (3.57)

�¥è¨© ¤¨ää¥à¥æ¨ « (3.56) ¤®«¦¥ ¡ëâì à ¢¥ ã«î ¢ á¨«ã (3.54)

¨ (3.57). �®á«¥ ¯®¤áâ ®¢ª¨ (3.57) ¢ (3.56) ¯®«ãç¨¬

d(dx1 � x3 � dt) = �b4dt^ dx2:

�«¥¤®¢ â¥«ì®, b4 = 0. � ª¨¬ ®¡à §®¬, ¥á«¨ ¯®«®¦¨âì b2(x) = �H(x),

â® t-ãà ¢¥¨¥ (3.57) ¯à¨¬¥â ¢¨¤

dx3 �H(x)dx2 = 0: (3.58)

�á®, çâ® t-á¨áâ¥¬¥ (3.54), (3.58) á®®â¢¥âáâ¢ã¥â ç¥â¢¥àâ ï á¨áâ¥¬  áà¥-

¤¨  ää¨ëå á¨áâ¥¬ (3.38). �®ª ¦¥¬, çâ® @H=@x1 6= 0. �ëç¨á«¨¬

¢¥è¨© ¤¨ää¥à¥æ¨ «

d(dx3 �Hdx2) = � @H
@x1

dx1 ^ dx2 � @H

@x3
dx3 ^ dx2: (3.59)

� á¨«ã (3.54), (3.58) ® ¥ ¤®«¦¥ ¡ëâì à ¢¥ ã«î. �®¤áâ ¢«ïï (3.54)

¨ (3.58) ¢ (3.59), ¯®«ãç¨¬, çâ® ® à ¢¥ �(@H=@x1)dt ^ dx2. �«¥¤®¢ -
â¥«ì®, @H=@x1 6= 0: 2

�«ï n = 3 áà¥¤¨ á¨áâ¥¬, ª ª®â®àë¬ ¯à¨¢®¤¨âáï «î¡ ï  ää¨ ï á¨-

áâ¥¬ , ¨¬¥¥âáï á¨áâ¥¬ , á®¤¥à¦ é ï ¯à®¨§¢®«ìãî äãªæ¨î H(x), â.¥.

¯à¨¢¥¤¥ ï ä®à¬  (¤àã£¨¥ á¨áâ¥¬ë (3.37){(3.40), ï¢«ïîâáï ª ®¨ç¥-

áª¨¬¨ ä®à¬ ¬¨). �¨áâ¥¬ë á à §«¨çë¬¨ H ¬®£ãâ ¡ëâì íª¢¨¢ «¥â-

ë¬¨, ¯à¨ç¥¬, ª ª ¡ã¤¥â ¯®ª § ® ¤ «¥¥, ä ªâ íª¢¨¢ «¥â®áâ¨ (¨«¨

®âáãâáâ¢¨¥ ¥£®) ¯à®¢¥àï¥âáï  «£¥¡à ¨ç¥áª¨¬¨ ¢ëç¨á«¥¨ï¬¨. �¬¥áâ¥

á â¥¬ ¨¬¥¥âáï ¡¥áª®¥ç®¥ ç¨á«® ¥íª¢¨¢ «¥âëå á¨áâ¥¬. �¥©áâ¢¨-

â¥«ì®, ª ª ¬®¦® ¤®ª § âì (á¬. ¯à¨¬¥à 3.1), á¨áâ¥¬ë á äãªæ¨ï¬¨
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H = (x1)q ¨ H = (x1)p; p 6= q, £¤¥ p; q |  âãà «ìë¥ ç¨á« , ¥ íª¢¨-

¢ «¥âë. �â¬¥â¨¬, çâ®, á®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë, ¢®¯à®á,

ª ª ª®© ¨§ á¨áâ¥¬ (3.37){(3.40) ¯à¨¢®¤¨âáï ¤  ï  ää¨ ï á¨áâ¥¬ 

(3.1) (¤«ï ª®â®à®© n = 3), à¥è ¥âáï ¢ëç¨á«¥¨¥¬ ¥ª®â®àëå ¨¢ à¨ -

â®¢, â.¥. ç¨áâ®  «£¥¡à ¨ç¥áª¨. �à¨ íâ®¬ ¯à¥®¡à §®¢ ¨ï íª¢¨¢ «¥â-

®áâ¨  å®¤ïâáï á ¯®¬®éìî à¥è¥¨ï ¥ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©.

�áá«¥¤ã¥¬ ¢®¯à®á ® â®¬, ª®£¤  ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë, ¯®«ãç îé¨-

¥áï ¯®¤áâ ®¢ª®© ¢ ¯à¨¢¥¤¥ãî ä®à¬ã à §ëå äãªæ¨© H, íª¢¨¢ -

«¥âë. �«ï íâ®£®  àï¤ã á á¨áâ¥¬®©8<
:

_x = 1 + zu;

_y = u;

_z = H(x; y; z)u; @H=@x 6= 0;

(3.60)

à áá¬®âà¨¬ á¨áâ¥¬ã8<
:

_x0 = 1 + z0v;

_y0 = v;

_z0 = L(x0; y0; u0)v; @L=@x0 6= 0:

(3.61)

�¨¦¥, ¤«ï «ãçè¥© ®¡®§à¨¬®áâ¨ ä®à¬ã«, ç áâë¥ ¯à®¨§¢®¤ë¥ äãª-

æ¨¨ ¯® ¥¥  à£ã¬¥â ¬ ¡ã¤¥¬ ®¡®§ ç âì ¨¦¨¬¨ ¨¤¥ªá ¬¨. � ¯à¨-

¬¥à, Hx, Lx0 .

B®¯à®á ®¡ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ (3.60) ¨ (3.61) á¢®¤¨âáï ª ¢®¯à®áã

® t-íª¢¨¢ «¥â®áâ¨ t-á¨áâ¥¬ �ä ää �
dx� z dy � dt = 0;

dz �H dy = 0;
(3.62)

�
dx0 � z0 dy0 � dt = 0;

dz0 � Ldy0 = 0:
(3.63)

�¥âàã¤® ¢¨¤¥âì, çâ® t-á¨áâ¥¬ë (3.62), (3.63) t-íª¢¨¢ «¥âë â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï § ¬¥  ¯¥à¥¬¥ëå8<
:
x0 = �(x; y; z);

y0 = �(x; y; z);

z0 = (x; y; z)

(3.64)

¨ â ª ï äãªæ¨ï �(x; y; z), çâ®�
d��  d� = dx� z dy;

d � L(�; �; ) d� = (dz �H(x; y; z) dy)�(x; y; z):
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�âáî¤  á«¥¤ã¥â, çâ® äãªæ¨¨ �, �,  ¨ � ¤®«¦ë ã¤®¢«¥â¢®àïâì

á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©8>>>>>><
>>>>>>:

�x = �x + 1;

�y = �y � z;

�z = �z ;

x = L(�; �; )�x;

y = L(�; �; )�y � �(x; y; z)H(x; y; z);

z = L(�; �; )�z + �(x; y; z):

(3.65)

�à ¢¥¨ï (3.65) ï¢«ïîâáï á¨áâ¥¬®© ãà ¢¥¨© á ®¤¨ ª®¢®© £« ¢-

®© ç áâìî ®â®á¨â¥«ì® ¥¨§¢¥áâëå äãªæ¨© � ¨ . �«ï ¥¥  «£¥¡-

à ¨ç¥áª¨¥ ãá«®¢¨ï á®¢¬¥áâ®áâ¨ (à ¢¥áâ¢® á¬¥è ëå ¯à®¨§¢®¤ëå

�xy = �yx, xy = yx ¨ â.¤. ¢ á¨«ã á¨áâ¥¬ë (3.65)) ¯à¨¢®¤ïâ ª ¤¨ä-

ä¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ ®â®á¨â¥«ì® � ¨ �. � ¢¥áâ¢® �xy = �yx
¯à¨¢®¤¨â ª à ¢¥áâ¢ã �x = 0 ¨, á«¥¤®¢ â¥«ì®, ª à ¢¥áâ¢ ¬ �x = 1,

x = 0. �â¨ à ¢¥áâ¢  ¯®§¢®«ïîâ ¤®¯®«¨âì á¨áâ¥¬ã (3.65):8>>>>>>>><
>>>>>>>>:

�x = 1;

�y = �y � z;

�z = �z ;

�x = 0;

x = 0;

y = L(�; �; )�y � �H(x; y; z);

z = L(�; �; )�z + �:

(3.66)

� «¥¥ ¨§ à ¢¥áâ¢  �yz = �zy á«¥¤ã¥â, çâ®

�yz � �zy = 1: (3.67)

�âáî¤ , ªáâ â¨, ¢ëâ¥ª ¥â, çâ® ïª®¡¨  ¯à¥®¡à §®¢ ¨ï (3.64) à ¢¥ 1:

@(x0y0z0)

@(xyz)
=

������
1 �y �z
0 �y �z
0 y z

������ = �yz � �zy = 1:

�®¤áâ ¢«ïï ¯à®¨§¢®¤ë¥ y ¨ z ¢ à ¢¥áâ¢® (3.67), ¯®«ãç¨¬

�(�y +H(x; y; z)�z) = 1: (3.68)

�à®¤®«¦¨¬ ¯à®¢¥àªã ãá«®¢¨© á®¢¬¥áâ®áâ¨. � ª ª ª  ¥ § ¢¨á¨â

®â x, â® ¨§ ¯®á«¥¤¨å ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (3.66) ¯®«ãç¨¬

�y =
(�H(x; y; z))x

Lx0 (�; �; )
; �z = � �x

Lx0 (�; �; )
: (3.69)
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�®¤áâ ¢«ïï ãà ¢¥¨ï (3.69) ¢ ãà ¢¥¨¥ (3.68), ¯®«ãç¨¬ á®®â®è¥¨¥

¤«ï �:

�2 =
Lx0(�; �; )

Hx(x; y; z)
> 0: (3.70)

�à¨á®¥¤¨ïï ãà ¢¥¨ï (3.69) ª á¨áâ¥¬¥ (3.66), ¯®«ãç¨¬ \®¡ëçãî"

á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ç áâëå ¯à®¨§¢®¤ëå á ®¤¨-

 ª®¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì® äãªæ¨© �, � ¨ :8>>>>>>>>>>>><
>>>>>>>>>>>>:

�x = 1;

�y = (�H(x; y; z))x=Lx0(�; �; ) � z;

�z = ��x=Lx0(�; �; );
�x = 0;

�y = (�H(x; y; z))x=Lx0(�; �; );

�z = ��x=Lx0(�; �; );
x = 0;

y = L(�; �; )(�H)x=Lx0 � �H(x; y; z);

z = �L(�; �; )�x=Lx0 + �;

(3.71)

£¤¥ � ã¤®¢«¥â¢®àï¥â á®®â®è¥¨î (3.70).

� ¬¥â¨¬, çâ®   á ¬®¬ ¤¥«¥ ¨¬¥îâáï ¤¢¥ á¨áâ¥¬ë (3.71): ®¤  á®-

®â¢¥âáâ¢ã¥â § ç¥¨î

� =
p
Lx0 (�; �; )=Hx(x; y; z) > 0; (3.72)

  ¤àã£ ï |

� = �
p
Lx0(�; �; )=Hx(x; y; z) < 0: (3.73)

�â ª, ¢®¯à®á ®¡ íª¢¨¢ «¥â®áâ¨  ää¨ëå á¨áâ¥¬ (3.60), (3.61)

á¢®¤¨âáï ª ¢®¯à®áã ® á®¢¬¥áâ®áâ¨ á¨áâ¥¬ ãà ¢¥¨© á ®¤¨ ª®¢®© £« ¢-

®© ç áâìî (3.71), (3.72) ¨ (3.71), (3.73). �®£« á® à §¤¥«ã 1.7, á®¢¬¥áâ-

®áâì â ª¨å á¨áâ¥¬ ¯à®¢¥àï¥âáï á ¯®¬®éìî í«¥¬¥â àëå  «£¥¡à ¨-

ç¥áª¨å ®¯¥à æ¨©,   à¥è¥¨¥ á¨áâ¥¬ë  å®¤¨âáï á ¯®¬®éìî à¥è¥¨©

¥ª®â®àëå á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. � -

¦¤®¥ à¥è¥¨¥ á¨áâ¥¬ë (3.71), (3.72) ¨«¨ á¨áâ¥¬ë (3.71), (3.73) ®¯à¥¤¥-

«ï¥â ¤¨ää¥®¬®àä¨§¬ (3.64), ®áãé¥áâ¢«ïîé¨© íª¢¨¢ «¥â®áâì á¨áâ¥¬

(3.60) ¨ (3.61).

�à®¤®«¦¨¬ ¯à®¢¥àªã á¨áâ¥¬ë (3.71)   á®¢¬¥áâ®áâì. �§ ãá«®¢¨ï

¥§ ¢¨á¨¬®áâ¨ äãªæ¨¨ � ®â x á«¥¤ã¥â à ¢¥áâ¢®

2

�
Lx0x0

Lx0

�
x0
�
�
Lx0x0

Lx0

�2

= 2

�
Hxx

Hx

�
x

�
�
Hxx

Hx

�2

: (3.74)

� ª®¥æ, ¨§ ¯®á«¥¤¥£® ãá«®¢¨ï á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë (3.71) yz =

= zy á«¥¤ã¥â à ¢¥áâ¢®

Lz0 (�; �; ) = z�x + �y + (�H(x; y; z))z:
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�á«¨ ¨§ á®®â®è¥¨ï (3.70)  ©â¨ ¯à®¨§¢®¤ë¥ äãªæ¨¨ � ¨ ¯®¤áâ ¢¨âì

¨å ¢ ¯®á«¥¤¥¥ à ¢¥áâ¢®, â® ¯®«ãç¨¬

1p
jLx0 j

�
2Lz0 � 1

Lx0
(z0Lx0x0 + Lx0y0 + LLx0z0 )

�
=

=
�1p
jHxj

�
2Hz � 1

Hx

(zHxx +Hxy +HHxz)

�
:

(3.75)

� ¯à ¢®© ç áâ¨ ¢ëà ¦¥¨ï (3.75) § ª ¯«îá á®®â¢¥âáâ¢ã¥â á¨áâ¥¬¥

ãà ¢¥¨© (3.71), (3.72),   ¬¨ãá | á¨áâ¥¬¥ ãà ¢¥¨© (3.71), (3.73).

�á«¨ ¢¢¥áâ¨ ¤¢  ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à 

I1(H) = 2

�
Hxx

Hx

�
x

�
�
Hxx

Hx

�2

; (3.76)

I2(H) =
1p
jHxj

�
2Hz � 1

Hx

(zHxx +Hxy +HHxz)

�
; (3.77)

  äãªæ¨¨, ¯®«ãç îé¨¥áï ¢ à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï ®¯¥à â®à®¢, ®¡®§ -

ç¨âì ç¥à¥§ I1(H)(x; y; z) ¨ I2(H)(x; y; z) á®®â¢¥âáâ¢¥®, â® à ¢¥áâ¢  (3.74)

¨ (3.75) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥�
I1(L)(�; �; ) = I1(H)(x; y; z);

I2(L)(�; �; ) = �I2(H)(x; y; z):
(3.78)

�â ª, ¬ë ¯®«ãç¨«¨ à¥§ã«ìâ â: ¤«ï á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë (3.71),

(3.72) ¨«¨ á¨áâ¥¬ë (3.71), (3.73) ¥®¡å®¤¨¬® ¢ë¯®«¥¨¥ ¥à ¢¥áâ¢ 

(3.70) ¨ á®®â®è¥¨© (3.78).

�á«¨ co®â®è¥¨ï (3.78) ¢ë¯®«ïîâáï â®¦¤¥áâ¢¥®, â®, ¯® â¥®-

à¥¬¥ 1.32, ¤«ï «î¡®© ¯ àë â®ç¥ª (x0; y0; z0) ¨ (x00; y
0
0; z

0
0) ¢ ¥ª®â®à®©

®ªà¥áâ®áâ¨ â®çª¨ (x0; y0; z0) áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ (3.64)

á¨áâ¥¬ë (3.71), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î8<
:
x00 = �(x0; y0; z0);

y00 = �(x0; y0; z0);

z00 = (x0; y0; z0):

� íâ®¬ á«ãç ¥ á¨áâ¥¬  (3.60) «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (3.61).

�â¬¥â¨¬, çâ® ¥á«¨ ¢â®à®¥ ãà ¢¥¨¥ á®®â®è¥¨© (3.78) â®¦¤¥áâ¢¥®

¢ë¯®«ï¥âáï á® § ª®¬ ¯«îá, â® áãé¥áâ¢ã¥â à¥è¥¨¥ á¨áâ¥¬ë (3.71),

(3.72), ¥á«¨ ¦¥ á® § ª®¬ ¬¨ãá, â® áãé¥áâ¢ã¥â à¥è¥¨¥ á¨áâ¥¬ë (3.71),

(3.73).

�á«¨ á®®â®è¥¨ï (3.78) ¯à®â¨¢®à¥ç¨¢ë ¨«¨ ¥ § ¢¨áïâ ®â �, �,

, ® § ¢¨áïâ ®â x, y, z, â® á¨áâ¥¬ë (3.60) ¨ (3.61) ¥ íª¢¨¢ «¥âë.
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� ¯à®â¨¢®¬ á«ãç ¥ ¯à®æ¥áá ¯à®¢¥àª¨ á®¢¬¥áâ®áâ¨ ¯à®¤®«¦ ¥âáï ¢

á®®â¢¥âáâ¢¨¨ á  «£®à¨â¬®¬, ¯à¨¢¥¤¥ë¬ ¢ à §¤¥«¥ 1.7.

�à¨¬¥à 3.1. �®ª ¦¥¬, çâ® á¨áâ¥¬ë8<
:

_x = 1 + zu;

_y = u;

_z = xpu;

(3.79)

8<
:

_x0 = 1 + z0v;

_y0 = v;

_z0 = x0
q
v;

(3.80)

£¤¥ p, q |  âãà «ìë¥ ç¨á« , ¥ ï¢«ïîâáï íª¢¨¢ «¥âë¬¨ ¯à¨ p 6= q.

�¨áâ¥¬  ãà ¢¥¨© (3.78) ¨¬¥¥â ¢¨¤8>><
>>:
1� p2

x2
=
1� q2

�2
;

(1� p)zp
jpxp�1jx = � (1� q)p

jq�q�1j�:
(3.81)

� ª ª ª �x = 1, â® äãªæ¨î � ¬ë ¬®¦¥¬ ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ �(x; y; z) =

= x + �(y; z). �®¤áâ ¢¨¢ íâ® ¢ëà ¦¥¨¥ ¢ ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë

(3.81), ¯®«ãç¨¬

(1� p2)(x+ �(y; z))2 = (1� q2)x2:

� áªàë¢ ï áª®¡ª¨ ¨ ¯à¨¢®¤ï ¯®¤®¡ë¥ ç«¥ë, ¯®«ãç¨¬ �(y; z) = 0 ¨

p = q. �«¥¤®¢ â¥«ì®, ¯à¨ p 6= q á¨áâ¥¬ë (3.79) ¨ (3.80) ¥ íª¢¨¢ «¥â-

ë.

�¥à ¢¥áâ¢® (3.70) ¯®ª §ë¢ ¥â, çâ® ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë, ã ª®â®-

àëå äãªæ¨¨ Hx ¨ Lx0 ¨¬¥îâ à §ë¥ § ª¨, ¥ ¬®£ãâ ¡ëâì íª¢¨¢ -

«¥âë¬¨. �«¥¤®¢ â¥«ì®, § ª äãªæ¨¨ Hx ï¢«ï¥âáï ¨¢ à¨ â®¬,

ª®â®àë© à §¡¨¢ ¥â ¬®¦¥áâ¢® á¨áâ¥¬ (3.60)   ¤¢¥ £àã¯¯ë: á ¯®«®¦¨-

â¥«ì®© ¨ ®âà¨æ â¥«ì®© äãªæ¨¥© Hx. �¢ à¨ âë© ¢¨¤ á®®â®è¥-

¨© (3.77) ¯®§¢®«ï¥â ¢¢¥áâ¨ ¥ª®â®àë© â¨¯ á¨áâ¥¬, ª®â®àë¥  §®¢¥¬

C-á¨áâ¥¬ ¬¨. �¨áâ¥¬  (3.60), ¯® ®¯à¥¤¥«¥¨î, ï¢«ï¥âáï C-á¨áâ¥¬®©,

¥á«¨

I1(H)(x; y; z) = const ; I2(H)(x; y; z) = const :

�à¨¢¥¤¥¬ ¥ª®â®àë¥ ä ªâë ¨§ â¥®à¨¨ â ª¨å á¨áâ¥¬ [46].

�¥®à¥¬  3.8. � ¦¤®© ¯ à¥ ç¨á¥« (C1; C2) ¯à¨ C2>0 á®®â¢¥âáâ¢ã-

îâ ¤¢  ª« áá  «®ª «ì® íª¢¨¢ «¥âëå ã¯à ¢«ï¥¬ëå C-á¨áâ¥¬. �
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ª« áá (C1; C2)
+ ¢å®¤ïâ C-á¨áâ¥¬ë ¢¨¤  (3.60), £¤¥ äãªæ¨ï H ã¤®¢«¥-

â¢®àï¥â á¨áâ¥¬¥ ãà ¢¥¨©�
I1(H)(x; y; z) = C1;

I2(H)(x; y; z) = �C2;
C2>0; (3.82)

¨ ãá«®¢¨î Hx > 0,   ¢ ª« áá (C1; C2)
� | á äãªæ¨¥© H, ã¤®¢«¥â¢®-

àïîé¥© á¨áâ¥¬¥ ãà ¢¥¨© (3.82) ¨ ãá«®¢¨î Hx < 0. �«ï C-á¨áâ¥¬

ç¨á«  C1 ¨ C2 ï¢«ïîâáï ¨¢ à¨ â ¬¨.

�®ª  §  â ¥ « ì á â ¢ ®. �á«¨ ¤¢¥ ¯à®¨§¢®«ìë¥ C-á¨áâ¥¬ë (3.60) ¨

(3.61) ¯à¨ ¤«¥¦ â ®¤®¬ã ª« ááã (C1; C2)
+ (¨«¨ (C1; C2)

�), â® ¤«ï

¨å á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (3.70), ¨ á®®â®è¥¨ï (3.78) ¢ë¯®«ïîâáï

â®¦¤¥áâ¢¥®. �®£¤ , ª ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, áãé¥áâ¢ã¥â § ¬¥ 

ª®®à¤¨ â (3.64). �«¥¤®¢ â¥«ì®, á¨áâ¥¬ë (3.60) ¨ (3.61) «®ª «ì®

íª¢¨¢ «¥âë.

�á«¨ ¤¢¥ ¯à®¨§¢®«ìë¥ C-á¨áâ¥¬ë (3.60) ¨ (3.61) ¯à¨ ¤«¥¦ â à §-

ë¬ ª« áá ¬, â® ¨«¨ ¥ á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (3.70), ¨«¨ á®®â®è¥-

¨ï (3.78) ¯à®â¨¢®à¥ç¨¢ë. � «î¡®¬ á«ãç ¥ á¨áâ¥¬  (3.71) ¥á®¢¬¥áâ ,

¨ á¨áâ¥¬ë (3.60) ¨ (3.61) ¥ ï¢«ïîâáï «®ª «ì® íª¢¨¢ «¥ââë¬¨. 2

�áá«¥¤ã¥¬ á¨áâ¥¬ã (3.82) ¨ ¤«ï ª« áá®¢ (C1; C2)
+ ¨ (C1; C2)

�  ©-

¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ª ®¨ç¥áª¨¥ ä®à¬ë. �¥à¢®¥ ãà ¢¥¨¥ á¨-

áâ¥¬ë (3.82)

2

�
Hxx

Hx

�
x

�
�
Hxx

Hx

�2

= C1

¯®«®áâìî ¨â¥£à¨àã¥âáï ¨ ¨¬¥¥â á«¥¤ãîé¨¥ à¥è¥¨ï:

� ¯à¨C1 > 0 H1 = �(y; z) tg

�p
C1

2
x+ �(y; z)

�
+ (y; z);

H2 = �(y; z) ctg

�p
C1

2
x+ �(y; z)

�
+ (y; z);

� ¯à¨ C1 = 0 H3 = �(y; z)x + (y; z);

H4 =
�(y; z)

�(y; z)� x
+ (y; z);

� ¯à¨ C1 < 0 H5 = �(y; z) th

�p�C1

2
x+ �(y; z)

�
+ (y; z);

H6 = �(y; z) cth

�p�C1

2
x+ �(y; z)

�
+ (y; z);

H7 = �(y; z)e�x
p
�C1 + (y; z):

�® ¢á¥å ãà ¢¥¨ïå �, � ¨  | ¯à®¨§¢®«ìë¥ äãªæ¨¨.
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�¥¯¥àì ã¦® ¯®¤áâ ¢¨âì  ©¤¥ë¥ à¥è¥¨ï ¢® ¢â®à®¥ ãà ¢¥¨¥

á¨áâ¥¬ë (3.82).

� áá¬®âà¨¬ ¯®¤à®¡® à¥è¥¨¥ ¯à¨ C1 > 0. �®¤áâ ¢¨¢ à¥è¥¨¥ H1

¢® ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (3.82), ¯®«ãç¨¬ à ¢¥áâ¢®

I2(H1) =
1q

j
p
C1

2
�j

 
sin

�p
C1

2
x+ �

��
�z �

p
C1z � 2�y � 2�z

�
+

+ cos

�p
C1

2
x+ �

��
2z � �y

�
� �z

�
+ 2��z

�!
= �C2:

�â® à ¢¥áâ¢® ¬®¦¥â ¢ë¯®«ïâáï â®«ìª® â®£¤ , ª®£¤  C2 = 0. �«¥¤®¢ -

â¥«ì®, ª« ááë íª¢¨¢ «¥â®áâ¨ (C1; C2)
+ ¨ (C1; C2)

� ¯à¨ C2 6= 0 ¯ã-

áâë. �à¨ C1 > 0 ª ª« ááã íª¢¨¢ «¥â®áâ¨ (C1; 0)
+ ¯à¨ ¤«¥¦ â ¢á¥

ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë ¢¨¤  (3.60) á äãªæ¨¥© H ¢¨¤ 

H(x; y; z) = �(y; z) tg

�p
C1

2
x+ �(y; z)

�
+ (y; z);

£¤¥ äãªæ¨¨ �(y; z), �(y; z) ¨ (y; z) ï¢«ïîâáï à¥è¥¨ï¬¨ á¨áâ¥¬ë8<
:
�z �

p
C1z � 2�y � 2�z = 0;

2z � �y

�
� �z

�
+ 2��z = 0; �(y; z) > 0:

�á«®¢¨ï ¯à¨ ¤«¥¦®áâ¨ á¨áâ¥¬ë ¢¨¤  (3.60) ª ª« ááã (C1; 0)
� â -

ª¨¥ ¦¥, â®«ìª® ¢¬¥áâ® ãá«®¢¨ï �(y; z) > 0 ¡ã¤¥â ãá«®¢¨¥ �(y; z) < 0.

�áâ «ìë¥ à¥è¥¨ï ¨áá«¥¤ãîâáï   «®£¨ç®. �¬¥â¨¬ â®«ìª®, çâ®

ãà ¢¥¨ï (3.82) ¨¬¥îâ à¥è¥¨¥ â®«ìª® ¯à¨ ãá«®¢¨¨ C1 = 0 ¨«¨ C2 =

= 0. �«¥¤®¢ â¥«ì®, ª« ááë íª¢¨¢ «¥â®áâ¨ (C1; C2)
+ ¨ (C1; C2)

� ¯ã-

áâë ¯à¨ C1 6= 0 ¨ C2 6= 0. �«ï ®áâ «ìëå ª« áá®¢ ¢ë¡¥à¥¬ ª ®¨ç¥áª¨¥

á¨áâ¥¬ë á  ¨¡®«¥¥ ¯à®áâ®© äãªæ¨¥© H(x; y; z):8>><
>>:

_x = 1+ zu;

_y = u;

_z =

p
C1

2
z2 tg

�p
C1

2
x

�
u;

¤«ï (C1; 0)
+; C1 > 0; (3.83)

8>><
>>:

_x = 1 + zu;

_y = u;

_z =

�
x+

C2

2
z

�
u;

¤«ï (0; C2)
+; C2>0; (3.84)
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8>><
>>:

_x = 1 + zu;

_y = u;

_z =

�
�x + C2

2
z

�
u;

¤«ï (0; C2)
�; C2>0; (3.85)

8>><
>>:

_x = 1 + zu;

_y = u;

_z =

�
ex
p
�C1 +

p�C1

4
z

�
u;

¤«ï (C1; 0)
+; C1 < 0; (3.86)

8>><
>>:

_x = 1 + zu;

_y = u;

_z =

�
�ex

p
�C1 +

p�C1

4
z

�
u;

¤«ï (C1; 0)
�; C1 < 0: (3.87)

� ®¨ç¥áªãî ä®à¬ã ¤«ï ª« áá  (C1; 0)
�, ¯à¨ C1 > 0  ©â¨ ¯®ª  ¥

ã¤ «®áì.

�à¨¬¥à 3.2. � ©¤¥¬ C-á¨áâ¥¬ë (3.60) á «¨¥©®© ¯® x äãªæ¨-

¥© H, «®ª «ì® íª¢¨¢ «¥âë¥ ª ®¨ç¥áª¨¬ ä®à¬ ¬ (3.84) ¨ (3.85).

�ãªæ¨ï H ¨¬¥¥â ¢¨¤

H(x; y; z) = �(y; z)x + (y; z):

�®¤áâ ¢¨¬ ¥¥ ¢® ¢â®à®¥ ãà ¢¥¨¥ á®®â®è¥¨© (3.82)

I2(H) =
1p
j�j

�
�zx+ 2z � �y

�
� �z

�

�
= �C2:

�®«ãç¨¬ á¨áâ¥¬ã 8<
:
�z = 0;

2z =
�y

�
�C2

p
j�j:

� ª ª ª � ¥ § ¢¨á¨â ®â z, â® ¬ë ¬®¦¥¬ ¯à®¨â¥£à¨à®¢ âì ¢â®à®¥

ãà ¢¥¨¥ ¯® z:

 =

�
�y

2�
� C2

2

p
j�j
�
z + �(y);

£¤¥ �(y) | ¯à®¨§¢®«ì ï äãªæ¨ï.

� ª¨¬ ®¡à §®¬, ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë ¢¨¤  (3.60) á äãªæ¨¥© H

H(x; y; z) = �(y)x +

�
�y

2�
� C2

2

p
j�j
�
z + �(y); �(y) > 0;

£¤¥ �(y), �(y) | ¯à®¨§¢®«ìë¥ äãªæ¨¨, «®ª «ì® íª¢¨¢ «¥âë ª ®-

¨ç¥áª®© ä®à¬¥ (3.84). � ®¨ç¥áª®© ä®à¬¥ (3.85) «®ª «ì® íª¢¨¢ -

«¥âë á¨áâ¥¬ë (3.60) á â®© ¦¥ äãªæ¨¥© H ¨ ãá«®¢¨¥¬ �(y) < 0.
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� áá¬®âà¨¬ â¨¯  ää¨ëå á¨áâ¥¬, å à ªâ¥à¨§ã¥¬ë© § ç¥¨¥¬

n = 4. �á¯®«ì§ãï ¬¥â®¤ë, ¯à¨¬¥ï¥¬ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë

3.7, ¬®¦® ¯®ª § âì, çâ® á¨áâ¥¬  (3.1), ¤«ï ª®â®à®© n = 4, «®ª «ì®

íª¢¨¢ «¥â  ®¤®© ¨§ á¨áâ¥¬, á®áâ ¢«ïîé¨å ª®¥çë©  ¡®à. �¥ª®-

â®àë¥ ¨§ íâ¨å á¨áâ¥¬ á®¤¥à¦ â ¯à®¨§¢®«ìë¥ äãªæ¨¨, â.¥. ï¢«ïîâáï

¯à¨¢¥¤¥ë¬¨ ä®à¬ ¬¨. �¨á«® á¨áâ¥¬, ¢å®¤ïé¨å ¢ íâ®â  ¡®à, § -

ç¨â¥«ì® ¡®«ìè¥, ç¥¬ ¢ á«ãç ¥ n = 3. (�®«ë© á¯¨á®ª ¯à¨¢¥¤¥ ¢

[32].) �¤¥áì ¬ë ®£à ¨ç¨¬áï ¯®¤â¨¯®¬, å à ªâ¥à¨§ã¥¬ë¬ á®®â®è¥¨-

¥¬ p = l, â.¥. á¨¬¬¥âà¨ç¥áª¨¬¨ á¨áâ¥¬ ¬¨. � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥

¯à¨¢¥¤¥ëå ä®à¬ ¥â, â.¥. ¨¬¥¥âáï «¨èì ª®¥ç®¥ ç¨á«® ª ®¨ç¥-

áª¨å ä®à¬.

�¥®à¥¬  3.9. �¨¬¬¥âà¨ç¥áª ï á¨áâ¥¬  (3.1), ¤«ï ª®â®à®© n =

= 4, «®ª «ì® íª¢¨¢ «¥â  ¢ â®çª¥, ï¢«ïîé¥©áï à¥£ã«ïà®© ¤«ï F1,

CF?, CF?1 , ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:

_xi = 0; i = 1; : : : ; 4; (3.88)

�
_xi = 0; i = 1; 2; 3;

_x4 = v1;
(3.89)

8<
:

_xi = 0; i = 1; 2;

_x3 = v1;

_x4 = v2;

8>><
>>:

_x1 = 0;

_x2 = x3v2;

_x3 = v1;

_x4 = v2;

8>><
>>:

_x1 = x2v2;

_x2 = x3v2;

_x3 = v1;

_x4 = v2;

(3.90)

8>><
>>:

_x1 = 0;

_x2 = v1;

_x3 = v2;

_x4 = v3;

8>><
>>:

_x1 = x2v2;

_x2 = v1;

_x3 = v2;

_x4 = v3;

(3.91)

_xi = vi; i = 1; : : : ; 4: (3.92)

� ® ª   §  â ¥ « ì á â ¢ ® â¥®à¥¬ë 3.9 ¢ëâ¥ª ¥â ¨§ ¯à¥¤ë¤ãé¨å â¥®à¥¬.

�à¨ p = 0; 1; 4 á¨áâ¥¬  (3.1) ï¢«ï¥âáï ¨¢®«îâ¨¢®©. �®íâ®¬ã ¨§

â¥®à¥¬ë 3.3 ¢ëâ¥ª ¥â, çâ® á¨áâ¥¬  (3.1) ¯à¨¢®¤¨âáï ª ®¤®© ¨§ á¨áâ¥¬

(3.88), (3.89), (3.92). �à¨ p = 2 á«¥¤ã¥â ¯à¨¬¥¨âì â¥®à¥¬ã 1.17, çâ®

¯à¨¢®¤¨â ª ª ®¨ç¥áª¨¬ ä®à¬ ¬ (3.90). �à¨ p = 3 ¨§ â¥®à¥¬ë 3.4

á«¥¤ã¥â, çâ® á¨áâ¥¬  (3.1) ¯à¨¢®¤¨âáï ª ®¤®© ¨§ á¨áâ¥¬ (3.91). 2

� § ª«îç¥¨¨ íâ®£® à §¤¥«  à áá¬®âà¨¬ ¢®¯à®á ® «®ª «ì®© íª¢¨-

¢ «¥â®áâ¨  ää¨®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (3.1) «¨¥©®© á¨áâ¥¬¥

_z = Az +Bu; z 2 N � Rn; u 2 Rw; (3.93)
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ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î ã¯à ¢«ï¥¬®áâ¨ � «¬  

rank
B AB : : : An�1B

 = n: (3.94)

�¤¥áì A;B | ¯®áâ®ïë¥ ¬ âà¨æë. � ¬¥â¨¬, çâ® á¨áâ¥¬  (3.93), ã¤®-

¢«¥â¢®àïîé ï (3.94), ®¡« ¤ ¥â á¢®©áâ¢®¬ ã¯à ¢«ï¥¬®áâ¨, ¥á«¨ ¢ ª -

ç¥áâ¢¥ ä §®¢®£® ¯à®áâà áâ¢  N à áá¬ âà¨¢ âì ¢á¥ ¯à®áâà áâ¢® Rn,

®¤ ª®, «®ª «ì® íâ® ãâ¢¥à¦¤¥¨¥, ¢®®¡é¥ £®¢®àï, ¥ ¢¥à®.

� ª ¨§¢¥áâ® [55], á¨áâ¥¬  (3.93), ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï ãá«®-

¢¨¥ (3.94), ¥¢ëà®¦¤¥®© § ¬¥®© ä §®¢ëå ¯¥à¥¬¥ëå ¨ ã¯à ¢«¥¨©

x = Cz; x 2 Rn;
v = �0 + �u; v 2 Rw;

¬®¦¥â ¡ëâì ¯à¨¢¥¤¥  ª ®¤®© ¨§ á¨áâ¥¬ ¢¨¤ 

_x11 = x12; _x12 = x13; : : : ; _x1k1�1 = x1k1; _x1k1 = v1;

_x21 = x22; _x22 = x23; : : : ; _x2k2�1 = x2k2; _x2k2 = v2;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

_xw1 = xw2 ; _xw2 = xw3 ; : : : ; _xwkw�1 = xwkw ; _xwkw = vw;

(3.95)

x = (x11; x
1
2; : : : ; x

1
k1
; x21; : : : ; x

2
k2
; : : : ; xw1 ; : : : ; x

w
kw
) 2 L � Rn; v 2 Rw;

k1>k2> : : :>kw > 0;

ª®â®àë¥  §ë¢ îâáï ª ®¨ç¥áª¨¬¨ ä®à¬ ¬¨ �àã®¢áª®£®. �«¥¤®-

¢ â¥«ì®, ¢®¯à®á ®¡ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ë (3.1) «¨¥©®© á¨áâ¥-

¬¥ (3.93) á¢®¤¨âáï ª ¢®¯à®áã ®¡ íª¢¨¢ «¥â®áâ¨ ª ®¨ç¥áª®© ä®à¬¥

�àã®¢áª®£® (3.95).

�¯¨è¥¬ á¢®©áâ¢  á¨áâ¥¬ë (3.95) ¢ â¥à¬¨ å ¥¥  áá®æ¨¨à®¢ ®£® t-

ª®à á¯à¥¤¥«¥¨ï Q ¨ á¢ï§ ëå á ¨¬ ¨¢ à¨ â®¢ á¨áâ¥¬ë. � §¨á®¥

á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥¨ï Q á®áâ ¢«ïîâ t-ä®à¬ë �ä ää 

�11 = dx11 � x12dt; �12 = dx12 � x13dt; : : : ; �1k1�1 = dx1k1�1 � x1k1dt;

�21 = dx21 � x22dt; �22 = dx22 � x23dt; : : : ; �2k2�1 = dx2k2�1 � x2k2dt;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

�w1 = dxw1 � xw2 dt; �w2 = dxw2 � xw3 dt; : : : ; �wkw�1 = dxwkw�1 � xwkwdt:

�à¨¢«¥ç¥¬ ¯®ïâ¨¥ ª®ä« £ . �«ï   «¨§  ¯à®¨§¢®¤®£® ª®ä« £  t-

ª®à á¯à¥¤¥«¥¨ï Q ¢ëç¨á«¨¬ ¢¥è¨¥ ¤¨ää¥à¥æ¨ «ë ¢ë¯¨á ëå

¡ §¨áëå ä®à¬

d�ij = dt^ dxij+1 = dt ^ (dxij+1 � xij+2dt) = dt ^ �ij+1; (3.96)

d�iki�1 = dt ^ dxiki; i = 1; : : : ; w; j = 1; : : : ; ki � 2:
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�®¯®áâ ¢¨¬ t-ª®à á¯à¥¤¥«¥¨î Q á«¥¤ãîéãî ª®áâàãªæ¨î. �§ t-ä®à¬

�11 , . . . , �
1
k1�1

, . . . , �w1 , . . . , �
w
kw�1

á®áâ ¢¨¬ w ¡«®ª®¢:

j �11 �12 : : : �1k1�1 j : : : j �w1 �w2 : : : �wkw�1 j
j : : : j j : : : j
j �11 �12 j j �w1 �w2 j
j �11 j j �w1 j

(3.97)

(¡«®ª¨, á®®â¢¥âáâ¢ãîé¨¥ ki = 1, ï¢«ïîâáï ¯ãáâë¬¨). �¥àåïï áâà®ª 

¢ ¯®áâà®¥®© áâàãªâãà¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¡ §¨á®¥ á¥¬¥©áâ¢® t-ª®-

à á¯à¥¤¥«¥¨ï Q,   ¨¦¥«¥¦ é¨¥ áâà®ª¨, ª ª á«¥¤ã¥â ¨§  «£®à¨â¬ 

¯®áâà®¥¨ï ¯à®¨§¢®¤®£® ª®ä« £  (á¬. á. 86) ¨ á®®â®è¥¨© (3.96),

á®¤¥à¦ â ¯®á«¥¤®¢ â¥«ì® ¡ §¨áë¥ á¥¬¥©áâ¢  ç«¥®¢ ¤¢®©áâ¢¥®£®

¯à®¨§¢®¤®£® àï¤  Q1, Q2,. . . , Qk1�2.

�¢®©áâ¢¥ë© ¯à®¨§¢®¤ë© àï¤ ¨¢ à¨ â¥ ®â®á¨â¥«ì® t-¤¨ä-

ä¥®¬®àä¨§¬®¢, ¨ ç¨á«  qj = dimQj ¨mj = dimQj�dimQj+1 ï¢«ïîâáï

¨¢ à¨ â ¬¨ á¨áâ¥¬ë (3.95). �¥âàã¤® ¢¨¤¥âì, çâ® mj à ¢® ª®«¨ç¥-

áâ¢ã ¡«®ª®¢ (3.97), ¨¬¥îé¨å ¥ ¬¥¥¥ j + 1 áâà®ª. �®íâ®¬ã mj ¥áâì

 ¨¡®«ìè¥¥ æ¥«®¥, â ª®¥, çâ® (kmj
� 1)>j + 1. � ï ¤«¨ã ¯à®¨§¢®¤®-

£® ª®ä« £  Q (à ¢ãî k1) ¨ ç¨á«  mj , ¬®¦® ®¯à¥¤¥«¨âì ¢á¥ ç¨á«  kj.

�«¥¤®¢ â¥«ì®, kj ( §ë¢ ¥¬ë¥ ¨¤¥ªá ¬¨ �à®¥ª¥à ) â ª¦¥ ï¢«ïîâ-

áï ¨¢ à¨ â ¬¨ á¨áâ¥¬ë (3.95). �á®, çâ® á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 3.1. �á«¨  ää¨ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (3.1) íª-

¢¨¢ «¥â  ¢ â®çª¥ y0 «¨¥©®© á¨áâ¥¬¥ (3.95), â® ã ¥¥  áá®æ¨¨à®-

¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï K áãé¥áâ¢ã¥â ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨

â®çª¨ y0 ¡ §¨á®¥ á¥¬¥©áâ¢®, á®áâ®ïé¥¥ ¨§ t-ä®à¬

�ij ; i = 1; : : : ; w; j = 1; : : : ; ki � 1;

â ª®¥, çâ® ¤¢®©áâ¢¥ë© ¯à®¨§¢®¤ë© àï¤ t-ª®à á¯à¥¤¥«¥¨ï K ¤¥-

ª®¬¯®§¨àã¥âáï   w ¡«®ª®¢ (3.97), å à ªâ¥à¨§ãîé¨åáï à ¢¥áâ¢ ¬¨

d�ij ^ �i1 ^ : : :^ �ij+1 = 0; i = 1; : : : ; w; j = 1; : : : ; ki � 2: 2

� ª ¢¨¤® ¨§ (3.97), ¢á¥ ç«¥ë ¤¢®©áâ¢¥®£® ¯à®¨§¢®¤®£® àï¤ ,

á®®â¢¥âáâ¢ãîé¥£® á¨áâ¥¬¥ (3.95), ¥áâì à¥£ã«ïàë¥ t-ª®à á¯à¥¤¥«¥¨ï,

  ª®à á¯à¥¤¥«¥¨ï Qi, i = 0; : : : ; k1 � 2, ¢¯®«¥ ¨â¥£à¨àã¥¬ë. �®-

á«¥¤¨© ç«¥ ª®ä« £ , Qk1�1, ï¢«ï¥âáï ã«¥¢ë¬ t-ª®à á¯à¥¤¥«¥¨¥¬,

â.¥. Qk1�1 = O. �â¨ á¢®©áâ¢  á®åà ïîâáï ¯à¨ t-¤¨ää¥®¬®àä¨§¬ å,

¯®íâ®¬ã ®¨ ¤®«¦ë ¢ë¯®«ïâìáï ¤«ï ¯à®¨§¢®¤®£® àï¤  «î¡®© á¨áâ¥-

¬ë, ¯à¥¤áâ ¢¨¬®© ¢ ¢¨¤¥ (3.95). �ª §ë¢ ¥âáï, íâ® á®áâ ¢«ï¥â ¥ â®«ì-

ª® ¥®¡å®¤¨¬®¥, ® ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ «®ª «ì®© íª¢¨¢ «¥â®áâ¨
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á¨áâ¥¬ë (3.1) «¨¥©®© á¨áâ¥¬¥ (3.95). �à¥¦¤¥ ç¥¬ áä®à¬ã«¨à®¢ âì

íâ® ãâ¢¥à¦¤¥¨¥, § ¬¥â¨¬, çâ® ¢ ¥¬ ¨á¯®«ì§ã¥âáï ¯®á«¥¤®¢ â¥«ì®áâì

à á¯à¥¤¥«¥¨© (1.113), á®®â¢¥âáâ¢ãîé ï ¯à®¨§¢®¤®¬ã àï¤ã (1.111).

�¥®à¥¬  3.10. �ää¨ ï á¨áâ¥¬  (3.1) «®ª «ì® íª¢¨¢ «¥â  ¢

â®çª¥ y0 2M «¨¥©®© á¨áâ¥¬¥, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î ã¯à ¢«ï-

¥¬®áâ¨ � «¬   (3.94), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ :

1) â®çª  y0 ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¤¢®©áâ¢¥®£® ¯à®¨§¢®¤-

®£® àï¤  (1.111)  áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï K á¨áâ¥¬ë (3.1);

2) KN = O, £¤¥ N + 1 | ¤«¨  ¯à®¨§¢®¤®£® ª®ä« £  (3.15);

3) Ki, i = 0; : : : ; N � 1, ï¢«ïîâáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬¨ ª®à -

á¯à¥¤¥«¥¨ï¬¨.

�®ª  §  â ¥ « ì á â ¢ ®. �®áª®«ìªã ¥®¡å®¤¨¬®áâì ã¦¥ ãáâ ®¢«¥ ,

¤®ª ¦¥¬ ¤®áâ â®ç®áâì. � ª ¨ ¯à¥¦¤¥, ¡ã¤¥¬ ®¡®§ ç âì

qj = dimKj ; j = 0; : : : ; N;

mj = qj � qj+1; j = 0; : : : ; N � 1; mN = 0:

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¯® ¨¤ãªæ¨¨.

�®ª ¦¥¬ á ç « , çâ® t-ª®à á¯à¥¤¥«¥¨¥ KN�1 ¢ ¥ª®â®àëå «®ª «ì-

ëå ª®®à¤¨ â å ¨¬¥¥â ¡ §¨á®¥ á¥¬¥©áâ¢® ¢¨¤ 

�11 = dx11 � x12dt;

�21 = dx21 � x22dt;

. . . . . . . . . . . . . . . .

�
qN�1

1 = dx
qN�1

1 � x
qN�1

2 dt:

(3.98)

�®áª®«ìªãKN�1 |¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ à £  qN�1,

â® ã ¥£® ¨¬¥¥âáï ¯®« ï á¨áâ¥¬  ¨â¥£à «®¢  1(y), . . . , qN�1 (y). �¥§

®£à ¨ç¥¨ï ®¡é®áâ¨ ¢ â®çª¥ y0����@ �@y�

����
�=1;:::;qN�1

�=1;:::;qN�1

6= 0:

� ®ªà¥áâ®áâ¨ â®çª¨ y0 § ¬¥¨¬ ¯¥à¥¬¥ë¥ yi  

xi1 =  i(y); i = 1; : : : ; qN�1;

  ®áâ «ìë¥ ¯¥à¥¬¥ë¥ ®áâ ¢¨¬ ¡¥§ ¨§¬¥¥¨ï. � ®¢ëå ª®®à¤¨ â å

t-ª®à á¯à¥¤¥«¥¨¥ KN�1 ¡ã¤¥â ¨¬¥âì ¡ §¨á®¥ á¥¬¥©áâ¢® t-ä®à¬ ¢¨¤ 

�11 = dx11 � �11dt;

�21 = dx21 � �21dt;

. . . . . . . . . . . . . . . .

�
qN�1

1 = dx
qN�1

1 � �
qN�1

1 dt:

(3.99)
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�®ª ¦¥¬, çâ® x11, . . . , x
qN�1

1 , �11, . . . , �
qN�1

1 äãªæ¨® «ì® ¥§ ¢¨á¨¬ë.

�®£« á® § ¬¥ç ¨î 1.7, íâ® ®§ ç ¥â, çâ®

dx11 ^ : : :^ dxqN�1

1 ^ d�11 ^ : : :^ d�qN�1

1 6= 0:

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥:

dx11 ^ : : :^ dxqN�1

1 ^ d�11 ^ : : :^ d�qN�1

1 = 0:

�®£¤ , á®£« á® ¯à¥¤«®¦¥¨î 1.23,  ©¤ãâáï â ª¨¥ äãªæ¨¨

�i; i = 1; : : : ; qN�1;

¥ à ¢ë¥ ®¤®¢à¥¬¥® ã«î, çâ®

�id�
i
1 ^ dx11 ^ : : :^ dxqN�1

1 = 0; i = 1; : : : ; qN�1:

�®íâ®¬ã ¤«ï t-ä®à¬ë ! = �i�
i
1 2 KN�1, i = 1,. . . ,qN�1, ¢ë¯®«ï¥âáï

d! ^ �11 ^ : : :^ �qN�1

1 = d(�i�
i
1) ^ �11 ^ : : :^ �qN�1

1 =

= �id�
i
1 ^ �11 ^ : : :^ �qN�1

1 = dt ^ �id�i1 ^ dx11 ^ : : :^ dxqN�1

1 = 0;

  íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ! =2 KN . �«¥¤®¢ â¥«ì®, ¢ ®ªà¥áâ®áâ¨

â®çª¨ y0 ¬®¦® ¢¢¥áâ¨ ®¢ë¥ ¯¥à¥¬¥ë¥ x
i
2 = �i1, i = 1,. . . ,qN�1, ¯®á«¥

¯¥à¥å®¤  ª ª®â®àë¬ ¡ §¨á®¥ á¥¬¥©áâ¢® (3.99) ¯à¨¬¥â ¢¨¤ (3.98).

�®«®¦¨¬ r1 = N+1 ¨ �1 = qN�1. �¢®¤¨¬ë¥ ¯® å®¤ã ¤®ª § â¥«ìáâ¢ 

ç¨á«  r1, r2, . . . , rs ¡ã¤ãâ á®®â¢¥âáâ¢®¢ âì ¯®¯ à® à §«¨çë¬ ¨¤¥ªá ¬

áà¥¤¨ k1, . . . , kr,   ç¨á«  �1, . . . , �s ¡ã¤ãâ ¨¬¥âì á¬ëá« ªà â®áâ¥©

¨¤¥ªá®¢ r1, . . . , rs á®®â¢¥âáâ¢¥®. �¯à¥¤¥«¨¬ â ª¦¥ ç¨á«  ni =

�1 + �2 + : : :+ �i, i = 1,. . . , s, n0 = 0.

�à¥¤¯®«®¦¨¬, çâ® t-ª®à á¯à¥¤¥«¥¨¥ K ¢ ¥ª®â®àëå ª®®à¤¨ â å

¨¬¥¥â ¡ §¨á®¥ á¥¬¥©áâ¢® ¢¨¤ 

�
j
1 = dx

j
1 � x

j
2dt; : : : ; �

j
ri��1 = dx

j
ri��1 � x

j
ri�dt; (3.100)

i = 1; : : : ; l; j = ni�1 + 1; : : : ; ni;

£¤¥ r1 > r2 > : : : > rl >  + 1, n0 < n1 < : : : < nl. �®ª ¦¥¬, çâ® â®£¤ 

¯à¨ á®¡«î¤¥¨¨ ãá«®¢¨© â¥®à¥¬ë ¡ §¨á®¥ á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥-

¨ï K�1 ¡ã¤ãâ á®áâ ¢«ïâì t-ä®à¬ë

�
j
1 = dx

j
1 � x

j
2dt; : : : ; �

j
ri�

= dx
j
ri�

� x
j
ri�+1

dt; (3.101)

i = 1; : : : ; l; j = ni�1 + 1; : : : ; ni;

r1 > r2 > : : : > rl > ; n0 < n1 < : : : < nl;
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¨, ¡ëâì ¬®¦¥â, t-ä®à¬ë

�
j
1 = dx

j
1 � x

j
2dt; : : : ; �

j
rl+1� = dx

j
rl+1� � x

j
rl+1�+1

dt; (3.102)

j = nl + 1; : : : ; nl+1;  < rl+1 < rl; nl+1 > nl:

�ç¥¢¨¤®, çâ® ¡ §¨á®¥ á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥¨ï K�1 á®áâ®¨â

¨§ t-ä®à¬ (3.100) ¨ ¥é¥ m�1 ¥ª®â®àëå t-ä®à¬. �®áª®«ìªã

�
j
ri��1

2 K ; i = 1; : : : ; l; j = ni�1 + 1; : : : ; ni;

â®

d�
j
ri��1

� 0 modK�1; â:¥: dt ^ dxjri� � 0 modK�1;

i = 1; : : : ; l; j = ni�1 + 1; : : : ; ni:

�®íâ®¬ã

dx
j
ri� � 0 modK�1:

�â® ®§ ç ¥â, çâ® ä®à¬ë �ä ää  dx
j
ri� , i=1,. . . ,l, j=ni�1 + 1,. . . ,ni,

¯à¨ ¤«¥¦ â K�1, ¨, á«¥¤®¢ â¥«ì®, K�1 á®¤¥à¦¨â t-ä®à¬ë ¢¨¤ 

�
j
ri� = dx

j
ri� � �

j
ri�dt; (3.103)

i = 1; : : : ; l; j = ni�1 + 1; : : : ; ni:

�®«¨ç¥áâ¢® t-ä®à¬ (3.103) à ¢® nl, ¯®íâ®¬ã m�1>nl. �®§¬®¦ë ¤¢ 

á«ãç ï.

 ) �á«¨ m�1 = nl, â® t-ä®à¬ë (3.100), (3.103) á®áâ ¢«ïîâ ¡ §¨á®¥

á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥¨ï K�1. �ãªæ¨® «ì ï ¥§ ¢¨á¨¬®áâì

¢á¥å x, ¢å®¤ïé¨å ¢ ä®à¬ã«ë (3.100), (3.103), ¨ �
j
ri�j

, i = 1; : : : ; l,

j = ni�1 + 1; : : : ; ni, ¤®ª §ë¢ ¥âáï ®â ¯à®â¨¢®£® (á¬. á. 184): ¥á«¨

¡ë ¢¥è¥¥ ¯à®¨§¢¥¤¥¨¥ ¨å ¤¨ää¥à¥æ¨ «®¢ ®¡à â¨«®áì ¢ ã«ì, â®

 è«¨áì ¡ë â ª¨¥ äãªæ¨¨

��� ; � = ri � ; � = ni�1 + 1; : : : ; ni; i = 1; : : : ; l;

¥ à ¢ë¥ ®¤®¢à¥¬¥® ã«î, çâ®

���d�
�
� � 0 modK�1;

¨ ¤«ï t-ä®à¬ë

! = ����
�
�; � = ri � ; � = ni�1 + 1; : : : ; ni; i = 1; : : : ; l;
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¢ë¯®«ï«®áì ¡ë

d! � 0 modK�1:

�¤ ª® íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® ! ¥ ï¢«ï¥âáï «¨¥©®© ª®¬¡¨ æ¨-

¥© t-ä®à¬ (3.100), á®áâ ¢«ïîé¨å ¡ §¨á®¥ á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥¨ï

K . �«¥¤®¢ â¥«ì®, äãªæ¨¨ �
j
ri�j

¬®¦® ¯à¨ïâì §  ®¢ë¥ ¯¥à¥¬¥-

ë¥ x
j
ri�j+1

, i = 1; : : : ; l, j = ni�1 + 1; : : : ; ni; ¨ ¡ §¨á®¥ á¥¬¥©áâ¢®

t-ª®à á¯à¥¤¥«¥¨ï K�1 ¯à¨¬¥â ¢¨¤ (3.101).

¡) �á«¨ m�1 > nl, â® ª®à á¯à¥¤¥«¥¨¥ K�1, ¡ã¤ãç¨ ¯® ãá«®¢¨î

â¥®à¥¬ë ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬ ª®à á¯à¥¤¥«¥¨¥¬, ¨¬¥¥â ¯®«ãî á¨-

áâ¥¬ã ¨â¥£à «®¢ ¢¨¤  x��; � = 1; : : : ; ri � ; � = ni�1 + 1; : : : ; ni; i = =

1; : : : ; l; �1; : : : ; �nl�m�1 : �¥§ ¢¨á¨¬ë¥ äãªæ¨¨ �1; : : : ; �nl�m�1 ¬®¦-

® ¯à¨ïâì §  ®¢ë¥ ¯¥à¥¬¥ë¥ xnl+11 , . . . , x
m�1

1 . �®£¤  t-ª®à á¯à¥¤¥-

«¥¨¥ K�1 ¡ã¤¥â ¨¬¥âì ¡ §¨á®¥ á¥¬¥©áâ¢®, á®áâ®ïé¥¥ ¨§ t-ä®à¬ (3.100),

(3.103) ¨ t-ä®à¬ ¢¨¤ 

�j1 = dxj1 � �j1dt; j = nl + 1; : : : ;m�1: (3.104)

�ãªæ¨® «ì ï ¥§ ¢¨á¨¬®áâì ¢á¥å x ¨ �, ¢å®¤ïé¨å ¢ ä®à¬ã«ë (3.100),

(3.103), (3.104), ¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¨ ¢ á«ãç ¥  ). �à¨ï¢ �
j
ri�j

§  ®¢ë¥ ¯¥à¥¬¥ë¥ x
j
ri�j+1, i = 1; : : : ; l, j = ni�1+1; : : : ; ni;   �

j
1 | § 

¯¥à¥¬¥ë¥ x
j
2, j = nl + 1,. . . ,m�1, ¨ ¢¢¥¤ï ç¨á« 

rl+1 =  + 1; �l+1 = m�1 � nl; nl+1 = nl + �l+1 = m�1;

¯®«ãç¨¬, çâ® t-ª®à á¯à¥¤¥«¥¨¥ K�1 ¯®à®¦¤ ¥âáï t-ä®à¬ ¬¨ (3.101)

¨ (3.102).

�â ª, t-ª®à á¯à¥¤¥«¥¨¥ K ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë t-¤¨ä-

ä¥®¬®àä® ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0 t-ª®à á¯à¥¤¥«¥¨î, á®®â¢¥âáâ¢ãî-

é¥¬ã «¨¥©®© á¨áâ¥¬¥ ¢¨¤  (3.95). 2

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3.10 ¢ëâ¥ª ¥â, çâ® ¢ à¥£ã«ïà®¬ á«ãç ¥

¯®« ï ¨â¥£à¨àã¥¬®áâì ª®à á¯à¥¤¥«¥¨ï K ¯à¨ m = m�1 ¢«¥ç¥â § 

á®¡®© ¯®«ãî ¨â¥£à¨àã¥¬®áâì ª®à á¯à¥¤¥«¥¨ï K�1. �®íâ®¬ã ¥á«¨,

 ¯à¨¬¥à, t-ª®à á¯à¥¤¥«¥¨¥ K â ª®¢®, çâ®

m0 = m1 = : : : = mN�1 = 1;

â®, ¨áá«¥¤ãï ¢®¯à®á ® «¨¥ à¨§ æ¨¨ á¨áâ¥¬ë (3.1), ¤®áâ â®ç® ¯à®¢¥-

à¨âì ¯®«ãî ¨â¥£à¨àã¥¬®áâì â®«ìª® ®¤®£® ª®à á¯à¥¤¥«¥¨ï KN�1.

�à¨ ¯®«®¦¨â¥«ì®¬ à¥§ã«ìâ â¥ ®áâ «ìë¥ ª®à á¯à¥¤¥«¥¨ï Ki; i =

= 0; : : : ; N � 2;  ¢â®¬ â¨ç¥áª¨ ®ª ¦ãâáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬¨.
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�«¥¤áâ¢¨¥ 3.1. �«ï â®£® çâ®¡ë  ää¨ ï á¨áâ¥¬  (3.1) ¡ë«  «®-

ª «ì® íª¢¨¢ «¥â  ¢ â®çª¥ y0 2M ¥ª®â®à®© á¨áâ¥¬¥ ¢¨¤  (3.95),

¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ y0:

1) ¢á¥ t-ª®à á¯à¥¤¥«¥¨ï Ki, i=0,. . . ,N � 1, ¡ë«¨ à¥£ã«ïàë;

2) KN = O;
3) ª®à á¯à¥¤¥«¥¨ï K , ¤«ï ª®â®àëå m > m+1, ¡ë«¨ ¢¯®«¥ ¨-

â¥£à¨àã¥¬ë. 2

�«¥¤áâ¢¨¥ 3.2. �á«¨ ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (3.1) íª¢¨¢ «¥â  á¨-

áâ¥¬¥ (3.95) ¯à¨ w = r, â® ç¨á«  r1 > r2 > : : : > rs (¯®¯ à® à §«¨ç-

ë¥ ¨¤¥ªáë áà¥¤¨ k1,. . . , kr) ¨ ç¨á«  �1,. . . ,�s ( ªà â®áâ¨ ¨¤¥ªá®¢

r1, . . . , rs á®®â¢¥âáâ¢¥®) ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¥¬ã á¢®©áâ¢ã:

ª ¦¤®¬ã t-ª®à á¯à¥¤¥«¥¨î K , ¤«ï ª®â®à®£® m > m+1, ¢§ ¨¬-

® ®¤®§ ç® á®®â¢¥âáâ¢ã¥â ¯ à  ç¨á¥« (ri; �i) á ri > 1, â ª çâ®

ri =  + 2, �i = m �m+1. 2

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3.10 ¢ëâ¥ª ¥â  «£®à¨â¬ ¯à¨¢¥¤¥¨ï «¨-

¥ à¨§ã¥¬®©  ää¨®© á¨áâ¥¬ë ª á®®â¢¥âáâ¢ãîé¥© ª ®¨ç¥áª®© ä®à-

¬¥ �àã®¢áª®£®. �®-¯¥à¢ëå, ã¦® ¯®áâà®¨âì ¤¢®©áâ¢¥ë© ¯à®¨§-

¢®¤ë© àï¤  áá®æ¨¨à®¢ ®£® á á¨áâ¥¬®© t-ª®à á¯à¥¤¥«¥¨ï K, ¢ë¯®«-

¨¢ ¤¥©áâ¢¨ï, ®¯¨á ë¥   á. 86. � â¥¬ ®âëáª¨¢ ¥âáï «¨¥ à¨§ãîé ï

§ ¬¥  ä §®¢ëå ª®®à¤¨ â. � ç «  ¢ëç¨á«ïîâáï ¨â¥£à «ë ¢¯®«¥

¨â¥£à¨àã¥¬®£® ª®à á¯à¥¤¥«¥¨ï KN�1, ¨ íâ¨ äãªæ¨¨ ¯à¨¨¬ îâáï

§  ®¢ë¥ ¯¥à¥¬¥ë¥ x11,. . . , x
�1
1 . �®®à¤¨ âë x12,. . . , x

�1
2  å®¤ïâáï

 «£¥¡à ¨ç¥áª¨ ª ª ª®íää¨æ¨¥âë ¯¥à¥¤ dt ¢ t-ä®à¬ å !i 2 K, â -

ª¨å, çâ® !i = dxi1, i=1,. . . ,�1. �®á«¥ íâ®£® ®¯à¥¤¥«ïîâáï ª®®à¤¨ âë

x13,. . . , x
�1
3 ª ª ª®íää¨æ¨¥âë ¯¥à¥¤ dt ¢ t-ä®à¬ å !i 2 K, â ª¨å, çâ®

!i = dxi2, ¨ â ª ¤ «¥¥ ¤® ª®®à¤¨ â x1r1 , . . . , x
�1
r1
. �  á«¥¤ãîé¥¬ è £¥

¨â¥£à¨àã¥âáï á¨áâ¥¬  �ä ää  (â.¥.  å®¤¨âáï ¯®«ë©  ¡®à ¨â¥-

£à «®¢), ¯®à®¦¤ îé ï ®ç¥à¥¤®¥ ª®à á¯à¥¤¥«¥¨¥ K , ¤«ï ª®â®à®£®

m > m+1, â.¥. ª®à á¯à¥¤¥«¥¨¥ Kr2�2. �à¨ íâ®¬ ã¦¥ ¨§¢¥áâë¥ ¨-

â¥£à «ë íâ®© á¨áâ¥¬ë x11,. . . , x
�1
1 ,. . . , x

1
r1�r2+1,. . . , x

�1
r1�r2+1

¯®« £ îâáï

à ¢ë¬¨ ª®áâ â ¬, ¨ à¥è ¥âáï ¯®«ãç¨¢è ïáï �2-¬¥à ï ¢¯®«¥ ¨â¥-

£à¨àã¥¬ ï á¨áâ¥¬  �ä ää . �®«ãç¥ë¥ �2 ¨â¥£à «®¢ íâ®© á¨áâ¥¬ë

¤ îâ x�1+11 , . . . , x�1+�21 . � «¥¥  å®¤ïâáï x�1+1i ,. . . , x�1+�2i , i=2,. . . ,r2,

ª ª ª®íää¨æ¨¥âë ¯à¨ dt ¢ á®®â¢¥âáâ¢ãîé¨å t-ä®à¬ å, ¨ ¨â¥£à¨-

àã¥âáï á«¥¤ãîé ï á¨áâ¥¬  �ä ää  (¯®à®¦¤ îé ï ª®à á¯à¥¤¥«¥¨¥

Kr3�2). � ª ¯®á«¥¤®¢ â¥«ì® ¨éãâáï ¢á¥ «¨¥ à¨§ãîé¨¥ ª®®à¤¨ âë

x
j
i =  

j
i (y

1; : : : ; yn); j = 1; : : : ; r; i = 1; : : : ; kj:

�«ï â®£® çâ®¡ë  ©â¨ § ¬¥ã ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîéãî ¯à¨¢¥¤¥-

¨î á¨áâ¥¬ë (3.1) ª ¢¨¤ã (3.95), ã¦® ¢ëç¨á«¨âì ¯®«ë¥ ¯à®¨§¢®¤ë¥
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äãªæ¨© x
j
kj
(t), j = 1; : : : ; r, ¢ á¨«ã á¨áâ¥¬ë (3.1):

_x
j
kj
=
@ 

j
kj

@yi
_yi = '

j
0(y) + 'j�(y)u

�;

i = 1; : : : ; n; � = 1; : : : ; r; j = 1; : : : ; r:

�áª®¬ ï § ¬¥  ã¯à ¢«¥¨© ¡ã¤¥â ®¯à¥¤¥«ïâìáï à ¢¥áâ¢ ¬¨

vj = '
j
0(y) + '

j
1(y)u

1 + '
j
2(y)u

2 + : : :+ 'jr(y)u
r ; j = 1; : : : ; r:

� ª¨¬ ®¡à §®¬, ¤«ï ¯à¨¢¥¤¥¨ï á¨áâ¥¬ë (3.1) ª «¨¥©®¬ã ¢¨-

¤ã, ªà®¬¥ ¤¨ää¥à¥æ¨à®¢ ¨© ¨  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©, âà¥¡ã¥â-

áï ¯®á«¥¤®¢ â¥«ì® ¯à®¨â¥£à¨à®¢ âì l ¢¯®«¥ ¨â¥£à¨àã¥¬ëå á¨áâ¥¬

�ä ää  à §¬¥à®áâï¬¨ �1, . . . , �l á®®â¢¥âáâ¢¥®, £¤¥ l = max
ri>1

i. �«ã-

ç © ®¤®ªà âëå ¨¤¥ªá®¢ �à®¥ª¥à   ¨¡®«¥¥ ¯à®áâ®©, â ª ª ª §¤¥áì

¤«ï ®âëáª ¨ï «¨¥ à¨§ãîé¥© § ¬¥ë ä §®¢ëå ª®®à¤¨ â ã¦® ¯à®-

¨â¥£à¨à®¢ âì r (¯à¨ kr > 1) ¨«¨ r� 1 (¯à¨ kr = 1) ¢¯®«¥ ¨â¥£à¨àã-

¥¬ëå á¨áâ¥¬ �ä ää .

�à¨¬¥à 3.3. �à¨¢¥¤¥¬ ª «¨¥©®¬ã ¢¨¤ã ¢ ®ªà¥áâ®áâ¨ ã«ï á¨-

áâ¥¬ã

_y1 = sin y2;

_y2 = sin y3;

_y3 = y1y2 + u1; (3.105)

_y4 = y5 + (y4)
3 � (y1)10;

_y5 = �3(y4)5 + u2;

y 2 R5; u 2 R2:

�¨áâ¥¬¥ (3.105) á®®â¢¥âáâ¢ã¥â t-ª®à á¯à¥¤¥«¥¨¥ K, ¡ §¨á®¥ á¥¬¥©áâ¢®

ª®â®à®£® á®áâ ¢«ïîâ t-ä®à¬ë

!1 = dy1 � sin y2dt; !2 = dy2 � sin y3dt;

!3 = dy4 � (y5 + (y4)
3 � (y1)

10
)dt:

�§ á®®â®è¥¨©

d!1 ^ !1 ^ !2 ^ !3 = � cos y2dy2 ^ dt ^ dy1 ^ dy2 ^ dy4 = 0;

d!2 ^ !1 ^ !2 ^ !3 = � cos y3dy3 ^ dt ^ dy1 ^ dy2 ^ dy4;
d!3 ^ !1 ^ !2 ^ !3 = �dy5 ^ dt ^ dy1 ^ dy2 ^ dy4
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á«¥¤ã¥â, çâ® t-ª®à á¯à¥¤¥«¥¨¥ K1 ¯®à®¦¤ ¥âáï t-ä®à¬®© !
1. � ª ª ª

d!1 ^ !1 6= 0;

â® á«¥¤ãîé¨© ç«¥ ¤¢®©áâ¢¥®£® ¯à®¨§¢®¤®£® àï¤  ¥áâì ã«¥¢®¥ t-

ª®à á¯à¥¤¥«¥¨¥:

K2 = O:
�®áª®«ìªã K ¨ K1 à¥£ã«ïàë,   K ¨ K1 ¢¯®«¥ ¨â¥£à¨àã¥¬ë, â®,

á®£« á® â¥®à¥¬¥ 3.10, á¨áâ¥¬  (3.105) «®ª «ì® íª¢¨¢ «¥â  ¢ ã«¥¢®©

â®çª¥ «¨¥©®© á¨áâ¥¬¥, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î � «¬  . �¨¤

íâ®© «¨¥©®© á¨áâ¥¬ë ®¯à¥¤¥«ï¥âáï § ç¥¨ï¬¨ ¨¤¥ªá®¢ �à®¥ª¥à .

�¬¥¥¬

m2 = 0; m1 = 1; m0 = 2:

� ª ª ª m1 > m2, m0 > m1, â®, á®£« á® á«¥¤áâ¢¨î 3.2,

r1 = 3; �1 = 1; r2 = 2; �2 = 1:

�®íâ®¬ã k1 = 3, k2 = 2, ¨ á¨áâ¥¬  (3.105) íª¢¨¢ «¥â  á¨áâ¥¬¥

_x11 = x12; _x12 = x13; _x13 = v1;

_x21 = x22; _x22 = v2:

� ©¤¥¬ «¨¥ à¨§ãîéãî § ¬¥ã ä §®¢ëå ª®®à¤¨ â. � ª®à á¯à¥¤¥«¥-

¨ï K1 ®¤¨ ¥§ ¢¨á¨¬ë© ¨â¥£à « | y1. �®«®¦¨¬ x11 = y1, â®£¤  ¢

ª ç¥áâ¢¥ x12 ¡¥à¥¬ ª®íää¨æ¨¥â ¯à¨ dt ¢ t-ä®à¬¥ !1: x12 = sin y2. �®«ã-

ç¨¬ t-ä®à¬ã �11 = dx11� x12dt. � ª ª ª dx12 = cos y2dy2, â® �12 = cos y2!2.

�®«®¦¨¬ x13 = cos y2 sin y3, â®£¤  �12 = dx12 � x13dt. � ª®à á¯à¥¤¥«¥¨ï

K0 = K âà¨ ¥§ ¢¨á¨¬ëå ¨â¥£à « : x11, x
1
2 ¨ y

4. �à¨¬¥¬ y4 §  ®¢ãî

¯¥à¥¬¥ãî x21. �®£¤  �
2
1 = !3, ¨, ¯®« £ ï x22 = y5+(y4)

3� (y1)10, ¯®«ã-
ç¨¬ �21 = dx21�x22dt. �â ª, «¨¥ à¨§ãîé ï § ¬¥  ä §®¢ëå ª®®à¤¨ â
¥áâì

x11 = y1; x12 = siny2; x13 = cos y2 sin y3; x21 = y4; x22 = y5+(y4)
3�(y1)10:

�®®â¢¥âáâ¢ãîéãî § ¬¥ã ã¯à ¢«¥¨©  ©¤¥¬, ¯à®¤¨ää¥à¥æ¨à®¢ ¢

äãªæ¨¨ x13(t) ¨ x
2
2(t) ¢ á¨«ã á¨áâ¥¬ë (3.105):

v1 = � sin y2(sin y3)
2
+ cos y2 cos y3(y1y2 + u1);

v2 = u2 + 3(y4)
2
(y5 � (y1)

10
)� 10(y1)

9
sin y2:

�á«®¢¨ï íª¢¨¢ «¥â®áâ¨  ää¨®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë «¨¥©-

®© á¨áâ¥¬¥ ¨¬¥îâ, à §ã¬¥¥âáï,   «®£ ¨ ¢ â¥à¬¨ å  ää¨ëå à á-

¯à¥¤¥«¥¨©. � ¬¥â¨¬, çâ® ç«¥ë ¯®á«¥¤®¢ â¥«ì®áâ¥© (1.61) ¨ (1.113)
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ï¢«ïîâáï ¤¢®©áâ¢¥ë¬¨, â.¥. LFi = (Ki)
?
. �ç¨âë¢ ï â®â ä ªâ, çâ®

à¥£ã«ïà®¥ ª®à á¯à¥¤¥«¥¨¥ â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï ¢¯®«¥ ¨-

â¥£à¨àã¥¬ë¬, ª®£¤  ¤¢®©áâ¢¥®¥ à á¯à¥¤¥«¥¨¥ ï¢«ï¥âáï ¢¯®«¥ ¨â¥-

£à¨àã¥¬ë¬ (¨, á«¥¤®¢ â¥«ì®, ¯® â¥®à¥¬¥ 1.8 ¨¢®«îâ¨¢ë¬), ¯®«ãç¨¬,

çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3.11. �ää¨ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (3.1) «®ª «ì® íª-

¢¨¢ «¥â  ¢ â®çª¥ y0 2M «¨¥©®© á¨áâ¥¬¥ (3.95) â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤ :

1) â®çª  y0 ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¯à®¨§¢®¤®£® àï¤  (1.60)

 áá®æ¨¨à®¢ ®£®  ää¨®£® à á¯à¥¤¥«¥¨ï F á¨áâ¥¬ë (3.1);

2) FN , £¤¥ N + 1 | ¤«¨  ¯à®¨§¢®¤®£® ª®ä« £  (3.14), ï¢«ï¥âáï

ª á â¥«ìë¬ à áá«®¥¨¥¬, â.¥. à á¯à¥¤¥«¥¨¥¬ ¢¨¤  y 7! TMy;

3) LFi ; i = 0; 1; : : : ; N , ï¢«ïîâáï ¨¢®«îâ¨¢ë¬¨ à á¯à¥¤¥«¥¨ï¬¨.

� à ¡®â å [33, 34], [54, 55] ¯®«ãç¥ë ãá«®¢¨ï «®ª «ì®© ¤¨ää¥®-

¬®àä®áâ¨  ää¨®© á¨áâ¥¬ë (3.1) «¨¥©®© á¨áâ¥¬¥ (3.95) ¨«¨, ¨ -

ç¥ £®¢®àï, ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï «®ª «ì®© ¥¢ëà®¦¤¥®© § ¬¥ë

ä §®¢ëå ¯¥à¥¬¥ëå ¨ ã¯à ¢«¥¨©, ¯à¥®¡à §ãîé¥©  ää¨ãî á¨áâ¥-

¬ã ¢ «¨¥©ãî. �â¨ ãá«®¢¨ï, ¯® áãé¥áâ¢ã, á®¢¯ ¤ îâ á ãá«®¢¨ï¬¨

â¥®à¥¬ë 3.11. �à¨¢¥¤¥ë¥ §¤¥áì à¥§ã«ìâ âë ¢ â¥à¬¨ å ¤¢®©áâ¢¥-

ëå ®¡ê¥ªâ®¢ ¯®«ãç¥ë ¢ à ¡®â¥ [47], ¢ ª®â®à®© ¡ë«¨ ¨á¯®«ì§®¢ ë

¥ª®â®àë¥ ¨¤¥¨ à ¡®âë [68].

�à¨ ¨§ãç¥¨¨ ¢®¯à®á  ® ¯à¨¢¥¤¥¨¨  ää¨®© ã¯à ¢«ï¥¬®© á¨áâ¥-

¬ë ª «¨¥©®© â¥®à¥¬ã 3.11 ã¤®¡® ¨á¯®«ì§®¢ âì ¯à¨ ¥¡®«ìè®¬ ç¨-

á«¥ ã¯à ¢«¥¨©. �á«¨ ¦¥ á¨áâ¥¬  ¨¬¥¥â ¬®£® ã¯à ¢«¥¨© (¡®«ìè¥,

ç¥¬ n=2), â® à £  áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï K ¬¥ìè¥ à -

£   áá®æ¨¨à®¢ ®£®  ää¨®£® à á¯à¥¤¥«¥¨ï F , ¨ ¯®íâ®¬ã «ãçè¥

¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 3.10.

�à¨¬¥à 3.4. �áá«¥¤ã¥¬   íª¢¨¢ «¥â®áâì «¨¥©®© á¨áâ¥¬¥ ¢

®ªà¥áâ®áâ¨ ã«ï  ää¨ãî á¨áâ¥¬ã

_y1 = sin y2 + y1(y5)
3
u1 + (y5)

2
u2;

_y2 = cos y2 sin y3;

_y3 = u1 + sin y4 u2 + y2(y4)
2
u3; (3.106)

_y4 = y3 sin y5 u1 + cos y1 u3;

_y5 = y1y5u1 + u2;

y 2 R5; u 2 R3:
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�¨áâ¥¬¥ (3.106) á®®â¢¥âáâ¢ã¥â  ää¨®¥ à á¯à¥¤¥«¥¨¥ F , ¯®à®¦-

¤ ¥¬®¥ ¢¥ªâ®àë¬¨ ¯®«ï¬¨

f0 = sin y2
@

@y1
+ cos y2 sin y3

@

@y2
;

f1 = y1(y5)
3 @

@y1
+

@

@y3
+ y3 sin y5

@

@y4
+ y1y5

@

@y5
;

f2 = (y5)
2 @

@y1
+ sin y4

@

@y2
+

@

@y5
;

f3 = y2(y4)
2 @

@y3
+ cos y1

@

@y4

¨ t-ª®à á¯à¥¤¥«¥¨¥ K, ¯®à®¦¤ ¥¬®¥ t-ä®à¬ ¬¨ �ä ää 

!1 = dy1 � (y5)
2
dy5 � sin y2dt;

!2 = dy2 � cos y2 sin y3dt:

�«ï â®£® çâ®¡ë ¯à®¢¥à¨âì ¢ë¯®«¥¨¥ ¤«ï á¨áâ¥¬ë (3.106) ãá«®¢¨©

â¥®à¥¬ë 3.11, ã¦® ¯à®¢¥áâ¨ ¯à®æ¥áá ¯®¯®«¥¨ï, â.¥. ¯®áâà®¨âì ¯®-

á«¥¤®¢ â¥«ì®áâì (1.65). �«¥¤®¢ â¥«ì®, ¢®-¯¥à¢ëå, âà¥¡ã¥âáï  ©â¨

ª®¬¬ãâ â®àë [f1; f2], [f1; f3], [f1; f2] ¨ ã¡¥¤¨âìáï ¢ â®¬, çâ® ®¨ «¨¥©-

® (á ¯¥à¥¬¥ë¬¨ ª®íää¨æ¨¥â ¬¨) ¢ëà ¦ îâáï ç¥à¥§ ¢¥ªâ®àë¥ ¯®-

«ï fi, i = 1; 2; 3 (â.¥. LF0 ¨¢®«îâ¨¢®). �®-¢â®àëå, ã¦® ¢ëç¨á«¨âì

ª®¬¬ãâ â®àë [f0; fi], i = 1; 2; 3, ¨  ©â¨ à £ à á¯à¥¤¥«¥¨ï (LF1 ), ¯®à®-

¦¤ ¥¬®£® íâ¨¬¨ ª®¬¬ãâ â®à ¬¨ ¨ ¯®«ï¬¨ fi, i = 1; 2; 3. � £ LF1 ¡ã¤¥â

à ¢¥ 4. � â¥¬ á«¥¤ã¥â ¢ëç¨á«¨âì ª®¬¬ãâ â®àë [fi; [f0; fj]], i; j = 1; 2; 3,

i6j, ¨ ã¡¥¤¨âìáï ¢ â®¬, çâ® ®¨ «¨¥©® ¢ëà ¦ îâáï ç¥à¥§ ¯®«ï fi,

[f0; fi], i = 1; 2; 3 (â.¥. LF1 ¨¢®«îâ¨¢®). � ª®¥æ, ã¦®  ©â¨,  -

¯à¨¬¥à, [f0; [f0; f1] ¨ ¯®«ãç¨âì ¢ à¥§ã«ìâ â¥ à á¯à¥¤¥«¥¨¥ LF2 à £ 

5. � ª ª ª dimK < dimF , â® ¢ëç¨á«¥¨ï ¡ã¤ãâ £®à §¤® ¬¥¥¥ âàã¤®-

¥¬ª¨¬¨, ¥á«¨ ¢®á¯®«ì§®¢ âìáï ãá«®¢¨ï¬¨ íª¢¨¢ «¥â®áâ¨ ¢ â¥à¬¨ å

t-ª®à á¯à¥¤¥«¥¨©. �¬¥¥¬

d!1 ^ !1 ^ !2 = 0; d!2 ^ !1 ^ !2 6= 0; d!1 ^ !1 6= 0:

�®íâ®¬ã t-ª®à á¯à¥¤¥«¥¨¥ K1 ¯®à®¦¤ ¥âáï t-ä®à¬®© !1,   K2 = 0.

� ª ª ª m0 = m1 = 1, m2 = 0, â®   ¯®«ãî ¨â¥£à¨àã¥¬®áâì ¤®-

áâ â®ç® ¯à®¢¥à¨âì ª®à á¯à¥¤¥«¥¨¥ K1. �®áª®«ìªã d!1 ^ !1 = 0; â®

á¨áâ¥¬  (3.106) «®ª «ì® íª¢¨¢ «¥â  ¢ ã«¥¢®© â®çª¥ «¨¥©®© á¨-

áâ¥¬¥. �¬¥¥¬

r1 = 3; �1 = 1; r2 = 1; �2 = n� �1r1 = 2:
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�«¥¤®¢ â¥«ì®, á¨áâ¥¬  (3.106) «®ª «ì® íª¢¨¢ «¥â  ¢ ã«¥¢®© â®çª¥

_x11 = x12; _x12 = x13; _x13 = v1;

_x21 = v2;

_x31 = v3;

ª ª®â®à®© ¯à¨¢®¤¨âáï á«¥¤ãîé¥© § ¬¥®© ä §®¢ëå ¯¥à¥¬¥ëå

x11 = y1 � 1
3
(y5)

3
;

x12 = sin y2;

x13 = (cos y2)
2
sin y3;

x21 = y4;

x31 = y5;

¨ ã¯à ¢«¥¨©

v1 = � sin 2y2 sin y3(sin y2 + y1(y5)
3
u1 + (y5)

2
u2) +

+ (cos y2)
2
cos y3(u1 + sin y4 u2 + y2(y4)

2
u3);

v2 = y3 sin y5 u1 + cos y1 u3;

v3 = y1y5u1 + u2:

3.3. �®¯ãáª ¥¬ë¥ £àã¯¯ë

¨ ¤®¯ãáª ¥¬ë¥  «£¥¡àë �¨

�¤¥áì à áá¬ âà¨¢ îâáï ¨§®¬®àä¨§¬ë  ää¨ëå á¨áâ¥¬ (3.1)  

á¥¡ï ¨«¨, ¨ ç¥ £®¢®àï,  ¢â®¬®àä¨§¬ë ª â¥£®à¨¨ AS. � ª â¥£®à¨ïå,

á¢ï§ ëå á á¨áâ¥¬ ¬¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,  ¢â®¬®àä¨§¬ë

®¡ëç®  §ë¢ îâáï ¯à¥®¡à §®¢ ¨ï¬¨, ª®â®àë¥ ¤®¯ãáª îâáï á¨áâ¥¬ -

¬¨ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¨«¨ á¨¬¬¥âà¨ï¬¨.

� ¨¥ ¤®¯ãáª ¥¬ëå ¯à¥®¡à §®¢ ¨© ¯®§¢®«ï¥â ¯® ¨§¢¥áâë¬ à¥-

è¥¨ï¬  å®¤¨âì ®¢ë¥ à¥è¥¨ï ã¯à ¢«ï¥¬ëå á¨áâ¥¬. �à®¬¥ â®£®,

¤®¯ãáª ¥¬ë¥ £àã¯¯ë ¨  «£¥¡àë �¨ ¨£à îâ áãé¥áâ¢¥ãî à®«ì ¢ ¢®¯-

à®á å ä ªâ®à¨§ æ¨¨ ¨ áã¦¥¨ï  ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ (á¬.

¤ «¥¥ à §¤¥«ë 4.2, 5.2).

�â ª, ¯® ®¯à¥¤¥«¥¨î ¤¨ää¥®¬®àä¨§¬  :M !M ¤®¯ãáª ¥âáï á¨-

áâ¥¬®© (3.1) (¢ ª â¥£®à¨¨ AS), ¥á«¨ ª ª â®«ìª® y(t) | à¥è¥¨¥ á¨áâ¥¬ë

(3.1), â® y0(t) =  (y(t)) | â ª¦¥ à¥è¥¨¥ á¨áâ¥¬ë (3.1).

� «¥¥, ¢ ¡®«¥¥ ®¡é¥¬ á¬ëá«¥ ¯®¤ ¤®¯ãáª ¥¬ë¬¨ ¯à¥®¡à §®¢ ¨ï-

¬¨ ¯®¨¬ îâáï â ª¦¥ «®ª «ìë¥ ¤¨ää¥®¬®àä¨§¬ë, ¯¥à¥¢®¤ïé¨¥ à¥-

è¥¨ï ¢ à¥è¥¨ï. � ®á®¢®¬  á ¡ã¤ãâ ¨â¥à¥á®¢ âì â ª¨¥ «®ª «ì-

ë¥ ®¤®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë fs� ; � 2 R1g, çâ® ª ¦¤ë© «®ª «ìë©
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¤¨ää¥®¬®àä¨§¬ s� ï¢«ï¥âáï ¤®¯ãáª ¥¬ë¬ ¯à¥®¡à §®¢ ¨¥¬. � ª¨¥

£àã¯¯ë ¡ã¤¥¬  §ë¢ âì ¤®¯ãáª ¥¬ë¬¨ £àã¯¯ ¬¨,   ¢¥ªâ®àë¥ ¯®«ï,

¯®à®¦¤ îé¨¥ ¤®¯ãáª ¥¬ë¥ £àã¯¯ë, | ¤®¯ãáª ¥¬ë¬¨ ¯®«ï¬¨ á¨áâ¥¬ë

(3.1).

� ¯®¤ª â¥£®à¨¨ ASP ¤®¯ãáª ¥¬ë¬¨ ï¢«ïîâáï ¯à¥®¡à §®¢ ¨ï, ª®-

â®àë¥ ¯¥à¥¢®¤ïâ à¥è¥¨ï ¢ à¥è¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ ®¤¨ ª®¢ë¬

ã¯à ¢«¥¨ï¬. �§ ¯à¥¤«®¦¥¨ï 2.3 á«¥¤ã¥â, çâ® ¤¨ää¥®¬®àä¨§¬  ¤®-

¯ãáª ¥âáï á¨áâ¥¬®© (3.1) ¢ ª â¥£®à¨¨ ASP â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

 �f� = f�; � = 0; 1; : : :; r;

â.¥. ª®£¤   áá®æ¨¨à®¢ ë¥ ¯®«ï f�; � = 0; 1; : : : ; r; á¨áâ¥¬ë (3.1) ¨-

¢ à¨ âë ®â®á¨â¥«ì®  ¯® â¥à¬¨®«®£¨¨ à §¤¥«  1.6. �§ â¥®à¥¬ë

1.25 â®£® ¦¥ à §¤¥«  á«¥¤ã¥â

�¥®à¥¬  3.12. �¥ªâ®à®¥ ¯®«¥ � ¤®¯ãáª ¥âáï á¨áâ¥¬®© (3.1) ¢ ª -

â¥£®à¨¨ ASP â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[�; f�] = 0; � = 0; 1; : : : ; r: 2 (3.107)

�§ â®¦¤¥áâ¢  �ª®¡¨ (1.9) á«¥¤ã¥â, çâ® ¬®¦¥áâ¢® ¯®«¥© �, ã¤®¢«¥-

â¢®àïîé¨å (3.107), ï¢«ï¥âáï  «£¥¡à®© �¨, ª®â®àãî ¡ã¤¥¬ ®¡®§ ç âì

ç¥à¥§ a0 ¨  §ë¢ âì  «£¥¡à®©, ¤®¯ãáª ¥¬®© á¨áâ¥¬®© (3.107) ¢ ª â¥£®-

à¨¨ ASP.

� ¬¥ç ¨¥ 3.5. �«£¥¡à  a0 ¡ë«  ¢¢¥¤¥  �.�.�ª®¢¥ª® ¤«ï ¥«¨-

¥©ëå á¨áâ¥¬ ®¡é¥£® ¢¨¤  (2.9) ª ª ¬®¦¥áâ¢® ¯®«¥© �, ã¤®¢«¥â¢®àï-

îé¨å ãá«®¢¨î [�; fu] = 0; 8u 2 U [42, 43]. �â¬¥â¨¬ ®¤¨ à¥§ã«ìâ â,

¯à¨ ¤«¥¦ é¨© �.�.�ª®¢¥ª®: ¥á«¨ �f0�(y0) = n; y0 2M , â® dima06n

¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ N â®çª¨ y0 2M (¨ ç¥ £®¢®àï, dima06n ¤«ï

á¨áâ¥¬ë, ¯®«ãç îé¥©áï ®£à ¨ç¥¨¥¬ (2.9)   V ). �¤¥áì �f0� | à á-

¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥  «£¥¡à®© �¨ f0�,   f0 | á¥¬¥©áâ¢® ¢¥ªâ®àëå

¯®«¥© fu; u 2 U .

�§ â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® ¤¨ää¥®¬®àä¨§¬  :M !M ¤®¯ãáª ¥â-

áï á¨áâ¥¬®© (3.1) ¢ ª â¥£®à¨¨ AS â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   �F = F ,

£¤¥ F | áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (3.1). � -

«®£¨ç®¥ ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¤«ï «®ª «ì®£® ¤¨ää¥®¬®àä¨§-

¬   , ¤®¯ãáª ¥¬®£® á¨áâ¥¬®© (3.1), á ãç¥â®¬ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï. � -

ª¨¬ ®¡à §®¬, ¢¥ªâ®à®¥ ¯®«¥ � 2 T (M ) ¤®¯ãáª ¥âáï á¨áâ¥¬®© (3.1) â®-

£¤  ¨ â®«ìª® â®£¤ , ª®£¤   áá®æ¨¨à®¢ ®¥ à á¯à¥¤¥«¥¨¥ F á¨áâ¥¬ë

(3.1) ¨¢ à¨ â® ®â®á¨â¥«ì® ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ë, ¯®à®-

¦¤ ¥¬®© ¯®«¥¬ �. �âáî¤  ¨ ¨§ â¥®à¥¬ë 1.26 ¢ëâ¥ª ¥â
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�¥®à¥¬  3.13. �¥ªâ®à®¥ ¯®«¥ � ¤®¯ãáª ¥âáï  ää¨®© á¨áâ¥¬®©

(3.1) ¢ ª â¥£®à¨¨ AS â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[�; F ]� LF (3.108)

(â.¥.[�; �] 2 LF ; 8� 2 F ).

�§ (3.108) «¥£ª® ¢ë¢¥áâ¨ (¨á¯®«ì§ãï â®¦¤¥áâ¢® �ª®¡¨), çâ® á®¢®ªã¯-

®áâì ¢¥ªâ®àëå ¯®«¥©, ¤®¯ãáª ¥¬ëå á¨áâ¥¬®© (3.1), ï¢«ï¥âáï  «£¥¡à®©

�¨, ª®â®àãî ®¡®§ ç¨¬ ç¥à¥§ a1 ¨ ¡ã¤¥¬  §ë¢ âì ¤®¯ãáª ¥¬®©  «£¥-

¡à®© �¨ á¨áâ¥¬ë (3.1) ¢ ª â¥£®à¨¨ AS. �á®, çâ®  «£¥¡à  a0 ï¢«ï¥âáï

¯®¤ «£¥¡à®©  «£¥¡àë a1.

� ¬¥ç ¨¥ 3.6. �«ï ¥«¨¥©ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬ ®¡é¥£® ¢¨-

¤  (2.9) �.�.� ¢«®¢áª¨© ¢¢¥«  «£¥¡àã �¨ ¢¥ªâ®àëå ¯®«¥© ¢¨¤ 

X = �i(y)
@

@yi
+ !�(y; u)

@

@u�
; (3.109)

®¡« ¤ îé¨å â¥¬ á¢®©áâ¢®¬, çâ® á®®â¢¥âáâ¢ãîé¨¥ ®¤®¯ à ¬¥âà¨ç¥-

áª¨¥ £àã¯¯ë ¯¥à¥¢®¤ïâ äãªæ¨¨ y(t), u(t), ã¤®¢«¥â¢®àïîé¨¥ (2.9), ¢

äãªæ¨¨ y0(t), u0(t), â ª¦¥ ã¤®¢«¥â¢®àïîé¨¥ (2.9) [39]. �¡®§ ç¨¬ íâã

 «£¥¡àã ç¥à¥§ b. � á«ãç ¥ á¨áâ¥¬ ¢¨¤  (3.1) «¥£ª® ¢¨¤¥âì, çâ® ¥á«¨ ¯®«¥

(3.109) ¯à¨ ¤«¥¦¨â b, â® ¯®«¥ � = �i@=@yi ¯à¨ ¤«¥¦¨â a1. �¡à â®,

¥á«¨ � 2 a1, â® áãé¥áâ¢ãîâ â ª¨¥ äãªæ¨¨ !�, çâ® á®®â¢¥âáâ¢ãîé¥¥

¯®«¥ (3.109) ¯à¨ ¤«¥¦¨â b.

� áá¬®âà¨¬ ¢®¯à®á ®  å®¦¤¥¨¨  «£¥¡àë a1. � ç¥¬ á ¯®¤ «£¥¡àë

a0, ®âëáª ¨¥ ª®â®à®© á¢®¤¨âáï ª à¥è¥¨î á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ì-

ëå ãà ¢¥¨© á ®¤¨ ª®¢®© £« ¢®© ç áâìî. �¥©áâ¢¨â¥«ì®, ¢ ª®¬-

¯®¥â®© § ¯¨á¨ á®®â®è¥¨ï (3.107) § ¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à -

§®¬:

fj�
@�i

@yj
= �j

@f i�
@yj

; (3.110)

� = 0; 1; : : : ; r; i = 1; : : : ; n:

�«£®à¨â¬ à¥è¥¨ï â ª¨å á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ®¯¨-

á ë© ¢ à §¤¥«¥ 1.7, ®á®¢    ¯®áâà®¥¨¨ ¯à®¨§¢®¤®£® àï¤  (1.32)

¤«ï  áá®æ¨¨à®¢ ®£® á¥¬¥©áâ¢  ¯®«¥© á¨áâ¥¬ë (3.1)

f0 � f1 � : : : � fk � : : : ; (3.111)

£¤¥ f0 = f = ff�; � = 0; 1; : : :; rg. � ¯®¬¨¬, çâ® á¥¬¥©áâ¢®

f
� = span ffk; k = 0; 1; : : :g
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ï¢«ï¥âáï ¬¨¨¬ «ì®©  «£¥¡à®© �¨, á®¤¥à¦ é¥© f, ¨  §ë¢ ¥âáï  áá®-

æ¨¨à®¢ ®©  «£¥¡à®© á¨áâ¥¬ë (3.1). �¥è¥¨¥ á¨áâ¥¬ë (3.110) ¯®«ãç -

¥âáï ¢ à¥§ã«ìâ â¥ ¢ë¯®«¥¨ï ¥ª®â®àëå  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©, ¢

ç áâ®áâ¨  å®¦¤¥¨ï ¡ §¨á®£® á¥¬¥©áâ¢  à á¯à¥¤¥«¥¨ï �f� á ¯®¬®-

éìî ¯à®æ¥áá  ¯®¯®«¥¨ï,   â ª¦¥  å®¦¤¥¨ï ¨â¥£à «®¢ ¥ª®â®à®-

£® ¯®«®£® á¥¬¥©áâ¢ , çâ® à ¢®á¨«ì® à¥è¥¨î á¨áâ¥¬ ®¡ëª®¢¥ëå

¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. � ¬¥â¨¬, çâ® ¥á«¨ dim�f� = n (¨ -

ç¥ £®¢®àï, ã¯à ¢«ï¥¬ ï á¨áâ¥¬   å®¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨), â®,

á®£« á® â¥®à¥¬¥ 1.32, ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (3.110) § ¢¨á¨â ®â ª®-

áâ â, ç¨á«® ª®â®àëå ¥ ¯à¥¢ëè ¥â n. �â® ®§ ç ¥â, çâ® ¢ íâ®¬ á«ãç ¥

 «£¥¡à  a0 ª®¥ç®¬¥à , ª ª ã¦¥ ¡ë«® áª § ® ¢ § ¬¥ç ¨¨ 3.5. �¨-

á«® ª®áâ â à ¢® à §¬¥à®áâ¨ a0. �â® ç¨á«®  å®¤¨âáï á ¯®¬®éìî

¢ë¯®«¥¨ï  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨© ¡¥§ à¥è¥¨ï ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨©.

� áá¬®âà¨¬ â¥¯¥àì ¢®¯à®á ®  å®¦¤¥¨¨ ¥é¥ ®¤®© ¯®¤ «£¥¡àë

 «£¥¡àë a1. � ¬¥â¨¬, çâ® ¯®«ï, ¯à¨ ¤«¥¦ é¨¥ å à ªâ¥à¨áâ¨ç¥áª®¬ã

à á¯à¥¤¥«¥¨î CF , ¤®¯ãáª îâáï á¨áâ¥¬®© (3.1) ¢ ª â¥£®à¨¨ AS. �â®
á«¥¤ã¥â ¨§ (3.108) ¨ ®¯à¥¤¥«¥¨ï CF . �¡®§ ç¨¬ ç¥à¥§ ac ¬®¦¥áâ¢®

¢¥ªâ®àëå ¯®«¥©, ¯à¨ ¤«¥¦ é¨å CF . �â ª, ac � a1. �®«¥ � ¨§  «£¥¡-

àë a1 ¯à¨ ¤«¥¦¨â ac, ¥á«¨ � 2 LF . � â®¬ á«ãç ¥, ª®£¤ CF à¥£ã«ïà®,

â®, á®£« á® ¯à¥¤«®¦¥¨î 1.19, CF ¨¢®«îâ¨¢®, ¨, á«¥¤®¢ â¥«ì®, ac
¯à¥¤áâ ¢«ï¥â á®¡®©  «£¥¡àã �¨, ï¢«ïîéãîáï ¯®¤ «£¥¡à®©  «£¥¡àë a1.

�«£¥¡à  ac ï¢«ï¥âáï, ªà®¬¥ â®£®, ¥é¥ ¨ ¬®¤ã«¥¬  ¤ ª®«ìæ®¬ £« ¤ª¨å

äãªæ¨©. �¥©áâ¢¨â¥«ì®, ¥á«¨ � 2 ac, â® ¨ «î¡®¥ ¯®«¥ h(y)�, £¤¥

h ï¢«ï¥âáï ¯à®¨§¢®«ì®© £« ¤ª®© äãªæ¨¥©, â ª¦¥ ¯à¨ ¤«¥¦¨â ac.

�âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¥á«¨ dimCF 6= 0, â®  «£¥¡à  ac,  

á«¥¤®¢ â¥«ì®, ¨  «£¥¡à  a1 ï¢«ïîâáï ¡¥áª®¥ç®¬¥àë¬¨.

� ¦ë¬ á¢®©áâ¢®¬  «£¥¡àë ac ï¢«ï¥âáï â®, çâ® ¤«ï ®¯¨á ¨ï ac ¥

ã¦® à¥è âì ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï, â.¥. ac ®¯¨áë¢ ¥âáï á ¯®-

¬®éìî «¨èì í«¥¬¥â àëå  «£¥¡à ¨ç¥áª¨å áà¥¤áâ¢. �«ï  å®¦¤¥¨ï

ac á«¥¤ã¥â ¯¥à¥©â¨ ®â  ää¨®£® à á¯à¥¤¥«¥¨ï F ª ¤¢®©áâ¢¥®¬ã

t-ª®à á¯à¥¤¥«¥¨î F? ¨ § â¥¬ ¯®áâà®¨âì á¨áâ¥¬ã �ä ää  (1.105),

(1.106), ¯®à®¦¤ îéãî t-å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ CtF?.

�á«¨ CtF? à¥£ã«ïà® ¨ dimCtF? = q, â® áà¥¤¨ ãà ¢¥¨© (1.105),

(1.106) («®ª «ì®) ¨¬¥¥âáï q «¨¥©® ¥á¢ï§ ëå

!k = !ki (y) dy
i = 0; k = 1; : : : ; q: (3.112)

�§ â¥®à¥¬ë 1.12 á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ãç ¥ CF ï¢«ï¥âáï à¥£ã«ïàë¬

à á¯à¥¤¥«¥¨¥¬, ¯à¨ç¥¬ CF = (CtF?)
?. � ª¨¬ ®¡à §®¬, ¡ §¨á®¥

á¥¬¥©áâ¢®

�a = �ia(y)
@

@yi
; a = 1; : : : ; p = n = q; (3.113)
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à á¯à¥¤¥«¥¨ï CF ï¢«ï¥âáï ¢§ ¨¬ë¬ ª (3.112) ¨  å®¤¨âáï á ¯®¬®-

éìî à¥è¥¨ï á¨áâ¥¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

!ki �
i = 0; k = 1; : : : ; q:

�â ª,  «£¥¡àã ac (¯® ªà ©¥© ¬¥à¥, «®ª «ì®) ¬®¦® ®¯¨á âì á«¥-

¤ãîé¨¬ ®¡à §®¬: ª ¦¤®¥ ¢¥ªâ®à®¥ ¯®«¥ � 2 ac ¨¬¥¥â ¢¨¤ � = �a(y)�a,

£¤¥ �a | ¯®«ï (3.113), �a | ¥ª®â®àë¥ £« ¤ª¨¥ äãªæ¨¨.

�®¯ãáª ¥¬ë¥ ¯®«ï � 2 a1 ®¡é¥£® ¢¨¤   å®¤ïâáï á ¯®¬®éìî à¥è¥-

¨ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �®®â®è¥¨¥ (3.108) à ¢®á¨«ì®

á®®â®è¥¨ï¬

[�; �0] 2 LF ; [�;LF ] � LF ; (3.114)

£¤¥ �0 | ¥ª®â®à®¥ ¯®«¥, ¯à¨ ¤«¥¦ é¥¥ F . �®ª § â¥«ìáâ¢®   «®£¨ç-

® ¤®ª § â¥«ìáâ¢ã à ¢®á¨«ì®áâ¨ á®®â®è¥¨© (1.57) ¨ á®®â®è¥¨©

(1.58), (1.59). �á«®¢¨ï (3.114) ¬®¦® § ¯¨á âì â ª¦¥ ¢ á«¥¤ãîé¥¬ ¢¨-

¤¥:

[�; f�] = ���(y)f� ; � = 0; 1; : : : ; r; � = 1; : : : ; r; (3.115)

£¤¥ ��� | ¥ª®â®àë¥ äãªæ¨¨. (�¤¥áì �0 = f0.)

�®®â®è¥¨ï (3.115) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ì-

ëå ãà ¢¥¨© ®â®á¨â¥«ì® ª®¬¯®¥â ¯®«ï � = �i(y)@=@yi

fj�
@�i

@yj
= �j

@f i�
@yj

+ ���f
i
� ; � = 0; 1; : : : ; r; � = 1; : : : ; r: (3.116)

�¨áâ¥¬  (3.116) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢-

¥¨© á ®¤¨ ª®¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì® ¯¥à¥¬¥ëå �i(y), ®,

¢ ®â«¨ç¨¥ ®â á¨áâ¥¬ë (3.110), §¤¥áì ¨¬¥îâáï ¥é¥ ¥¨§¢¥áâë¥ äãªæ¨¨

���(y) | â ª  §ë¢ ¥¬ë¥ ¯ à ¬¥âà¨ç¥áª¨¥ ¯¥à¥¬¥ë¥, çâ® áãé¥áâ¢¥-

® ãá«®¦ï¥â ¤¥«® ¯à¨ ¨á¯®«ì§®¢ ¨¨  «£®à¨â¬®¢, ®¯¨á ëå ¢ à §¤¥-

«¥ 1.7 (á¬. § ¬¥ç ¨¥ 1.27).

�«ï à¥è¥¨ï á¨áâ¥¬ë (3.116) ¬®¦® â ª¦¥ ¯à¨¬¥¨âì ¯à¨¥¬ ¨á-

ª«îç¥¨ï ¯ à ¬¥âà¨ç¥áª¨å ¯¥à¥¬¥ëå. � à¥§ã«ìâ â¥ ¯®«ãç¨âáï á¨-

áâ¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ®â®á¨â¥«ì® �i ¡¥§ ¯ à ¬¥âà¨-

ç¥áª¨å ¯¥à¥¬¥ëå, ® íâ  á¨áâ¥¬ , ¢®®¡é¥ £®¢®àï, ¥ ¡ã¤¥â á¨áâ¥¬®©

á ®¤¨ ª®¢®© £« ¢®© ç áâìî. � ¬¥â¨¬, çâ® ¢ á®®â®è¥¨ïå (3.116)

¢¬¥áâ® ¯®«¥© f�; � = 0; 1; : : : ; r; à ¢®á¨«ìë¬ ®¡à §®¬ ¬®¦¥â ä¨£ãà¨-

à®¢ âì «î¡®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® ��; � = 0; 1; : : :; p = dimF ,  ää¨®-

£® à á¯à¥¤¥«¥¨ï F . �®áâà®¨¬ ¡ §¨á®¥ á¥¬¥©áâ¢® á¯¥æ¨ «ì®£® ¢¨¤ .

�ãáâì, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¯®«ï f�; � = 1; : : : ; p; á®áâ ¢«ïîâ ¡ -

§¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï LF , ¯à¨ç¥¬ jf i�ji=1;:::;p�=1;:::;p 6= 0. �®£¤ 

®ç¥¢¨¤®, çâ® «¨¥©ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬ á¥¬¥©áâ¢®
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f�; � = 1; : : : ; p; ¯à¨¢®¤¨âáï ª â ª  §ë¢ ¥¬®¬ã ïª®¡¨¥¢ã ¢¨¤ã

�� =
@

@y�
+ �l�(y)

@

@yl
; � = 1; : : : ; p; l = p + 1; : : : ; n: (3.117)

�ã¦®¥ ¡ §¨á®¥ á¥¬¥©áâ¢® á®â®¨â ¨§ ¯®«ï �0 = f0 ¨ ¯®«¥© (3.117).

�à ¢¥¨ï ¢¨¤  (3.116) ¤«ï ¯®áâà®¥®£® á¥¬¥©áâ¢  ��; � = 0; 1; : : : ; p;

¢ ª®¬¯®¥â®© § ¯¨á¨ ¢ë£«ï¤ïâ â ª:

�(�0 ) � �0(�
 )= ��0 �


� ; (3.118)

�(�l0)� �0(�
l) = �

�
0 �

l
�; (3.119)

�(�

0 ) � ��(�

) = ����

� ; (3.120)

�(�l�)� ��(�
l) = ����

l
�; (3.121)

�; �;  = 1; : : : ; p; l = p+ 1; : : : ; n:

�§ (3.118), (3.120) ¨¬¥¥¬ �

0 = �(�


0 )��0(�); �� = ���(� ): �®¤áâ ¢«ïï

¢ (3.119), (3.121), ¯®«ãç¨¬ à ¢®á¨«ìãî á¨áâ¥¬ã ãà ¢¥¨©

�0(�
l) + �l�(�(�

�
0 ) � �0(�

�))� �(�l0) = 0;

��(�
l)� �l�(��(�

�))� �(�l�) = 0;
(3.122)

�; � = 1; : : : ; p; l = p+ 1; : : : ; n;

ª®â®à ï ï¢«ï¥âáï «¨¥©®© á¨áâ¥¬®© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢

ç áâëå ¯à®¨§¢®¤ëå ®â®á¨â¥«ì® �i ¡¥§ ¯ à ¬¥âà¨ç¥áª¨å ¯¥à¥¬¥-

ëå.

�à¨¬¥à 3.5. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = 1 + zv;

_y = v;

_z = xv

(3.123)

(ª®â®à ï ¯®«ãç ¥âáï ¨§ ¯à¨¢¥¤¥®© ä®à¬ë ¢ (3.38) ¯à¨ H = x). �á-

á®æ¨¨à®¢ ®¥ á¥¬¥©áâ¢® f á®áâ®¨â ¨§ ¯®«¥©

f0 =
@

@x
; f1 = z

@

@x
+

@

@y
+ x

@

@z
:

� ©¤¥¬ á ç «   «£¥¡àã a0. �®«¥

� = �1
@

@x
+ �2

@

@y
+ �3

@

@z
(3.124)
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¯à¨ ¤«¥¦¨â a0, ¥á«¨ [�; f0] = [�; f1] = 0: �â¨ á®®â®è¥¨ï ®¯à¥¤¥«ïîâ

á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© á ®¤¨ ª®¢®© £« ¢®© ç áâìî

®â®á¨â¥«ì® �i:

�ix = 0; i = 1; 2; 3;

z�1x + �1y + x�1x = �3;

z�2x + �2y + x�2z = 0;

z�3x + �3y + x�3z = �1:

(3.125)

(�¤¥áì ¨ ¤ «¥¥ ¨¦¨¥ ¨¤¥ªáë ¢¨¤  x; y; z ®§ ç îâ ¯à®¨§¢®¤ë¥

¯® á®®â¢¥âáâ¢ãîé¨¬  à£ã¬¥â ¬.) �®£« á®  «£®à¨â¬ã ¨áá«¥¤®¢ ¨ï

ãà ¢¥¨© â ª®£® à®¤  (á¬. à §¤¥« 1.7), á«¥¤ã¥â á ¯®¬®éìî ¯à®æ¥á-

á  ¯®¯®«¥¨ï  ©â¨ ¡ §¨á®¥ á¥¬¥©áâ¢® q à á¯à¥¤¥«¥¨ï �f� . �¬¥¥¬

[f0; f1] = @=@z. � ª¨¬ ®¡à §®¬, ¡ §¨á®¥ á¥¬¥©áâ¢® q á®áâ®¨â ¨§ âà¥å

¯®«¥© f0; f1; f3 = @=@z. �®®â¢¥âáâ¢ãîé¥¥ á¥¬¥©áâ¢® q0 á®áâ®¨â ¨§ ¯®«¥©

f 00 =
@

@x
; f 01 = z

@

@x
+

@

@y
+ x

@

@z
+ �3

@

@�1
+ �1

@

@�3
; f 02 =

@

@z
: (3.126)

�ëç¨á«ïï ª®¬¬ãâ â®àë ¯®«¥© (3.126), ã¡¥¦¤ ¥¬áï, çâ® á¥¬¥©áâ¢® q0

ï¢«ï¥âáï ¯®«ë¬. �«¥¤®¢ â¥«ì®, ãá«®¢¨¥ á®¢¬¥áâ®áâ¨ (1.234) ¢ë-

¯®«ï¥âáï â®¦¤¥áâ¢¥®. �«ï  å®¦¤¥¨ï à¥è¥¨© á¨áâ¥¬ë (3.125)

ã¦® ®¯à¥¤¥«¨âì ¯®«ë©  ¡®à ¨â¥£à «®¢ ¯®«®£® á¥¬¥©áâ¢  (3.126).

� ª ç¥áâ¢¥ â ª®¢ëå ¬®¦® ¢§ïâì äãªæ¨¨

G1 = (�1)2 � (�3)2; G2 = e�y(�1 + �3); G3 = �2:

� §à¥è ï á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

(�1)2 � (�3)2 = c1;

e�y(�1 + �3) = c2;

�2 = c3; ci = const ;

®â®á¨â¥«ì® �, ¯®«ãç¨¬ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (3.125), ®¯à¥¤¥«ïî-

é¥¥ á®¢®ªã¯®áâì ¢¥ªâ®àëå ¯®«¥©, ¯à¨ ¤«¥¦ é¨å  «£¥¡à¥ a0. � ¤ -

®¬ á«ãç ¥ à £ à á¯à¥¤¥«¥¨ï �f� ¬ ªá¨¬ «¥, ¯®íâ®¬ã ®¡é¥¥ à¥è¥-

¨¥ § ¢¨á¨â ®â ª®áâ â, çâ® á®®â¢¥âáâ¢ã¥â ª®¥ç®¬¥à®áâ¨  «£¥¡àë

a0. � ¦¤®¥ ¯®«¥ � 2 a0 ¨¬¥¥â ¢¨¤

� = (C1e
y + C2e

�y)
@

@x
+C3

@

@y
+ (C1e

y � C2e
�y)

@

@z
; (3.127)
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£¤¥ Ci = const . �«£¥¡à  a0 ï¢«ï¥âáï âà¥å¬¥à®©, ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥

¡ §¨á  ¬®¦® ¢§ïâì ¯®«ï

X1 = ey
@

@x
+ ey

@

@z
; X2 = e�y

@

@x
� e�y

@

@z
; X3 =

@

@y
:

�®áâà®¨¬ â¥¯¥àì  «£¥¡àã a1. � á®®â¢¥âáâ¢¨¨ á á®®â®è¥¨ï¬¨

(3.115) ¯®«¥ (3.124) ¯à¨ ¤«¥¦¨â a1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   ©-

¤ãâáï â ª¨¥ äãªæ¨¨ �0(x; y; z), �1(x; y; z), çâ®

[�; f0] = �0f1; [�; f2] = �1f1:

�áª«îç ï �0(x; y; z), �1(x; y; z), ¯®«ãç¨¬ á¨áâ¥¬ã ãà ¢¥¨© (3.122)

�1x � z�2x = 0;

�3x � x�2x = 0;

�1y � z�2y + x(�1z � z�2z )� �3 = 0;

�3y � x�2y + x(�3z � x�2z)� �1 = 0:

�à®¢¥àª  ãá«®¢¨© á®¢¬¥áâ®áâ¨ â¨¯  �1xy = �1yx, �
3
xy = �3yx, ... ¯à¨¢®¤¨â

íâã á¨áâ¥¬ã ª á«¥¤ãîé¥© à ¢®á¨«ì®© á¨áâ¥¬¥:

�ix = �iz = 0; �1y = �3; �3y = �1; i = 1; 2; 3:

�  ï á¨áâ¥¬  ã¦¥ ï¢«ï¥âáï á¨áâ¥¬®© á ®¤¨ ª®¢®© £« ¢®© ç áâìî.

�¥è ï ¥¥, ¯®«ãç¨¬, çâ® ª ¦¤®¥ ¯®«¥ ¨§ a1 ¨¬¥¥â ¢¨¤ (3.127), â.¥.

a0 = a1. �®¢®ªã¯®áâì ¯à¥®¡à §®¢ ¨©, ¯®à®¦¤ ¥¬ëå ¯®«ï¬¨ (3.127),

®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

g� :

0
@ x

y

z

1
A 7!

0
BBB@

x+
C1

C3

ey+C3� � C2

C3

e�y�C3�

y + C3�

z +
C1

C3

ey+C3� +
C2

C3

e�y�C3�

1
CCCA ; (3.128)

¥á«¨ C3 6= 0,

g� :

0
@ x

y

z

1
A 7!

0
@ x+ C1e

y� + C2e
�y�

y

z +C1e
y� �C2e

�y�

1
A ; (3.129)

¥á«¨ C3 = 0.
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�®¦® ¯®ª § âì, çâ® ¬®¦¥áâ¢® ¯à¥®¡à §®¢ ¨©, ¤®¯ãáª ¥¬ëå á¨á-

â¥¬®© (3.123) ¢ ª â¥£®à¨¨ ASP, á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬ ¯à¥®¡à §®¢ -

¨© (3.128), (3.129). �â® ª á ¥âáï ª â¥£®à¨¨ AS, â® ¯à¥®¡à §®¢ ¨¥
0
@ x

y

z

1
A 7!

0
@ x

�y
�z

1
A (3.130)

¤®¯ãáª ¥âáï á¨áâ¥¬®© (3.123) ¢ ª â¥£®à¨¨ AS, ® ¥ ¢å®¤¨â ¢® ¬®¦¥-
áâ¢® (3.128), (3.129). �ª §ë¢ ¥âáï, çâ® «î¡®¥ ¯à¥®¡à §®¢ ¨¥, ¤®¯ãáª -

¥¬®¥ á¨áâ¥¬®© (3.123) ¢ ª â¥£®à¨¨ AS, ¯à¥¤áâ ¢«ï¥â á®¡®© ¥ª®â®àãî

áã¯¥à¯®§¨æ¨î ¯à¥®¡à §®¢ ¨© (3.128), (3.129) ¨ (3.130). � ª¨¬ ®¡à -

§®¬, ¢ ¤ ®¬ á«ãç ¥, ¥á¬®âàï   á®¢¯ ¤¥¨¥  «£¥¡à a0 ¨ a1, ¬®¦¥-

áâ¢   ¢â®¬®àä¨§¬®¢ ¢ ª â¥£®à¨ïå ASP ¨ AS ¥ á®¢¯ ¤ îâ.

�à¨  å®¦¤¥¨¨ ¤®¯ãáª ¥¬ëå ¯®«¥© ¨ £àã¯¯ á¨áâ¥¬ë (3.1) áãé¥-

áâ¢¥ãî ¯®¬®éì ¬®¦¥â ®ª § âì ¯¥à¥å®¤ ª íª¢¨¢ «¥â®© ã¯à ¢«ï¥-

¬®© á¨áâ¥¬¥, ¤«ï ª®â®à®© ¤  ï § ¤ ç  ¬®¦¥â ¡ëâì ¯à®é¥ ¨«¨ ã¦¥

à¥è¥ . �¯à¥¤¥«¨¢ ¤®¯ãáª ¥¬ë¥ ¯®«ï ¨ £àã¯¯ë ¤«ï íª¢¨¢ «¥â®© á¨-

áâ¥¬ë ¨ ¯à®¨§¢¥¤ï ®¡à âë© ¤¨ää¥®¬®àä¨§¬, ¯®«ãç¨¬ ¨áª®¬ë¥ ®¡ê-

¥ªâë ¤«ï ¨áå®¤®© á¨áâ¥¬ë. � ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¡ë«  ¯à¥¤áâ ¢«¥ 

«®ª «ì ï ª« áá¨ä¨ª æ¨ï ¤«ï ¥ª®â®àëå â¨¯®¢ ã¯à ¢«ï¥¬ëå á¨áâ¥¬.

�®áâà®¨¬ ¤®¯ãáª ¥¬ë¥  «£à¥¡àë �¨ a1 ¤«ï àï¤  ¯®«ãç¥ëå ª ®¨-

ç¥áª¨å ä®à¬.

�§-§  £à®¬®§¤ª®áâ¨ ¯à¨¢®¤¨¬ëå ä®à¬ã« ¯à¨¬¥¬ á«¥¤ãîé¨¥ á®£« -

è¥¨ï ¯® ¯®¢®¤ã ®¡®§ ç¥¨©, ª®â®àë¥ ¨á¯®«ì§ãîâáï ¤ «¥¥ ¢ íâ®¬ à §-

¤¥«¥. � ®¨ç¥áª¨¥ ä®à¬ë ¡ã¤¥¬ § ¯¨áë¢ âì ¥áª®«ìª® ¨ ç¥, ¥¦¥-

«¨ ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥. �«ï áã¬¬ ¢¨¤ 
P
ziui ¨®£¤  ¯à¨¬¥ï¥âáï

§ ¯¨áì zu, ¨¦¨© ¨¤¥ªá ¢¨¤  xi ¢ ¢ëà ¦¥¨¨ 'xi ®§ ç ¥â ¤¨ää¥-

à¥æ¨à®¢ ¨¥ ¯® xi. � ®¨ç¥áª¨¥ ä®à¬ë ¯à¨¢®¤ïâáï ¢ ¢¨¤¥ á¯¨áª®¢,

ã¬¥à æ¨ï ¢ ª®â®àëå ®áãé¥áâ¢«ï¥âáï à¨¬áª¨¬¨ æ¨äà ¬¨. �¯¨áª ¬

ª ®¨ç¥áª¨å ä®à¬ á®®â¢¥âáâ¢ãîâ á¯¨áª¨ ¤®¯ãáª ¥¬ëå  «£¥¡à á â¥¬¨

¦¥ ®¬¥à ¬¨. � ¦¤ë© â¨¯ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ à áá¬ âà¨¢ ¥âáï ¢

®â¤¥«ì®¬ ¯®¤à §¤¥«¥, £¤¥ á¢®ï ã¬¥à æ¨ï ¤«ï á¯¨áª®¢ ª ®¨ç¥áª¨å

ä®à¬ ¨ ¤®¯ãáª ¥¬ëå  «£¥¡à �¨.

1. � áá¬®âà¨¬ ¨¢®«îâ¨¢ë¥ á¨áâ¥¬ë, â.¥. á¨áâ¥¬ë, ¤«ï ª®â®àëå

 áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥¤¥«¥¨ï ï¢«ïîâáï ¨¢®«îâ¨¢ë-

¬¨.

�®£« á® â¥®à¥¬¥ 3.3, ª ¦¤ ï ¨¢®«îâ¨¢ ï á¨áâ¥¬  «®ª «ì® íª-

¢¨¢ «¥â  ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:
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I: _x = 0; x 2 Rn;
II: _x = 0; x 2 Rn�1;

_y = 1; y 2 R1;

III: _x = 0; x 2 Rd;
_y = u; y 2 Rn�d;

IV: _x = 0; x 2 Rp;
_y = u; y 2 Rn�p�1;
_z = 1; z 2 R1;

V: _x = u; x 2 Rn�1;
_z = 1; z 2 R1;

VI: _x = u; x 2 Rn:

�¤¥áì d, p | «î¡ë¥  âãà «ìë¥ ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ¥à ¢¥-

áâ¢ ¬ 0 < d < n, 0 < p < n � 1.

�®¯ãáª ¥¬ë¥  «£¥¡àë �¨ ¤«ï ãª § ëå ¨¢®«îâ¨¢ëå á¨áâ¥¬  -

å®¤ïâáï ¤®áâ â®ç® ¯à®áâ® ¨ ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

I: a1 =

�
'i(x)

@

@xi

�
;

II: a1 =

�
'i(x)

@

@xi
+  j(x)

@

@yj

�
;

III: a1 =

�
'i(x)

@

@xi
+  j(x; y)

@

@yj

�
;

IV: a1 =

�
'i(x)

@

@xi
+  j(x; y; z)

@

@yj
+ �(x)

@

@z

�
;

V: a1 =

�
'i(x; z)

@

@xi
+ C

@

@z

�
;

VI: a1 =

�
'i(x)

@

@xi

�
:

�¤¥áì 'i,  j , �| ¯à®¨§¢®«ìë¥ £« ¤ª¨¥ äãªæ¨¨,   C | ¯à®¨§¢®«ì ï

ª®áâ â .

2. � áá¬®âà¨¬ á¨áâ¥¬ë (3.1), ¤«ï ª®â®àëå rank f = n � 1. � ¦-

¤ ï â ª ï á¨áâ¥¬ , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ â¥®à¥¬ë 3.4, «®ª «ì®

íª¢¨¢ «¥â  ®¤®© ¨§ á«¥¤ãîé¨å á¨áâ¥¬:

I.

�
_x = 0; x 2 R1;

_y = u; y 2 Rn�1; II.

�
_x = 1; x 2 R1;

_y = u; y 2 Rn�1;
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III.

8<
:

_x = y; x 2 R1;

_y = u; y 2 R1;

_z = v; z 2 Rn�2;

IV.

8<
:

_x = zu; x 2 R1;

_y = u; y; z 2 Rk;
_z = v; n = 2k + 1;

V.

8>><
>>:

_x = zu; x 2 R1;

_y = u; y; z 2 Rk;
_z = v; q 2 Rn�l;
_q = w; l = 2k + 1;

VI.

8<
:

_x = 1 + zu; x 2 R1;

_y = u; y; z 2 Rk;
_z = v; n = 2k + 1;

VII.

8>><
>>:

_x = 1 + zu; x 2 R1;

_y = u; y; z 2 Rk;
_z = v; q 2 Rn�l;
_q = w; l = 2k + 1;

VIII.

8>><
>>:

_x = y + zw; x; y 2 R1;

_y = u; z; q 2 Rk;
_z = v;

_q = w; n = 2k + 2;

IX.

8>>>><
>>>>:

_x = y + zw; x; y 2 R1;

_y = u; z; q 2 Rk;
_z = v; p 2 Rn�l;
_q = w;

_p = h; l = 2k + 1:

�¤¥áì k ¨ l |  âãà «ìë¥ ç¨á« , ¯à¨ç¥¬ l < n.

�¨áâ¥¬ë I ¨ II | íâ® ã¦¥ à áá¬®âà¥ë¥  ¬¨ ¨¢®«îâ¨¢ë¥ á¨-

áâ¥¬ë.

� áá¬®âà¨¬ á¨áâ¥¬ã IV. � §¨á ï á¨áâ¥¬  �ä ää   áá®æ¨¨à®¢ -

®£® ª®à á¯à¥¤¥«¥¨ï íâ®© á¨áâ¥¬ë á®áâ®¨â ¨§ ãà ¢¥¨ï

dx� z1 dy1 � : : :� zk dyk = 0;

§ ¤ îé¥£® ª®â ªâãî áâàãªâãàã ¢ ä §®¢®¬ ¯à®áâà áâ¢¥. �®¯ãáª ¥-

¬®¥ ¯à¥®¡à §®¢ ¨¥ (x; y; z) 7! (�x; �y; �z) ¤®«¦® á®åà ïâì íâã áâàãªâãàã

¨, á«¥¤®¢ â¥«ì®, ã¤®¢«¥â¢®àïâì ãá«®¢¨î

dx� z dy = �( d�x� �z d�y); (3.131)

£¤¥ � | ¥ª®â®à ï äãªæ¨ï. � ª¨¬ ®¡à §®¬, ¤®¯ãáª ¥¬ë¥ ¯à¥®¡à §®-

¢ ¨ï ¢ ¤ ®¬ á«ãç ¥ | íâ® ª®â ªâë¥ ¨«¨, ¨ ç¥ £®¢®àï, ª á â¥«ì-

ë¥ ¯à¥®¡à §®¢ ¨ï [15, 16]. � ª ¨§¢¥áâ®, ª®â ªâë¥ ¢¥ªâ®àë¥ ¯®«ï

(â.¥. ¯®«ï, ¯®à®¦¤ îé¨¥ ®¤®¯ à ¬¥âà¨ç¥áª¨¥ £àã¯¯ë, á®áâ®ïé¨¥ ¨§

ª®â ªâëå ¯à¥®¡à §®¢ ¨©) ®¡à §ãîâ á«¥¤ãîéãî  «£¥¡àã �¨:

IV: a1 =

�
('(x; y; z) � zi'zi)

@

@x
� 'zj

@

@yj
+ ('yj + zj'x)

@

@zj

�
:

� ª ç¥áâ¢¥ äãªæ¨¨ ', ª®â®à ï  §ë¢ ¥âáï ¯à®¨§¢®¤ïé¥©, ¬®¦® ¡à âì

¯à®¨§¢®«ìë¥ £« ¤ª¨¥ äãªæ¨¨ ®â x; y; z. �®íâ®¬ã  «£¥¡à  a1 ¡¥áª®-

¥ç®¬¥à . � ¬¥â¨¬, çâ®  «£¥¡à  a0 ï¢«ï¥âáï n-¬¥à®©, ¯à¨ç¥¬ ¢
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ª ç¥áâ¢¥ ¡ §¨á  ¬®¦® ¢§ïâì ¯®«ï X =
@

@x
, Yj =

@

@yj
, Zi =

@

@zi
+yi

@

@x
,

á®®â¢¥âáâ¢ãîé¨¥ ¯à®¨§¢®¤ïé¨¬ äãªæ¨ï¬ ' = 1, ' = �zj , ' = yi.

�«£¥¡à  a1 ¤«ï á¨áâ¥¬ë V ¯à¥¤áâ ¢«ï¥â á®¡®© ¥¡®«ìè®¥ ®¡®¡é¥-

¨¥ IV:�
('(x; y; z)� zi'zi)

@

@x
� 'zj

@

@yj
+ ('yj + zj'x)

@

@zj
+  l(x; y; z; q)

@

@ql

�
:

� áá¬®âà¨¬ á¨áâ¥¬ã VI. � §¨á ï á¨áâ¥¬  �ä ää   áá®æ¨¨à®¢ -

®£® t-ª®à á¯à¥¤¥«¥¨ï F? íâ®© á¨áâ¥¬ë á®áâ®¨â ¨§ ãà ¢¥¨ï

dx� z1 dy1 � : : :� zk dyk � dt = 0:

� ª ª ª ¯¥à¥¬¥ ï t ¥ ¯à¥®¡à §ã¥âáï, â® ¨§ ¢¨¤  íâ®£® ãà ¢¥¨ï ¨

ãá«®¢¨ï á®åà ¥¨ï áâàãªâãàë F? á«¥¤ã¥â, çâ® ¤®¯ãáª ¥¬®¥ ¯à¥®¡à -

§®¢ ¨¥ (x; y; z) 7! (�x; �y; �z) ¤®«¦® ã¤®¢«¥â¢®àïâì ãá«®¢¨î (3.131), £¤¥

� = 1. �® â¥à¬¨®«®£¨¨ ª¨£¨ [15] â ª®£® à®¤  ¯à¥®¡à §®¢ ¨ï  §ë-

¢ îâáï ª á â¥«ìë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¢ ã§ª®¬ á¬ëá«¥, ¯à¨ç¥¬ á®-

®â¢¥âáâ¢ãîé ï  «£¥¡à  ¢¥ªâ®àëå ¯®«¥© á®¢¯ ¤ ¥â á á¨áâ¥¬®© IV § 

¨áª«îç¥¨¥¬ â®£®, çâ® äãªæ¨ï ' ¥ ¤®«¦  § ¢¨á¥âì ®â x, â.¥.

VI: a1 =

�
('(y; z) � zi'zi)

@

@x
� 'zj

@

@yj
+ 'yj

@

@zj

�
:

�«£¥¡à  a1 ¤«ï á¨áâ¥¬ë VII ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡®¡é¥¨¥ VI:

VII: a1 =

�
('(y; z) � zi'zi)

@

@x
� 'zj

@

@yj
+ 'yj

@

@zj
+  l(x; y; z; q)

@

@ql

�
:

� áá¬®âà¨¬ â¥¯¥àì á¨áâ¥¬ã VIII. � §¨á ï á¨áâ¥¬   áá®æ¨¨à®¢ -

®£® t-ª®à á¯à¥¤¥«¥¨ï íâ®© á¨áâ¥¬ë á®áâ®¨â ¨§ ãà ¢¥¨ï

dx� z1 dq1 � : : :� zk dqk � y dt = 0:

�¤®¡® á¤¥« âì á«¥¤ãîéãî § ¬¥ã ª®®à¤¨ â:

x0 = x; y0 =
1

y
; z0i = �z

i

y
; q0 = q; i = 1; : : : ; k:

� à¥§ã«ìâ â¥ ¯®«ãç¨¬ ãà ¢¥¨¥

y0 dx0 + z01 dq01 + : : :+ z0k dq0k � dt = 0:

�§ ãá«®¢¨ï á®åà ¥¨ï áâàãªâãàë F? á«¥¤ã¥â,çâ® ¤®¯ãáª ¥¬®¥ ¯à¥®¡à -

§®¢ ¨¥ (x0; y0; z0; q0) 7! (�x0; �y0; �z0; �q0) ¤®«¦® ã¤®¢«¥â¢®àïâì ãá«®¢¨î

y0 dx0 + z0 dq0 = �y0 d�x0 + �z0 d�q0:
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� ª ¨§¢¥áâ® [15], ¯à¥®¡à §®¢ ¨ï â ª®£® à®¤   §ë¢ îâáï ®¤®à®¤-

ë¬¨ ª á â¥«ìë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨. �«£¥¡à  ¤®¯ãáª ¥¬ëå ¯®«¥©

â ª¨å ¯à¥®¡à §®¢ ¨© ¨¬¥¥â ¢¨¤�
�'(x0; q0) @

@x0
+ (y0'x0 + z0j( j)x0)

@

@y0
+

+(y0'q0i + z0j( j)q0i )
@

@z0i
�  i

@

@q0i

�
;

£¤¥ '(x0; q0),  i(x
0; q0) | ¯à®¨§¢®«ìë¥ äãªæ¨¨ á¢®¨å  à£ã¬¥â®¢. �®§-

¢à é ïáì ª ¯¥à¥¬¥ë¬ x, y, z ¨ q, ¯®«ãç¨¬  «£¥¡àã

VIII: a1 =

�
'(x; q)

@

@x
+ (y'x � zj( j)x)

@

@y
+

+ (zi'x � 'qi � zjzi( j)x � zj( j)qi)
@

@zi
+  i

@

@qi

�
:

�«£¥¡à  a1 ¤«ï á¨áâ¥¬ë IX ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡®¡é¥¨¥ VIII:

IX: a1 =

�
'(x; q)

@

@x
+ (y'x � zj( j)x)

@

@y
+

+ (zi'x � 'qi � zjzi( j)x � zj( j)qi)
@

@zi
+  i

@

@qi
+ �i(x; y; z; q; p)

@

@pi

�
:

�«ï «¨¥©®© á¨áâ¥¬ë III ¡ §¨á ï á¨áâ¥¬  �ä ää  á®áâ®¨â ¨§

ãà ¢¥¨ï dx�y dt = 0. �áá«¥¤ãï ¥¥   «®£¨ç® á¨áâ¥¬¥ VIII, ¯®«ãç¨¬

¤®¯ãáª ¥¬ãî  «£¥¡àã �¨:

III: a1 =

�
'(x)

@

@x
+ y'x

@

@y
+  i(x; y; z)

@

@zi

�
:

3. � áá¬®âà¨¬ á¨áâ¥¬ë (3.1) ¯à¨ n = 3. (�à¨¢¥¤¥ë¥ à¥§ã«ìâ -

âë ¤«ï íâ®£® á«ãç ï ¯®«ãç¥ë ¢ [46].) �î¡ ï á¨áâ¥¬  ¤ ®£® ¢¨¤ 

¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 3.7 «®ª «ì® íª¢¨¢ «¥â  ®¤®© ¨§

á«¥¤ãîé¨å á¨áâ¥¬:

I.

8<
:

_x = 0;

_y = 0;

_z = 0;

II.

8<
:

_x = 0;

_y = 0;

_z = 1;

III.

8<
:

_x = 0;

_y = 0;

_z = u;

IV.

8<
:

_x = 0;

_y = 1;

_z = u;

V.

8<
:

_x = 0;

_y = z;

_z = u;

VI.

8<
:

_x = 1;

_y = z;

_z = u;
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VII.

8<
:

_x = y;

_y = z;

_z = u;

VIII.

8<
:

_x = 1 + zu;

_y = u;

_z = H(x; y; z)u;

IX.

8<
:

_x = 0;

_y = u;

_z = v;

X.

8<
:

_x = 1;

_y = u;

_z = v;

XI.

8<
:

_x = y;

_y = u;

_z = v;

XII.

8<
:

_x = zu;

_y = u;

_z = v;

XIII.

8<
:

_x = 1 + zu;

_y = u;

_z = v;

XIV.

8<
:

_x = u;

_y = v;

_z = w:

� ¬¥ç ¨¥ 3.7. �«ï á¨áâ¥¬ (3.1), å à ªâ¥à¨§ã¥¬ëå § ç¥¨ï¬¨

n = 1 ¨ n = 2, ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬ ¬¨ 3.5, 3.6 ¨¬¥¥âáï ª®¥ç®¥

ç¨á«® ª ®¨ç¥áª¨å ä®à¬, ¯à¨ç¥¬ ¢á¥ ®¨ ¯à¨ ¤«¥¦ â ª ã¦¥ à áá¬®-

âà¥ë¬ â¨¯ ¬.

�¨áâ¥¬ë I{IV, IX{X ¨ XIV ï¢«ïîâáï ã¦¥ à áá¬®âà¥ë¬¨ ¨¢®-

«îâ¨¢ë¬¨ á¨áâ¥¬ ¬¨. �¨áâ¥¬ë XI{XIII | íâ® á¨áâ¥¬ë, ã ª®â®àëå

¡ §¨á ï á¨áâ¥¬  �ä ää  á®áâ®¨â ¨§ ®¤®£® ãà ¢¥¨ï. � ª ã¦¥ ¡ë-

«® ¯®ª § ®, ¤®¯ãáª ¥¬ë¬¨  «£¥¡à ¬¨ â ª¨å á¨áâ¥¬ ï¢«ïîâáï  «£¥¡àë

ª á â¥«ìëå ¯à¥®¡à §®¢ ¨© à §®£® ¢¨¤ .

� ©¤¥¬ ¤®¯ãáª ¥¬ãî  «£¥¡àã �¨ ¤«ï «¨¥©®© á¨áâ¥¬ë VII. � ¯¨-

è¥¬ ãá«®¢¨ï (3.115) ¯à¨ ¤«¥¦®áâ¨ ¢¥ªâ®à®£® ¯®«ï � ª  «£¥¡à¥ a1
á¨áâ¥¬ë VII ¢ á«¥¤ãîé¥¬ ¢¨¤¥:�

y
@

@x
+ z

@

@y
; �

�
= �0(x; y; z)

@

@z
;

�
@

@z
; �

�
= �1(x; y; z)

@

@z
;

£¤¥ �0 ¨ �1 | ¥ª®â®àë¥ äãªæ¨¨. � áªàë¢ ï ª®¬¬ãâ â®àë ¨ ¯à¨¢®¤ï

¯®¤®¡ë¥ ç«¥ë, ¯®«ãç¨¬ á¨áâ¥¬ã8>><
>>:
y�1x + z�1y � �2 = 0;

y�2x + z�2y � �3 = 0;

�1z = 0;

�2z = 0:

(3.132)

�¨ää¥à¥æ¨àãï ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (3.132) ¯® z, ¯®«ãç¨¬ �1y =

= 0. �«¥¤®¢ â¥«ì®, �1 § ¢¨á¨â â®«ìª® ®â x: �1 = '(x). �®¤áâ ¢«ïï íâ®

á®®â®è¥¨¥ ¢ ¯¥à¢®¥ ¨ ¢â®à®¥ ãà ¢¥¨ï á¨áâ¥¬ë (3.132),  ©¤¥¬ ¨§

¨å �2 = y'x(x) ¨ �
3 = y2'xx(x). �®¯ãáª ¥¬ë¥  «£¥¡àë ¤«ï á¨áâ¥¬ V

¨ VI ®âëáª¨¢ îâáï   «®£¨ç®.

�â ª, ¤«ï á¨áâ¥¬ V, VI ¨ VII ¤®¯ãáª ¥¬ë¥  «£¥¡àë ¨¬¥îâ á«¥¤ãî-

é¨© ¢¨¤:
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V: a1 = '(x)
@

@x
+  (x; y)

@

@y
+z y

@

@z
;

VI: a1 = C
@

@x
+  (x; y)

@

@y
+ (z y +  x)

@

@z
;

VII: a1 = '(x)
@

@x
+ y'x

@

@y
+ (y2'xx + z'x)

@

@z
:

�á¥  ©¤¥ë¥ ¤®¯ãáª ¥¬ë¥  «£¥¡àë �¨ ª ®¨ç¥áª¨å á¨áâ¥¬ I{VII

¨ IX{XIV § ¢¨áïâ ®â ¯à®¨§¢®«ìëå äãªæ¨©, á«¥¤®¢ â¥«ì®, ®¨ ¡¥á-

ª®¥ç®¬¥àë.

�«ï ¯à¨¢¥¤¥®© ä®à¬ë VIII ¢¥à  á«¥¤ãîé ï â¥®à¥¬ .

�¥®à¥¬  3.14. �«ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x = 1 + zu;

_y = u;

_z = H(x; y; z)u; Hx(x; y; z) 6= 0

(3.133)

¤®¯ãáª ¥¬ ï  «£¥¡à  �¨ a1 ª®¥ç®¬¥à , ¨ à §¬¥à®áâì ¥¥ ¥ ¯à¥¢ë-

è ¥â 3.

�®ª  §  â ¥ « ì á â ¢ ®. � ¯¨è¥¬ á®®â®è¥¨ï (3.115) ¯à¨¬¥¨â¥«ì®

ª á¨áâ¥¬¥ (3.133):

8>><
>>:

�
@

@x
; �

�
= �0

�
z
@

@x
+

@

@y
+H

@

@z

�
;�

z
@

@x
+

@

@y
+H

@

@z
; �

�
= �1

�
z
@

@x
+

@

@y
+H

@

@z

�
:

� áªàë¢ ï ª®¬¬ãâ â®àë ¨ ¯à¨¢®¤ï ¯®¤®¡ë¥ ç«¥ë, ¯®«ãç¨¬ á¨áâ¥¬ã

8>>>>>>>>><
>>>>>>>>>:

�1x = z�0;

�2x = �0;

�3x = H�0;

z�1x + �1y +H�1z � �3 = z�1;

z�2x + �2y +H�2z = �1;

z�3x + �3y +H�3z �Hx�
1 �Hy�

2 �Hz�
3 = H�1:

�®á«¥ ¨áª«îç¥¨ï �0 ¨ �1 ¨ ¥ª®â®àëå ã¯à®é¥¨© ¯®«ãç¨¬ á¨áâ¥¬ã
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¢¨¤  (3.122):8>>>><
>>>>:

�1x = z�2x;

�3x = H�2x;

�1y +H�1z � �3 = z�2y + zH�2z ;

�3y +H�3z �Hx�
1 �Hy�

2 �Hz�
3 = H�2y +H2�2z :

(3.134)

�à®¨â¥£à¨àã¥¬ ¯¥à¢®¥ ãà ¢¥¨¥ ¨ ¯®«ãç¨¬ à ¢¥áâ¢®

�1 = z�2 � '(y; z);

£¤¥ '(y; z) | ¯à®¨§¢®«ì ï äãªæ¨ï. �®¤áâ ¢«ï¥¬ �1 ¢ âà¥âì¥ ãà ¢¥-

¨¥ ¨ ®¯à¥¤¥«¨¬ ¨§ ¥£® �3, ª®â®à®¥ ¢ á¢®î ®ç¥à¥¤ì ¯®¤áâ ¢¨¬ ¢® ¢â®à®¥

ãà ¢¥¨¥. �®«ãç¨¬ à ¢¥áâ¢® (�2 � 'z)Hx = 0. � ª ª ª Hx 6= 0, â® ¢

¨â®£¥ ¯®«ãç¨¬ 8<
:
�1 = z'z � '(y; z);

�2 = 'z ;

�3 = �'y :
(3.135)

�®¤áâ ¢¨¢ �1, �2 ¨ �3 ¢ ç¥â¢¥àâ®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (3.134), ¯®«ã-

ç¨¬

'yy + 2H'yz +H2'zz �Hz'y +Hy'z �Hx('� z'z) = 0: (3.136)

�ç¥¢¨¤®, çâ® à §¬¥à®áâì  «£¥¡àë § ¢¨á¨â ®â ¢¨¤  à¥è¥¨ï ãà ¢-

¥¨ï (3.136). � ª ª ª äãªæ¨ï ' ¥ § ¢¨á¨â ®â x, â® ¯® ¯¥à¥¬¥-

®© x ãà ¢¥¨¥ (3.136) à áé¥¯«ï¥âáï. �à®¤¨ää¥à¥æ¨àã¥¬ ãà ¢¥-

¨¥ (3.136) ¯® x ¨ à §¤¥«¨¬ ¥£®   Hx 6= 0. �®«ãç¨¬ ¢â®à®¥ ãà ¢¥¨¥.

�¨ää¥à¥æ¨àãï ¥£®   «®£¨ç® ¯¥à¢®¬ã, ¯®«ãç ¥¬ âà¥âì¥ ãà ¢¥¨¥.

�â ª, ¨¬¥¥¬ á¨áâ¥¬ã ¨§ âà¥å ãà ¢¥¨© á«¥¤ãîé¥£® ¢¨¤ :8>>>>>><
>>>>>>:

'yy + 2H'yz +H2'zz �Hz'y +Hy'z �Hx(' � z'z) = 0;

2'yz + 2H'zz � (Hzx=Hx)'y + (Hyx=Hx)'z �
� (Hxx=Hx)(' � z'z) = 0;

2'zz � ((Hzx=Hx)x=Hx)'y + ((Hyx=Hx)x=Hx)'z �
� ((Hxx=Hx)x=Hx)(' � z'z) = 0:

(3.137)

� «ì¥©è¥¥ à¥è¥¨¥ á¨áâ¥¬ë (3.137) á¨«ì® § ¢¨á¨â ®â ¢¨¤  äãª-

æ¨¨ H. �á«¨ ª®íää¨æ¨¥âë ¢ âà¥âì¥¬ ãà ¢¥¨¨ á¨áâ¥¬ë (3.137)

§ ¢¨áïâ ®â x, â® ¥®¡å®¤¨¬® ¯à®æ¥áá à áé¥¯«¥¨ï á¨áâ¥¬ë ãà ¢¥¨©

¯à®¤®«¦¨âì ¤ «ìè¥. �®£¤  ª á¨áâ¥¬¥ (3.137) ¬®£ãâ ¤®¡ ¢¨âìáï ç¥â-

¢¥àâ®¥, ¯ïâ®¥ ¨ è¥áâ®¥ ãà ¢¥¨ï.
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�® ¢á¥å ãà ¢¥¨ïå ¢ «¥¢®© ç áâ¨ ®áâ ¢«ï¥¬ â®«ìª® ¯¥à¢®¥ á« £ ¥-

¬®¥. � â¥¬ ¯®¤áâ ¢¨¬ ¯®á«¥¤¥¥ ãà ¢¥¨¥ ¢ á¨áâ¥¬¥ (3.137) ¢ ¯à¥¤¯®-

á«¥¤¥¥ ¨ â.¤. ¢¯«®âì ¤® ¯¥à¢®£® ãà ¢¥¨ï. � ª®æ¥ ª®æ®¢ ¯®«ãç¨âáï

á¨áâ¥¬  ãà ¢¥¨© á«¥¤ãîé¥£® ¢¨¤ :8<
:
'yy = �1(y; z)'y + �1(y; z)'z + 1(y; z)';

'yz = �2(y; z)'y + �2(y; z)'z + 2(y; z)';

'zz = �3(y; z)'y + �3(y; z)'z + 3(y; z)';

(3.138)

£¤¥ �1, �2; : : : ; 2, 3 | ¨§¢¥áâë¥ äãªæ¨¨. �¢¥¤¥¬ ¢á¯®¬®£ â¥«ì-

ë¥ äãªæ¨¨ p(y; z) = 'y ¨ q(y; z) = 'z, â®£¤  'yy = py, 'zz = qz,

'yz = pz = qy. �ë ¯®«ãç¨¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢

ç áâëå ¯à®¨§¢®¤ëå á ®¤¨ ª®¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì® âà¥å

¥¨§¢¥áâëå äãªæ¨©8>>>>>><
>>>>>>:

'y = p;

'z = q;

py = �1(y; z)p + �1(y; z)q + 1(y; z)';

pz = �2(y; z)p+ �2(y; z)q + 2(y; z)';

qy = �2(y; z)p + �2(y; z)q + 2(y; z)';

qz = �3(y; z)p + �3(y; z)q + 3(y; z)':

(3.139)

�«ï á¨áâ¥¬ë (3.139) ¥®¡å®¤¨¬® ¯à®¢¥à¨âì ãá«®¢¨ï á®¢¬¥áâ®áâ¨

â¨¯  pyz = pzy ¨ â.¤. �á«¨ ¢á¥ ãá«®¢¨ï â®¦¤¥áâ¢¥® ¢ë¯®«ïîâáï, â®

¯® â¥®à¥¬¥ 1.32 á¨áâ¥¬  (3.139) á®¢¬¥áâ , ¨ ¥¥ ®¡é¥¥ à¥è¥¨¥ § ¢¨-

á¨â ®â âà¥å ª®áâ â (¯® ç¨á«ã ¥¨§¢¥áâëå äãªæ¨©). � íâ®¬ á«ãç ¥

à §¬¥à®áâì  «£¥¡àë a1 à ¢  3. �á«¨ ¦¥ ãá«®¢¨ï á®¢¬¥áâ®áâ¨ â®¦-

¤¥áâ¢¥® ¥ ¢ë¯®«ïîâáï, â® ¨å  ¤® ¤®¡ ¢¨âì ª á¨áâ¥¬¥ (3.139). �â¨

ãà ¢¥¨ï ¡ã¤ãâ «¨¥©ë ¯® ', p ¨ q, ¯®íâ®¬ã ª ¦¤®¥ «¨è¥¥ ãà ¢¥-

¨¥, ¯®«ãç¥®¥ «¨¡® ¢ ¯à®æ¥áá¥ à áé¥¯«¥¨ï, «¨¡® ¨§ ãá«®¢¨© á®¢¬¥áâ-

®áâ¨, ¡ã¤¥â ã¬¥ìè âì ç¨á«® ª®áâ â   ¥¤¨¨æã. �â ª, à §¬¥à®áâì

 «£¥¡àë a1 ¡ã¤¥â ¥ ¡®«ìè¥ 3. 2

� ¯à¥¤ë¤ãé¥¬ à §¤¥«¥ ¯à¨ ¨áá«¥¤®¢ ¨¨ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬

¢¨¤  VIII ¬¥¦¤ã á®¡®© ¡ë«¨ ®¯à¥¤¥«¥ë ª« ááë «®ª «ì® íª¢¨¢ «¥â-

ëå C-á¨áâ¥¬: ª ¦¤®© ¯ à¥ ç¨á¥« (C1; C2) ¯à¨ C2>0 á®®â¢¥âáâ¢ãîâ

¤¢  ª« áá  | (C1; C2)
+ ¨ (C1; C2)

�. �«ï íâ¨å ª« áá®¢ ¡ë«¨  ©¤¥ë

¯à¥¤áâ ¢¨â¥«¨ (ª ®¨ç¥áª¨¥ ä®à¬ë) (3.83){(3.87). �ª §ë¢ ¥âáï, çâ®

¤®¯ãáª ¥¬ë¥  «£¥¡àë �¨ a1 ¤«ï íâ¨å ª ®¨ç¥áª¨å ä®à¬ ª®¥ç®¬¥à-

ë. �à¨¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ¡ §¨áë. � §¨á ¤®¯ãáª ¥¬®©  «£¥¡àë a1
¤«ï á¨áâ¥¬ë (3.83):

@

@y
; y

@

@y
� z

@

@z
; � 4

C1z

@

@x
+

�
y2

2
� 2

C1z2

�
@

@y
� yz

@

@z
:
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� §¨á ¤®¯ãáª ¥¬®©  «£¥¡àë a1 ¤«ï á¨áâ¥¬ë (3.84):

@

@y
; exp

 
y

 
C2

4
�
r
1 +

C2
2

16

!! 
@

@x
+

 
C2

4
�
r
1 +

C2
2

16

!
@

@z

!
;

exp

 
y

 
C2

4
+

r
1 +

C2
2

16

!! 
@

@x
+

 
C2

4
+

r
1 +

C2
2

16

!
@

@z

!
:

� §¨á ¤®¯ãáª ¥¬®©  «£¥¡àë a1 ¤«ï á¨áâ¥¬ë (3.85) ¯à¨ C2 > 4:

@

@y
; exp

 
y

 
C2

4
�
r
�1 + C2

2

16

!! 
@

@x
+

 
C2

4
�
r
�1 + C2

2

16

!
@

@z

!
;

exp

 
y

 
C2

4
+

r
�1 + C2

2

16

!! 
@

@x
+

 
C2

4
+

r
�1 + C2

2

16

!
@

@z

!
:

� §¨á ¤®¯ãáª ¥¬®©  «£¥¡àë a1 ¤«ï á¨áâ¥¬ë (3.85) ¯à¨ 06C2 < 4:
@

@y
,

eyC2=4

 
C2

4
cos

 
y

r
1� C2

2

16

!
@

@x
�
r
1� C2

2

16
sin

 
y

r
1� C2

2

16

!
@

@z

!
;

eyC2=4

 
C2

4
sin

 
y

r
1� C2

2

16

!
@

@x
+

r
1� C2

2

16
cos

 
y

r
1� C2

2

16

!
@

@z

!
:

� §¨á ¤®¯ãáª ¥¬®©  «£¥¡àë a1 ¤«ï á¨áâ¥¬ë (3.85) ¯à¨ C2 = 4:

@

@y
; ey

�
@

@x
+

@

@z

�
; ey

�
y
@

@x
+ (y + 1)

@

@z

�
:

�«ï ª ®¨ç¥áª¨å ä®à¬ (3.86) ¨ (3.87) ¤®¯ãáª ¥¬ë¥  «£¥¡àë ®¤¨ ª®-

¢ë ¨ ¨¬¥îâ ¡ §¨á

@

@y
;

2p�C1

@

@x
� y

@

@y
+ z

@

@z
;

4p�C1

y
@

@x
� y2

@

@y
+

�
2zy +

4p�C1

�
@

@z
:

�ë ¢¨¤¨¬, çâ® ¤«ï ¢á¥å  ©¤¥ëå  ¬¨ ª ®¨ç¥áª¨å á¨áâ¥¬  «£¥-

¡à  a1 ¯®«ãç¨« áì âà¥å¬¥à®©. � ª ª ª  «£¥¡à  a1 ¨¢ à¨ â  ®â®á¨-

â¥«ì® ¨§®¬®àä¨§¬®¢ ª â¥£®à¨¨ AS, â® ¤«ï ¢á¥å ã¯à ¢«ï¥¬ëå á¨áâ¥¬,
¯à¨ ¤«¥¦ é¨å ª« áá ¬ (C1; C2)

+ ¨ (C1; C2)
�, ¤®¯ãáª ¥¬ ï  «£¥¡à  a1

¡ã¤¥â â ª¦¥ âà¥å¬¥à®©.



�« ¢  4

� ªâ®à¨§ æ¨ï

ã¯à ¢«ï¥¬ëå á¨áâ¥¬

4.1. � ªâ®àá¨áâ¥¬ë

¨ ãá«®¢¨ï ¨å áãé¥áâ¢®¢ ¨ï

� áá¬®âà¨¬  ää¨ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr ; (4.1)

ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ê¥ªâ S ª â¥£®à¨¨ AS. �®£« á® â¥à¬¨-
®«®£¨¨ â¥®à¨¨ ª â¥£®à¨© (á¬. à §¤¥« 1.2), ä ªâ®à®¡ê¥ªâ ®¡ê¥ªâ  S |

íâ® ¯ à , á®áâ®ïé ï ¨§ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë ~S, § ¤ ¢ ¥¬®© á®®â®è¥-

¨ï¬¨

_z = g0(z) + g(z)v; z 2 N � Rm; v 2 Rs; (4.2)

¨ í¯¨¬®àä¨§¬ , â.¥. ¬®àä¨§¬  ':M ! N á¨áâ¥¬ë S ¢ á¨áâ¥¬ã ~S,

¯à¥¤áâ ¢«ïîé¥£® á®¡®© áîàê¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥. � «¥¥ ¬ë ®£à ¨-

ç¨¬áï ¨§ãç¥¨¥¬ ä ªâ®à®¡ê¥ªâ®¢, å à ªâ¥à¨§ãîé¨åáï â¥¬, çâ® á®®â-

¢¥âáâ¢ãîé¨© ¬®àä¨§¬ ' ï¢«ï¥âáï ¯®«ë¬ ¨, ªà®¬¥ â®£®, áã¡¬¥àá¨¥©.

� ¯®¬¨¬, çâ®, á®£« á® â¥à¬¨®«®£¨¨ à §¤¥«  2.2, ¯®«®â  ¬®àä¨§¬ 

' ®§ ç ¥â á«¥¤ãîé¥¥: ¥á«¨ F;G |  áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á-

¯à¥¤¥«¥¨ï á¨áâ¥¬ (4.1), (4.2), â® '�jyF (y) = G('(y)); 8y 2 M . �®â

ä ªâ, çâ® ' | áã¡¬¥àá¨ï, ®§ ç ¥â, çâ® ' § ¤ ¥âáï m äãªæ¨® «ì®

¥§ ¢¨á¨¬ë¬¨ äãªæ¨ï¬¨

'k(y); k = 1; : : : ;m6n; (4.3)



4.1. ������������� � ������� �� ������������� 211

rank

@'k@yi


k=1;:::;m

i=1;:::;n

= m; 8y 2M:

�á«¨ ¤«ï á¨áâ¥¬ë (4.1) áãé¥áâ¢ã¥â ä ªâ®à®¡ê¥ªâ ( ~S; '), â® ¡ã¤¥¬

£®¢®à¨âì, çâ® á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¢ ª â¥£®à¨¨ AS,
¯à¨ íâ®¬ á¨áâ¥¬ã ~S ¡ã¤¥¬  §ë¢ âì ä ªâ®àá¨áâ¥¬®© ¨«¨  £à¥£¨à®¢ -

®© á¨áâ¥¬®© á¨áâ¥¬ë (4.1),   äãªæ¨¨ (4.3) |  £à¥£ â ¬¨ á¨áâ¥¬ë

(4.1). �á«¨ ä §®¢®¥ ¯à®áâà áâ¢® N ä ªâ®àá¨áâ¥¬ë ¨¬¥¥â à §¬¥à®áâì

m, â® ¡ã¤¥¬ â ª¦¥ ¯à¨¬¥ïâì á«¥¤ãîéãî â¥à¬¨®«®£¨î: á¨áâ¥¬  (4.1)

¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¯®àï¤ª  n�m. �á«¨ m = n, â® ïá®, çâ® á¨-

áâ¥¬  (4.1) («®ª «ì®) íª¢¨¢ «¥â  ä ªâ®àá¨áâ¥¬¥ (4.2).

�£à¥£ âë (4.3) ¯®à®¦¤ îâ ¢ M à¥£ã«ïà®¥ ®â®è¥¨¥ íª¢¨¢ «¥â-

®áâ¨ R (á¬. à §¤¥« 1.6):

y1Ry2 , 'k(y1) = 'k(y2); k = 1; : : : ;m:

�â® ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨  §ë¢ ¥âáï ä ªâ®à¨§ãîé¨¬ ¨«¨ F-

®â®è¥¨¥¬ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ë (4.1). �à¨ íâ®¬ ä §®¢®¥ ¯à®-

áâà áâ¢® N ä ªâ®àá¨áâ¥¬ë (4.2) ¬®¦® âà ªâ®¢ âì ª ª ä ªâ®à¯à®-

áâà áâ¢® M=R,   ¬®àä¨§¬ ' ª ª ª ®¨ç¥áªãî ¯à®¥ªæ¨î M !M=R.

�á«¨ R ï¢«ï¥âáï F-®â®è¥¨¥¬ íª¢¨¢ «¥â®áâ¨ á¨áâ¥¬ë (4.2), â® ¯à¨-

¬¥ï¥âáï â ª¦¥ á«¥¤ãîé ï â¥à¬¨®«®£¨ï: á¨áâ¥¬  (4.2) ¤®¯ãáª ¥â

ä ªâ®à¨§ æ¨î ¯® ®â®è¥¨î íª¢¨¢ «¥â®áâ¨ R.

�ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â «®ª «ìãî ä ªâ®à¨§ -

æ¨î ¢ â®çª¥ y0 2 M , ¥á«¨ ã¯à ¢«ï¥¬ ï á¨áâ¥¬ , ¯®«ãç îé ïáï ®£à -

¨ç¥¨¥¬ á¨áâ¥¬ë (4.1)   ¥ª®â®àãî ®ªà¥áâ®áâì â®çª¨ y0, ¤®¯ãáª ¥â

ä ªâ®à¨§ æ¨î. �à ªâ¨ç¥áª¨ ¢á¥ ¤ «ì¥©è¨¥ à¥§ã«ìâ âë ¯® ä ªâ®à¨-

§ æ¨¨ ®áïâ «®ª «ìë© å à ªâ¥à, â.¥. ®â®áïâáï ª «®ª «ì®© ä ªâ®-

à¨§ æ¨¨ ¢ ¥ª®â®à®© â®çª¥ (¯à¨ íâ®¬ ï¢®¥ ã¯®¬¨ ¨¥ ® «®ª «ì®áâ¨

ç áâ® ¡ã¤¥â ®¯ãáª âìáï).

�á«¨ á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãî-

é¨© ¬®àä¨§¬ ' ï¢«ï¥âáï ¬®àä¨§¬®¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬, â® £®-

¢®àïâ, çâ® á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¯® ä §®¢ë¬ ¯¥à¥¬¥-

ë¬ ¨«¨ ä ªâ®à¨§ æ¨î ¢ ª â¥£®à¨¨ ASP. (� ¯®¬¨¬, çâ® ¬®àä¨§¬ë
¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ï¢«ïîâáï ¯®«ë¬¨.) �®ïâ¨¥ ä ªâ®à¨§ æ¨¨

¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¡ë«® ¢¢¥¤¥®�.�.� ¢«®¢áª¨¬. �¬ ¯®«ãç¥ë

¯¥à¢ë¥ ¢ ¦ë¥ à¥§ã«ìâ âë, ¢ ç áâ®áâ¨, á«¥¤ãîé ï ¤ «¥¥ â¥®à¥¬  4.3

[39{41]. � ¦®áâì ¯®ïâ¨ï ä ªâ®à¨§ æ¨¨ ®¯à¥¤¥«ï¥âáï ¯à¥¦¤¥ ¢á¥£®

â¥¬, çâ® ä ªâ®à¨§ æ¨ï ¯®à®¦¤ ¥â ¥ª®â®àãî ¤¥ª®¬¯®§¨æ¨î ã¯à ¢«ï-

¥¬®© á¨áâ¥¬ë. �®ç¥¥, á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥®à¥¬  4.1. �¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ¢ ª â¥£®à¨¨ ASP «®ª «ì-

ãî ä ªâ®à¨§ æ¨î (¢ â®çª¥ y0) ¯®àï¤ª  n�m â®£¤  ¨ â®«ìª® â®£¤ ,
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ª®£¤  á¨áâ¥¬  (4.1) «®ª «ì® íª¢¨¢ «¥â  (¢ â®çª¥ y0) ã¯à ¢«ï¥¬®©

á¨áâ¥¬¥ á«¥¤ãîé¥£® ¢¨¤ :

_zk = gk0 (z
1; : : : ; zm) + gk�(z

1; : : : ; zm)v�; k = 1; : : : ;m; (4.4)

_zi = gi0(z
1; : : : ; zn) + gi�(z

1; : : : ; zn)v�; i = m + 1; : : : ; n; (4.5)

(z1; : : : ; zm) 2 W � Rm; (zm+1; : : : ; zn) 2 L � Rn�m; u 2 Rr:

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â «®ª «ìãîä ª-

â®à¨§ æ¨î ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¢ â®çª¥ y0, ¯à¨ç¥¬ ä ªâ®àá¨áâ¥¬ 

¨¬¥¥â ¢¨¤

_z = ~g0(z) + ~g�(z)u
�; z 2 ~P � Rm; (4.6)

¨ á®®â¢¥âáâ¢ãîé¨¬¨  £à¥£ â ¬¨ ï¢«ïîâáï äãªæ¨¨ 'k; k = 1; : : : ;m.

�¥ªâ®àë¥ ¯®«ï f�, ®£à ¨ç¥ë¥   ¥ª®â®àãî ®ªà¥áâ®áâì P â®çª¨

y0, ¨ ¢¥ªâ®àë¥ ¯®«ï ~g� ï¢«ïîâáï '-á¢ï§ ë¬¨, â.¥.

~gk�('
1(y); : : : ; 'm(y)) =

@'k

@yi
f i�(y); (4.7)

� = 0; 1; : : : ; r; k = 1; : : : ;m; y 2 P:
�®¯®«¨¬ äãªæ¨¨ 'k(y); k = 1; : : : ;m; ¤®  ¡®à , á®áâ®ïé¥£® ¨§ n

äãªæ¨© 'k(y); k = 1; : : : ; n; ï¢«ïîé¨åáï äãªæ¨® «ì® ¥§ ¢¨á¨¬ë-

¬¨ ¢ ®¡« áâ¨ P . �â¨ äãªæ¨¨ ®¯à¥¤¥«ïîâ ¤¨ää¥®¬®àä¨§¬ ¥ª®â®à®©

®ªà¥áâ®áâ¨ P 0 â®çª¨ y0   ®¡« áâì T = W �L � Rn, £¤¥ W � ~P � Rm,
L � Rn�m. � ®¡« áâ¨ T ®¤®§ ç® ®¯à¥¤¥«¥  á¨áâ¥¬ 

_z = g0(z) + g�(z)u
�; z 2 K � Rn; u 2 Rr ; (4.8)

ª®â®à ï ¤¨ää¥®¬®àä  á¨áâ¥¬¥ (4.1), ®£à ¨ç¥®©   ®ªà¥áâ®áâì

P 0, ®â®á¨â¥«ì® ¤¨ää¥®¬®àä¨§¬  ':P 0 ! K. �«¥¤®¢ â¥«ì®, á¨-

áâ¥¬  (4.1) «®ª «ì® íª¢¨¢ «¥â  ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬¥

(4.8). �¥ªâ®àë¥ ¯®«ï g�; � = 0; 1; : : : ; r; ¤¨ää¥®¬®àäë ¯®«ï¬ f�; � =

0; 1; : : : ; r; â.¥.

gk�('
1(y); : : : ; 'n(y)) =

@'k

@yi
f i�(y); (4.9)

� = 0; 1; : : :; r; k = 1; : : : ;m; y 2 P 0:
�à ¢¨¢ ï (4.7) ¨ (4.9), ¢¨¤¨¬, çâ®

~gk�(z
1; : : : ; zm) = gk�(z

1; : : : ; zn); k = 1; : : : ;m;

â.¥. äãªæ¨¨ gk�; k = 1; : : : ;m; ¥ § ¢¨áïâ ®â zm+1; : : : ; zn. � ª¨¬

®¡à §®¬, á¨áâ¥¬  (4.8) ¨¬¥¥â ¢¨¤ (4.4), (4.5).
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�¡à â®, ¯ãáâì á¨áâ¥¬  (4.1) «®ª «ì® íª¢¨¢ «¥â  (¢ â®çª¥ y0) á¨-

áâ¥¬¥ (4.4), (4.5) ®â®á¨â¥«ì® ¤¨ää¥®¬®àä¨§¬  z = '(y). �ç¥¢¨¤®,

çâ® ¯¥à¢ë¥ m äãªæ¨© ¨§ n äãªæ¨©, ®¯à¥¤¥«ïîé¨å íâ®â ¤¨ää¥®¬®à-

ä¨§¬, § ¤ îâ («®ª «ì®) ¬®àä¨§¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬ë

(4.1) ¢ á¨áâ¥¬ã (4.4), ª®â®à ï ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®©. 2

�¥ª®¬¯®§¨æ¨ï (4.4), (4.5) ¯®§¢®«ï¥â á¢¥áâ¨ ¯à®æ¥áá  å®¦¤¥¨ï à¥-

è¥¨ï á¨áâ¥¬ë ª  å®¦¤¥¨î à¥è¥¨© ¤«ï ¤¢ãå á¨áâ¥¬, ä §®¢ë¥ ¯à®-

áâà áâ¢  ª®â®àëå ¨¬¥îâ à §¬¥à®áâ¨, ¬¥ìè¨¥, ç¥¬ n. �¥©áâ¢¨â¥«ì-

®, «î¡®¥ à¥è¥¨¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (4.4), (4.5) ¬®¦¥â ¡ëâì ¯®«ã-

ç¥® á«¥¤ãîé¨¬ ®¡à §®¬: á ç «   å®¤¨âáï à¥è¥¨¥ ä ªâ®àá¨áâ¥¬ë

(4.4) z1(t); : : : ; zm(t) (á®®â¢¥âáâ¢ãîé¥¥ ¥ª®â®à®¬ã ã¯à ¢«¥¨î v(t)),

  § â¥¬ íâ¨ äãªæ¨¨ ¯®¤áâ ¢«ïîâáï ¢ á¨áâ¥¬ã (4.5), ª®â®à ï ¯à¥¢à é -

¥âáï ¢ § ¬ªãâãî á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ®â®á¨â¥«ì®

®áâ «ìëå ª®¬¯®¥â zm+1(t); : : : ; zn(t) à¥è¥¨ï ¢á¥© á¨áâ¥¬ë (4.4),

(4.5). �à®¬¥ â®£®, ª ª ®ª § «®áì, ¬®£¨¥ § ¤ ç¨ ã¯à ¢«¥¨ï á¢ï§ ë

á áãé¥áâ¢®¢ ¨¥¬ ®¯à¥¤¥«¥ëå ä ªâ®àá¨áâ¥¬. � â ª®¢ë¬ ®â®áïâ-

áï,  ¯à¨¬¥à, § ¤ ç¨ ®  ¡«î¤ ¥¬®áâ¨, à¥ «¨§ æ¨¨, ¨¢ à¨ â®áâ¨

¯® ¢®§¬ãé¥¨ï¬ ¨  ¢â®®¬®áâ¨ [58, 59, 48].

�à¨¢¥¤¥¬ ãá«®¢¨ï ä ªâ®à¨§ æ¨¨ ¢ ª â¥£®à¨¨ ASP, â.¥. ãá«®¢¨ï

áãé¥áâ¢®¢ ¨ï ä ªâ®à®¡ê¥ªâ®¢. �§ ¯à¥¤«®¦¥¨ï 2.3 ¥¯®áà¥¤áâ¢¥®

¢ëâ¥ª ¥â, çâ® áã¡¬¥àá¨ï ':M ! R
m â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï

í¯¨¬®àä¨§¬®¬ (â.¥. ï¢«ï¥âáï áîàê¥ªâ¨¢ë¬ ¬®àä¨§¬®¬ ¢ ¥ª®â®àãî

ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã, § ¤ ãî ¢ ®¡« áâ¨ N = '(M )), ª®£¤   áá®æ¨¨-

à®¢ ë¥ ¯®«ï f�; � = 0; 1; : : : ; r, ï¢«ïîâáï '-¯à®¥ªâ¨àã¥¬ë¬¨. (� ¯®-

¬¨¬, çâ®, á®£« á® ¯à¥¤«®¦¥¨î 1.30, áã¡¬¥àá¨ï ï¢«ï¥âáï ®âªàëâë¬

®â®¡à ¦¥¨¥¬.) �¥©áâ¢¨â¥«ì®, ¥á«¨ íâ¨ ¯®«ï '-¯à®¥ªâ¨àã¥¬ë, â® ¯®-

«ï g� = '�f� ®¤®§ ç® ®¯à¥¤¥«ïîâ ä ªâ®àá¨áâ¥¬ã _z = g0 + gu ¢

N = '(M ). �âáî¤  ¨ ¨§ ¯à¥¤«®¦¥¨ï 1.41 á«¥¤ã¥â, çâ® áã¡¬¥àá¨ï '

ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬ ¢ ª â¥£®à¨¨ ASP â®£¤  ¨ â®«ìª® â®£¤ , ª®-

£¤  ®  ¨¤ãæ¨àã¥â ¢ ®¡« áâ¨ M ®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨ R, á®¢-

¬¥áâ¨¬®¥ á ®¤®¯ à ¬¥âà¨ç¥áª¨¬¨ £àã¯¯ ¬¨ ¤¨ää¥®¬®àä¨§¬®¢, ¯®-

à®¦¤ ¥¬ëå  áá®æ¨¨à®¢ ë¬¨ ¢¥ªâ®àë¬¨ ¯®«ï¬¨ f�; � = 0; 1; : : : ; r.

�®¢¬¥áâ¨¬®áâì R á íâ¨¬¨ ®¤®¯ à ¬¥âà¨ç¥áª¨¬¨ £àã¯¯ ¬¨ à ¢®á¨«ì-

  á®¢¬¥áâ¨¬®áâ¨ á  áá®æ¨¨à®¢ ®© £àã¯¯®©, ¯®à®¦¤ ¥¬®©  áá®æ¨¨-

à®¢ ë¬ á¥¬¥©áâ¢®¬ ¯®«¥© f. � ª¨¬ ®¡à §®¬, ã¯à ¢«ï¥¬ ï á¨áâ¥¬ 

(4.1) ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¥ã«¥¢®£® ¯®àï¤ª  â®£¤  ¨ â®«ìª® â®-

£¤ , ª®£¤   áá®æ¨¨à®¢  ï £àã¯¯  ¨¬¯à¨¬¨â¨¢ ; ¯à¨ íâ®¬ á¨áâ¥¬ë

¨¬¯à¨¬¨â¨¢®áâ¨ ®¯à¥¤¥«ïîâ ª« ááë F-®â®è¥¨ï íª¢¨¢ «¥â®áâ¨.

�âáî¤  ¨ ¨§ â¥®à¥¬ë 1.29 ¢ëâ¥ª ¥â á«¥¤ãîé¥¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï

ä ªâ®àá¨áâ¥¬.

�¥®à¥¬  4.2. �«ï â®£® çâ®¡ë á¨áâ¥¬  (4.1) ¤®¯ãáª «  («®ª «ì-
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ãî) ä ªâ®à¨§ æ¨î ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¯®àï¤ª  n�m, ¥®¡å®¤¨-
¬® ¨ ¤®áâ â®ç®, çâ®¡ë («®ª «ì®) áãé¥áâ¢®¢ «® â ª®¥ à¥£ã«ïà®¥

¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ D à £  p = n�m, çâ®

[f�; D] � D; � = 0; 1; : : : ; r; (4.10)

¯à¨ íâ®¬ RD ï¢«ï¥âáï F-®â®è¥¨¥¬ íª¢¨¢ «¥â®áâ¨. (� (4.10)

¯®¤ ¢ëà ¦¥¨¥¬ [f� ; D] ¯®¨¬ ¥âáï ¬®¦¥áâ¢® ¢á¥¢®§¬®¦ëå ¯®«¥©

¢¨¤  [f� ; Z], £¤¥ Z 2 D.) 2

�®®â®è¥¨ï (4.10) ¢ë¯®«ïîâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï

ª ¦¤®£® ¡ §¨á®£® á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥©

Za = bia(y)
@

@yi
; a = 1; : : : ; p; (4.11)

à á¯à¥¤¥«¥¨ï D ¢ë¯®«ïîâáï á®®â®è¥¨ï

[f�; Za] = hc�a(y)Zc ; � = 0; 1; : : :; r; a = 1; : : : ; p; (4.12)

£¤¥ hc�a | ¥ª®â®àë¥ äãªæ¨¨. �«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.3. �«ï â®£® çâ®¡ë ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (4.1) ¤®¯ãá-

ª «  («®ª «ìãî) ä ªâ®à¨§ æ¨î ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¯®àï¤ª 

n � m > 0, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë («®ª «ì®) áãé¥áâ¢®-

¢ «® â ª®¥ ¯®«®¥ á¥¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© (4.11), £¤¥ p = n �m,

çâ® ¢ë¯®«ïîâáï á®®â®è¥¨ï (4.12). 2

�¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ D, («®ª «ì®) § ¤ ®¥ ¢

ä §®¢®¬ ¯à®áâà áâ¢¥ M á¨áâ¥¬ë (4.1), ¡ã¤¥¬  §ë¢ âì F-à á¯à¥¤¥-

«¥¨¥¬ á¨áâ¥¬ë (4.1), ¥á«¨ ¯®«ë©  ¡®à ¨â¥£à «®¢ à á¯à¥¤¥«¥¨ï

D á®áâ®¨â ¨§  £à¥£ â®¢, â.¥. RD | F-®â®è¥¨¥ íª¢¨¢ «¥â®áâ¨.

� §¨áë¥ á¥¬¥©áâ¢  ¢¥ªâ®àëå ¯®«¥© F-à á¯à¥¤¥«¥¨ï  §ë¢ îâáï F-

á¥¬¥©áâ¢ ¬¨. � ª ¬ë ¢ëïá¨«¨, F-à á¯à¥¤¥«¥¨ï D ã¤®¢«¥â¢®àïîâ

á®®â®è¥¨ï¬ (4.10),   F-á¥¬¥©áâ¢  (4.11) | á®®â®è¥¨ï¬ (4.12).

�ãáâì ( ~S; ') | ä ªâ®à®¡ê¥ªâ á¨áâ¥¬ë (4.1), á®áâ®ïé¨© ¨§ ä ªâ®à-

á¨áâ¥¬ë ~S ¨ í¯¨¬®àä¨§¬  ', § ¤ ¢ ¥¬®£® ¯®«ë¬  ¡®à®¬ ¨â¥£à «®¢

(4.3) F-à á¯à¥¤¥«¥¨ï D. � áá¬®âà¨¬ ¥é¥ ®¤¨ ä ªâ®à®¡ê¥ªâ (Ŝ;  )

á¨áâ¥¬ë (4.1), á®áâ®ïé¨© ¨§ ä ªâ®àá¨áâ¥¬ë Ŝ ¨ í¯¨¬®àä¨§¬   , § ¤ -

¢ ¥¬®£® ¤àã£¨¬ ¯®«ë¬  ¡®à®¬ ¨â¥£à «®¢  k(y); k = 1; : : : ;m. �à¥¤-

¯®«®¦¨¬, çâ® äãªæ¨¨ 'k ¨  k ®¯à¥¤¥«¥ë ¢ ®¡« áâ¨ U � M . �§

â¥®à¥¬ë 1.6 á«¥¤ã¥â, çâ®

 k(y) = �k('1(y); : : : ; 'm(y)); k = 1; : : : ;m;

'k(y) = �k( 1(y); : : : ;  m(y)); k = 1; : : : ;m;
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£¤¥ �k | £« ¤ª¨¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥ ¢ ä §®¢®¬ ¯à®áâà áâ¢¥

N = '(U ) ä ªâ®àá¨áâ¥¬ë ~S,   �k | £« ¤ª¨¥ äãªæ¨¨, ®¯à¥¤¥«¥ë¥

¢ ä §®¢®¬ ¯à®áâà áâ¢¥ L =  (U ) ä ªâ®àá¨áâ¥¬ë Ŝ. �«¥¤®¢ â¥«ì®,

¨¬¥¥¬ £« ¤ª¨¥ ®â®¡à ¦¥¨ï �:N ! L, �:L ! N , ï¢«ïîé¨¥áï ¤¨ä-

ä¥®¬®àä¨§¬ ¬¨, ¯à¨ç¥¬ � = ��1. �¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® �

ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ~S ¢ Ŝ,   � | ¨§®¬®àä¨§¬®¬ Ŝ ¢ ~S. � ª ª ª

 = �', ' = � , â® ä ªâ®à®¡ê¥ªâë ( ~S; '), (Ŝ;  ) íª¢¨¢ «¥âë (®¯à¥¤¥-

«¥¨¥ íª¢¨¢ «¥â®áâ¨ ä ªâ®à®¡ê¥ªâ®¢ ¤ ® ¢ à §¤¥«¥ 1.2). � ¤àã£®©

áâ®à®ë, ¥á«¨ (S0; �) | ä ªâ®à®¡ê¥ªâ, íª¢¨¢ «¥âë© ä ªâ®à®¡ê¥ªâã

( ~S; '), â® «¥£ª® ¢¨¤¥âì, çâ® í¯¨¬®àä¨§¬ � § ¤ ¥âáï ¯®«ë¬  ¡®à®¬

¨â¥£à «®¢ à á¯à¥¤¥«¥¨ï D. �â ª, F-à á¯à¥¤¥«¥¨¥ ¯®à®¦¤ ¥â ª« áá

íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢.

� ¬¥ç ¨¥ 4.1. � ª ª ª ®¡« áâ¨ § ¤ ¨ï ¯®«ëå  ¡®à®¢ ¨â¥-

£à «®¢ à¥£ã«ïà®£® ¨¢®«îâ¨¢®£® à á¯à¥¤¥«¥¨ï D ®¯à¥¤¥«¥ë ¥-

®¤®§ ç®, â® D ®¯à¥¤¥«ï¥â ª« ááë íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢

â ª¦¥ ¥®¤®§ ç®. �¥«® ¬®¦® ¯®¯à ¢¨âì ¯¥à¥å®¤®¬ ª à®áâª ¬ F-

à á¯à¥¤¥«¥¨© ¨«¨, çâ® à ¢®á¨«ì®, à®áâª ¬ F-®â®è¥¨© íª¢¨¢ -

«¥â®áâ¨ ¢ â®çª¥. (� à®áâª å á¬.,  ¯à¨¬¥à, [27].) � ¦¤ë© â ª®©

à®áâ®ª ®¤®§ ç® ®¯à¥¤¥«ï¥â ª« áá («®ª «ì®) íª¢¨¢ «¥âëå ä ª-

â®à®¡ê¥ªâ®¢ (¢ â®çª¥). �  â¥å¨ç¥áª¨å ¤¥â «ïå á®®â¢¥âáâ¢ãîé¨å ®¯à¥-

¤¥«¥¨© §¤¥áì ®áâ  ¢«¨¢ âìáï ¥ ¡ã¤¥¬. �â¬¥â¨¬ â®«ìª®, çâ® ¬®¦®

¢¢¥áâ¨ áâàãªâãàã ç áâ¨ç®£® ¯®àï¤ª    ¬®¦¥áâ¢¥ à®áâª®¢. � [3, 4]

¤®ª § ®, çâ® íâ® ¬®¦¥áâ¢® ¨¬¥¥â áâàãªâãàã à¥è¥âª¨, ¥á«¨ á¨áâ¥¬ 

(4.1)  å®¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨. � ¬ ¦¥ ¯à¨¢¥¤¥ë  «£®à¨â¬ë

 å®¦¤¥¨ï â®çëå ¢¥àå¨å ¨ ¨¦¨å £à ¥© ¤«ï ¥ª®â®àëå ¯®¤¬®-

¦¥áâ¢ à®áâª®¢. �â¨  «£®à¨â¬ë, ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ¯®áâà®¥¨¥ â ª

 §ë¢ ¥¬ëå ¢¥àå¨å ¨ ¨¦¨å ä ªâ®à¨§ãîé¨å àï¤®¢, ¨á¯®«ì§ãîâáï

¤«ï à¥è¥¨ï § ¤ ç à¥ «¨§ æ¨¨,  ¡«î¤ ¥¬®áâ¨ ¨ ¨¢ à¨ â®áâ¨ ¯®

¢®§¬ãé¥¨ï¬ ¢ â¥®à¨¨ ã¯à ¢«¥¨ï.

� ©¬¥¬áï â¥¯¥àì ¢®¯à®á®¬  å®¦¤¥¨ï ä ªâ®à®¡ê¥ªâ®¢ á¨áâ¥¬ë

(4.1) ¢ ª â¥£®à¨¨ ASP. �ëà ¦¥¨ï (4.12) ¬®¦® âà ªâ®¢ âì ª ª á¨-

áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

f�(b
i
a) = Za(f

i
�) + hc�ab

i
c; (4.13)

i = 1; : : : ; n; a; c = 1; : : : ; p; � = 0; 1; : : : ; r;

®â®á¨â¥«ì® ¥¨§¢¥áâëå ª®¬¯®¥â F-á¥¬¥©áâ¢  (4.11). (� (4.13) ¢ë-

à ¦¥¨ï f�(b
i
a), Za(f

i
�) ¯à¥¤áâ ¢«ïîâ á®¡®© ¤¥©áâ¢¨ï ¯®«¥© f� ; Za  

äãªæ¨¨ bia; f
i
� ª ª ®¯¥à â®à®¢.) �®á«¥ à¥è¥¨ï íâ®© á¨áâ¥¬ë ã¦-

®  ©â¨ ¯®«ë©  ¡®à ¨â¥£à «®¢ (4.3) ¯®«®£® á¥¬¥©áâ¢  (4.11), çâ®,
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á®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.5, á¢®¤¨âáï ª à¥è¥¨î ¥ª®â®àëå

á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �«ï  å®¦¤¥-

¨ï ¯à ¢ëå ç áâ¥© ä ªâ®àá¨áâ¥¬ë äãªæ¨¨ f i�
@'k

@yi
á«¥¤ã¥â ¢ëà §¨âì

äãªæ¨® «ì® ç¥à¥§ äãªæ¨¨ (4.3), â.¥. ¯à¥¤áâ ¢¨âì ¨å ¢ ¢¨¤¥

f i�
@'k

@yi
= gk�('

1(y); : : : ; 'm(y)):

�®áâà®¥ë¥ äãªæ¨¨ gk� ¨ ®¯à¥¤¥«ïîâ ¨áª®¬ãî ä ªâ®àá¨áâ¥¬ã

_zk = gk0 (z) + gk�(z)u
�:

�¨áâ¥¬  (4.13) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã ãà ¢¥¨© á ®¤¨ ª®¢®©

£« ¢®© ç áâìî ®â®á¨â¥«ì® bia(y), ¯à¨ç¥¬ íâ  á¨áâ¥¬  á®¤¥à¦¨â ¥é¥

¥¨§¢¥áâë¥ ¯ à ¬¥âà¨ç¥áª¨¥ ¯¥à¥¬¥ë¥ hc�a. �®á«¥¤¥¥ ®¡áâ®ïâ¥«ì-

áâ¢® ãá«®¦ï¥â ¤¥«®. �à®¬¥ â®£®, ã¦® ¤®¡ ¢¨âì ãá«®¢¨¥ ¯®«®âë

[Zb; Za] = {
c
baZC á¥¬¥©áâ¢  (4.11), ª®â®à®¥ â®¦¥ ¯à¥¤áâ ¢«ï¥â á®¡®©

á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¯à¨ç¥¬ á ¥¨§¢¥áâë¬¨ ¯ à -

¬¥âà¨ç¥áª¨¬¨ ¯¥à¥¬¥ë¬¨ {cba.

� áá¬®âà¨¬ ¬¥â®¤ ¨áª«îç¥¨ï ¯ à ¬¥âà¨ç¥áª¨å ¯¥à¥¬¥ëå, ª®-

â®àë© ¯à¥¤«®¦¥  ¢â®à®¬ ¢ [17] ¨ ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ¨á¯®«ì-

§®¢ ¨ï ïª®¡¨¥¢ëå F-á¥¬¥©áâ¢. �«ï â®£® çâ®¡ë ¨áª«îç¨âì äãªæ¨¨

hc�a ¨§ (4.13), á«¥¤ã¥â § ¤ âìáï ¥ª®â®àë¬ á¢®©áâ¢®¬, ª®â®àë¬ ¤®«¦-

ë ®¡« ¤ âì  £à¥£ âë (4.3). �â® á¢®©áâ¢® § ª«îç ¥âáï ¢ ®¯à¥¤¥«¥®¬

à á¯®«®¦¥¨¨ ¡ §¨á®£® ¬¨®à  ¢ ïª®¡¨¥¢®© ¬ âà¨æ¥ k@'k=@yik.
�à¥¤¯®«®¦¨¬, çâ® ¤«ï ¨áª®¬ëå  £à¥£ â®¢ (4.3)����@'k@yi

����
k=1;:::;m

i=p+1;:::;n

6= 0; p = n�m: (4.14)

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.4. �«ï â®£® çâ®¡ë á¨áâ¥¬  (4.1) ¤®¯ãáª «  («®ª «ì-

ãî) ä ªâ®à¨§ æ¨î ¯®àï¤ª  p = n � m, å à ªâ¥à¨§ãîéãîáï á¢®©-

áâ¢®¬ (4.14), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¡ë«  á®¢¬¥áâ  á¨á-

â¥¬  ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâëå äãª-

æ¨© bla(y):

f�(b
l
a) = Za(f

l
�)� blcZa(f

c
�); (4.15)

Za(b
l
c) = Zc(b

l
a); (4.16)

£¤¥

Za =
@

@ya
+ bla(y)

@

@yl
; (4.17)
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� = 0; 1; : : :; r; a; c = 1; : : : ; p; l = p+ 1; : : : ; n:

�®ª  §  â ¥ « ì á â ¢ ®. �¥®¡å®¤¨¬®áâì. �á«¨ á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â

ä ªâ®à¨§ æ¨î á® á¢®©áâ¢®¬ (4.14), â®, á®£« á® ¯à¥¤«®¦¥¨î 1.10, áã-

é¥áâ¢ã¥â F-á¥¬¥©áâ¢® ¢¨¤  (4.17). �¥¬¥©áâ¢® (4.17) ¤®«¦® ã¤®¢«¥â¢®-

àïâì á®®â®è¥¨ï¬ (4.12). � ¯¨è¥¬ íâ¨ á®®â®è¥¨ï ¯®ª®¬¯®¥â®:

f�(�
i
a) � Za(f

i
�) = hca�

i
c; (4.18)

f�(b
l
a) � Za(f

l
�) = hcab

l
c; (4.19)

i; a; c = 1; : : : ; p; l = p + 1; : : : ; n; �ia | á¨¬¢®« �à®¥ª¥à :

�§ (4.18) ¨¬¥¥¬ hia = �Za(f i�). �®¤áâ ¢«ïï hia ¢ (4.19), ¯®«ãç¨¬ (4.15).

� ¢¥áâ¢  (4.16) ¯à¥¤áâ ¢«ïîâ á®¡®© ãá«®¢¨¥ ¯®«®âë á¥¬¥©áâ¢  (4.17).

�¥©áâ¢¨â¥«ì®, á®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.5, á¥¬¥©áâ¢® ¢¨¤ 

(4.17) ï¢«ï¥âáï ¯®«ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® ïª®¡¨¥¢®, â.¥.

[Za; Zc] = 0, a; c = 1; : : : ; p, çâ® à ¢®á¨«ì® à ¢¥áâ¢ ¬ (4.16).

�®áâ â®ç®áâì. �á«¨ á®¢¬¥áâ  á¨áâ¥¬  (4.15), (4.16), â®, ¢®-¯¥à¢ëå,

á¥¬¥©áâ¢® ¯®«¥© (4.17) ï¢«ï¥âáï ¯®«ë¬. � «¥¥, ¯®« £ ï hia = �Za(f i�),
¨§ (4.15) ¯®«ãç¨¬ (4.18), (4.19), ®âªã¤  ¢ëâ¥ª ¥â (4.12). �«¥¤®¢ â¥«ì-

®, á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¯®àï¤ª  p. �¢®©áâ¢® (4.14)

¢ëâ¥ª ¥â ¨§ ¢¨¤  F-á¥¬¥©áâ¢  (4.17) ¨ ¯à¥¤«®¦¥¨ï 1.10. 2

�à ¢¥¨ï (4.15) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ãà ¢¥¨© á ®¤¨ ª®-

¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì® bla ¡¥§ ¯ à ¬¥âà¨ç¥áª¨å ¯¥à¥¬¥ëå.

�à¨ ¨®¬ à á¯®«®¦¥¨¨ ¡ §¨á®£® ¬¨®à  ¢ ¬ âà¨æ¥ k@'k=@yik
ãá«®¢¨ï ä ªâ®à¨§ æ¨¨ (4.15), (4.16) ¯à¥®¡à §ãîâáï ®ç¥¢¨¤ë¬ ®¡à -

§®¬. �â ª, § ¤ ç  à¥è¥¨ï á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

(4.13) á ¯ à ¬¥âà¨ç¥áª¨¬¨ ¯¥à¥¬¥ë¬¨ á¢¥¤¥  ª § ¤ ç¥ à¥è¥¨ï ¥-

áª®«ìª¨å á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢¨¤  (4.15), ï¢«ïî-

é¨åáï á¨áâ¥¬ ¬¨ á ®¤¨ ª®¢®© £« ¢®© ç áâìî (¡¥§ ¯ à ¬¥âà¨ç¥áª¨å

¯¥à¥¬¥ëå). �®£« á® à §¤¥«ã 1.7, ¢®¯à®á ® á®¢¬¥áâ®áâ¨ á¨áâ¥¬ ¢¨¤ 

(4.15) á¢ï§  á ¢ë¯®«¥¨¥¬ í«¥¬¥â àëå  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©.

� å®¦¤¥¨¥ à¥è¥¨© á¨áâ¥¬ë (4.15) á¢®¤¨âáï ª à¥è¥¨î ¥ª®â®àëå

á¨áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �¥è¥¨¥ á¨áâ¥-

¬ë (4.15), â.¥.  ¡®à ª®¬¯®¥â á¥¬¥©áâ¢  ¯®«¥© (4.17), á«¥¤ã¥â ¯®¤áâ -

¢¨âì ¤«ï ¯à®¢¥àª¨ ¢ ãà ¢¥¨ï (4.16), ¯à¥¤áâ ¢«ïîé¨¥ á®¡®© ãá«®¢¨ï

¯®«®âë á¥¬¥©áâ¢  (4.17). �¨èì â¥ à¥è¥¨ï á¨áâ¥¬ë (4.15), ª®â®àë¥

®¤®¢à¥¬¥® ï¢«ïîâáï ¨ à¥è¥¨ï¬¨ á¨áâ¥¬ë (4.16), ®¯à¥¤¥«ïîâ F-

á¥¬¥©áâ¢®, ¯®à®¦¤ îé¥¥ ä ªâ®à¨§ æ¨î ¯®àï¤ª  p.

�ª §ë¢ ¥âáï, çâ® ¤«ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (4.1),  å®¤ïé¥©áï ¢ ®¡-

é¥¬ ¯®«®¦¥¨¨, ¬®¦® ¯à®¢¥à¨âì á®¢¬¥áâ®áâì á¨áâ¥¬ë (4.15), (4.16),

¥ à¥è ï ¯à¥¤¢ à¨â¥«ì® á¨áâ¥¬ã (4.15). �¥©áâ¢¨â¥«ì®, á®£« á® § -

¬¥ç ¨î 1.28, ¢ íâ®¬ á«ãç ¥ ¯à¨ ¯à®¢¥¤¥¨¨  «£®à¨â¬  ¨áá«¥¤®¢ ¨ï



218 �«. 4. ������������ ����������� ������

  á®¢¬¥áâ®áâì á¨áâ¥¬ë (4.15) ¤®¯®«¨â¥«ìë¥ ¤¨ää¥à¥æ¨ «ìë¥

á¢ï§¨ â¨¯  ãà ¢¥¨© (4.16) ¬®¦® § ¬¥¨âì   ª®¥çë¥ á¢ï§¨ ¨ à á-

á¬ âà¨¢ âì ¨å ¢ à ¬ª å ¯à®¢¥¤¥¨ï ¤ ®£®  «£®à¨â¬ . �ä®à¬ã«¨àã-

¥¬ íâ®â à¥§ã«ìâ â á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  4.5. �«ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë,  å®¤ïé¥©áï ¢ ®¡é¥¬

¯®«®¦¥¨¨, áãé¥áâ¢®¢ ¨¥ ä ªâ®à®¡ê¥ªâ®¢ ¢ ª â¥£®à¨¨ ASP ãáâ -

 ¢«¨¢ ¥âáï á ¯®¬®éìî â®«ìª®  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©. � ªâ®à-

®¡ê¥ªâë  å®¤ïâáï á ¯®¬®éìî à¥è¥¨ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨-

 «ìëå ¨  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©. 2

� ¬¥ç ¨¥ 4.2. �«ï á¨áâ¥¬,  å®¤ïé¨åáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨,

á¯à ¢¥¤«¨¢ â ª¦¥ á«¥¤ãîé¨© à¥§ã«ìâ â: ¬®¦¥áâ¢® à®áâª®¢ F-à á¯à¥-

¤¥«¥¨© (á¬. § ¬¥ç ¨¥ 4.1) ¯ à ¬¥âà¨§ã¥âáï ª®¥çë¬ ç¨á«®¬ ¢¥é¥-

áâ¢¥ëå ¯ à ¬¥âà®¢. �â® á«¥¤ã¥â ¨§ â¥®à¥¬ë 1.32, á®£« á® ª®â®à®©

¢ ¤ ®¬ á«ãç ¥ ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë ¢¨¤  (4.15), (4.16) § ¢¨á¨â ®â

ª®¥ç®£® ç¨á«  ¯à®¨§¢®«ìëå ¯®áâ®ïëå.

� ¬¥ç ¨¥ 4.3. �ãáâì à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ D ã¤®¢«¥â¢®àï-

¥â ãá«®¢¨î (4.10), ® ¥ ï¢«ï¥âáï ¨¢®«îâ¨¢ë¬. �ãáâì â ª¦¥ áãé¥-

áâ¢ã¥â ¯à®¨§¢®¤ë© ä« £ (1.46) ¤«¨ë N + 1. �®£¤ , ¨á¯®«ì§ãï â®-

¦¤¥áâ¢® �ª®¡¨ (1.9), ¬®¦® ¯®ª § âì, çâ® [f�; D
�] � D�, â.¥. ¬¨¨-

¬ «ì®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ D� = DN , á®¤¥à¦ é¥¥ D, ï¢«ï-

¥âáï F-à á¯à¥¤¥«¥¨¥¬, ¥á«¨ dimD� < n, ¨ ®¯à¥¤¥«ï¥â ä ªâ®à¨§ æ¨î

¯®àï¤ª  dimD�. � ª¨¬ ®¡à §®¬, ¯®«ë©  ¡®à ¨â¥£à «®¢ à á¯à¥¤¥-

«¥¨ï D á®áâ®¨â ¨§  £à¥£ â®¢. � â¥à¬¨ å á¥¬¥©áâ¢ ¢¥ªâ®àëå ¯®«¥©

íâ®â ä ªâ ®§ ç ¥â á«¥¤ãîé¥¥. �ãáâì «¨¥©® ¥á¢ï§ ®¥ á¥¬¥©áâ¢®

(4.11) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4.12), ® ¥ ï¢«ï¥âáï ¯®«ë¬. �®£¤ 

á«¥¤ã¥â ¯à®¨§¢¥áâ¨ ¯à®æ¥áá ¯®¯®«¥¨ï (1.47). �á«¨ ¢ à¥§ã«ìâ â¥ ¯®-

«ãç¨âáï ¯®«®¥ á¥¬¥©áâ¢®, á®áâ®ïé¥¥ ¨§ ¬¥ìè¥£®, ç¥¬ n, ç¨á«  ¯®«¥©,

â® ¯®áâà®¥®¥ á¥¬¥©áâ¢® ¡ã¤¥â F-á¥¬¥©áâ¢®¬.

�á«¨ á¨áâ¥¬  (4.1) ¥  å®¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨ ¨ à á¯à¥¤¥-

«¥¨¥ �f� à¥£ã«ïà®, â® á¨áâ¥¬  ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¥ª®â®à®£®

á¯¥æ¨ «ì®£® ¢¨¤ . �ãáâì dim�f� = p < n. �®£¤   áá®æ¨¨à®¢ ®¥

á¥¬¥©áâ¢® f,  áá®æ¨¨à®¢  ï  «£¥¡à  f� ¨ à á¯à¥¤¥«¥¨¥ �f� ¨¬¥îâ ¢

®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ y0 2 M m = n � p äãªæ¨® «ì® ¥§ ¢¨-

á¨¬ëå ¨â¥£à «®¢ (4.3), ª®â®àë¥ ¡ã¤¥¬  §ë¢ âì â ª¦¥ ¨â¥£à « ¬¨

ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (4.1). �ç¥¢¨¤®, çâ® ¨â¥£à «ë (4.3) ï¢«ïîâáï

 £à¥£ â ¬¨, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãîé ï ä ªâ®àá¨áâ¥¬  (4.2) ¨¬¥¥â ¢¨¤

_zk = 0; k = 1; : : : ;m: (4.20)

�â ª, à¥£ã«ïà®¥ à á¯à¥¤¥«¥¨¥ �f� ï¢«ï¥âáï F-à á¯à¥¤¥«¥¨¥¬, ¥á«¨

á¨áâ¥¬  (4.1) ¥  å®¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨.
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�à¨¬¥à 4.1. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y1 = c1y2y3 + u;

_y2 = c2y1y3;

_y3 = c3y1y2;

(4.21)

£¤¥ y 2 M = fy 2 R3: yi > 0g, u 2 R1, ci | ¯®áâ®ïë¥, ¥ à ¢ë¥

ã«î.

�áá«¥¤ã¥¬ ¢®§¬®¦®áâ¨ á¨áâ¥¬ë (4.21) ¤®¯ãáª âì ä ªâ®à¨§ æ¨î

¯®àï¤ª  2 á  £à¥£ â ¬¨ '(y), ®¡« ¤ îé¨¬¨ á¢®©áâ¢®¬

@'

@y3
6= 0: (4.22)

�«ï íâ®© æ¥«¨ ã¦®  ©â¨ ïª®¡¨¥¢ë F-á¥¬¥©áâ¢  ¢¨¤  (4.17):

Z1 =
@

@y1
+ b1(y)

@

@y3
;

Z2 =
@

@y2
+ b2(y)

@

@y3
:

(4.23)

�áá«¥¤ã¥¬ á®®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

(4.15) á ¯®¬®éìî  «£®à¨â¬ , ¯à¨¢¥¤¥®£® ¢ à §¤¥«¥ 1.7. � ª ç¥áâ¢¥

á¥¬¥©áâ¢  ¯®«¥© b §¤¥áì ä¨£ãà¨àã¥â  áá®æ¨¨à®¢ ®¥ á¥¬¥©áâ¢® f, á®-

áâ®ïé¥¥ ¨§ ¯®«¥©

f0 = c1y2y3
@

@y1
+ c2y1y3

@

@y2
+ c3y1y2

@

@y3
;

f1 =
@

@y1
:

�®«ï¬¨ á¥¬¥©áâ¢  b0 ï¢«ïîâáï ¯®«ï

f 00 = f0 + (c3y2 � b21c1y2 � b1b2c2y1 � b2c2y3)
@

@b1
+

+ (c3y1 � b1c1y3 � b1b2c1y2 � b22c2y1)
@

@b2
;

f 02 = f2:

� ©¤¥¬ ¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï �b� (= �f�) á ¯®¬®éìî ¯à®-

æ¥áá  ¯®¯®«¥¨ï. �¡à §ã¥¬ ª®¬¬ãâ â®à

f2 = [f0; f1] = c2y3
@

@y2
+ c3y2

@

@y3
:
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�¬¥¥¬ f2 =
1

y1
f0 � c1y2y3

y1
f1. �«¥¤®¢ â¥«ì®, f | ¯®«®¥ á¥¬¥©áâ¢®,

ª®â®à®¥ ï¢«ï¥âáï ¡ §¨áë¬ á¥¬¥©áâ¢®¬ à á¯à¥¤¥«¥¨ï �f� . � ª¨¬

®¡à §®¬, íâ® à á¯à¥¤¥«¥¨¥ ¨¬¥¥â à £, à ¢ë© ¤¢ã¬. �®íâ®¬ã �f�

ï¢«ï¥âáï F-à á¯à¥¤¥«¥¨¥¬, ®¯à¥¤¥«ïîé¨¬ á¯¥æ¨ «ìãî ä ªâ®à¨§ -

æ¨î ¢¨¤  (4.20). �£à¥£ â®¬ ï¢«ï¥âáï ¨â¥£à « �f� ,  ¯à¨¬¥à äãªæ¨ï

' = c2y
2
3 � c3y

2
2 , ®¡« ¤ îé ï á¢®©áâ¢®¬ (4.22). � ¤ ®¬ á«ãç ¥ ä ª-

â®àá¨áâ¥¬  á®áâ®¨â ¨§ ®¤®£® (áª «ïà®£®) ãà ¢¥¨ï

_z = 0: (4.24)

�®ª ¦¥¬, çâ® ¤àã£¨å F-ª®à á¯à¥¤¥«¥¨© ¥â (¨ ç¥ £®¢®àï, ¨¬¥¥âáï

®¤¨ ª« áá íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢, ª ¦¤ë© ¨§ ª®â®àëå ®¯à¥-

¤¥«ï¥âáï ª ª¨¬-«¨¡® ¨â¥£à «®¬ á¨áâ¥¬ë (4.21)). � á®®â¢¥âáâ¢¨¨ á

 «£®à¨â¬®¬ à §¤¥«  1.7, ã¦® ¯®áâà®¨âì ¬®¦¥áâ¢® K, á®áâ®ïé¥¥ ¨§

â®ç¥ª (y1; y2; y3; b1; b2) 2 R5, ¢ ª®â®àëå ª®¬¬ãâ â®à [f 00; f
0
1] ¢ëà ¦ ¥âáï

ç¥à¥§ ¯®«ï f 00; f
0
1. �§ ¢¨¤  íâ®£® ª®¬¬ãâ â®à 

[f 00; f
0
1] = f2 � b1b2c2

@

@b1
+ (c3 � b22c2)

@

@b2

á«¥¤ã¥â, çâ® íâ® ¬®¦¥áâ¢® § ¤ ¥âáï à ¢¥áâ¢ ¬¨

c3y2 � b21c1y2 � b2c2y3 = 0;

b1(y3 + b2y2) = 0:

�ç¥¢¨¤®, çâ® à¥è¥¨ï b1 = b1(y), b2 = b2(y) á¨áâ¥¬ë ¤¨ää¥à¥æ¨-

 «ìëå ãà ¢¥¨© (4.15) ª ª ¬®£®®¡à §¨ï, ¬®£ãâ ¯à¨ ¤«¥¦ âì «¨¡®

¬®¦¥áâ¢ã
c3y2 � b2c2y3 = 0;

b1 = 0;
(4.25)

«¨¡® ¬®¦¥áâ¢ã
c3y2 � b21c1y2 � b2c2y3 = 0;

y3 + b2y2 = 0:
(4.26)

�¥©áâ¢ãï ¯®«ï¬¨ f 00; f
0
1 ª ª ®¯¥à â®à ¬¨   «¥¢ë¥ ç áâ¨ ãà ¢¥¨©

(4.26) ¨ ¯à¨à ¢¨¢ ï ã«î ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï, ¯®«ãç¨¬   ¥-

ª®â®à®¬ íâ ¯¥ ãà ¢¥¨ï ¢¨¤   (y) = 0. �â® ®§ ç ¥â, çâ® à¥è¥¨ï

á¨áâ¥¬ë (4.15) ¥ ¬®£ãâ «¥¦ âì ¢® ¬®¦¥áâ¢¥ (4.26). �¥©áâ¢ãï ¯®«ï¬¨

f 00; f
0
1   «¥¢ë¥ ç áâ¨ ãà ¢¥¨© (4.25), ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ® ¯®«ã-

ç¥ë¥ ¢ëà ¦¥¨ï à ¢ë ã«î ¢ á¨«ã (4.25), â.¥. ¯®«ï f 00; f
0
1 ª á îâáï

¬®£®®¡à §¨ï (4.25). �â® ¬®£®®¡à §¨¥ ®¯à¥¤¥«ï¥â ¥¤¨áâ¢¥®¥ à¥è¥-

¨¥

b1 = 0; b2 =
c3y2

c2y3



4.1. ������������� � ������� �� ������������� 221

á¨áâ¥¬ë (4.15). �â ª, F-á¥¬¥©áâ¢® (4.23) ¨¬¥¥â ¢¨¤

Z1 =
@

@y1
;

Z2 =
@

@y2
+
c3y2

c2y3

@

@y3
:

(4.27)

�¬¥¥¬ à ¢¥áâ¢ : f0 = c1y2y3Z1 + c2y1y3Z2; f1 = Z1. �«¥¤®¢ â¥«ì®,

á¥¬¥©áâ¢  (4.27) ¨ f íª¢¨¢ «¥âë ¨ ï¢«ïîâáï ¡ §¨áë¬¨ á¥¬¥©áâ¢ ¬¨

®¤®£® F-à á¯à¥¤¥«¥¨ï �f� .

�à¨¬¥à 4.2. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_yi = Pi(y) + ui; (4.28)

i = 1; 2; 3; y; u 2 R3;

£¤¥ Pi(y) = Aiy
2
1 +Biy

2
2 + Ciy

2
3 +Diy1y2 +Eiy1y3 + Fiy2y3.

�áá«¥¤ã¥¬ ¢®§¬®¦®áâì ä ªâ®à¨§ æ¨¨ ¢¨¤  (4.22). �á®, çâ®  á-

á®æ¨¨à®¢ ë¥ ¯®«ï fi = @=@yi i = 1; 2; 3; á¨áâ¥¬ë (4.28) á®áâ ¢«ïîâ

¡ §¨á®¥ á¥¬¥©áâ¢® à á¯à¥¤¥«¥¨ï �f� . �®íâ®¬ã á¨áâ¥¬  (4.28)  å®-

¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨ ¨ ¥ ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î á¯¥æ¨ «ì®£®

¢¨¤  (4.20). �à ¢¥¥¨ï (4.15), ®¯à¥¤¥«ïîé¨¥ ¨áª®¬ë¥ F-á¥¬¥©áâ¢ 

(4.23) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯®«ï¬ fi; i = 1; 2; 3; ¨¬¥îâ ¢¨¤

@bk

@yi
= 0; k = 1; 2; i = 1; 2; 3: (4.29)

�«¥¤®¢ â¥«ì®, bk = const ¨ ãà ¢¥¨ï (4.16) ã¤®¢«¥â¢®àïîâáï â®¦-

¤¥áâ¢¥®. �®¤áâ ¢«ïï (4.29) ¢ ãà ¢¥¨ï (4.15), á®®â¢¥âáâ¢ãîé¨¥

 áá®æ¨¨à®¢ ®¬ã ¯®«î

f0 = P1(y)
@

@y1
+ P2(y)

@

@y2
+ P3(y)

@

@y3
;

¯®«ãç¨¬ (¯®á«¥ ¯à¨à ¢¨¢ ¨ï ã«î ª®íää¨æ¨¥â®¢ ¯à¨ yi), çâ® ¯®-

áâ®ïë¥ b1; b2 ¤®«¦ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥  «£¥¡à ¨ç¥áª¨å ãà ¢¥-

¨©

2A3 � 2A1b1 �E1b
2
1 � 2A2b2 � E2b1b2 +E3b1 = 0;

D3 �D1b1 � F1b
2
1 �D2b2 � F2b1b2 + F3b1 = 0;

E3 � E1b1 � 2C1b
2
1 �E2b2 � 2C2b1b2 + 2C3b1 = 0;

D3 �D1b1 �E1b1b2 �D2b2 �E2b
2
2 + E3b2 = 0;

2B3 � 2B1b1 � F1b1b2 � 2B2b2 � F2b
2
2 + F3b2 = 0;

F3 � F1b1 � 2C1b1b2 � F2b2 � 2C2b
2
2 + 2C3b2 = 0:

(4.30)
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�â ª, á¨áâ¥¬  (4.28) ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ¢â®à®£® ¯®àï¤ª  ¢¨¤ 

(4.22) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á®¢¬¥áâ  á¨áâ¥¬   «£¥¡à ¨ç¥áª¨å

ãà ¢¥¨© (4.30) ®â®á¨â¥«ì® b1; b2. � ¦¤®¥ à¥è¥¨¥ á¨áâ¥¬ë (4.30)

®¯à¥¤¥«ï¥â F-á¥¬¥©áâ¢® (4.23), ¢ ª ç¥áâ¢¥ ¨â¥£à «  ª®â®à®£® ¬®¦®

¢§ïâì,  ¯à¨¬¥à, äãªæ¨î ' = y3�b2y2�b1y1, ï¢«ïîéãîáï  £à¥£ â®¬
á¨áâ¥¬ë (4.28). � ªâ®àá¨áâ¥¬  ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

_z = (C3 � b2C2 � b1C1)z
2 + u3 � b2u2 � k1u1:

� áá¬®âà¨¬ ç áâë© á«ãç © á¨áâ¥¬ë (4.28)

_y1 = 3y21 + 2y22 + 14y23 � 12y1y3 + u1;

_y2 = y21 + y22 + 4y23 � 4y1y3 + u2;

_y3 = y21 + y22 + 5y23 � 4y1y3 + u3:

(4.31)

�«ï íâ®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë á¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (4.30)

¨¬¥¥â «¨èì ®¤® à¥è¥¨¥: b1 = 1=2, b2 = 0. � ª ç¥áâ¢¥  £à¥£ â  ¬®¦®

¢§ïâì äãªæ¨î ' = y1 � 2y3. � ªâ®àá¨áâ¥¬  ¨¬¥¥â ¢¨¤

_z = z11 + u1 � 2u3:

� «®£¨çë¬ ®¡à §®¬ ¬®¦® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¤àã£¨å F-à á¯à¥-

¤¥«¥¨©, ¨¬¥îé¨å ¨â¥£à «ë ', ¤«ï ª®â®àëå ¢ë¯®«ï¥âáï á¢®©áâ¢®

@'=@y1 6= 0 ¨«¨ á¢®©áâ¢® @'=@y2 6= 0, ¥ áãé¥áâ¢ã¥â. � ª¨¬ ®¡à §®¬,

¨¬¥¥âáï â®«ìª® ®¤¨ ä ªâ®à®¡ê¥ªâ, â®ç¥¥, ®¤¨ ª« áá íª¢¨¢ «¥âëå

ä ªâ®à®¡ê¥ªâ®¢ (¤«ï ä ªâ®à¨§ æ¨¨ ¢â®à®£® ¯®àï¤ª ).

�®§¬®¦®áâ¨ ¤«ï ä ªâ®à¨§ æ¨¨ ¢ ª â¥£®à¨¨ ASP ¤®¢®«ì® ®£à ¨-

ç¥ë. �¯à ¢«ï¥¬ ï á¨áâ¥¬ ,  å®¤ïé ïáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨, ¢®®¡é¥

£®¢®àï, ¥ ¤®¯ãáª ¥â ¥âà¨¢¨ «ìãî ä ªâ®à¨§ æ¨î (â.¥. ä ªâ®à¨§ -

æ¨î ¯®àï¤ª , ª®â®àë© ¡®«ìè¥ ã«ï). � â¥®à¨¨ £àã¯¯ íâ  á¨âã æ¨ï

¨§¢¥áâ : âà §¨â¨¢ ï £àã¯¯ , ¢®®¡é¥ £®¢®àï, ¯à¨¬¨â¨¢ . (� ¯®-

¬¨¬, çâ® ã¯à ¢«ï¥¬ ï á¨áâ¥¬  ¤®¯ãáª ¥â ¥âà¨¢¨ «ìãî ä ªâ®à¨§ -

æ¨î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   áá®æ¨¨à®¢  ï £àã¯¯  ¤¨ää¥®¬®à-

ä¨§¬®¢ ¨¬¯à¨¬¨â¨¢ .) �®§¬®¦®áâ¥© ¤«ï ä ªâ®à¨§ æ¨¨ ¢ ª â¥£®à¨¨

AS § ç¨â¥«ì® ¡®«ìè¥. �¥à¥©¤¥¬ ª ¨áá«¥¤®¢ ¨î íâ¨å ¢®§¬®¦®-

áâ¥©. �®ª ¦¥¬ á ç « , çâ® ä ªâ®à¨§ æ¨ï ¢ ª â¥£®à¨¨ AS ¯®à®¦¤ ¥â

¤¥ª®¬¯®§¨æ¨î, â ª ¦¥, ª ª ¨ ¢ á«ãç ¥ ª â¥£®à¨¨ ASP (á¬. â¥®à¥¬ã

4.1).

�¥®à¥¬  4.6. �¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ¢ ª â¥£®à¨¨ AS «®ª «ì-

ãî ä ªâ®à¨§ æ¨î (¢ â®çª¥ y0 2 M ) ¯®àï¤ª  n �m â®£¤  ¨ â®«ìª®
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â®£¤ , ª®£¤  á¨áâ¥¬  (4.1) «®ª «ì® íª¢¨¢ «¥â  (¢ â®çª¥ y0) ã¯à -

¢«ï¥¬®© á¨áâ¥¬¥ á«¥¤ãîé¥£® ¢¨¤ :

_zk = gk0 (z
1; : : : ; zm) + gk�(z

1; : : : ; zm)v� ; k = 1; : : : ;m; (4.32)

_zi = gi0(z
1; : : : ; zn) + gi�(z

1; : : : ; zn)v� ; i = m+ 1; : : : ; n; (4.33)

(z1; : : : ; zm) 2W � Rm; (zm+1; : : : ; zn) 2 L � Rn�m; v 2 Rs:

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  S, ®¯¨áë¢ ¥¬ ï á®®â®è¥¨ï-

¬¨ (4.1), ¤®¯ãáª ¥â «®ª «ìãî ä ªâ®à¨§ æ¨î ¢ â®çª¥ y0, â.¥. á¨áâ¥¬  S,

®£à ¨ç¥ ï   ¥ª®â®àãî ®ªà¥áâ®áâì P �M , ¤®¯ãáª ¥â ä ªâ®à¨§ -

æ¨î, ¯à¨ç¥¬ ä ªâ®àá¨áâ¥¬  ~S ¨¬¥¥â ¢¨¤ (4.2). �à¥¤¯®«®¦¨¬ á ç « ,

çâ® r = s. �®£¤ , á®£« á® ¯à¥¤«®¦¥¨î 2.7, ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨

V � P â®çª¨ y0 áãé¥áâ¢ã¥â á¨áâ¥¬ 

_y = ~f0(y) + ~f(y)v; v 2 Rr ; (4.34)

ª®â®à ï ¨§®¬®àä  ¯® ã¯à ¢«¥¨ï¬ á¨áâ¥¬¥ SjV , ¯à¨ç¥¬ á¨áâ¥¬  ~SjL
(£¤¥ L = '(V ) � N , ' | ®â®¡à ¦¥¨¥, § ¤ ¢ ¥¬®¥  £à¥£ â ¬¨ 'k(y))

ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®© á¨áâ¥¬ë (4.34) ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬. �®-

£« á® â¥®à¥¬¥ 4.1, á¨áâ¥¬  (4.34) «®ª «ì® íª¢¨¢ «¥â  ¢ â®çª¥ y0 ¯®

ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬¥ ¢¨¤  (4.32), (4.33). � ª ª ª á¨áâ¥¬  (4.1)

«®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (4.34), â®, á«¥¤®¢ â¥«ì®, á¨áâ¥¬  (4.1)

«®ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥ (4.32), (4.33). �ãáâì â¥¯¥àì r < s. �®á-

¯®«ì§ã¥¬áï á«¥¤ãîé¨¬ ¯à¨¥¬®¬ (ª®â®àë© ã¦¥ ¨á¯®«ì§®¢ «áï ¢ à §¤¥«¥

3.1). �®¯®áâ ¢¨¬ á¨áâ¥¬¥ (4.1) á¨áâ¥¬ã

_y = f0(y) + f�(y)u
�; � = 1; : : : ; s; (4.35)

£¤¥ f� = 0; � = r + 1; : : : ; s. �¨áâ¥¬  (4.1) íª¢¨¢ «¥â  á¨áâ¥¬¥ (4.35),

¯®íâ®¬ã á¨áâ¥¬  (4.2) ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®© á¨áâ¥¬ë (4.35). � íâ®¬

á«ãç ¥, ª ª ã¦¥ ¤®ª § ®, á¨áâ¥¬  (4.35) «®ª «ì® íª¢¨¢ «¥â  á¨áâ¥-

¬¥ ¢¨¤  (4.32), (4.33). �«¥¤®¢ â¥«ì®, ¨ á¨áâ¥¬  (4.1) «®ª «ì® íª¢¨-

¢ «¥â  á¨áâ¥¬¥ (4.32), (4.33). �á«¨ r > s, â®   «®£¨çë¬ ®¡à §®¬

¯®áâã¯ ¥¬ á ä ªâ®àá¨áâ¥¬®© (4.2), â.¥. á®¯®áâ ¢«ï¥¬ á¨áâ¥¬¥ (4.2) íª¢¨-

¢ «¥âãî ¥© á¨áâ¥¬ã

_z = g0 + g�v
�; � = 1; : : : ; r;

£¤¥ g� = 0; � = s + 1; : : : ; r, ª®â®à ï ï¢«ï¥âáï â ª¦¥ ä ªâ®àá¨áâ¥¬®©

á¨áâ¥¬ë (4.1). �¡à â®, ¥á«¨ á¨áâ¥¬  (4.1) «®ª «ì® íª¢¨¢ «¥â 

á¨áâ¥¬¥ (4.32), (4.33) ¢ â®çª¥ y0, â® «¥£ª® ¢¨¤¥âì, çâ® á¨áâ¥¬  (4.1)

¤®¯ãáª ¥â «®ª «ìãî ä ªâ®à¨§ æ¨î ¢ â®çª¥ y0, ¯à¨ç¥¬ á¨áâ¥¬  (4.32)

ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®©. 2
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� ¬¥ç ¨¥ 4.4. �á«¨ ¤   ä ªâ®àá¨áâ¥¬  (4.2) á¨áâ¥¬ë (4.1), â®

¢ ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.6 ¢ëáâà ¨¢ ¥âáï ¤¥ª®¬¯®§¨æ¨ï

(4.32), (4.33), £¤¥ á¨áâ¥¬  (4.32) á®¢¯ ¤ ¥â á ä ªâ®àá¨áâ¥¬®© (4.2). �à¨

íâ®¬, ¢®®¡é¥ £®¢®àï, r 6= s. �®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ¤¥ª®¬¯®§¨æ¨ï

_zk = gk0(z
1; : : : ; zm) + gk(z

1; : : : ; zm)v ; (4.36)

_zi = gi0(z
1; : : : ; zn) + gi(z

1; : : : ; zn)v ; (4.37)

k = 1; : : : ;m; i = m + 1; : : : ; n; w 2 Rr ;
¯à¨ç¥¬ á¨áâ¥¬ë (4.32), (4.33) ¨ (4.36), (4.37) íª¢¨¢ «¥âë á¨áâ¥¬¥ (4.1)

®â®á¨â¥«ì® ®¤®£® ¨ â®£® ¦¥ ¤¨ää¥®¬®àä¨§¬  z = '(y). (�âáî¤ 

á«¥¤ã¥â, ¢ ç áâ®áâ¨, çâ® á¨áâ¥¬ë (4.32), (4.33) ¨ (4.36), (4.37) íª¢¨¢ -

«¥âë ¯® ã¯à ¢«¥¨ï¬.) �®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ®â«¨ç ¥âáï ®â

¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.6 «¨èì ¢ á«ãç ¥, ª®£¤  s > r. �«ï íâ®£® á«ã-

ç ï ¯®áâà®¨¬ á¨áâ¥¬ã (4.36), (4.37) á«¥¤ãîé¨¬ ®¡à §®¬. � ¬¥â¨¬, çâ®

¤«ï ä ªâ®àá¨áâ¥¬ë (4.2)

rank kgk�kk=1;:::;m�=1;:::;s 6 rank kf i�ki=1;:::;n�=1;:::;r = p6r:

�®£¤  ®ç¥¢¨¤®, çâ® áãé¥áâ¢ã¥â á¨áâ¥¬  ¢¨¤ 

_zk = gk0(z
1; : : : ; zm) + gk (z

1; : : : ; zm)w ; (4.38)

w 2 Rr ; k = 1; : : : ;m;

íª¢¨¢ «¥â ï á¨áâ¥¬¥ (4.2) ¯® ã¯à ¢«¥¨ï¬. �á®, çâ® á¨áâ¥¬  (4.38)

ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®©, ¯à¨ç¥¬  £à¥£ âë â¥ ¦¥ á ¬ë¥, â.¥. 'k,

k = 1; : : : ;m. � «¥¥ ¯®áâà®¥¨¥ á¨áâ¥¬ë (4.36), (4.37) ¯à®¨§¢®¤¨âáï

â ª ¦¥, ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.6. �§ â¥®à¥¬ë 3.2 á«¥¤ã-

¥â, çâ® á¨áâ¥¬  (4.36), (4.37) («®ª «ì®) ¯®«ãç ¥âáï ¨§ á¨áâ¥¬ë (4.1)

¥¢ëà®¦¤¥®© § ¬¥®© ä §®¢ëå ¯¥à¥¬¥ëå ¨ ã¯à ¢«¥¨© ¢¨¤ 

(y; u) 7! (z; w) = ('(y); �0(y) + �(y)u): (4.39)

�â ª, ¬®¦® áª § âì, çâ® á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â («®ª «ìãî) ä ª-

â®à¨§ æ¨î ¯®àï¤ª  n � m â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  á¨áâ¥¬  (4.1)

(«®ª «ì®©) ¥¢ëà®¦¤¥®© § ¬¥®© ä §®¢ëå ¯¥à¥¬¥ëå ¨ ã¯à ¢«¥-

¨© (4.39) ¯à¨¢®¤¨âáï ª ¢¨¤ã (4.36), (4.37).

�¥à¥©¤¥¬ â¥¯¥àì ª à áá¬®âà¥¨î ãá«®¢¨© ä ªâ®à¨§ æ¨¨ ¢ ª â¥£®-

à¨¨ AS. �ã¤¥¬ ¯®-¯à¥¦¥¬ã ¯à¨¬¥ïâì á«¥¤ãîéãî â¥à¬¨®«®£¨î:

F-á¥¬¥©áâ¢®¬ ¨ F-à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (4.1)  §ë¢ îâáï ¯®«®¥ á¥-

¬¥©áâ¢® ¢¥ªâ®àëå ¯®«¥© ¨ à¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥,
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¨¬¥îé¨¥ â ª®© ¯®«ë©  ¡®à ¨â¥£à «®¢, ª®â®àë¥ á®áâ ¢«ïîâ  ¡®à

 £à¥£ â®¢ á¨áâ¥¬ë (4.1), â.¥. ®¯à¥¤¥«ïîâ ¬®àä¨§¬ ¢ ¥ª®â®àãî ä ª-

â®àá¨áâ¥¬ã. � ª ¦¥, ª ª ¨ ¢ ª â¥£®à¨¨ ASP, F-à á¯à¥¤¥«¥¨¥ ®¯à¥-

¤¥«ï¥â ª« áá íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢ (â®ç¥¥, ª« áá «®ª «ì®

íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢). �â¬¥â¨¬ ®¤® ®â«¨ç¨¥: ¢ ª â¥£®à¨¨

ASP í¯¨¬®àä¨§¬ã ':M ! N (¨ ç¥ £®¢®àï,  ¡®àã  £à¥£ â®¢ á¨áâ¥-

¬ë (4.1)) á®®â¢¥âáâ¢ã¥â â®«ìª® ®¤  ä ªâ®àá¨áâ¥¬  ¢ ®¡« áâ¨ N ,   ¢

ª â¥£®à¨¨ AS |¬®¦¥áâ¢® íª¢¨¢ «¥âëå ¯® ã¯à ¢«¥¨ï¬ ä ªâ®àá¨-

áâ¥¬ (¢ ç áâ®áâ¨, ¢ íâ® ¬®¦¥áâ¢® ¢å®¤ïâ ¢á¥ ã¯à ¢«ï¥¬ë¥ á¨áâ¥¬ë,

ª®â®àë¥ ¯®«ãç îâáï ¨§ ®¤®© ä ªâ®àá¨áâ¥¬ë ¥¢ëà®¦¤¥®© § ¬¥-

®© ã¯à ¢«¥¨©). � ¬¥â¨¬, çâ® ¤àã£¨å ä ªâ®àá¨áâ¥¬ ¢ N ¥â. (�â®

¢ëâ¥ª ¥â ¨§ â®£® ä ªâ , çâ® à áá¬ âà¨¢ îâáï «¨èì ä ªâ®àá¨áâ¥¬ë,

®¯à¥¤¥«ï¥¬ë¥ ¯®«ë¬¨ ¬®àä¨§¬ ¬¨.)

�áá«¥¤ã¥¬ ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨  å®¦¤¥¨¨ F-à á¯à¥¤¥«¥¨©

¨ F-á¥¬¥©áâ¢. �®¤ç¥àª¥¬, çâ® ¢á¥ à¥§ã«ìâ âë ®áïâ «®ª «ìë© å à ª-

â¥à.

�®-¯¥à¢ëå, ¯®ª ¦¥¬, ª ª ãá«®¢¨ï ä ªâ®à¨§ æ¨¨ ¯® ä §®¢ë¬ ¯¥à¥-

¬¥ë¬, ¢ëà ¦¥ë¥ ¢ â¥®à¥¬ å 4.2, 4.3, ¬®¦® ¨á¯®«ì§®¢ âì ¢ ®¡é¥¬

á«ãç ¥. �®£« á® § ¬¥ç ¨î 4.4, á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â («®ª «ìãî)

ä ªâ®à¨§ æ¨î â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤®¯ãáª ¥â («®ª «ìãî) ä ª-

â®à¨§ æ¨î ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ã¯à ¢«ï¥¬ ï á¨áâ¥¬ 

_y = ~f0(y) + ~f(y)v; v 2 Rr ; (4.40)

ª®â®à ï ¯®«ãç ¥âáï ¨§ (4.1) ¥ª®â®à®© («®ª «ì®©) ¥¢ëà®¦¤¥®© § -

¬¥®© ã¯à ¢«¥¨©

u = �0(y) + �(y)v; j�j 6= 0: (4.41)

�¬¥¥¬ ~f0 = f0 + f�0; ~f = f�.

� ª¨¬ ®¡à §®¬, ¨§ â¥®à¥¬ë 4.3 ¢ëâ¥ª ¥â, çâ® á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â

ä ªâ®à¨§ æ¨î ¯®àï¤ª  n �m â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â

¯®«®¥ á¥¬¥©áâ¢® ¯®«¥© (4.11) ¨ äãªæ¨¨

��0 (y); �
�
� (y); �; � = 1; : : : ; r; (4.42)

j��� j�=1;:::;r�=1;:::;r 6= 0;

â ª¨¥, çâ®

[f0 + f��
�
0 ; Za] = hc0a(y)Zc ; [f��

�
� ; Za] = hc�aZc: (4.43)

� â¥à¬¨ å F-à á¯à¥¤¥«¥¨© ãá«®¢¨ï ä ªâ®à¨§ æ¨¨ ¢ë£«ï¤ïâ â ª:

[f0 + f��
�
0 ; D] � D; [f��

�
� ; D] � D: (4.44)
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�® áà ¢¥¨î á á®®â®è¥¨ï¬¨ (4.12), (4.10) á®®â®è¥¨ï (4.43),

(4.44) á®¤¥à¦ â ¤®¯®«¨â¥«ìë¥ ¥¨§¢¥áâë¥ äãªæ¨¨ (4.42).

�ãªæ¨¨ ��� ¬®¦® ¨áª«îç¨âì á ¯®¬®éìî ¯®¤å®¤ , à §¢¨â®£® ¢ à -

¡®â å [60, 61, 62]. �®£« á® â¥à¬¨®«®£¨¨ íâ¨å à ¡®â, à á¯à¥¤¥«¥¨¥

D, ã¤®¢«¥â¢®àïîé¥¥ (4.44) ¯à¨ ¥ª®â®àëå ��� ,  §ë¢ ¥âáï (f0; f)-¨¢ -

à¨ âë¬ à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (4.1). (� á«®¢ã áª § âì, à á¯à¥¤¥«¥-

¨¥ D, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (4.10), ¥áâ¥áâ¢¥®  §ë¢ âì ¨¢ à¨-

 âë¬ à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (4.1), ¨¡® íâ® à á¯à¥¤¥«¥¨¥, á®£« á®

â¥à¬¨®«®£¨¨ à §¤¥«  1.6, ï¢«ï¥âáï ¨¢ à¨ âë¬ ®â®á¨â¥«ì®  áá®-

æ¨¨à®¢ ®© £àã¯¯ë.) �¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.7. �¥£ã«ïà®¥ ¨¢®«îâ¨¢®¥ à á¯à¥¤¥«¥¨¥ D â®£¤  ¨

â®«ìª® â®£¤  ï¢«ï¥âáï (f0; f)-¨¢ à¨ âë¬ à á¯à¥¤¥«¥¨¥¬, ª®£¤ 

[f�; D] � D + LF ; � = 0; 1; : : : ; r; (4.45)

£¤¥ F |  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (4.1). 2

�®®â®è¥¨ï (4.45) ¢ â¥à¬¨ å ¯®«ëå á¥¬¥©áâ¢ (4.11) ¢ë£«ï¤ïâ

â ª:

[f�; Za] = hc�a(y)Zc + ���a(y)f� ; (4.46)

� = 0; 1; : : : ; r; � = 1; : : : ; r; a; c = 1; : : : ; p:

� ¢¥áâ¢  (4.46) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå

ãà ¢¥¨© á ®¤¨ ª®¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì® ª®¬¯®¥â bia(a)

F-á¥¬¥©áâ¢  (4.11), ¢ ª®â®àãî ¢å®¤ïâ â ª¦¥ ¥¨§¢¥áâë¥ ¯ à ¬¥âà¨-

ç¥áª¨¥ ¯¥à¥¬¥ë¥ hc�a; �
�
�a. �¥à¥¬¥ë¥ h

c
�a ¬®¦® ¨áª«îç¨âì á ¯®-

¬®éìî ¯à¨¬¥¥¨ï ïª®¡¨¥¢ëå á¥¬¥©áâ¢ (4.17), ç¥£® ¥«ì§ï áª § âì ®

¯¥à¥¬¥ëå ���a.

�â ª, ãá«®¢¨ï ä ªâ®à¨§ æ¨¨ (4.43) ¨ (4.46) ¯à¨¢®¤ïâ ª ¤¨ää¥à¥-

æ¨ «ìë¬ ãà ¢¥¨ï¬ á ®¤¨ ª®¢®© £« ¢®© ç áâìî ®â®á¨â¥«ì® ª®¬-

¯®¥â F-á¥¬¥©áâ¢, ¯à¨ç¥¬ ¢ íâ¨ ãà ¢¥¨ï ¢å®¤ïâ ¥é¥ ¤®¯®«¨â¥«ì-

ë¥ ¥¨§¢¥áâë¥ äãªæ¨¨. �®á«¥¤¥¥ ®¡áâ®ïâ¥«ìáâ¢® ®á«®¦ï¥â (¯®

áà ¢¥¨î á® á«ãç ¥¬ ä ªâ®à¨§ æ¨¨ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬) ¯®¨áª

ä ªâ®àá¨áâ¥¬.

�à¨áâã¯¨¬ ª ¨§«®¦¥¨î ¤¢®©áâ¢¥®£® ¯®¤å®¤  ª ¢®¯à®áã ® ä ª-

â®à¨§ æ¨¨. �à¨ íâ®¬ ¯®¤å®¤¥ ®âëáª¨¢ îâáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¥

á¨áâ¥¬ë �ä ää  ¨ ª®à á¯à¥¤¥«¥¨ï, ¯®«ë¥  ¡®àë ¨â¥£à «®¢ ª®â®-

àëå ï¢«ïîâáï  £à¥£ â ¬¨. � ª¨¥ á¨áâ¥¬ë �ä ää  ¨ ª®à á¯à¥¤¥«¥¨ï

¡ã¤¥¬  §ë¢ âì F-á¨áâ¥¬ ¬¨ �ä ää  ¨ F-ª®à á¯à¥¤¥«¥¨ï¬¨.

�à¨¬¥¥¨¥ ¤¢®©áâ¢¥®£® ¯®¤å®¤  ¯®§¢®«ï¥â ¢ëï¢¨âì ¥ª®â®àãî

ª ç¥áâ¢¥ãî ª àâ¨ã, ®¯¨áë¢ îéãî ¬®¦¥áâ¢® ¢á¥å F-ª®à á¯à¥¤¥«¥-

¨© ¨ á®®â¢¥âáâ¢ãîé¨å ä ªâ®à®¡ê¥ªâ®¢. �ª §ë¢ ¥âáï, çâ® ¬®¦® ¢¢¥-
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áâ¨ ¢ à áá¬®âà¥¨¥ ¤¢  â¨¯  F-ª®à á¯à¥¤¥«¥¨© | ¡ §¨áë¥ ¨ âà¨¢¨-

 «ìë¥. � §¨áë¥ F-ª®à á¯à¥¤¥«¥¨ï  å®¤ïâáï á ¯®¬®éìî à¥è¥¨©

¥ª®â®àëå á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,   âà¨¢¨ «ìë¥ F-

ª®à á¯à¥¤¥«¥¨ï  å®¤ïâáï á ¯®¬®éìî «¨èì  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©.

�à®¨§¢®«ì®¥ F-ª®à á¯à¥¤¥«¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯àï¬ãî áã¬¬ã

¡ §¨á®£® F-ª®à á¯à¥¤¥«¥¨ï ¨ âà¨¢¨ «ì®£® F-ª®à á¯à¥¤¥«¥¨ï. � -

ª¨¬ ®¡à §®¬, à¥è âì ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ã¦® «¨èì ¤«ï

 å®¦¤¥¨ï ¡ §¨áëå F-ª®à á¯à¥¤¥«¥¨©. �®á«¥  å®¦¤¥¨ï ¡ §¨á-

ëå F-ª®à á¯à¥¤¥«¥¨© ¢á¥ ®áâ «ìë¥ F-ª®à á¯à¥¤¥«¥¨ï ¤®áâà ¨¢ -

îâáï ¨§ ¡ §¨áëå F-ª®à á¯à¥¤¥«¥¨© á ¯®¬®éìî ¥ª®â®àëå  «£¥¡à ¨-

ç¥áª¨å ®¯¥à æ¨©. �§ íâ¨å á®®¡à ¦¥¨© ¢ëâ¥ª ¥â â ª¦¥ ®¯à¥¤¥«¥ ï

áâàãªâãà  ä ªâ®àá¨áâ¥¬: ª ¦¤ ï ä ªâ®àá¨áâ¥¬  ¤®¯ãáª ¥â ¤¥ª®¬¯®-

§¨æ¨î   â ª  §ë¢ ¥¬ãî ¥à §«®¦¨¬ãî á¨áâ¥¬ã ¨ âà¨¢¨ «ìãî á¨-

áâ¥¬ã.

�¢¥¤¥¨¥ ¡ §¨áëå ¨ âà¨¢¨ «ìëå F-ª®à á¯à¥¤¥«¥¨© ®á®¢ ®  

ãâ¢¥à¦¤¥¨¨, á®¤¥à¦ é¥¬áï ¢ â¥®à¥¬¥ 4.8.

�à¥¦¤¥ ç¥¬ áä®à¬ã«¨à®¢ âì â¥®à¥¬ã, ¢ëà ¦ îéãî ãá«®¢¨ï ä ª-

â®à¨§ æ¨¨,  ¯®¬¨¬, çâ® ç¥à¥§ K = F? ®¡®§ ç ¥âáï  áá®æ¨¨à®¢ -

®¥ t-ª®à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (4.1), ª®â®à®¥ ï¢«ï¥âáï ¤¢®©áâ¢¥ë¬

t-ª®à á¯à¥¤¥«¥¨¥¬ ª  áá®æ¨¨à®¢ ®¬ã  ää¨®¬ã à á¯à¥¤¥«¥¨î F

¨ ®¯à¥¤¥«¥® ¢ M � R1. � ¯®¬¨¬ â ª¦¥, çâ® ¥á«¨ ª ª®¥-«¨¡® £« ¤-

ª®¥ t-ª®à á¯à¥¤¥«¥¨¥ B ®¯à¥¤¥«¥® ¢ M � R1, â® ç¥à¥§ B ®¡®§ -

ç ¥âáï ª®à á¯à¥¤¥«¥¨¥ ¢ M , § ¤ ¢ ¥¬®¥ ä®à¬ ¬¨ ! = (!1; : : : ; !n),

£¤¥ ! = (!1; : : : ; !n; !n+1) 2 B. �á«¨ ª®à á¯à¥¤¥«¥¨¥ S ¯à¨ ¤«¥-

¦¨â B, â®, á®£« á® ¯à¥¤«®¦¥¨î 1.28, ®¤®§ ç® ®¯à¥¤¥«¥® â ª®¥

t-ª®à á¯à¥¤¥«¥¨¥ S0 � B, çâ® S = S0.

�¥¯¥àì áä®à¬ã«¨àã¥¬ ¨ ¤®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥, ¢ëà ¦ îé¥¥ ãá«®-

¢¨¥ ä ªâ®à¨§ æ¨¨ ¢ ¤¢®©áâ¢¥®© ä®à¬¥.

�¥®à¥¬  4.8. �«ï â®£® çâ®¡ë á¨áâ¥¬  (4.1) ¤®¯ãáª «  («®ª «ì-

ãî) ä ªâ®à¨§ æ¨î ¯®àï¤ª  n � m > 0, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®,

çâ®¡ë («®ª «ì®) áãé¥áâ¢®¢ «® â ª®¥ à¥£ã«ïà®¥ ¢¯®«¥ ¨â¥£à¨àã-

¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ Q à £  m, çâ® ª®à á¯à¥¤¥«¥¨¥ K\Q à¥£ã«ïà®

¨

Ct(K \Q)0 � Q; (4.47)

¯à¨ íâ®¬ Q ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬.

�®ª  §  â ¥ « ì á â ¢ ®. � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) K = O, £¤¥ O: y 7! f0g � TM�
y .

�®«®¦¨¬ p = rank f . � ¤ ®¬ á«ãç ¥ p = n ¨ «î¡®©  ¡®à

¨§ m ¥§ ¢¨á¨¬ëå äãªæ¨© 'k; k = 1; : : : ;m; ï¢«ï¥âáï  ¡®à®¬  £à¥-

£ â®¢ ¨ ®¯à¥¤¥«ï¥â ä ªâ®à¨§ æ¨î ¯®àï¤ª  n � m. �¥©áâ¢¨â¥«ì®,
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¤®¯®«¨¬ íâ¨ äãªæ¨¨ ¤® n ¥§ ¢¨á¨¬ëå äãªæ¨© ¨ á¤¥« ¥¬ á®®â-

¢¥âáâ¢ãîéãî § ¬¥ã ª®®à¤¨ â z = '(y). �¨áâ¥¬  (4.1) ¯à¥®¡à -

§ã¥âáï ¢ íª¢¨¢ «¥âãî á¨áâ¥¬ã _z = h0(z) + h(z)u. �ç¥¢¨¤®, çâ®

rank khiaki=1;:::;m�=1;:::;r = m. �«¥¤®¢ â¥«ì®, ¥¢ëà®¦¤¥®© § ¬¥®© ã¯à ¢-

«¥¨© vk = hk0(z) + hka(z)u
�; k = 1; : : : ;m; vs = us; s = m + 1; : : : ; r; ¯®-

«ãç¥ ï á¨áâ¥¬  ¯à¥®¡à §ã¥âáï ¢ íª¢¨¢ «¥âãî á¨áâ¥¬ã á«¥¤ãîé¥£®

¢¨¤ :
_zk = vk; k = 1; : : : ;m;

_zi = gi0(z) + gi�(z)v
�; i = m + 1; : : : ; n;

(4.48)

¢ ª®â®à®© ¯¥à¢ë¥ m ãà ¢¥¨© ®¡à §ãîâ ä ªâ®àá¨áâ¥¬ã.

�¥¯¥àì ®áâ «®áì § ¬¥â¨âì, çâ® ¢ ¤ ®¬ á«ãç ¥ «î¡®¥ ¢¯®«¥ ¨â¥-

£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ Q ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4.47),   â ª¦¥

â®, çâ® ¤«ï «î¡®£®  ¡®à  ¨§ m ¥§ ¢¨á¨¬ëå äãªæ¨©  ©¤¥âáï ¢¯®«-

¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ à £  m, ¤«ï ª®â®à®£® íâ¨ äãªæ¨¨

ï¢«ïîâáï ¨â¥£à « ¬¨.

2) K 6= O.
�®ª ¦¥¬ á ç «  ¤®áâ â®ç®áâì ãá«®¢¨ï (4.47). �ãáâì áãé¥áâ¢ã-

¥â ¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ Q, ã¤®¢«¥â¢®àïîé¥¥ (4.47).

� áá¬®âà¨¬ ¤¢  ¢®§¬®¦ëå ¢ à¨ â .

 ) K \Q = O.
�¥à¥©¤¥¬ ¢ á¨áâ¥¬ã ª®®à¤¨ â, ¢ ª®â®à®© (á®£« á® â¥®à¥¬¥ 1.14)

áãé¥áâ¢ã¥â ¡ §¨á ï á¨áâ¥¬  �ä ää  ª®à á¯à¥¤¥«¥¨ï Q ¢¨¤ 

dzk = 0; k = 1; : : : ;m: (4.49)

� áá¬®âà¨¬ ¯à®¨§¢®«ìãî ¡ §¨áãî á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥-

¨ï K:

aki (z)dz
i + akn+1(z)dt = 0; k = 1; : : : ; q; i = 1; : : : ; n; (4.50)

£¤¥ q = n � p. �§ ãá«®¢¨ï K \ Q = O ¢ëâ¥ª ¥â, çâ® m6p ¨, ªà®¬¥

â®£®, rank kaki kk=1;:::;qi=m+1;:::;n = q. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, áç¨â ¥¬, çâ®

jaki jk=1;:::;qi=p+1;:::;n 6= 0. �®£« á® ¯à¥¤«®¦¥¨î 1.38, áãé¥áâ¢ã¥â ¢§ ¨¬®¥ ª

(4.50) á¥¬¥©áâ¢® ¯®«¥© h�; b = 0; 1; :::; p, ¯à¨ç¥¬

jhi�ji=1;:::;p�=1;:::;p 6= 0: (4.51)

�®«ï h� ; b = 0; 1; : : : ; p; ®¯à¥¤¥«ïîâ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_z = h0(z) + h(z)w:

�§ (4.51) á«¥¤ã¥â, çâ® rank khi�ki=1;:::;m�=1;:::;p = m. � ª ¦¥, ª ª ¨ ¢ á«ãç ¥ 1),

¥¢ëà®¦¤¥®© § ¬¥®© ã¯à ¢«¥¨© íâ  á¨áâ¥¬  ¯à¨¢®¤¨âáï ª á¨áâ¥¬¥

¢¨¤  (4.48).
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¡) K \ Q 6= O: �®«®¦¨¬ B = K \ Q. � ª ª ª CtB
0 � Q, â® ¨§

â¥®à¥¬ë 1.22 á«¥¤ã¥â, çâ® ¢ á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬¥ ª®®à¤¨ â B0

¨¬¥¥â ¡ §¨áãî á¨áâ¥¬ã �ä ää  ¢¨¤ 

aki (z
1; : : : ; zm)dzi + akn+1(z

1; : : : ; zm)dt = 0; (4.52)

k = 1; : : : ; d; i = 1; : : : ;m:

� ª ª ª B0 � K, â® ãà ¢¥¨ï (4.52) ¢¬¥áâ¥ á ¥ª®â®àë¬¨ ãà ¢¥¨ï¬¨

alj(z
1; : : : ; zn)dzj + aln+1(z

1; : : : ; zn)dt = 0; (4.53)

l = d+ 1; : : : ; q; j = 1; : : : ; n;

£¤¥ q = n� p, ®¡à §ãîâ ¡ §¨áãî á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥¨ï

K. � ¬¥â¨¬, çâ® Q \ P = O ¤«ï «î¡®£® ª®à á¯à¥¤¥«¥¨ï P � K,

â ª®£®, çâ® P � B = K. � ¤àã£®© áâ®à®ë, L � B = K, £¤¥ L |

ª®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ á¨áâ¥¬®© �ä ää 

alj(z
1; : : : ; zn)dzj = 0; l = d+ 1; : : : ; q; j = 1; : : : ; n: (4.54)

� ª¨¬ ®¡à §®¬, ãà ¢¥¨ï (4.49) ¨ (4.54) ï¢«ïîâáï «¨¥©® ¥á¢ï-

§ ë¬¨, â.¥. «¨¥©® ¥§ ¢¨á¨¬ë¬¨ ¢ ª ¦¤®© â®çª¥. �®íâ®¬ã

rankkaljkl=d+1;:::;qj=m+1;:::;n = n� p� d: (4.55)

�®áâà®¨¬ á¥¬¥©áâ¢® ¯®«¥© g�; � = 0; 1; : : : ; p; ï¢«ïîé¥¥áï ¢§ ¨¬ë¬ ª

á¨áâ¥¬¥ �ä ää  (4.52), (4.53). �§ ¢¨¤  (4.53) ¢ëâ¥ª ¥â, çâ® m>d,   ¨§

(4.55) á«¥¤ã¥â, çâ® m6p+d. �£à ¨ç¨¬áï á«ãç ¥¬, ª®£¤  ¢ë¯®«ïîâáï

¥à ¢¥áâ¢  d < m < p + d (á«ãç ¨ m = d;m = p + d   «®£¨çë).

�®áâà®¨¬ á ç «  ¯®«ï g� ; � = 1; : : : ;m� d. �¥à¢ë¥ m ª®¬¯®¥â íâ¨å

¯®«¥© ¢ë¡¥à¥¬ â ª¨¬ ®¡à §®¬, çâ®¡ë m-¬¥àë¥ ¯®«ï (g1�; : : : ; g
m
� ); b =

1; : : : ;m�d, ®¡à §®¢ë¢ «¨ äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á¨áâ¥¬ë

«¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

aki (z
1; : : : ; zm)gi = 0; k = 1; : : : ; d; i = 1; : : : ;m:

�â¨ ª®¬¯®¥âë ¬®¦® ¢ë¡à âì § ¢¨áïé¨¬¨ «¨èì ®â ¯¥à¥¬¥ëå

z1; : : : ; zm. �«ï ä¨ªá¨à®¢ ®£® § ç¥¨ï � = 1; : : : ;m�d ª®¬¯®¥âë
(gm+1
� ; : : : ; gn� ) n-¬¥à®£® ¯®«ï g�  å®¤ïâáï á ¯®¬®éìî à¥è¥¨ï á¨áâ¥-

¬ë «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

alj(z
1; : : : ; zn)gj = 0; l = d+ 1; : : : ; n� p; j = 1; : : : ; n;

¢ ª®â®àãî ¯®¤áâ ¢«¥ë  ©¤¥ë¥ à ¥¥ ª®¬¯®¥âë (g1�; : : : ; g
m
� ). �

á¨«ã (4.55) à¥è¥¨¥ áãé¥áâ¢ã¥â. �®«ï g�; � = m � d + 1; : : : ; p, ®¯à¥-

¤¥«¨¬ á«¥¤ãîé¨¬ ®¡à §®¬. �®«®¦¨¬ gi� = 0; i = 1; : : : ;m. �áâ «ìë¥
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ª®¬¯®¥âë g
j
�; j = m+1; : : : ; n, ¢ë¡¥à¥¬ â ª¨¬ ®¡à §®¬, çâ®¡ë (n�m)-

¬¥àë¥ ¢¥ªâ®àë (gm+1
� ; : : : ; gn� ); � = m�d+1; : : : ; p, ®¡à §®¢ë¢ «¨ äã-

¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

alj(z
1; : : : ; zn)gj = 0; l = d+ 1; : : : ; n� p; j = m + 1; : : : ; n:

�®«¥ g0 ¯®áâà®¨¬ â ª. � ª ç¥áâ¢¥ ¯¥à¢ëå m ª®¬¯®¥â gi0; i = 1; : : : ;m,

¢®§ì¬¥¬ äãªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ á¨áâ¥¬¥ ãà ¢¥¨©

aki (z
1; : : : ; zm)gi + akn+1(z

1; : : : ; zm) = 0; k = 1; : : : ; d:

�ç¥¢¨¤®, çâ® gi0; i = 1; : : : ;m, ¬®¦® ¢ë¡à âì § ¢¨áïé¨¬¨ «¨èì ®â

z1; : : : ; zm. �áâ «ìë¥ ª®¬¯®¥âë g
j
0; j = m + 1; : : : ; n, ¢ë¡¨à ¥¬ ª ª

à¥è¥¨¥ á¨áâ¥¬ë ãà ¢¥¨©

alj(z
1; : : : ; zn)gj + aln+1(z

1; : : : ; zn) = 0; l = d+ 1; : : : ; q;

ªã¤  ¢¬¥áâ® gi; i = 1; : : : ;m, ¯®¤áâ ¢«¥ë ¯®«ãç¥ë¥ à ¥¥ äãªæ¨¨

gi0(z
1; : : : ; zm); i = 1; : : : ;m.

�®áâà®¥ë¥ ¢¥ªâ®àë¥ ¯®«ï g� ; � = 0; 1; : : : ; p, ®¯à¥¤¥«ïîâ á¨áâ¥¬ã

(4.32), (4.33) (£¤¥ s = p), íª¢¨¢ «¥âãî ¨áå®¤®© á¨áâ¥¬¥ (4.1).

�®ª ¦¥¬ ¥®¡å®¤¨¬®áâì ãá«®¢¨ï (4.47). �ãáâì á¨áâ¥¬  (4.1) íª¢¨¢ -

«¥â  á¨áâ¥¬¥ (4.32), (4.33). �«¥¤®¢ â¥«ì®, ¢ë¯®«ï¥âáï à ¢¥áâ¢®

rank f = rank kgi�ki=1;:::;n�=1;:::;s = p. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, áç¨â ¥¬,

çâ® p = s (¥á«¨ s > p, â® s � p ¯®«¥© ¬®¦® ã¤ «¨âì, ®áâ ¢¨¢ «¨èì

«¨¥©® ¥á¢ï§ ë¥; ¬®¤¨ä¨æ¨à®¢  ï á¨áâ¥¬  ¡ã¤¥â ¯®-¯à¥¦¥¬ã

íª¢¨¢ «¥â  á¨áâ¥¬¥ (4.1)). �®áâà®¨¬ ¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á-

¯à¥¤¥«¥¨¥ Q, ¤«ï ª®â®à®£®  £à¥£ âë ï¢«ïîâáï ¨â¥£à « ¬¨. �®ª -

¦¥¬, çâ® Q ã¤®¢«¥â¢®àï¥â (4.47). �®«®¦¨¬

rank kgi�ki=1;:::;m�=1;:::;p = c:

� áá¬®âà¨¬ ¤¢  á«ãç ï.

 ) c = m.

�à¥¤¯®«®¦¨¬, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ®

rank kgi�ki=1;:::;p�=1;:::;p = p:

�®£« á® ¯à¥¤«®¦¥¨î 1.38, ¢§ ¨¬ ï á¨áâ¥¬  �ä ää  (4.50) ¤«ï

¯®«¥© g�; � = 0; 1; : : : ; p, ®¡« ¤ ¥â á¢®©áâ¢®¬

rankkaki kk=1;:::;qi=p+1;:::;n = q = n� p:

�âáî¤  ¨ ¨§ ¢¨¤  ¡ §¨á®© á¨áâ¥¬ë �ä ää  (4.49) ª®à á¯à¥¤¥«¥¨ï

Q á«¥¤ã¥â, çâ® ãà ¢¥¨ï (4.49) ¨ ãà ¢¥¨ï aki (z)dz
i = 0; k = 1; : : : ; q,

¯®à®¦¤ îé¨¥ K , «¨¥©® ¥á¢ï§ ë, â.¥. K \Q = O.
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¡) c < m.

�®áâà®¨¬ ¡ §¨áãî á¨áâ¥¬ã �ä ää   áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥-

¤¥«¥¨ï K á¨áâ¥¬ë (4.32), (4.33) á«¥¤ãîé¨¬ ®¡à §®¬. �®§ì¬¥¬ ¡ -

§¨áãî á¨áâ¥¬ã �ä ää  (4.52), £¤¥ d = m � c,  áá®æ¨¨à®¢ ®£®

t-ª®à á¯à¥¤¥«¥¨ï ä ªâ®àá¨áâ¥¬ë (4.32) ¢ ¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå

z1; : : : ; zm. �ç¥¢¨¤®, çâ® 1-ä®à¬ë, ®¯à¥¤¥«ïîé¨¥ ãà ¢¥¨ï (4.52),

à áá¬ âà¨¢ ¥¬ë¥ ¢ ¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå z1; : : : ; zn, ¯à¨ ¤«¥¦ â

K. �®§ì¬¥¬ ãà ¢¥¨ï (4.52) ¢ ª ç¥áâ¢¥ ¯¥à¢ëå d ãà ¢¥¨© ¡ §¨á®©

á¨áâ¥¬ë K.

�á«¨ d = n � p, â® ãà ¢¥¨ï (4.52) ®¡à §ãîâ ¡ §¨áãî á¨áâ¥¬ã

�ä ää  t-ª®à á¯à¥¤¥«¥¨ï K. � ª ª ª íâ¨ ãà ¢¥¨ï § ¢¨áïâ â®«ìª®

®â z1; : : : ; zm, â® ¨§ ¢¨¤  ¡ §¨á®© á¨áâ¥¬ë �ä ää  (4.49) ª®à á¯à¥¤¥-

«¥¨ï Q á«¥¤ã¥â (4.47).

�ãáâì d < n�p. � ãà ¢¥¨ï¬ (4.52) ¤«ï ¯®«ãç¥¨ï ¡ §¨á®© á¨áâ¥-

¬ë �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K á«¥¤ã¥â ¤®¡ ¢¨âì ¥ª®â®àë¥ ãà ¢¥-

¨ï (4.53). �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç® ¯®ª § âì, çâ®

á¨áâ¥¬  �ä ää  (4.52) ¯®à®¦¤ ¥â t-ª®à á¯à¥¤¥«¥¨¥ (K \ Q)0 (¨¡®

¯®á«¥ íâ®£® ¬®¦® à ááã¦¤ âì â ª ¦¥, ª ª ¨ ¢ á«ãç ¥ d = n � p).

�â® ãâ¢¥à¦¤¥¨¥ à ¢®á¨«ì® ¢ë¯®«¥¨î à ¢¥áâ¢  (4.55). �®ª ¦¥¬

(4.55). �à¥¤¯®«®¦¨¬, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, çâ® rank kgi�ki=1;:::;c�=1;:::;p =

c. �§ ¯à¥¤«®¦¥¨ï 1.38 á«¥¤ã¥â, çâ®

rank kaki kk=1;:::;di=c+1;:::;m = d: (4.56)

�ãáâì â ª¦¥, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¢ ¬ âà¨æ¥ kgi�ki=1;:::;n�=1;:::;p ¬¨®à

p-£® ¯®àï¤ª , ®â«¨çë© ®â ã«ï, ®¡à §ã¥âáï áâà®ª ¬¨ á ¨¤¥ªá ¬¨ i 2
P [ S, £¤¥ P | ¬®¦¥áâ¢® ¨¤¥ªá®¢ f1; : : : ; cg, ¥á«¨ c > 0, ¨ P = ;,
¥á«¨ c = 0,   S | ¬®¦¥áâ¢® fm + 1; :::;m+ p � cg. �®£¤ , á®£« á®

¯à¥¤«®¦¥¨î 1.38, ¢ ¬ âà¨æ¥ kaijki=1;:::;qj=1;:::;n , á®áâ ¢«¥®© ¨§ ª®¬¯®¥â

á¨áâ¥¬ë �ä ää  (4.52), (4.53), ¨¬¥¥âáï ¬¨®à (n � p)-£® ¯®àï¤ª ,

®â«¨çë© ®â ã«ï ¨ ¯®à®¦¤¥ë© áâ®«¡æ ¬¨ á ¨¤¥ªá ¬¨ j 2 P [ S,
£¤¥ P = f1; :::;mg=P , S = fm + 1; :::; ng=S. � âà¨æ , ®¯à¥¤¥«ïîé ï

íâ®â ¬¨®à, ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

 A 0

� B

 ; £¤¥ A = kaki kk=1;:::;di2P
,

B = kaijki=d+1;:::;n�pj2S
. � ª ª ª, á®£« á® (4.56), jAj 6= 0, â® jBj 6= 0. 2

� ¬¥ç ¨¥ 4.5. �¨áâ¥¬  (4.1) ¢á¥£¤  ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î ã-

«¥¢®£® ¯®àï¤ª . � ªâ®àá¨áâ¥¬ë ¢ íâ®¬ á«ãç ¥ áãâì á¨áâ¥¬ë, íª¢¨¢ -

«¥âë¥ á¨áâ¥¬¥ (4.1),  £à¥£ âë | ¯à®¨§¢®«ìë¥  ¡®àë ¨§ n äãªæ¨-

® «ì® ¥§ ¢¨á¨¬ëå äãªæ¨©. � ª ç¥áâ¢¥ F-ª®à á¯à¥¤¥«¥¨ï §¤¥áì

ä¨£ãà¨àã¥â ª®ª á â¥«ì®¥ à áá«®¥¨¥ T �M : y 7! T �My , ª®â®à®¥ ®ç¥-

¢¨¤® ã¤®¢«¥â¢®àï¥â (4.47).
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� ¬¥ç ¨¥ 4.6. �«ï á¨¬¬¥âà¨ç¥áª¨å á¨áâ¥¬ ãá«®¢¨¥ (4.47) à ¢®-

á¨«ì® á«¥¤ãîé¥¬ã:

C(F? \Q) � Q: (4.57)

4.2. �¥ª®â®àë¥ â¨¯ë ä ªâ®àá¨áâ¥¬

�¡à â¨¬áï ª ¢ëà ¦¥¨î (4.47), ®¯à¥¤¥«ïîé¥¬ã ãá«®¢¨ï ä ªâ®à¨-

§ æ¨¨. �§ (4.47) ¢ëâ¥ª ¥â, çâ® ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢ë¤¥«ïîâáï ¤¢ 

â¨¯  F-ª®à á¯à¥¤¥«¥¨©.

�¥à¢ë© â¨¯ á®áâ ¢«ïîâ â ª¨¥ ª®à á¯à¥¤¥«¥¨ï Q, çâ®

K \Q = O; (4.58)

£¤¥ O: y 7! f0g � T �My , K = F? |  áá®æ¨¨à®¢ ®¥ t-ª®à á¯à¥-

¤¥«¥¨¥ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (4.1). � ª¨¥ F-ª®à á¯à¥¤¥«¥¨ï ¡ã¤¥¬

 §ë¢ âì âà¨¢¨ «ìë¬¨. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4.8 á«¥¤ã¥â, çâ®

®¨ ®¯à¥¤¥«ïîâ ä ªâ®àá¨áâ¥¬ë ¢¨¤ 

_zk = vk; k = 1; : : : ;m; z 2 N � Rm; v 2 Rm: (4.59)

� ¯®¬¨¬ (á¬. § ¬¥ç ¨¥ 3.3), çâ® á¨áâ¥¬ë _z = g0 + gv; z 2 N � Rm,

¤«ï ª®â®àëå rank g = m,  §ë¢ îâáï âà¨¢¨ «ìë¬¨. �á¥ ®¨ íª¢¨¢ -

«¥âë á¨áâ¥¬¥ ¢¨¤  (4.59). �âáî¤  ¨  §¢ ¨¥ ¤«ï á®®â¢¥âáâ¢ãîé¨å

F-ª®à á¯à¥¤¥«¥¨©.

�¢¥¤¥¨¥ ¢â®à®£® â¨¯  F-ª®à á¯à¥¤¥«¥¨© ®¡ãá«®¢«¥® â¥¬, çâ®, á®-

£« á® á«¥¤áâ¢¨î 1.3 ª â¥®à¥¬¥ 1.12, à¥£ã«ïà®¥ t-å à ªâ¥à¨áâ¨ç¥áª®¥

ª®à á¯à¥¤¥«¥¨¥ ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬. �®íâ®¬ã ¬®¦® ¢¢¥-

áâ¨ â ª¨¥ F-ª®à á¯à¥¤¥«¥¨ï Q, çâ®

Ct(K \Q)0 = Q: (4.60)

F-�®à á¯à¥¤¥«¥¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (4.60), ¡ã¤¥¬  §ë¢ âì

¡ §¨áë¬¨ F-ª®à á¯à¥¤¥«¥¨ï¬¨.

� ª ã¦¥ ãª §ë¢ «®áì ¢ § ¬¥ç ¨¨ 4.5, ª®ª á â¥«ì®¥ à áá«®¥¨¥

T �M ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãîé¨¥ ä ªâ®à-

á¨áâ¥¬ë áãâì á¨áâ¥¬ë, íª¢¨¢ «¥âë¥ ¨áå®¤®© á¨áâ¥¬¥ (4.1). �®ª á -

â¥«ì®¥ à áá«®¥¨¥ T �M ï¢«ï¥âáï ¡ §¨áë¬ F-ª®à á¯à¥¤¥«¥¨¥¬, ¥á-

«¨ K = T �M , ¨ âà¨¢¨ «ìë¬, ¥á«¨ K = O. �®à á¯à¥¤¥«¥¨¥ O
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4.47), å®âï ¨ ¥ ®¯à¥¤¥«ï¥â ¨ª ª®© ä ªâ®à-

á¨áâ¥¬ë. �¤®¡® áç¨â âì O â ª¦¥ F-ª®à á¯à¥¤¥«¥¨¥¬, çâ® ¨ ¡ã¤¥¬

¤¥« âì. �®à á¯à¥¤¥«¥¨¥ O ã¤®¢«¥â¢®àï¥â ª ª ãá«®¢¨î (4.58), â ª ¨

ãá«®¢¨î (4.60), â.¥. ï¢«ï¥âáï ®¤®¢à¥¬¥® âà¨¢¨ «ìë¬ ¨ ¡ §¨áë¬

F-ª®à á¯à¥¤¥«¥¨¥¬.
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� «ì¥©è¥¥ à áá¬®âà¥¨¥, ¥á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, ¢¥¤¥âáï

¢ ª â¥£®à¨¨ ASR, ï¢«ïîé¥©áï ¯®«®© ¯®¤ª â¥£®à¨¥© ª â¥£®à¨¨ AS.
�¡ê¥ªâ ¬¨ ª â¥£®à¨¨ ASR ï¢«ïîâáï  ää¨ë¥ á¨áâ¥¬ë, ¤«ï ª®â®àëå

t-å à ªâ¥à¨áâ¨ç¥áª¨¥ à á¯à¥¤¥«¥¨ï  áá®æ¨¨à®¢ ëå t-ª®à á¯à¥¤¥«¥-

¨© ï¢«ïîâáï à¥£ã«ïàë¬¨. �¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.9. �®à á¯à¥¤¥«¥¨¥ Q ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬ ã¯-

à ¢«ï¥¬®© á¨áâ¥¬ë (4.1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â

â ª®¥ ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥ X ¨ â ª®¥ âà¨¢¨ «ì®¥ F-ª®à á¯à¥-

¤¥«¥¨¥ Y , çâ®

Q = X � Y; (4.61)

¯à¨ç¥¬

K \Q = K \X: (4.62)

� ® ª   §  â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬, çâ® Q | F-ª®à á¯à¥¤¥«¥¨¥,

¨ ¯ãáâì B = K \ Q. �á«¨ B = O, â® Q ï¢«ï¥âáï âà¨¢¨ «ìë¬ t-

ª®à á¯à¥¤¥«¥¨¥¬. � íâ®¬ á«ãç ¥ ¤«ï Q á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

(4.61), £¤¥ X = O; Y = Q. � ¢¥áâ¢® (4.62) â ª¦¥ ®ç¥¢¨¤® ¢ë¯®«-

ï¥âáï. �ãáâì B 6= O. �®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4.8, ¢ ®¯à¥-

¤¥«¥®© á¨áâ¥¬¥ ª®®à¤¨ â (z1; : : : ; zn) ¡ §¨á ï t-á¨áâ¥¬  �ä ää 

 áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï á¨áâ¥¬ë (4.1) á®áâ®¨â ¨§ ãà ¢-

¥¨© ¢¨¤  (4.52) ¨ (4.53), ¯à¨ç¥¬ ãà ¢¥¨ï (4.52) á®áâ ¢«ïîâ ¡ -

§¨áãî t-á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥¨ï B0. �à®¬¥ â®£®, ¢ á¨-

áâ¥¬¥ ª®®à¤¨ â (z1; : : : ; zm) ãà ¢¥¨ï (4.52) ¬®¦® âà ªâ®¢ âì ª ª

¡ §¨áãî t-á¨áâ¥¬ã �ä ää   áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï G?
ä ªâ®àá¨áâ¥¬ë (4.2), ¯à¨ç¥¬ t-å à ªâ¥à¨áâ¨ç¥áª®¥ à á¯à¥¤¥«¥¨¥ t-

ª®à á¯à¥¤¥«¥¨ï G? ï¢«ï¥âáï à¥£ã«ïàë¬ (¨¡® ä ªâ®àá¨áâ¥¬  (4.2)

ï¢«ï¥âáï ®¡ê¥ªâ®¬ ª â¥£®à¨¨ ASR). �âáî¤  á«¥¤ã¥â, çâ® ¢ á¨áâ¥¬¥

ª®®à¤¨ â (z1; : : : ; zn) à á¯à¥¤¥«¥¨¥ CtB
0 ï¢«ï¥âáï à¥£ã«ïàë¬. �®-

«®¦¨¬ X = CtB
0. �§ ®¯à¥¤¥«¥¨ï t-å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥-

«¥¨ï ¨ (4.47) á«¥¤ã¥â, çâ®

K \Q � X � Q: (4.63)

�§ (4.63) ¢ëâ¥ª ¥â (4.62). � ª¨¬ ®¡à §®¬, Ct(K \ X)0 = X. �«¥¤®-

¢ â¥«ì®, X | ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥. �á«¨ Q = X, â® (4.61)

¢ë¯®«ï¥âáï ¯à¨ Q = O. �á«¨ X 6= Q, â®, á®£« á® á«¥¤áâ¢¨î 1.4 ª â¥-

®à¥¬¥ 1.14, áãé¥áâ¢ã¥â â ª®¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ Y ,

çâ® Q = X�Y . �§ (4.63) á«¥¤ã¥â, çâ® F \Y = O, â.¥. Y | âà¨¢¨ «ì®¥

F-ª®à á¯à¥¤¥«¥¨¥.

�ãáâì â¥¯¥àì Q | ¥ª®â®à®¥ ª®à á¯à¥¤¥«¥¨¥, ¤«ï ª®â®à®£® á¯à -

¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥¨¥ (4.61) ¨ à ¢¥áâ¢® (4.62). �§ (4.61), (4.62) ¢ë-

â¥ª ¥â, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥ â¥®à¥¬ë 4.8, â.¥. Q | t-ª®à á¯à¥-
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¤¥«¥¨¥. �®ª ¦¥¬, çâ® t-å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥  áá®æ¨-

¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï á®®â¢¥âáâ¢ãîé¥© ä ªâ®àá¨áâ¥¬ë (4.1)

ï¢«ï¥âáï à¥£ã«ïàë¬, â.¥. ä ªâ®àá¨áâ¥¬  ï¢«ï¥âáï ®¡ê¥ªâ®¬ ª â¥-

£®à¨¨ ASR. �®«®¦¨¬ B = K \ Q. �á«¨ B = O, â.¥. Q | âà¨-

¢¨ «ì®¥ t-ª®à á¯à¥¤¥«¥¨¥, â® ä ªâ®àá¨áâ¥¬  ï¢«ï¥âáï âà¨¢¨ «ì®©

á¨áâ¥¬®©, ¤«ï ª®â®à®© CtG? = O (¢ á®®â¢¥âáâ¢ãîé¥© ®¡« áâ¨). �®-

íâ®¬ã CtG? à¥£ã«ïà®. �ãáâì B 6= O. �®£¤ , á®£« á® ¤®ª § â¥«ìáâ¢ã
â¥®à¥¬ë 4.8, ¢ ®¯à¥¤¥«¥®© á¨áâ¥¬¥ ª®®à¤¨ â (z1; : : : ; zn) ¡ §¨á ï

t-á¨áâ¥¬  �ä ää  (4.52) t-ª®à á¯à¥¤¥«¥¨ï B0 § ¢¨á¨â «¨èì ®â ª®®à-

¤¨ â (z1; : : : ; zm) ¨ ¢ ¯à®áâà áâ¢¥ ª®®à¤¨ â (z1; : : : ; zm) ¬®¦¥â âà ª-

â®¢ âìáï ª ª ¡ §¨á ï t-á¨áâ¥¬  �ä ää  t-ª®à á¯à¥¤¥«¥¨ï G?. � ª

ª ª CtB
0 = X ï¢«ï¥âáï à¥£ã«ïàë¬ ª®à á¯à¥¤¥«¥¨¥¬, â® ¨ CtG?

ï¢«ï¥âáï à¥£ã«ïàë¬ ª®à á¯à¥¤¥«¥¨¥¬. 2

� ¬¥ç ¨¥ 4.7. � à §«®¦¥¨¨ (4.61) ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥

X ®¯à¥¤¥«¥® ®¤®§ ç®,   ¨¬¥® X = Ct(F? \ Q)0. �à¨¢¨ «ì®¥

F-ª®à á¯à¥¤¥«¥¨¥ Y , ï¢«ïïáì ¯àï¬ë¬ ¤®¯®«¥¨¥¬ X, ®¯à¥¤¥«¥®

¥®¤®§ ç® (§  ¨áª«îç¥¨¥¬ á«ãç ¥¢, ª®£¤  Q | âà¨¢¨ «ì®¥ ¨«¨

¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥).

�®®â®è¥¨ï (4.61), (4.62) ¢ëà ¦ îâ áâàãªâãàã ¯à®¨§¢®«ì®£® F-

ª®à á¯à¥¤¥«¥¨ï á¨áâ¥¬ë (4.1). �â®© áâàãªâãà¥ á®®â¢¥âáâ¢ã¥â ®¯à¥-

¤¥«¥ ï áâàãªâãà  ä ªâ®àá¨áâ¥¬, § ¤ ¢ ¥¬ëå F-ª®à á¯à¥¤¥«¥¨¥¬.

�¬¥®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4.10. �ãáâì Q ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬ ã¯à ¢«ï¥-

¬®© á¨áâ¥¬ë (4.1), ¯à¨ç¥¬

dimQ = m > 0; dimK \Q = d > 0; dimCt(K \Q)0 = q < m:

�®£¤  áà¥¤¨ íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢, ®¯à¥¤¥«ï¥¬ëå F-ª®à á-

¯à¥¤¥«¥¨¥¬ Q,  ©¤¥âáï â ª®© ä ªâ®à®¡ê¥ªâ ( ~S; '), çâ® ä ªâ®àá¨-

áâ¥¬  ~S ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

_z1 = v1; (4.64)

_z2 = h0(z2) + h(z2)v2; (4.65)

z1 2 L � Rm�q; v1 2 Rm�q; z2 2 P � Rq; v2 2 Rs; s>q � d:

�® ª  §  â ¥ « ì á â ¢ ®. �®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 4.8, ¤«ï

¯®áâà®¥¨ï ä ªâ®àá¨áâ¥¬ë, á®®â¢¥âáâ¢ãîé¥© F-ª®à á¯à¥¤¥«¥¨î Q,

¯à®¨§¢®¤¨âáï § ¬¥  ª®®à¤¨ â zi = 'i(y); i = 1; : : : ; n; £¤¥ ¯¥à¢ë¥ m

äãªæ¨© 'k á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï Q.
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�á¯®«ì§ãï à §«®¦¥¨¥ (4.61), ¢ë¡¥à¥¬ ¯®«ë©  ¡®à á«¥¤ãîé¨¬ ®¡à -

§®¬. �¬¥®, ¢ ª ç¥áâ¢¥ ¯¥à¢ëå m � q äãªæ¨© ¢®§ì¬¥¬ ¯®«ë©  -

¡®à ¨â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï Y ,   ¢ ª ç¥áâ¢¥ á«¥¤ãîé¨å q äãªæ¨©

¢®§ì¬¥¬ ¯®«ë©  ¡®à ¨â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï X. �¢¥¤¥¬ ®¡®§ -

ç¥¨ï z1 = (z1; : : : ; zm�q), z2 = (zm�q+1; : : : ; zm). � áá¬®âà¨¬ ¡ §¨áãî

t-á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K, ¢ ª®â®à®© ¯¥à¢ë¥ d ãà ¢¥-

¨© ®¡à §ãîâ ¡ §¨áãî t-á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥¤¥«¥¨ï (K\Q)0.
�ç¥¢¨¤® (á¬. â¥®à¥¬ã 1.22 ¨ § ¬¥ç ¨¥ 1.16), çâ® ¢ ®¢®© á¨áâ¥¬¥

ª®®à¤¨ â áãé¥áâ¢ã¥â ¡ §¨á ï t-á¨áâ¥¬  �ä ää  t-ª®à á¯à¥¤¥«¥¨ï

(K \Q)0 ¢¨¤ 
akj (z2)dz

j + ak0(z2)dt = 0;

k = 1; : : : ; d; j = m � q + 1; : : : ;m:

� ª¨¬ ®¡à §®¬, §¤¥áì ¢ ®â«¨ç¨¥ ®â á«ãç ï, ª®£¤  ¡¥à¥âáï ¯à®¨§¢®«ì-

ë© ¯®«ë©  ¡®à ¨â¥£à «®¢ Q, ¢ á®®â¢¥âáâ¢ãîé¥© á¨áâ¥¬¥ �ä ää 

(4.52)

akj = 0; k = 1; : : : ; d; j = 1; : : : ;m� q:

�à®¬¥ â®£®, ª®¬¯®¥âë akj ; k = 1; : : : ; d; j = m�q+1; : : : ;m; ¥ § ¢¨áïâ
®â z1. � «¥¥, á«¥¤ãï ¯à ¢¨«ã ¯®áâà®¥¨ï ä ªâ®àá¨áâ¥¬ë, ãª § ®¬ã ¢

¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 4.8, ¯®«ãç¨¬ ä ªâ®àá¨áâ¥¬ã ¢¨¤  (4.64), (4.65).

2

� ¬¥ç ¨¥ 4.8. �¥®à¥¬ã 4.10 ¬®¦® ®¡®¡é¨âì á«¥¤ãîé¨¬ ®¡à -

§®¬. �ãáâì Q ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬  ää¨®© ã¯à ¢«ï¥¬®©

á¨áâ¥¬ë (4.1), ¯à¨ç¥¬ dimQ = m > 0; dimK \ Q = d > 0. �à®¬¥

â®£®, ¯ãáâì áãé¥áâ¢ã¥â à¥£ã«ïà®¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥-

«¥¨¥ V à £  q < m, â ª®¥, çâ® Ct(K \ Q)0 � V � Q. �®£¤  áà¥¤¨

íª¢¨¢ «¥âëå ä ªâ®à®¡ê¥ªâ®¢, ®¯à¥¤¥«ï¥¬ëå F-ª®à á¯à¥¤¥«¥¨¥¬ Q,

 ©¤¥âáï â ª®© ä ªâ®à®¡ê¥ªâ ( ~S; '), çâ® ä ªâ®àá¨áâ¥¬  ~S ¨¬¥¥â ¢¨¤

(4.64), (4.65). �®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï   «®£¨ç® ¤®ª § -

â¥«ìáâ¢ã â¥®à¥¬ë 4.10 (¢ ª ç¥áâ¢¥ äãªæ¨© 'k; k = m � q + 1; : : : ; q;

ã¦® ¢§ïâì ¯®«ë©  ¡®à ¨â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï V ). �¥®à¥¬ 

4.10 á®®â¢¥âáâ¢ã¥â ç áâ®¬ã á«ãç î, ª®£¤  V = Ct(K \ Q)0. � íâ®¬

ç áâ®¬ á«ãç ¥ ¤«ï á¨áâ¥¬ë (4.65) q ¯à¨¨¬ ¥â ¬¨¨¬ «ì®¥ § ç¥-

¨¥.

�á«¨ ¢ ãá«®¢¨¨ â¥®à¥¬ë 4.10 d = 0, â® Q ï¢«ï¥âáï âà¨¢¨ «ìë¬

F-ª®à á¯à¥¤¥«¥¨¥¬. �®íâ®¬ã ª ¦¤ ï ä ªâ®àá¨áâ¥¬  (4.2) á¨áâ¥¬ë

(4.1), á®®â¢¥âáâ¢ãîé ï Q, ï¢«ï¥âáï âà¨¢¨ «ì®© á¨áâ¥¬®© ¨ íª¢¨¢ -

«¥â  á¨áâ¥¬¥ _z = v.

�á«¨ ¢ ãá«®¢¨¨ â¥®à¥¬ë 4.10 q = m, â® Q | ¡ §¨á®¥ F-ª®à á¯à¥¤¥-

«¥¨¥. � ª ª ª dimCt(K\Q)0 = dimCtG?, £¤¥ G? |  áá®æ¨¨à®¢ ®¥
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t-ª®à á¯à¥¤¥«¥¨¥ ä ªâ®àá¨áâ¥¬ë (4.2), â® ¢ íâ®¬ á«ãç ¥ ¤«ï ª ¦¤®©

ä ªâ®àá¨áâ¥¬ë dimCtG? = m.

�¢¥¤¥¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥. �ää¨ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

¡ã¤¥¬  §ë¢ âì ¥à §«®¦¨¬®©, ¥á«¨ à £ t-å à ªâ¥à¨áâ¨ç¥áª®£® ª®à -

á¯à¥¤¥«¥¨ï  áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï á¨áâ¥¬ë à ¢¥ à §-

¬¥à®áâ¨ ä §®¢®£® ¯à®áâà áâ¢  á¨áâ¥¬ë.

� ª¨¬ ®¡à §®¬, ¥á«¨ ¢ ãá«®¢¨¨ â¥®à¥¬ë 4.10 q = m, â® ª ¦¤ ï

ä ªâ®àá¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï F-ª®à á¯à¥¤¥«¥¨î Q, ï¢«ï¥âáï ¥-

à §«®¦¨¬®© á¨áâ¥¬®©.

�®¦® áª § âì, çâ® ¥á«¨ ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë 4.10, â®

ä ªâ®àá¨áâ¥¬  ¤®¯ãáª ¥â ¤¥ª®¬¯®§¨æ¨î   âà¨¢¨ «ìãî ¨ ¥à §«®-

¦¨¬ãî á¨áâ¥¬ë, ª®â®àë¥ ¥§ ¢¨á¨¬ë ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨ ¯®

ã¯à ¢«¥¨ï¬.

�®ª á â¥«ì®¥ à áá«®¥¨¥ T �M ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬, ¨ ¯®-

íâ®¬ã ¤«ï ¥£® á¯à ¢¥¤«¨¢® à §«®¦¥¨¥ (4.61). �â¢¥à¦¤¥¨¥ â¥®à¥¬ë

4.10 ¢ ¤ ®¬ á«ãç ¥ áä®à¬ã«¨àã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  4.11. �ãáâì ¤«ï á¨áâ¥¬ë (4.1) dimCtK = q; 0 < q < n.

�®£¤  á¨áâ¥¬  (4.1) íª¢¨¢ «¥â  á¨áâ¥¬¥ ¢¨¤ 

_z1 = v1; (4.66)

_z2 = h0(z2) + h(z2)v2; (4.67)

z1 2 L � Rn�q; v1 2 Rn�q; z2 2 P � Rq; v2 2 Rs:
�â ª, ¯à®¨§¢®«ì ï á¨áâ¥¬  (4.1), ¤«ï ª®â®à®© 0 < dimCtK < n,

¤®¯ãáª ¥â ¤¥ª®¬¯®§¨æ¨î   âà¨¢¨ «ìãî ¨ ¥à §«®¦¨¬ãî á¨áâ¥¬ë.

�¥à §«®¦¨¬ ï á¨áâ¥¬  (4.1) (â.¥. á¨áâ¥¬ , ¤«ï ª®â®à®© dimCtK = n )

â ª®© ¤¥ª®¬¯®§¨æ¨¨ ¥ ¤®¯ãáª ¥â.

�¥ª®¬¯®§¨æ¨î (4.66), (4.67) ¡ã¤¥¬  §ë¢ âì ®á®¢®© ¤¥ª®¬¯®§¨æ¨-

¥© á¨áâ¥¬ë (4.1).

� ¬¥ç ¨¥ 4.9. �¯à ¢¥¤«¨¢® ®¡®¡é¥¨¥ â¥®à¥¬ë 4.11,   «®£¨ç-

®¥ ®¡®¡é¥¨î â¥®à¥¬ë 4.10, ãª § ®¬ã ¢ § ¬¥ç ¨¨ 4.8: ¥á«¨ áãé¥-

áâ¢ã¥â à¥£ã«ïà®¥ ¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ V à £  q,

¯à¨ç¥¬ 0 < q > n ¨ CtK � V , â® á¨áâ¥¬  (4.1) íª¢¨¢ «¥â  á¨áâ¥¬¥

¢¨¤  (4.66), (4.67). � ¦¤ ï ¤¥ª®¬¯®§¨æ¨ï (4.66), (4.67), ®¯à¥¤¥«ï¥¬ ï

â ª¨¬ ª®à á¯à¥¤¥«¥¨¥¬ V , ®â¤¥«ï¥â ¥ª®â®àãî âà¨¢¨ «ìãî ç áâì

®â á¨áâ¥¬ë. �á®¢ ï ¤¥ª®¬¯®§¨æ¨ï á¨áâ¥¬ë (4.1) (á®®â¢¥âáâ¢ãîé ï

á«ãç î, ª®£¤  V = CtK) ®â¤¥«ï¥â ¬ ªá¨¬ «ì® ¢®§¬®¦ãî âà¨¢¨-

 «ìãî ç áâì. �â® ¯®§¢®«ï¥â ¯à¨ ¨áá«¥¤®¢ ¨¨ â®© ¨«¨ ¨®© § ¤ ç¨

ã¯à ¢«¥¨ï, á¢ï§ ®© á á¨áâ¥¬®© (4.1), à §«®¦¨âì íâã § ¤ çã   ¤¢¥:

âà¨¢¨ «ìãî, á¢ï§ ãî á á¨áâ¥¬®© (4.66), ¨, ¢®®¡é¥ £®¢®àï, ¥âà¨-

¢¨ «ìãî, á¢ï§ ãî á á¨áâ¥¬®© (4.67) (á¬. à §¤¥« 7.1).
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�®ª ¦¥¬, ª ª ¢¢¥¤¥ë¥ ª®áâàãªæ¨¨ ¯à¨¬¥ïîâáï ¤«ï  å®¦¤¥-

¨ï F-ª®à á¯à¥¤¥«¥¨©. �®£« á® â¥®à¥¬¥ 4.10, íâ®â ¢®¯à®á á¢®¤¨âáï

ª ¢®¯à®áã ®  å®¦¤¥¨¨ âà¨¢¨ «ìëå ¨ ¡ §¨áëå F-ª®à á¯à¥¤¥«¥¨©.

�â® ª á ¥âáï âà¨¢¨ «ìëå F-ª®à á¯à¥¤¥«¥¨©, â®, á®£« á® (4.58), ¨å

 å®¦¤¥¨¥ ï¢«ï¥âáï ç¨áâ®  «£¥¡à ¨ç¥áª®© § ¤ ç¥©.

� §¨áë¥ F-ª®à á¯à¥¤¥«¥¨ï ®¯à¥¤¥«ïîâáï ¨§ ¤¨ää¥à¥æ¨ «ìëå

á®®â®è¥¨© (4.60). � ¬¥â¨¬, çâ® ª ¦¤®¥ ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥

Q ®¤®§ ç® ®¯à¥¤¥«ï¥âáï t-ª®à á¯à¥¤¥«¥¨¥¬ S � K, ã¤®¢«¥â¢®àïî-

é¨¬ ãá«®¢¨î

CtS \K = S: (4.68)

�¥©áâ¢¨â¥«ì®, ¥á«¨ t-ª®à á¯à¥¤¥«¥¨¥ S � K ã¤®¢«¥â¢®àï¥â (4.68),

â® ª®à á¯à¥¤¥«¥¨¥ Q = CtS ã¤®¢«¥â¢®àï¥â (4.60), â.¥. ï¢«ï¥âáï ¡ §¨á-

ë¬ F-ª®à á¯à¥¤¥«¥¨¥¬. �¡à â®, ¥á«¨ Q ã¤®¢«¥â¢®àï¥â (4.60), â®

t-ª®à á¯à¥¤¥«¥¨¥ S = (K \Q)0 ã¤®¢«¥â¢®àï¥â (4.68).

� ¬¥ç ¨¥ 4.10. �«ï á¨¬¬¥âà¨ç¥áª¨å  ää¨ëå ã¯à ¢«ï¥¬ëå á¨-

áâ¥¬ ãá«®¢¨¥ (4.68) à ¢®á¨«ì® ãá«®¢¨î

CS \ F? = S; (4.69)

£¤¥ S � F?.

t-�®à á¯à¥¤¥«¥¨ï S � Q?, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î (4.68), ¡ã-

¤¥¬  §ë¢ âì ä ªâ®à¨ «ìë¬¨ t-ª®à á¯à¥¤¥«¥¨ï¬¨ á¨áâ¥¬ë (4.1).

(�«ï á¨¬¬¥âà¨ç¥áª¨å á¨áâ¥¬ ¬®¦® £®¢®à¨âì ® ä ªâ®à¨ «ìëå ª®-

à á¯à¥¤¥«¥¨ïå.)

� â¥à¬¨ å á¨áâ¥¬ �ä ää  ãá«®¢¨¥ (4.68) ®§ ç ¥â áãé¥áâ¢®¢ ¨¥

¡ §¨á®© t-á¨áâ¥¬ë �ä ää  t-ª®à á¯à¥¤¥«¥¨ï K ¢¨¤ 

!ki (y)dy
i + !k0 (y)dt = 0; k = 1; : : : ; d; (4.70)

!li(y)dy
i + !l0(y)dt = 0; l = d+ 1; : : : ; n� p; (4.71)

¢ ª®â®à®© d ãà ¢¥¨© (4.70) ®¡à §ãîâ â ªãî t-á¨áâ¥¬ã �ä ää , çâ®

ãà ¢¥¨ï ¥¥ t-å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë �ä ää  ¤®«¦ë ¡ëâì

¥§ ¢¨á¨¬ë (¢ ª ¦¤®© â®çª¥ y) á ãà ¢¥¨ï¬¨

!li(y)dy
i = 0; l = d+ 1; : : : ; n� p: (4.72)

�ç¥¢¨¤®, çâ® ¥á«¨ â ª ï t-á¨áâ¥¬  �ä ää  (4.70), (4.71) áãé¥áâ¢ã¥â,

â® ãà ¢¥¨ï (4.70) ¯®à®¦¤ îâ ä ªâ®à¨ «ì®¥ t-ª®à á¯à¥¤¥«¥¨¥,  

ãà ¢¥¨ï t-å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë, ¯®áâà®¥®© ¤«ï t-á¨áâ¥¬ë

(4.70), ¯®à®¦¤ îâ ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥.
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t-�¨áâ¥¬ã (4.70), ¯®à®¦¤ îéãî ä ªâ®à¨ «ì®¥ t-ª®à á¯à¥¤¥«¥¨¥,

¡ã¤¥¬  §ë¢ âì ä ªâ®à¨ «ì®© t-á¨áâ¥¬®© �ä ää  ã¯à ¢«ï¥¬®© á¨-

áâ¥¬ë (4.1). �«ï ¯®¨áª  ¡ §¨áëå F-ª®à á¯à¥¤¥«¥¨© ¬®¦® ¯®áâã¯¨âì

â ª. �®§ì¬¥¬ ¯à®¨§¢®«ìãî ¡ §¨áãî t-á¨áâ¥¬ã �ä ää  t-ª®à á¯à¥-

¤¥«¥¨ï

a
j
idy

i + a
j
0dt = 0; j = 1; : : : ; n� p;

¨ à áá¬®âà¨¬ íª¢¨¢ «¥âãî t-á¨áâ¥¬ã

!k = �kj (y)(a
j
idy

i + a
j
0dt) = 0; k = 1; : : : ; n� p;

£¤¥ �kj | ¥®¯à¥¤¥«¥ë¥ ª®íää¨æ¨¥âë, ¯à¨ç¥¬ j�kj j 6= 0. �®íää¨-

æ¨¥âë �
j
j á«¥¤ã¥â ®¯à¥¤¥«¨âì ¨§ ãá«®¢¨ï, çâ®¡ë ¯¥à¢ë¥ d ãà ¢¥¨©

®¡à §®¢ë¢ «¨ ä ªâ®à¨ «ìãî t-á¨áâ¥¬ã �ä ää . �§ ¢¨¤  t-å à ªâ¥-

à¨áâ¨ç¥áª®© á¨áâ¥¬ë (1.105), (1.106) ¢ëâ¥ª ¥â, çâ® íâ® ¯à¨¢®¤¨â ª ¤¨ä-

ä¥à¥æ¨ «ìë¬ á®®â®è¥¨ï¬, ª®â®àë¬ ¤®«¦ë ã¤®¢«¥â¢®àïâì ª®íä-

ä¨æ¨¥âë �kj . �«ï ®¯à¥¤¥«¥¨ï ¢á¥å ¡ §¨áëå F-ª®à á¯à¥¤¥«¥¨© á«¥-

¤ã¥â à áá¬®âà¥âì á«ãç ¨ d = 1; : : : ; n�p. � ¬¥â¨¬, çâ® á«ãç î d = n�p
á®®â¢¥âáâ¢ã¥â «¨èì ®¤® ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥,   ¨¬¥® CtK,

ª®â®à®¥  å®¤¨âáï á ¯®¬®éìî «¨èì  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨©.

F-�®à á¯à¥¤¥«¥¨ï, ¥ ï¢«ïîé¨¥áï ¨ ¡ §¨áë¬¨, ¨ âà¨¢¨ «ìë-

¬¨, ¬®¦® ¯®áâà®¨âì á«¥¤ãîé¨¬ ®¡à §®¬. � ª ã¦¥ ¡ë«® ¯®ª § ®,

ª ¦¤®¥ ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥ ®¯à¥¤¥«ï¥âáï ¥ª®â®àë¬ ä ªâ®-

à¨ «ìë¬ t-ª®à á¯à¥¤¥«¥¨¥¬. � áá¬®âà¨¬ ¡ §¨áãî t-á¨áâ¥¬ã �ä ä-

ä  (4.70), (4.71) t-ª®à á¯à¥¤¥«¥¨ï K, ¢ ª®â®à®© ãà ¢¥¨ï (4.70) ¯®-

à®¦¤ îâ ä ªâ®à¨ «ì®¥ t-ª®à á¯à¥¤¥«¥¨¥. � §¨á®¥ F-ª®à á¯à¥¤¥-

«¥¨¥ ¯®à®¦¤ ¥âáï á®®â¢¥âáâ¢ãîé¥© t-å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬®©

�ä ää 


ki (y)dy
i = 0; k = 1; : : : ; b: (4.73)

� ¯®¬¨¬, çâ® á¨áâ¥¬  (4.73) á®¤¥à¦¨â á¨áâ¥¬ã

!ki (y)dy
i = 0; k = 1; : : : ; d:

�á«¨ ¯à¨á®¥¤¨¨âì ª ãà ¢¥¨ï¬ (4.73) ¥ª®â®àë¥ ãà ¢¥¨ï

�si (y)dy
i = 0; s = 1; : : : ; a; (4.74)

ª®â®àë¥ ¥§ ¢¨á¨¬ë (¢ ª ¦¤®© â®çª¥ y) ª ª á ãà ¢¥¨ï¬¨ (4.73),

â ª ¨ á ãà ¢¥¨ï¬¨ (4.71), â®, á®£« á® â¥®à¥¬¥ 4.9, ¯®«ãç¥ ï á¨á-

â¥¬  �ä ää  (4.73), (4.74) ¯®à®¦¤ ¥â ¥ª®â®à®¥ F-ª®à á¯à¥¤¥«¥¨¥.

�  ®á®¢ ¨¨ ¯à¥¤ë¤ãé¨å à¥§ã«ìâ â®¢ ¬®¦® ãâ¢¥à¦¤ âì, çâ® ¢á¥ F-

ª®à á¯à¥¤¥«¥¨ï (ªà®¬¥ ¡ §¨áëå ¨ âà¨¢¨ «ìëå) ¬®£ãâ ¡ëâì ¯®«ãç¥-

ë â ª¨¬ ®¡à §®¬.
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�â¬¥â¨¬ ¥é¥ ®¤® ®¡áâ®ïâ¥«ìáâ¢®, ¯®¬®£ îé¥¥ à¥è âì § ¤ çã ä ª-

â®à¨§ æ¨¨. �¥«® ¢ â®¬, çâ® F-ª®à á¯à¥¤¥«¥¨ï íª¢¨¢ «¥âëå ã¯à ¢-

«ï¥¬ëå á¨áâ¥¬ ¤¨ää¥®¬®àäë. �®íâ®¬ã ç áâ® ¡ë¢ ¥â ¯®«¥§® ¯¥à¥©-

â¨ ®â ¨áå®¤®© á¨áâ¥¬ë ª íª¢¨¢ «¥â®© á¨áâ¥¬¥ ¨ ¯®¯ëâ âìáï à¥è¨âì

¤«ï ¥¥ § ¤ çã ä ªâ®à¨§ æ¨¨. �®«ãç¥®¥ à¥è¥¨¥ ®¡à âë¬ ¤¨ä-

ä¥®¬®àä¨§¬®¬ ¯à¥®¡à §ã¥âáï ¢ à¥è¥¨¥ ¤«ï ¨áå®¤®© á¨áâ¥¬ë.

�à¨¬¥à 4.3. � áá¬®âà¨¬ ¯à®¨§¢®«ìãî âà¨¢¨ «ìãî ã¯à ¢«ï¥-

¬ãî á¨áâ¥¬ã (4.1). �«ï â ª®© á¨áâ¥¬ë K = O. �®íâ®¬ã ¨¬¥îâáï â®«ì-
ª® âà¨¢¨ «ìë¥ F-ª®à á¯à¥¤¥«¥¨ï, ¯à¨ç¥¬ «î¡®¥ à¥£ã«ïà®¥ ¢¯®«¥

¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥ Q ï¢«ï¥âáï F-ª®à á¯à¥¤¥«¥¨¥¬. � -

ç¥ £®¢®àï, «î¡®©  ¡®à äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå äãªæ¨© á®áâ -

¢«ï¥â  ¡®à  £à¥£ â®¢. � ¬¥â¨¬, çâ® ¢ ª â¥£®à¨¨ ASP âà¨¢¨ «ì ï

á¨áâ¥¬  ¬®¦¥â ¢®®¡é¥ ¥ ¤®¯ãáª âì ä ªâ®à¨§ æ¨î ¥ã«¥¢®£® ¯®àï¤-

ª  (á¬. ¯à¨¬¥à 4.2).

�à¨¬¥à 4.4. � áá¬®âà¨¬ á¨¬¬¥âà¨ç¥áªãî á¨áâ¥¬ã (4.1), ¤«ï ª®-

â®à®© rank f = n � 1. � íâ®¬ á«ãç ¥  áá®æ¨¨à®¢ ®¥ ª®à á¯à¥¤¥«¥-

¨¥ F? ¨¬¥¥â à £, à ¢ë© 1, ¨ ï¢«ï¥âáï ¥¤¨áâ¢¥ë¬ ä ªâ®à¨ «ì-

ë¬ ª®à á¯à¥¤¥«¥¨¥¬. � §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥ â ª¦¥ ®¯à¥¤¥«¥®

¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¨ ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª¨¬ à á¯à¥¤¥«¥¨-

¥¬ CF?. � ª ¨§¢¥áâ®, ¤«ï ª®à á¯à¥¤¥«¥¨ï F? à £  1 à £ CF?

ï¢«ï¥âáï ¥ç¥âë¬ ç¨á«®¬. �®íâ®¬ã áà §ã ¬®¦® áª § âì, çâ® ¥á«¨

n | ç¥â®¥ ç¨á«®, â® á¨áâ¥¬  (4.1) ¢á¥£¤  ¤®¯ãáª ¥â ¥âà¨¢¨ «ìãî

ä ªâ®à¨§ æ¨î (â.¥. á ¥âà¨¢¨ «ì®© ä ªâ®àá¨áâ¥¬®©) ¯®àï¤ª  q > 0.

�ãáâì dimCF? = m = 2k + 1 (¨«¨, ¨ ç¥, classF? = m = 2k + 1). �®-

£¤ , á®£« á® â¥®à¥¬¥ 1.16, ¢ ®¯à¥¤¥«¥®© á¨áâ¥¬¥ ª®®à¤¨ â ¡ §¨á®¥

ãà ¢¥¨¥ ª®à á¯à¥¤¥«¥¨ï F? ¨¬¥¥â «¨¡® ¢¨¤

dx1 = 0; (4.75)

çâ® á®®â¢¥âáâ¢ã¥â á«ãç î k = 0, «¨¡® ¢¨¤

dxm � x1dx2 � : : :� x2k�1dx2k = 0; (4.76)

çâ® á®®â¢¥âáâ¢ã¥â á«ãç î k > 0. � ¬¥  ª®®à¤¨ â ®áãé¥áâ¢«ï¥âáï á

¯®¬®éìî äãªæ¨© xi = 'i(y); i = 1; : : : ; n, £¤¥ ¯¥à¢ë¥ m äãªæ¨© ï¢«ï-

îâáï ¨â¥£à « ¬¨ CF?. �âáî¤  «¥£ª® á«¥¤ã¥â (á¬. ¤®ª § â¥«ìáâ¢®

â¥®à¥¬ë 3.4), çâ® áà¥¤¨ ä ªâ®àá¨áâ¥¬, á®®â¢¥âáâ¢ãîé¨å ¡ §¨á®¬ã F-

ª®à á¯à¥¤¥«¥¨î CF?, ¨¬¥¥âáï «¨¡® ä ªâ®àá¨áâ¥¬  ¢¨¤ 

_x1 = 0 (k = 0); (4.77)
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«¨¡® ä ªâ®àá¨áâ¥¬  ¢¨¤ 

_xi = vi; i = 1; : : : ; 2k;

_xm = x1v2 + : : :+ x2k�1v2k:
(4.78)

�¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ¥âà¨¢¨ «ìãî ä ªâ®à¨§ æ¨î ¯®àï¤ª  q, £¤¥ q

| «î¡®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ¥à ¢¥áâ¢ã 06q6n�m. �á¥ ä ªâ®à-
á¨áâ¥¬ë íª¢¨¢ «¥âë ä ªâ®àá¨áâ¥¬ ¬ ®¯à¥¤¥«¥®£® ¢¨¤ , ª®â®àë¥

¯®«ãç îâáï ¤®¡ ¢«¥¨¥¬ ª ãà ¢¥¨ï¬ (4.77), (4.78) ãà ¢¥¨© ¢¨¤ 

_xi = vi; i = m+ 1; : : : ; n� q: (4.79)

�£à¥£ â ¬¨ ï¢«ïîâáï ¨â¥£à «ë CF? ¨ ¥§ ¢¨á¨¬ë¥ á ¨¬¨ äãª-

æ¨¨. �à¨ q = 0 ¨¬¥¥¬ ®á®¢ãî ¤¥ª®¬¯®§¨æ¨î á¨áâ¥¬ë (4.1), ª®â®à ï

á®¢¯ ¤ ¥â á á®®â¢¥âáâ¢ãîé¥© ª ®¨ç¥áª®© ä®à¬®© (3.24) ¨«¨ (3.25).

�á«¨ m = n, â® á¨áâ¥¬  (4.1) ¨¬¥¥â â®«ìª® âà¨¢¨ «ìë¥ ä ªâ®àá¨áâ¥-

¬ë. � ª¨¬ ®¡à §®¬, ¢®¯à®á ® ¤¥ª®¬¯®§¨æ¨¨ á¨áâ¥¬ë (4.1), ¯® áãé¥áâ¢ã,

à ¢®á¨«¥ ¢®¯à®áã ® ¯à¨¢¥¤¥¨¨ á¨áâ¥¬ë (4.1) ª á¢®¥© ª ®¨ç¥áª®©

ä®à¬¥. �®¤ç¥àª¥¬, çâ®, ª ª áâàãªâãà  ä ªâ®àá¨áâ¥¬, â ª ¨ ¢¨¤ ª ®-

¨ç¥áª®© ä®à¬ë, ®¯à¥¤¥«ïîâáï ®¤¨¬ ¨¢ à¨ â®¬,   ¨¬¥® ª« áá®¬

 áá®æ¨¨à®¢ ®£® ª®à á¯à¥¤¥«¥¨ï F? (â.¥. ¢¥«¨ç¨®© dimCF?).

�à¨¬¥à 4.5. � áá¬®âà¨¬ â¨¯ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ (4.1), å à ªâ¥-

à¨§ã¥¬ë© ¨¢ à¨ â ¬¨

n = 4; dimLF = dimSpanF = 2; dimC(F?)1 = 3:

�®£« á® â¥®à¥¬¥ 3.9, ª ¦¤ ï á¨áâ¥¬  â ª®£® â¨¯  («®ª «ì®) íª¢¨¢ -

«¥â  á¨áâ¥¬¥ (ª ®¨ç¥áª®© ä®à¬¥)

_x1 = v1; _x2 = v2; _x3 = x4v2; _x4 = x1v2: (4.80)

�®íâ®¬ã ¢®¯à®á ® ä ªâ®à¨§ æ¨¨ â ª¨å á¨áâ¥¬ á¢®¤¨âáï ª ¢®¯à®áã ®

ä ªâ®à¨§ æ¨¨ á¨áâ¥¬ë (4.80), ª®â®àë© ¨ à áá¬®âà¨¬. �¤  ¨§ ¡ §¨á-

ëå á¨áâ¥¬ �ä ää   áá®æ¨¨à®¢ ®£® ª®à á¯à¥¤¥«¥¨ï F? ¨¬¥¥â ¢¨¤

dx4 � x1dx2 = 0; (4.81)

dx3 � x4dx2 = 0: (4.82)

� ªâ®à¨ «ìë¥ ª®à á¯à¥¤¥«¥¨ï (¥á«¨ áãé¥áâ¢ãîâ) ¬®£ãâ ¨¬¥âì à £

1 ¨«¨ 2. � ªâ®à¨ «ìë¬ ª®à á¯à¥¤¥«¥¨¥¬ à £  2 ï¢«ï¥âáï F?. � -

§¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥ CF? ¨¬¥¥â à £ 4 ¨, á«¥¤®¢ â¥«ì®, ®¯à¥-

¤¥«ï¥â ä ªâ®à¨§ æ¨î ã«¥¢®£® ¯®àï¤ª . �ë¬¨ á«®¢ ¬¨, á¨áâ¥¬ 

(4.80) ï¢«ï¥âáï ¥à §«®¦¨¬®© ¨ ®á®¢®© ¤¥ª®¬¯®§¨æ¨¨ ¥ áãé¥áâ¢ã¥â.
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� ©¬¥¬áï ¢®¯à®á®¬ ® áãé¥áâ¢®¢ ¨¨ ä ªâ®à¨ «ìëå ª®à á¯à¥¤¥«¥¨©

à £  1. � ¬¥â¨¬, çâ® ãà ¢¥¨¥ �ä ää  (4.82) ¥ ï¢«ï¥âáï ä ªâ®à¨-

 «ìë¬. �¥©áâ¢¨â¥«ì®, å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  íâ®£® ãà ¢¥¨ï

íª¢¨¢ «¥â  á¨áâ¥¬¥

dx2 = dx3 = dx4 = 0;

ª®â®à ï ¥ ï¢«ï¥âáï «¨¥©® ¥á¢ï§ ®© á ãà ¢¥¨¥¬ (4.81). �«¥¤®-

¢ â¥«ì®, ä ªâ®à¨ «ìë¥ ãà ¢¥¨ï ¬®¦® ¨áª âì ¢ ¢¨¤¥

dx4 � x1dx2 + �(dx3� x4dx2) = dx4 � (x1 + �x4)dx2 + �dx3 = 0; (4.83)

£¤¥ � | ¥¨§¢¥áâ ï äãªæ¨ï. �¥âàã¤® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡®©

äãªæ¨¨ � ãà ¢¥¨¥ (4.83) ï¢«ï¥âáï ä ªâ®à¨ «ìë¬. �¤¥áì ¬ë ®£à -

¨ç¨¬áï á«ãç ¥¬ � = const . �®áâà®¨¢ å à ªâ¥à¨áâ¨ç¥áªãî á¨áâ¥¬ã

¤«ï ãà ¢¥¨ï (4.83), ã¡¥¦¤ ¥¬áï, çâ® ®  íª¢¨¢ «¥â  á¨áâ¥¬¥, á®-

áâ®ïé¥© ¨§ ãà ¢¥¨ï (4.83) ¨ ãà ¢¥¨©

dx2 = 0; dx1 � �dx4 = 0: (4.84)

�à ¢¥¨ï (4.83), (4.84), (4.82) «¨¥©® ¥á¢ï§ ë, ¯®íâ®¬ã ãà ¢¥¨¥

(4.83) ï¢«ï¥âáï ä ªâ®à¨ «ìë¬ ¤«ï «î¡®£® �, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãî-

é¥¥ ¡ §¨á®¥ F-ª®à á¯à¥¤¥«¥¨¥ ¯®à®¦¤ ¥âáï á¨áâ¥¬®© (4.83), (4.84).

�â ª, ¡ §¨áãî á¨áâ¥¬ã �ä ää  ª®à á¯à¥¤¥«¥¨ï F? ¬®¦® § ¯¨-

á âì ¢ ¢¨¤¥ (4.70), (4.71):

dx4 � (x1 + �x4)dx2 + �dx3 = 0; (4.85)

dx3 � x4dx2 = 0: (4.86)

�®àï¤®ª ä ªâ®à¨§ æ¨¨ (¤«ï «î¡®£® �) à ¢¥ 1. �¯à®ç¥¬, § ç¥¨¥ ¯®-

àï¤ª  ä ªâ®à¨§ æ¨¨ ¬®¦® ¡ë«® ãª § âì áà §ã ª ª á«¥¤áâ¢¨¥ ®¡é¥©

â¥®à¨¨. �¥©áâ¢¨â¥«ì®, ª« áá ®¤®£® ãà ¢¥¨ï ¬®¦¥â ¡ëâì â®«ìª®

¥ç¥âë¬ ç¨á«®¬. � ¤ ®¬ á«ãç ¥ íâ® «¨¡® 1, «¨¡® 3. �« áá, à ¢-

ë© 1, á®®â¢¥âáâ¢ã¥â ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ ãà ¢¥¨ï, ®¡ãá« ¢«¨¢ -

¥â áãé¥áâ¢®¢ ¨¥ ¨â¥£à «  ã F? ¨ ¯à¨¢¥¤¥¨¥ á¨áâ¥¬ë (4.1) ª ¤àã£®©

ª ®¨ç¥áª®© ä®à¬¥. � ªâ ®âáãâáâ¢¨ï ¨â¥£à «®¢ ã F?,   á«¥¤®¢ -

â¥«ì®, ¨ ã F , ¬®¦® «¥£ª® ãáâ ®¢¨âì â ª¦¥ ¯à®æ¥áá®¬ ¯®¯®«¥¨ï

 áá®æ¨¨à®¢ ®£® á¥¬¥©áâ¢  ¯®«¥©:

@

@x1
;

@

@x2
+ x4

@

@x3
+ x1

@

@x4
:

�¤¥« ¥¬ ¢ (4.85), (4.86) § ¬¥ã ª®®à¤¨ â

z1 = �1(x) = x1 � �x4; z2 = �2(x) = x2;

z3 = �3(x) = x3; z4 = �(x) = x4 + �x3:
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�ãªæ¨¨ �1;�2;�3 á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ F-ª®à á¯à¥-

¤¥«¥¨ï, ¯®à®¦¤ ¥¬®£® á¨áâ¥¬®© �ä ää  (4.83), (4.84). � ®¢ëå ª®-

®à¤¨ â å áãé¥áâ¢ã¥â ¡ §¨á ï á¨áâ¥¬  �ä ää  ª®à á¯à¥¤¥«¥¨ï F?

¢¨¤ 

dz4 � z1dz2 = 0; (4.87)

dx3 � (z4 � �z3)dz2 = 0; (4.88)

£¤¥ (4.87) | ä ªâ®à¨ «ì®¥ ãà ¢¥¨¥. �¨áâ¥¬¥ �ä ää  (4.87), (4.88)

á®®â¢¥âáâ¢ã¥â ã¯à ¢«ï¥¬ ï á¨áâ¥¬ 

_z1 = w1; _z2 = w2; _z3 = (z4 � �z3)w2; _z4 = z2w2; (4.89)

ª®â®à ï íª¢¨¢ «¥â  á¨áâ¥¬¥ (4.80). (� ¬¥â¨¬, çâ® á¨áâ¥¬  (4.89) ¯®-

«ãç ¥âáï ¨§ (4.80) § ¬¥®© ä §®¢ëå ¯¥à¥¬¥ëå zi = �(x), i = 1; : : : ; 4;

¨ ã¯à ¢«¥¨© w1 = v1 � �x1v2; w2 = v2.) �¥à¢®¥, ¢â®à®¥ ¨ ç¥â¢¥à-

â®¥ ãà ¢¥¨ï ¢ (4.89) ®¡à §ãîâ ä ªâ®àá¨áâ¥¬ã, á®®â¢¥âáâ¢ãîéãî F-

á¨áâ¥¬¥ (4.83), (4.84). �ãªæ¨¨ �1;�2;�3 ï¢«ïîâáï  £à¥£ â ¬¨. � ¬¥-

â¨¬, çâ® ¤«ï «î¡®£® § ç¥¨ï � ä ªâ®àá¨áâ¥¬ë ¨¬¥îâ ®¤¨ ª®¢ë© ¢¨¤

(¨¡® ä ªâ®à¨ «ì®¥ ãà ¢¥¨¥ ª« áá  3 ¢á¥£¤  ¯à¨¢®¤¨¬® ª ª ®¨ç¥-

áª®© ä®à¬¥ (4.87)). F-�¨áâ¥¬¥ �ä ää  (4.83), (4.84) á®®â¢¥âáâ¢ã¥â

¢§ ¨¬®¥ F-¯®«¥ (â.¥. F-á¥¬¥©áâ¢®, á®áâ®ïé¥¥ ¨§ ®¤®£® ¯®«ï) ¢ ª â¥£®-

à¨¨ AS
Z =

@

@x3
+ �2

@

@x1
� �

@

@x4
: (4.90)

�®¤ç¥àª¥¬, çâ® ¯®«¥ (4.90) ï¢«ï¥âáï F-¯®«¥¬ ¢ ª â¥£®à¨¨ ASP «¨èì

¯à¨ � = 0. �¥©áâ¢¨â¥«ì®, ¯à¨ � 6= 0 ãà ¢¥¨ï (4.15) ¥á®¢¬¥áâë.

�¨áâ¥¬  (4.80) ¥ ¤®¯ãáª ¥â ¥âà¨¢¨ «ìëå ä ªâ®à¨§ æ¨©, ®â«¨ç-

ëå ®â â¥å, ª®â®àë¥ ¯®à®¦¤ îâáï ¡ §¨áë¬¨ F-ª®à á¯à¥¤¥«¥¨ï¬¨.

(�ãé¥áâ¢®¢ ¨¥ ¤àã£¨å ¥âà¨¢¨ «ìëå ä ªâ®à¨§ æ¨© ¯à®â¨¢®à¥ç¨â,

¢ ç áâ®áâ¨, ¥à §«®¦¨¬®áâ¨ á¨áâ¥¬ë (4.80).) �à¨¢¨ «ìë¥ F-ª®à á-

¯à¥¤¥«¥¨ï á¨áâ¥¬ë (4.80) | íâ® â ª¨¥ ª®à á¯à¥¤¥«¥¨ï, ¯®à®¦¤ ¥¬ë¥

®¤¨¬ ¨«¨ ¤¢ã¬ï ãà ¢¥¨ï¬¨ �ä ää , ª®â®àë¥ «¨¥©® ¥á¢ï§ ë

á ãà ¢¥¨ï¬¨ (4.81), (4.82).

� § ª«îç¥¨¨ íâ®£® à §¤¥«  à áá¬®âà¨¬ ¢§ ¨¬®á¢ï§ì ä ªâ®à¨§ æ¨¨

á ¤®¯ãáª ¥¬ë¬¨ £àã¯¯ ¬¨ ¯à¥®¡à §®¢ ¨© ¨ ¤®¯ãáª ¥¬ë¬¨  «£¥¡à ¬¨

�¨ ¢ ª â¥£®à¨¨ AS. �®-¯¥à¢ëå, ¤®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥, á®£« á® ª®-

â®à®¬ã § ¨¥ ¤®¯ãáª ¥¬ëå ¯à¥®¡à §®¢ ¨© ¯®§¢®«ï¥â áâà®¨âì ®¢ë¥

F-ª®à á¯à¥¤¥«¥¨ï ¨§ ¨§¢¥áâëå.

�à¥¤«®¦¥¨¥ 4.1. �ãáâì D | F-à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë,    |

¤®¯ãáª ¥¬®¥ ¯à¥®¡à §®¢ ¨¥ á¨áâ¥¬ë (4.1). �®£¤   � | F-à á¯à¥¤¥«¥-

¨¥ á¨áâ¥¬ë (4.1).
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�®ª  §  â ¥ « ì á â ¢ ®. �á«®¢¨¥ ä ªâ®à¨§ æ¨¨ (4.45) ¬®¦® ¯à¥¤-

áâ ¢¨âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥: [F;D] � D + LF . �®£« á® à §¤¥«ã 3.1,

 �F = F . �®íâ®¬ã  �LF = LF . �¬¥¥¬, ¨á¯®«ì§ãï ¯à¥¤«®¦¥¨¥ 1.4,

 �[F;D] = [ �F;  �D] = [F;  �D];

 �(D + LF ) =  �D +  �LF =  �D + LF :

�«¥¤®¢ â¥«ì®, [F;  �D] �  �D + LF . 2

�¥¯¥àì à áá¬®âà¨¬ à®«ì ¤®¯ãáª ¥¬ëå  «£¥¡à �¨ ¤«ï ä ªâ®à¨§ æ¨¨

¢ ª â¥£®à¨¨ AS. � ¬¥â¨¬, çâ®   «®£¨çë© ¢®¯à®á ¢ ª â¥£®à¨¨ ASP
¡ë« ¯®¤à®¡® ¨áá«¥¤®¢  ¢ à ¡®â å �.�.� ¢«®¢áª®£® ¨ �.�.�ª®¢¥ª®

[39{44].

�ª §ë¢ ¥âáï, çâ® ª ¦¤ ï ¯®¤ «£¥¡à  a  «£¥¡àë a1 (ª®â®à ï ®¯à¥-

¤¥«¥  ¢ à §¤¥«¥ 3.3) ¯®à®¦¤ ¥â ¥ª®â®àãî ä ªâ®à¨§ æ¨î á¨áâ¥¬ë

(4.1). �¥©áâ¢¨â¥«ì®, ¨§ â¥®à¥¬ 3.12 ¨ 4.7 á«¥¤ã¥â, çâ® à á¯à¥¤¥«¥¨¥

�a, ¯®à®¦¤ ¥¬®¥  «£¥¡à®© a � a1, ï¢«ï¥âáï (¢ ®ªà¥áâ®áâ¨ à¥£ã«ïà®©

â®çª¨) F-à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (4.1).

�áâ ®¢¨¬áï ¯®¤à®¡¥¥   ¯®¤ «£¥¡à¥ ac, ª®â®à ï á®áâ®¨â ¨§ ¢¥ª-

â®àëå ¯®«¥©, ¯à¨ ¤«¥¦ é¨å å à ªâ¥à¨áâ¨ç¥áª®¬ã à á¯à¥¤¥«¥¨î

CF . �®¯à®á ® ä ªâ®à¨§ æ¨¨, ¯®à®¦¤ ¥¬®©  «£¥¡à®© ac, ¯® áãé¥áâ¢ã

ã¦¥ à¥è¥ à ¥¥ ¢ íâ®© à ¡®â¥ ¢ â¥à¬¨ å ¤¢®©áâ¢¥®£® ®¡ê¥ªâ ,  

¨¬¥® t-å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï CtK, £¤¥ K = F?. (� -

¯®¬¨¬, çâ®, á®£« á® â¥®à¥¬¥ 1.12, (CtK)? = CF ¢ á«ãç ¥ à¥£ã«ïà-

®áâ¨ CtK.) � ª¨¬ ®¡à §®¬, ¥á«¨ dimCF = n � q, â® ¯® â¥®à¥¬¥ 4.11

á¨áâ¥¬  (4.1) ¤®¯ãáª ¥â ®á®¢ãî ¤¥ª®¬¯®§¨æ¨î (4.66), (4.67). � á®®â-

¢¥âáâ¢¨¨ á § ¬¥ç ¨¥¬ 4.9 ¯®¤ «£¥¡àë  «£¥¡àë ac â ª¦¥ ®¯à¥¤¥«ïîâ

¤¥ª®¬¯®§¨æ¨¨ ¢¨¤  (4.66), (4.67). �«£¥¡à¥ ac á®®â¢¥âáâ¢ã¥â ¤¥ª®¬¯®§¨-

æ¨ï (4.66), (4.67) á ¬ ªá¨¬ «ì® âà¨¢¨ «ì®© ç áâìî (4.66).



�« ¢  5

�ã¦¥¨¥

ã¯à ¢«ï¥¬ëå á¨áâ¥¬

5.1. �®¤á¨áâ¥¬ë

¨ ãá«®¢¨ï ¨å áãé¥áâ¢®¢ ¨ï

� áá¬®âà¨¬  ää¨ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr ; (5.1)

ï¢«ïîéãîáï ®¡ê¥ªâ®¬ S ª â¥£®à¨¨ AS. �®£« á® â¥à¬¨®«®£¨¨ â¥-

®à¨¨ ª â¥£®à¨© (á¬. à §¤¥« 1.2), ¯®¤®¡ê¥ªâ ®¡ê¥ªâ  S | íâ® ¯ à ,

á®áâ®ïé ï ¨§  ää¨®© ã¯à ¢«ï¥¬®© á¨áâ¥¬ë

_x = h0(x) + h(x)v; x 2 L � Rm; v 2 Rs; (5.2)

ï¢«ïîé¥©áï ®¡ê¥ªâ®¬ S ª â¥£®à¨¨ AS, ¨ ¬®®¬®àä¨§¬ , â.¥. ¬®à-

ä¨§¬  �:L ! M , ¯à¥¤áâ ¢«ïîé¥£® á®¡®© ¨ê¥ªâ¨¢®¥ ®â®¡à ¦¥¨¥.

�¨áâ¥¬ã (5.2) ¡ã¤¥¬  §ë¢ âì ¯®¤á¨áâ¥¬®© á¨áâ¥¬ë (5.1).

�ë ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ ¯®¤á¨áâ¥¬, ¤«ï ª®â®àëå ¡¨¥ªæ¨ï

� ®¡« áâ¨ L   á¢®© ®¡à § N = �(L) ï¢«ï¥âáï ¤¨ää¥®¬®àä¨§¬®¬, â.¥.

®¡à â®¥ ®â®¡à ¦¥¨¥ ��1:N ! L â ª ¦¥, ª ª ¨ �, ï¢«ï¥âáï £« ¤ª¨¬

®â®¡à ¦¥¨¥¬.

�á«¨ �:L ! N | ¤¨ää¥®¬®àä¨§¬, â® N | í«¥¬¥â à®¥ ¬®£®-

®¡à §¨¥ à §¬¥à®áâ¨ m. � à  (L; �) ï¢«ï¥âáï ¥ª®â®à®© ª àâ®© ¬®£®-

®¡à §¨ï N , ¯à¨ç¥¬ ¯ à ¬¥âà¨§ æ¨ï � ï¢«ï¥âáï ¨¬¬¥àá¨¥©.

�â ª, ¥á«¨ (S; �) | ¯®¤®¡ê¥ªâ á¨áâ¥¬ë S, â® N = �(L) ï¢«ï¥âáï

m-¬¥àë¬ í«¥¬¥â àë¬ ¬®£®®¡à §¨¥¬, «¥¦ é¨¬ ¢ ®¡« áâ¨M � Rn.
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�á«¨ ¢ M (ï¢«ïîé¥¬áï ä §®¢ë¬ ¯à®áâà áâ¢®¬ á¨áâ¥¬ë (5.1)) § -

¤ ® í«¥¬¥â à®¥ ¬®£®®¡à §¨¥ N , â® ¡ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬ 

(5.1) ¤®¯ãáª ¥â áã¦¥¨¥   ¬®£®®¡à §¨¥ N , ¥á«¨ ¤«ï ¥ª®â®à®© ª àâë

(L; �) áãé¥áâ¢ã¥â ¯®¤®¡ê¥ªâ (S; �) á¨áâ¥¬ë (5.1). �®£®®¡à §¨¥ N ¯à¨

íâ®¬  §ë¢ ¥âáï P-¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (5.1). �á«¨ P-¬®£®®¡à §¨¥

ï¢«ï¥âáï ®¡« áâìî ¢ M , â® ¯®¤®¡ê¥ªâ ¨ á®®â¢¥âáâ¢ãîé ï ¯®¤á¨áâ¥¬ 

 §ë¢ îâáï ®âªàëâë¬¨.

� á¨«ã â®£®, çâ® ¬¥¦¤ã â®çª ¬¨ L ¨ â®çª ¬¨ N ¨¬¥¥âáï ¤¨ää¥®-

¬®àä®¥ á®®â¢¥âáâ¢¨¥, ¬®¦® £®¢®à¨âì (¤®¯ãáª ï ¢®«ì®áâì à¥ç¨), çâ®

¯®¤á¨áâ¥¬  (5.2) § ¤     ¬®£®®¡à §¨¨ N .

� ¤¨¬ «®ª «ìë© ¢ à¨ â ®¯à¥¤¥«¥¨ï áã¦¥¨ï. �á«¨ N � M |

¬®£®®¡à §¨¥ (¥ ®¡ï§ â¥«ì® í«¥¬¥â à®¥), â® ¬®£®®¡à §¨¥ W \N ,

£¤¥ W | ®¡« áâì ¢ M ,  §ë¢ ¥âáï ®âªàëâë¬ ¯®¤¬®£®®¡à §¨¥¬ ¬®-

£®®¡à §¨ï N . �ã¤¥¬ £®¢®à¨âì, çâ® á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â «®ª «ì®¥

áã¦¥¨¥   ¬®£®®¡à §¨¥ N ¢ â®çª¥ y0 2 N , ¥á«¨ á¨áâ¥¬  (5.1) ¤®¯ãá-

ª ¥â áã¦¥¨¥   ¥ª®â®à®¥ (í«¥¬¥â à®¥) ®âªàëâ®¥ ¯®¤¬®£®®¡à §¨¥

¬®£®®¡à §¨ï N , á®¤¥à¦ é¥¥ â®çªã y0. �¥§ã«ìâ âë íâ®© £« ¢ë ¢ ®á®¢-

®¬ ®áïâ «®ª «ìë© å à ªâ¥à, â.¥. á¢ï§ ë á ¯®ïâ¨¥¬ «®ª «ì®£®

áã¦¥¨ï ¢ â®çª¥. �à¨ íâ®¬ ï¢®¥ ã¯®¬¨ ¨¥ â®çª¨, ¢ ª®â®à®© á¨-

áâ¥¬  ¤®¯ãáª ¥â «®ª «ì®¥ áã¦¥¨¥, ¨ á«®¢® ú«®ª «ì®¥û ¡ã¤ãâ ç áâ®

®¯ãáª âìáï.

� á®®â¢¥âáâ¢¨¨ á â¥à¬¨®«®£¨¥© à §¤¥«  2.2 ¯®¤á¨áâ¥¬  (5.2)  §ë-

¢ ¥âáï ¯®¤á¨áâ¥¬®© ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨«¨ ¯®¤á¨áâ¥¬®© ¢ ª â¥-

£®à¨¨ ASP, ¥á«¨ ¬®àä¨§¬ �:L!M ï¢«ï¥âáï ¬®àä¨§¬®¬ ¯® ä §®¢ë¬

¯¥à¥¬¥ë¬. �®¤á¨áâ¥¬  (5.2)  §ë¢ ¥âáï ¯®¤á¨áâ¥¬®© ¯® ã¯à ¢«¥-

¨ï¬ ¨«¨ ¯®¤á¨áâ¥¬®© ¢ ª â¥£®à¨¨ ASC, ¥á«¨ ¬®àä¨§¬ � ï¢«ï¥âáï

¬®àä¨§¬®¬ ¯® ã¯à ¢«¥¨ï¬. �®®â¢¥âáâ¢¥® ¡ã¤¥¬ £®¢®à¨âì â ª¦¥ ®

áã¦¥¨¨ ¨ P-¬®£®®¡à §¨ïå ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨ ¯® ã¯à ¢«¥¨-

ï¬.

� áá¬®âà¨¬ ªà âª® ¢®¯à®á ® áã¦¥¨¨ ¢ ª â¥£®à¨¨ ASP.

�à¥¤«®¦¥¨¥ 5.1. �¯à ¢«ï¥¬ ï á¨áâ¥¬  (5.1) â®£¤  ¨ â®«ìª®

â®£¤  ¤®¯ãáª ¥â áã¦¥¨¥   (í«¥¬¥â à®¥) ¬®£®®¡à §¨¥ N , ª®£¤ 

 áá®æ¨¨à®¢ ë¥ ¯®«ï f�, � = 0; 1; : : : ; r; ª á îâáï N .

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã¦¥¨¥   N ¨

¯ãáâì á¨áâ¥¬  (5.2) ï¢«ï¥âáï ¯®¤á¨áâ¥¬®©. �§ ¯à¥¤«®¦¥¨ï 2.3 á«¥¤ã¥â,

çâ® f� = ��h�, â.¥.  áá®æ¨¨à®¢ ë¥ ¯®«ï f� ¨ h� á¨áâ¥¬ (5.1), (5.2)

�-á¢ï§ ë. �§ ¯à¥¤«®¦¥¨ï 1.5 ¢ëâ¥ª ¥â, çâ® ¯®«ï f� ª á îâáï N , â.¥.

f�(y) 2 TNy , 8y 2 N . �ãáâì â¥¯¥àì,  ®¡®à®â, ¯®«ï f� ª á îâáï N .

�®§ì¬¥¬ ¯à®¨§¢®«ìãî ª àâã (L; �) ¬®£®®¡à §¨ï N . �§ ¯à¥¤«®¦¥¨ï

1.5 á«¥¤ã¥â, çâ® ¢ ®¡« áâ¨ ®¯à¥¤¥«¥ë ¨¤ãæ¨à®¢ ë¥ ¯®«ï, â.¥. â ª¨¥
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¯®«ï

f� = f
k

�

@

@xk
; k = 1; : : : ;m; � = 0; 1; : : : ; r; (5.3)

çâ® f� = ��f�; � = 0; 1; : : : ; r. �®áâà®¨¬ á ¯®¬®éìî íâ¨å ¯®«¥© ã¯à ¢-

«ï¥¬ãî á¨áâ¥¬ã

_x = f0(x) + f (x)u; x 2 L � Rm; u 2 Rr : (5.4)

�§ ¯à¥¤«®¦¥¨ï 2.3 á«¥¤ã¥â, çâ® � | ¬®àä¨§¬ á¨áâ¥¬ë (5.4) ¢ á¨áâ¥¬ã

(5.1). �«¥¤®¢ â¥«ì®, (5.4) | ¯®¤á¨áâ¥¬  á¨áâ¥¬ë (5.1). 2

�§ ¯à¥¤«®¦¥¨© 5.1, 1.47 á«¥¤ã¥â, çâ® á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã-

¦¥¨¥   ¬®£®®¡à §¨¥ N â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  íâ® ¬®£®®¡à -

§¨¥ ï¢«ï¥âáï «®ª «ì® ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬  áá®æ¨¨à®¢ ®©

£àã¯¯ë, â.¥. £àã¯¯ë ¤¨ää¥®¬®àä¨§¬®¢, ¯®à®¦¤ ¥¬®©  áá®æ¨¨à®¢ -

ë¬ á¥¬¥©áâ¢®¬ ¯®«¥© f = ff�; � = 0; 1; : : :; rg.
�ë ¡ã¤¥¬  §ë¢ âì ª ¦¤®¥ â ª®¥ ¬®£®®¡à §¨¥ N â ª¦¥ «®ª «ì®

¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (5.1), ¨¡® ®® ®¡« ¤ ¥â á«¥¤ãî-

é¨¬ á¢®©áâ¢®¬: «î¡®¥ à¥è¥¨¥ y(t), ª®â®à®¥ á®®â¢¥âáâ¢ã¥â ã¯à ¢«¥¨î

u(t), t 2 [t0; t1], ¯à¨ç¥¬ y(t0) 2 N , «®ª «ì® ¯à¨ ¤«¥¦¨â N , â.¥. áãé¥-

áâ¢ã¥â â ª®© ¯®«ã®âªàëâë© á¯à ¢  ¨â¥à¢ « I � [t0; t1], çâ® y(t) 2 I,

t 2 I. �¯à ¢¥¤«¨¢®áâì íâ®£® á¢®©áâ¢  ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¨å à ááã-

¦¤¥¨©. �ãáâì (5.4) | ¯®¤á¨áâ¥¬ , á®®â¢¥âáâ¢ãîé ï ¬®£®®¡à §¨î N .

� áá¬®âà¨¬ à¥è¥¨¥ x(t) á¨áâ¥¬ë (5.4), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î

u(t), t 2 [t0; t1]; ¯à¨ç¥¬ x(t0) = ��1(y(t0)). �â® à¥è¥¨¥ ®¯à¥¤¥«¥®  

¥ª®â®à®¬ ¯®«ã®âªàëâ®¬ á¯à ¢  ¨â¥à¢ «¥ I � [t0; t1]. �® ®¯à¥¤¥«¥¨î

¯®¤á¨áâ¥¬ë y(t) = �(x(t)) 2 N , t 2 I.
�®£®®¡à §¨¥ N  §ë¢ ¥âáï ¨¢ à¨ âë¬, ¥á«¨ «î¡®¥ à¥è¥¨¥ á¨-

áâ¥¬ë (5.1), ¯¥à¥á¥ª îé¥¥ N , æ¥«¨ª®¬ ¯à¨ ¤«¥¦¨â N . �¯à ¢¥¤«¨¢®

ãâ¢¥à¦¤¥¨¥,   «®£¨ç®¥ ¯à¥¤«®¦¥¨î 1.48: § ¬ªãâ®¥ ¬®£®®¡à §¨¥

ï¢«ï¥âáï ¨¢ à¨ âë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (5.1) â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤   áá®æ¨¨à®¢ ë¥ ¯®«ï ª á îâáï íâ®£® ¬®£®®¡à §¨ï.

�â ª, P-¬®£®®¡à §¨ï ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ | íâ® «®ª «ì®

¨¢ à¨ âë¥ ¬®£®®¡à §¨ï á¨áâ¥¬ë (5.1).

�¥¦¤ã à¥è¥¨ï¬¨ á¨áâ¥¬ë (5.1), «¥¦ é¨¬¨   «®ª «ì® ¨¢ à¨-

 â®¬ ¬®£®®¡à §¨¨ N , ¨ à¥è¥¨ï¬¨ ¯®¤á¨áâ¥¬ë (5.4) ¨¬¥¥âáï ¢§ -

¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥, ®áãé¥áâ¢«ï¥¬®¥ ¤¨ää¥®¬®àä¨§¬®¬ �.

�«¥¤®¢ â¥«ì®, ¢®¯à®á ®  å®¦¤¥¨¨ à¥è¥¨© á¨áâ¥¬ë (5.1), ¯à®å®¤ï-

é¨å ç¥à¥§ ¬®£®®¡à §¨¥ N , á¢®¤¨âáï ª ¢®¯à®áã ®  å®¦¤¥¨¨ à¥è¥¨©

¯®¤á¨áâ¥¬ë ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ (5.4), ä §®¢®¥ ¯à®áâà áâ¢® ª®â®-

à®© ¨¬¥¥â à §¬¥à®áâì, ¢®®¡é¥ £®¢®àï, ¬¥ìèãî, ç¥¬ n, ¨ ¤«ï ª®â®à®©

¤ ë© ¢®¯à®á ¯à®é¥, ç¥¬ ¤«ï ¨áå®¤®© á¨áâ¥¬ë.

�ãé¥áâ¢®¢ ¨¥ «®ª «ì® ¨¢ à¨ âëå ¬®£®®¡à §¨© á¨áâ¥¬ë (5.1),

á®£« á® à §¤¥«ã 1.3, ®¯à¥¤¥«ï¥âáï  áá®æ¨¨à®¢ ®©  «£¥¡à®© �¨ f
�,
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â.¥. ¬¨¨¬ «ì®©  «£¥¡à®© �¨, á®¤¥à¦ é¥©  áá®æ¨¨à®¢ ®¥ á¥¬¥©áâ¢®

¯®«¥© f. �á«¨ dim�f� (y0) = p < n, £¤¥ �f� | à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ -

¥¬®¥  «£¥¡à®© f�, y0 | à¥£ã«ïà ï â®çª  íâ®£® à á¯à¥¤¥«¥¨ï, â® áãé¥-

áâ¢ãîâ («®ª «ì®) ¨¢ à¨ âë¥ ¬®£®®¡à §¨ï £àã¯¯ë G, ¯à®å®¤ïé¨¥

ç¥à¥§ y0, «î¡®© à §¬¥à®áâ¨ ®â p ¤® n. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1.7

«î¡®¥ «®ª «ì® ¨¢ à¨ â®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ r; p6r < n;

¬®¦® «®ª «ì® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (1.52), £¤¥ q = n � r;m = n � p,

  äãªæ¨¨ 'k(y); k = 1; : : : ;m á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢

á¥¬¥©áâ¢  f. � ®ªà¥áâ®áâ¨ â®çª¨ y0 ®¯à¥¤¥«¥® á¥¬¥©áâ¢® «®ª «ì®

¨¢ à¨ âëå ¬®£®®¡à §¨© ¬¨¨¬ «ì®© à §¬¥à®áâ¨ p

'k(y) � ck = 0; k = 1; : : : ;m = n � p; (5.5)

£¤¥ ck = const .

� áá¬®âà¨¬ á¢ï§ì áã¦¥¨ï ¢ ª â¥£®à¨¨ ASP á ä ªâ®à¨§ æ¨¥© á¯¥-

æ¨ «ì®£® ¢¨¤  (4.20) ¢ ª â¥£®à¨¨ ASP. �¤¥« ¥¬ («®ª «ìãî) § ¬¥ã

ª®®à¤¨ â

xk = 'k(y); k = 1; : : : ; n; (5.6)

£¤¥ 'k(y); k = 1; : : : ;m | ¯®«ë©  ¡®à ¨â¥£à «®¢ f,   'k(y); k =

m + 1; : : : ; n; | ¯à®¨§¢®«ìë¥ äãªæ¨¨, ¢ë¡à ë¥ â ª¨¬ ®¡à §®¬,

çâ®¡ë § ¬¥  ª®®à¤¨ â (5.6) ¡ë«  ¥¢ëà®¦¤¥®©. � ®¢®© á¨áâ¥¬¥

ª®®à¤¨ â á¥¬¥©áâ¢® ¬®£®®¡à §¨© (5.5) ¢ë£«ï¤¨â â ª:

xk � ck = 0; k = 1; : : : ;m; (5.7)

  á¨áâ¥¬  (5.1) ¯à¨®¡à¥â ¥â á«¥¤ãîé¨© ¢¨¤:

_xk = 0; k = 1; : : : ;m; (5.8)

_xl = f
l

0(x) + f
l

�(x)u
�; l = m + 1; : : : ; n: (5.9)

�á«¨ ¢§ïâì ¥ª®â®à®¥ ¬®£®®¡à §¨¥ ¨§ á¥¬¥©áâ¢  (5.7), ä¨ªá¨àãï ¯®áâ®-

ïë¥ ck0 ; k = 1; : : : ;m, â® á®®â¢¥âáâ¢ãîé ï ¯®¤á¨áâ¥¬  á¨áâ¥¬ë (5.8),

(5.9)   íâ®¬ ¬®£®®¡à §¨¨ ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã (5.9), ¢ ª®â®àãî

¢¬¥áâ® x1; : : : ; xm ¯®¤áâ ¢«¥ë ¯®áâ®ïë¥ c10; : : : ; c
m
0 .

�¨áâ¥¬  (5.8) ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®© á¯¥æ¨ «ì®£® ¢¨¤  (4.20),

¯à¨ç¥¬ ª« áá ¬¨ F-®â®è¥¨ï íª¢¨¢ «¥â®áâ¨ ï¢«ïîâáï P-¬®£®®¡-

à §¨ï, ¢å®¤ïé¨¥ ¢ á¥¬¥©áâ¢® (5.5).

�®§¬®¦®áâ¨ ¤«ï áã¦¥¨ï, â ª ¦¥, ª ª ¨ ¤«ï ä ªâ®à¨§ æ¨¨, ¢

ª â¥£®à¨¨ ASP ¤®¢®«ì® ®£à ¨ç¥ë. �á«¨ á¨áâ¥¬  (5.1)  å®¤¨â-

áï ¢ ®¡é¥¬ ¯®«®¦¥¨¨, â.¥. dim�f�(y) = n, 8y 2 M , â® «®ª «ì®

¨¢ à¨ âëå ¬®£®®¡à §¨© ¨«¨, ¨ ç¥ £®¢®àï, P-¬®£®®¡à §¨© ¢ ª -

â¥£®à¨¨ ASP à §¬¥à®áâ¨ r < n ¥ áãé¥áâ¢ã¥â (íâ® á«¥¤ã¥â ¨§ à -

¢¥áâ¢  (1.50)). � ¬¥â¨¬, çâ® ¢ íâ®¬ á«ãç ¥, á®£« á® â¥®à¥¬¥ 1.28



248 �«. 5. ������� ����������� ������

(� è¥¢áª®£®|�¦®ã),  áá®æ¨¨à®¢  ï £àã¯¯  á¨áâ¥¬ë (5.1) (¯à¨ ãá«®-

¢¨¨ á¢ï§®áâ¨ M ) ï¢«ï¥âáï âà §¨â¨¢®©.

� ¬¥ç ¨¥ 5.1. �¨¨¬ «ì ï  «£¥¡à  �¨, á®¤¥à¦ é ï ¯®«ï á¥-

¬¥©áâ¢  f0 = ffu = f0+fu; u 2 Rng; á®¢¯ ¤ ¥â á f�. �®íâ®¬ã ¥á«¨ á¨áâ¥-

¬  (5.1)  å®¤¨âáï ¢ ®¡é¥¬ ¯®«®¦¥¨¨,  M | á¢ï§ ï ®¡« áâì, â®, á®-

£« á® â¥®à¥¬¥ 1.28 (� è¥¢áª®£®|�¦®ã), £àã¯¯  ¤¨ää¥®¬®àä¨§¬®¢,

¯®à®¦¤ ¥¬ ï á¥¬¥©áâ¢®¬ f
0, ï¢«ï¥âáï âà §¨â¨¢®©. �«¥¤®¢ â¥«ì®,

¨§ «î¡®© â®çª¨ y0 2M ¬®¦® ¯®¯ áâì ¢ «î¡ãî ¤àã£ãî â®çªã y1 2M ,

¤¢¨£ ïáì ¯® ¨â¥£à «ìë¬ âà ¥ªâ®à¨ï¬ ¯®«¥© á¥¬¥©áâ¢  f0, â.¥. ¯®

à¥è¥¨ï¬ ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (5.1), á®®â¢¥âáâ¢ãîé¨¬ ¯®áâ®ïë¬

ã¯à ¢«¥¨ï¬. �à¨ íâ®¬ à §à¥è ¥âáï ¤¢¨¦¥¨¥ ª ª ¢ ¯®«®¦¨â¥«ì®¬

 ¯à ¢«¥¨¨ ¢à¥¬¥¨, â ª ¨ ¢ ®âà¨æ â¥«ì®¬. � íâ®¬ á«ãç ¥, £®¢®àïâ,

çâ® á¨áâ¥¬  (5.1) ®¡« ¤ ¥â á¢®©áâ¢®¬ á« ¡®© ã¯à ¢«ï¥¬®áâ¨. �® ¯®¢®¤ã

à §ëå ®¯à¥¤¥«¥¨© ã¯à ¢«ï¥¬®áâ¨ á¬. [11, 59] .

�â® ª á ¥âáï ¯®¤á¨áâ¥¬ ¯® ã¯à ¢«¥¨ï¬ á¨áâ¥¬ë (5.1), â®, ¢ á®®â-

¢¥âáâ¢¨¨ á à §¤¥«®¬ 2.2, ª ¦¤ ï ¯®¤á¨áâ¥¬ 

_y = g0(y) + g(y)v; y 2 U � Rn; v 2 Rs; (5.10)

¯®«ãç ¥âáï ®£à ¨ç¥¨¥¬ á¨áâ¥¬ë (5.1)   ¥ª®â®àãî ®¡« áâì U � M

¨ § ¬¥®© ã¯à ¢«¥¨© (¢®®¡é¥ £®¢®àï, ¢ëà®¦¤¥®©)

u = �0(y) + �(y)v; y 2 U � Rn (5.11)

(â.¥. ¢ (5.10) g0 = f0 + f�0; g = f�). � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢®

à¥è¥¨© á¨áâ¥¬ë (5.10) á®áâ ¢«ï¥â ç áâì ¬®¦¥áâ¢  à¥è¥¨© á¨áâ¥¬ë

(5.1), «¥¦ é¨å ¢ U .

�¥à¥å®¤¨¬ â¥¯¥àì ª áã¦¥¨î ¢ ª â¥£®à¨¨ AS.
�¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥, á®£« á® ª®â®à®¬ã ª ¦¤ë©

¬®àä¨§¬, ®¯à¥¤¥«ïîé¨© ¯®¤á¨áâ¥¬ã ®¡é¥£® ¢¨¤  (â.¥. ¢ ª â¥£®à¨¨

AS), ¤®¯ãáª ¥â (¯® ªà ©¥© ¬¥à¥, «®ª «ì®) ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥ ª®¬-
¯®§¨æ¨¨ ¬®àä¨§¬  ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨ ¬®àä¨§¬  ¯® ã¯à ¢«¥-

¨ï¬.

�à¥¤«®¦¥¨¥ 5.2. �ãáâì á¨áâ¥¬  (5.2) ï¢«ï¥âáï ¯®¤á¨áâ¥¬®©

 ää¨®© á¨áâ¥¬ë (5.1). �®£¤  ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ y0 áã-

é¥áâ¢ã¥â ¯®¤á¨áâ¥¬  ¯® ã¯à ¢«¥¨ï¬ (5.10) á¨áâ¥¬ë (5.1), ¤«ï ª®â®-

à®© á¨áâ¥¬  (5.2), ®£à ¨ç¥ ï   ¥ª®â®àãî ®ªà¥áâ®áâì, ï¢«ï¥âáï

¯®¤á¨áâ¥¬®© ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬.

�®ª  §  â ¥ « ì á â ¢ ®. �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0. �®£« á®

á«¥¤áâ¢¨î 2.2 ª ¯à¥¤«®¦¥¨î 2.2, ¬®àä¨§¬ã � á¨áâ¥¬ë (5.2) ¢ á¨áâ¥¬ã
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(5.1) «®ª «ì® á®®â¢¥âáâ¢ã¥â § ¬¥  ã¯à ¢«¥¨©

u = �0(x) + �(x)v; x 2 V � L; (5.12)

¯à¨ç¥¬ ��1(y0) 2 V . �ãáâì N = �(V ) | P-¬®£®®¡à §¨¥, á®®â¢¥â-

áâ¢ãîé¥¥ ¯®¤á¨áâ¥¬¥, ï¢«ïîé¥©áï ®£à ¨ç¥¨¥¬ á¨áâ¥¬ë (5.2)   V .

� ª ª ª ��1:N ! V | £« ¤ª®¥ ®â®¡à ¦¥¨¥, â® ¤«ï â®çª¨ y0 2 N

áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ®áâì U � M ¨ â ª®¥ £« ¤ª®¥ ®â®¡à ¦¥¨¥

:U ! L, çâ® (y) = ��1(y); y 2 U \N . � áá¬®âà¨¬ ¢ ®¡« áâ¨ U ¯®¤á¨-

áâ¥¬ã ¯® ã¯à ¢«¥¨ï¬ (5.10) á¨áâ¥¬ë (5.1), ª®â®à ï ¯®«ãç ¥âáï ¨§ (5.1)

®£à ¨ç¥¨¥¬   U ¨ § ¬¥®© ã¯à ¢«¥¨© (5.11), £¤¥

�0(y) = �0((y)); �(y) = �((y)); y 2 U:
�®ª ¦¥¬, çâ® ã¯à ¢«ï¥¬ ï á¨áâ¥¬ , ª®â®à ï ¯®«ãç ¥âáï ®£à ¨ç¥¨-

¥¬ (5.2)   ®¡« áâì W = ��1(U \ N ) � L, ï¢«ï¥âáï ¯®¤á¨áâ¥¬®© ¯®

ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬ë (5.10). �ãáâì x(t) | à¥è¥¨¥ á¨áâ¥-

¬ë (5.2), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î v(t). �®£¤  y(t) = �(x(t)) |

à¥è¥¨¥ á¨áâ¥¬ë (5.1), á®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨î u(t) = �0(x(t))+

+�(x(t))v(t). � ¬¥â¨¬, çâ® x(t) = (y(t)) = ��1(y(t)). �«¥¤®¢ â¥«ì®,

_y(t) = f0(y(t)) + f(y(t))v(t) = f0(y(t)) + f(y(t))(�0(x(t)) + �(x(t))v) =

= f0(y(t)) + f(y(t))(�0(y(t)) + �(y(t))v(t)) = g0(y(t)) + g(y(t))v(t):

� ª¨¬ ®¡à §®¬, y(t) | à¥è¥¨¥ á¨áâ¥¬ë (5.10), á®®â¢¥âáâ¢ãîé¥¥ ã¯-

à ¢«¥¨î v(t), â.¥. � | ¬®àä¨§¬ ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ á¨áâ¥¬ë

(5.2), ®£à ¨ç¥®©   W , ¢ á¨áâ¥¬ã (5.10). 2

�§ ¯à¥¤«®¦¥¨ï 5.2 ¢ëâ¥ª ¥â, çâ® ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¯®¤á¨á-

â¥¬ ®¡é¥£® ¢¨¤  á¢®¤¨âáï ª ¢®¯à®áã ® áãé¥áâ¢®¢ ¨¨ § ¬¥ ã¯à ¢-

«¥¨©, ª®â®àë¥ ¯à¨¢®¤ïâ ª ¯®¤á¨áâ¥¬ ¬ ¯® ã¯à ¢«¥¨ï¬, ¨¬¥îé¨¬

¯®¤á¨áâ¥¬ë ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬ ¨«¨, ¨ ç¥ £®¢®àï, ¨¬¥îé¨¬ ¨-

¢ à¨ âë¥ ¬®£®®¡à §¨ï. � ª¨¬ ®¡à §®¬, ¢ ¯à¨æ¨¯¥, ¬®¦® ¨áª âì

§ ¬¥ë ã¯à ¢«¥¨© (5.11) ¨§ ãá«®¢¨ï, çâ®¡ë ¤«ï ¢®§¨ªè¥© ¯®¤á¨áâ¥-

¬ë (5.10)

dim�g� < n; (5.13)

£¤¥ g |  áá®æ¨¨à®¢ ®¥ á¥¬¥©áâ¢® ¯®«¥© á¨áâ¥¬ë (5.10). �â® ¯à¨¢®-

¤¨â ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ ¢ ç áâëå ¯à®¨§¢®¤ëå ®â®á¨-

â¥«ì® ��� (y). �¨âã æ¨ï §¤¥áì   «®£¨ç  á¨âã æ¨¨, ¢®§¨ª îé¥© ¯à¨

 å®¦¤¥¨¨ ä ªâ®àá¨áâ¥¬, ª®â®à ï à áá¬®âà¥  ¢ ¯à¥¤ë¤ãé¥© £« ¢¥.

� ¯®¬¨¬, çâ® ¬®àä¨§¬ë, ®¯à¥¤¥«ïîé¨¥ ä ªâ®à¨§ æ¨î, â ª¦¥ ¤®-

¯ãáª îâ ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥ ª®¬¯®§¨æ¨¨ ¬®àä¨§¬  ¯® ã¯à ¢«¥¨ï¬

¨ ¬®àä¨§¬  ¯® ä §®¢ë¬ ¯¥à¥¬¥ë¬. �áå®¤ï ¨§ íâ®£®, ª ª ®â¬¥ç -

«®áì, ¬®¦® ¨áª âì § ¬¥ë ã¯à ¢«¥¨© (4.41), ¯à¨¢®¤ïé¨¥ ª ä ªâ®-

à¨§ æ¨¨, ¨á¯®«ì§ãï ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ä ªâ®àá¨áâ¥¬ ¯® ä §®¢ë¬
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¯¥à¥¬¥ë¬, çâ® ¯à¨¢®¤¨â ª ¤¨ää¥à¥æ¨ «ìë¬ ãà ¢¥¨ï¬ ¢ ç áâ-

ëå ¯à®¨§¢®¤ëå ®â®á¨â¥«ì® ��� (y).

�à¨¢¥¤¥¬ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï ¯®¤®¡ê¥ªâ®¢ ¢ â¥à¬¨ å P-¬®-

£®®¡à §¨©. �®¤ç¥àª¥¬, çâ® ¢ íâ® ãá«®¢¨¥ ¥ ¢å®¤ïâ ï¢® § ¬¥ë

ã¯à ¢«¥¨© ¨ çâ® íâ® ãá«®¢¨¥ ¨¬¥¥â ç¨áâ® £¥®¬¥âà¨ç¥áª¨© å à ªâ¥à.

� ¯®¬¨¬ â ª¦¥, çâ® ¯® ¨§¢¥áâë¬ ¬®àä¨§¬ ¬ § ¬¥ë ã¯à ¢«¥¨©

 å®¤ïâáï ç¨áâ®  «£¥¡à ¨ç¥áª¨¬¨ áà¥¤áâ¢ ¬¨.

�¥®à¥¬  5.1. �á«¨ á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã¦¥¨¥   ¬®£®-

®¡à §¨¥ N , â®   N áãé¥áâ¢ã¥â â ª®¥ à¥£ã«ïà®¥  ää¨®¥ à á¯à¥-

¤¥«¥¨¥ A, çâ®

A(y) � F (y); 8y 2 N; (5.14)

£¤¥ F |  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (5.1). �á«¨

  ¬®£®®¡à §¨¨ N �M áãé¥áâ¢ã¥â â ª®¥ à¥£ã«ïà®¥  ää¨®¥ à á-

¯à¥¤¥«¥¨¥ A, çâ® ¢ë¯®«ï¥âáï (5.14), â® á¨áâ¥¬  (5.14) ¤®¯ãáª ¥â

«®ª «ì®¥ áã¦¥¨¥   N ¢ ª ¦¤®© â®çª¥ N .

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã¦¥¨¥  

¬®£®®¡à §¨¥ N . P-�®£®®¡à §¨¥ N ¯® ®¯à¥¤¥«¥¨î ï¢«ï¥âáï í«¥¬¥-

â àë¬. �ãáâì (5.2) | ¯®¤á¨áâ¥¬  á¨áâ¥¬ë (5.1), ®¯à¥¤¥«¥ ï ¤«ï

ª àâë (L; �). �á«¨ H |  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥

á¨áâ¥¬ë (5.2), â®   ¬®£®®¡à §¨¨ N ®¯à¥¤¥«¥®  ää¨®¥ à á¯à¥¤¥-

«¥¨¥ A = ��H, â.¥.

A: y 2 N 7! A(y) = ��j��1(y)H(��1(y)): (5.15)

� ª ª ª H | à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥,   � | ¤¨ää¥®-

¬®àä¨§¬, â® A | à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥   N . � á¨«ã

â¥®à¥¬ë 2.1 ��jxH(x) � F (�(x)); 8x 2 L. �âáî¤  ¨ ¨§ (5.15) á«¥¤ã¥â

(5.14).

�¡à â®, ¯ãáâì   ¬®£®®¡à §¨¨ N (¥ ®¡ï§ â¥«ì® í«¥¬¥â à®¬)

áãé¥áâ¢ã¥â à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ A, ã¤®¢«¥â¢®àïîé¥¥

(5.14). �®§ì¬¥¬ ¯à®¨§¢®«ìãî â®çªã y0 2 N . � áá¬®âà¨¬ ¥ª®â®à®¥

¡ §¨á®¥ á¥¬¥©áâ¢® ¯®«¥© g�; � = 0; 1; : : : ; s;  ää¨®£® à á¯à¥¤¥«¥¨ï

A ( ¯®¬¨¬, çâ® ¯à¥¤«®¦¥¨¥ 1.16 ¢¥à® ¨ ¤«ï  ää¨ëå à á¯à¥-

¤¥«¥¨©, § ¤ ëå   ¬®£®®¡à §¨ïå). �â® á¥¬¥©áâ¢® ®¯à¥¤¥«¥®  

¥ª®â®à®¬ ®âªàëâ®¬ ¯®¤¬®£®®¡à §¨¨ N 0 � N . �®¦® áç¨â âì, çâ®

íâ® ¬®£®®¡à §¨¥ í«¥¬¥â à®¥ (¢ ¯à®â¨¢®¬ á«ãç ¥ ¥£® ¬®¦® áã§¨âì).

� áá¬®âà¨¬ ¯à®¨§¢®«ìãî ª àâã (L; �) ¬®£®®¡à §¨ï N 0. � ®¡« áâ¨ L

®¯à¥¤¥«¥® ¨¤ãæ¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ A = ��1� A, â.¥.

A:x 2 L 7! A(x) = ��1� j�(x)A(�(x)):
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(�®ç¥¥ ¡ë«® ¡ë ¯¨á âì AN 0 ¨ AN 0 .) � ª ª ª � | ¤¨ää¥®¬®àä¨§¬, â®

A| à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥, ¯à¨ç¥¬ ¥£® ¡ §¨áë¬ á¥¬¥©-

áâ¢®¬ ï¢«ï¥âáï ¨¤ãæ¨à®¢ ®¥ á¥¬¥©áâ¢® g�; � = 0; 1; : : : ; s. �®áâà®¨¬

á ¯®¬®éìî íâ¨å ¯®«¥©  ää¨ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_x = g0(x) + g�(x)v
� ; x 2 L; v 2 Rs: (5.16)

� ª ª ª ��jxA(x) = A(�(x)) � F (�(x)); â®, á®£« á® â¥®à¥¬¥ 2.1, á¨áâ¥¬ 

(5.16) ï¢«ï¥âáï ¯®¤á¨áâ¥¬®© á¨áâ¥¬ë (5.1). 2

� ¦¤®¥ à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ A, ã¤®¢«¥â¢®àïîé¥¥

ãá«®¢¨î (5.14), ¡ã¤¥¬  §ë¢ âì  ää¨ë¬ P-à á¯à¥¤¥«¥¨¥¬ á¨áâ¥-

¬ë (5.1). (�á«¨ A ï¢«ï¥âáï à á¯à¥¤¥«¥¨¥¬, â® ¬®¦® £®¢®à¨âì ® P-

à á¯à¥¤¥«¥¨¨.)

� ¯à®æ¥áá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 5.1 ¯à¨ ¯®áâà®¥¨¨ ¯®¤®¡ê-

¥ªâ  (S; �), £¤¥ S | ¯®¤á¨áâ¥¬  (5.16), ¬ë ¢®á¯®«ì§®¢ «¨áì ®¤®©

ª àâ®© (L; �) P-¬®£®®¡à §¨ï N 0, á®®â¢¥âáâ¢ãîé¥£®  ää¨®¬ã P-

à á¯à¥¤¥«¥¨î A. �á«¨ ¢§ïâì ¤àã£ãî ª àâã (L1; �1) ¬®£®®¡à §¨ï N
0,

â® ¯®«ãç¨¬ ¤àã£®© ¯®¤®¡ê¥ªâ (S1; �1). �â¨ ¯®¤®¡ê¥ªâë íª¢¨¢ «¥âë

(®¯à¥¤¥«¥¨¥ íª¢¨¢ «¥â®áâ¨ ¯®¤®¡ê¥ªâ®¢ ¯à¨¢¥¤¥® ¢ à §¤¥«¥ 1.2).

�¥©áâ¢¨â¥«ì®, à áá¬®âà¨¬ ¤¨ää¥®¬®àä¨§¬ ! = ��11 � ®¡« áâ¨ L  

L1. �¬¥¥¬

A1 = (��11 )�A = (��11 )���A = !�A; A = (!�1)�A1;

£¤¥ A;A1 | áá®æ¨¨à®¢ ë¥  ää¨ë¥ à á¯à¥¤¥«¥¨ï ¯®¤á¨áâ¥¬ S; S1.

�«¥¤®¢ â¥«ì®, ! | ¨§®¬®àä¨§¬ á¨áâ¥¬ë S ¢ á¨áâ¥¬ã S1,   !
�1 ï¢«ï-

¥âáï ¨§®¬®àä¨§¬®¬ á¨áâ¥¬ë S1 ¢ á¨áâ¥¬ã S, ¯à¨ç¥¬ � = �1! ¨ �1 =

�!�1, â.¥. ¯®¤®¡ê¥ªâë (S; �) ¨ (S1; �1) íª¢¨¢ «¥âë. � ª¨¬ ®¡à -

§®¬, ª ¦¤®¥  ää¨®¥ P-à á¯à¥¤¥«¥¨¥ ¯®à®¦¤ ¥â ª« áá íª¢¨¢ «¥â-

ëå ¯®¤®¡ê¥ªâ®¢.

� ¬¥ç ¨¥ 5.2. �ää¨®¥ P-à á¯à¥¤¥«¥¨¥ ¯®à®¦¤ ¥â ª« áá íª-

¢¨¢ «¥âëå ¯®¤®¡ê¥ªâ®¢ ¥®¤®§ ç®, ¨¡® á®®â¢¥âáâ¢ãîé¥¥ P-¬®-

£®®¡à §¨¥ ®¯à¥¤¥«¥® ¥®¤®§ ç®. �«ï ¤®áâ¨¦¥¨ï ®¤®§ ç®£® á®-

®â¢¥âáâ¢¨ï ã¦® ¯¥à¥å®¤¨âì ª à®áâª ¬  ää¨ëå P-à á¯à¥¤¥«¥¨© ¢

â®çª¥ ¨ ª« áá ¬ «®ª «ì® íª¢¨¢ «¥âëå ¯®¤®¡ê¥ªâ®¢ (¢ á®®â¢¥âáâ¢ã-

îé¨å â®çª å). �â  á¨âã æ¨ï   «®£¨ç  á¢ï§¨ ¬¥¦¤ã F-à á¯à¥¤¥«¥-

¨ï¬¨ ¨ ä ªâ®à®¡ê¥ªâ ¬¨ (á¬. § ¬¥ç ¨¥ 4.1).

�ãáâì N | ¥ª®â®à®¥ ¬®£®®¡à §¨¥, ¯à¨ ¤«¥¦ é¥¥ ä §®¢®¬ã ¯à®-

áâà áâ¢ã M á¨áâ¥¬ë (5.1). �®£« á® â¥®à¥¬¥ 5.1, ¤«ï â®£® çâ®¡ë ¢ë-

ïá¨âì, ï¢«ï¥âáï ¨«¨ ¥â ¬®£®®¡à §¨¥ N P-¬®£®®¡à §¨¥¬ á¨áâ¥¬ë

(5.1), ¥áâ¥áâ¢¥® ¯®áâà®¨âì ®£à ¨ç¥¨¥ F   N , â.¥. ®â®¡à ¦¥¨¥
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y 2 N 7! F jN (y) = F (y) \ TNy. � ¦¤®¥  ää¨®¥ P-à á¯à¥¤¥«¥¨¥

A, ®¯à¥¤¥«¥®¥   N , ¤®«¦® ¯à¨ ¤«¥¦ âì F jN . �á«¨ F jN ï¢«ï¥âáï

à¥£ã«ïàë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬, â® á®®â¢¥âáâ¢ãîé¨¥ ¯®¤®¡ê-

¥ªâë ¨ ¯®¤á¨áâ¥¬ë ¡ã¤¥¬  §ë¢ âì ¨¤ãæ¨à®¢ ë¬¨.

�à®¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ¢ëç¨á«¥¨ï ¯® ¯®áâà®¥¨î F jN ¤«ï m-

¬¥à®£® ¬®£®®¡à §¨ï N , § ¤ ®£® ¢ ¢¨¤¥ £à ä¨ª 

ya � �a(y1; : : : ; ym) = 0; a = m+ 1; : : : ; n; (5.17)

y = (y1; : : : ; ym) 2 V � Rm:
�®£« á® ¯à¥¤«®¦¥¨î 1.8, ¢¥ªâ®àë ¨§ F (y), ¯à¨ ¤«¥¦ é¨¥ TNy,

á®®â¢¥âáâ¢ãîâ â¥¬ § ç¥¨ï¬ u 2 Rr , ¤«ï ª®â®àëå
(�a0(y) + u��a�(y))jy2N = 0; (5.18)

a = m + 1; : : : ; n; � = 1; : : : ; r;

£¤¥ �a� = f i�@=@y
i(ya � �a(y)) , � = 0; 1; : : : ; r. �¥§ ®£à ¨ç¥¨ï ®¡é-

®áâ¨ ¬®¦® áç¨â âì, çâ® rank f = r, â.¥. á¨áâ¥¬  (5.1) ¥¯à¨¢®¤¨¬ 

(¢ ¯à®â¨¢®¬ á«ãç ¥ ¬®¦® ¯¥à¥©â¨ ª «®ª «ì® íª¢¨¢ «¥â®© ¥¯à¨-

¢®¤¨¬®© á¨áâ¥¬¥, ª®â®à ï «®ª «ì® ¨¬¥¥â ®¤¨ ª®¢ë¥  ää¨ë¥ P-

à á¯à¥¤¥«¥¨ï).

�¢¥¤¥¬ äãªæ¨® «ìãî ¬ âà¨æã C(y) = kca�(y)ka=m+1;:::;n
�=1;:::;r , £¤¥

ca�(y) = �a�(y; �(y)), ¨ áâ®«¡¥æ b(y) = kba(y)k, a = m + 1; : : : ; n, £¤¥

ba(y) = �a0(y; �(y)).

� íâ¨å ®¡®§ ç¥¨ïå á®®â®è¥¨ï (5.18) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥-

¬ã «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® u

C(y)u = b(y); y 2 V � Rm: (5.19)

� ¤¨¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥. �®çªã y0 2 N ¡ã¤¥¬  §ë¢ âì à¥£ã-

«ïà®© â®çª®© ¬®£®®¡à §¨ï N ®â®á¨â¥«ì® á¨áâ¥¬ë (5.1), ¥á«¨ à -

£¨ ¬ âà¨æ �(y), (C(y)jb(y)) ¯®áâ®ïë ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨

y0 2 V � Rm (íâ  â®çª  ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï y0 = (y0; �(y0))). �ç¥-

¢¨¤®, çâ® ¬®¦¥áâ¢® à¥£ã«ïàëå â®ç¥ª ï¢«ï¥âáï ®âªàëâë¬ ¨ ¢áî¤ã

¯«®âë¬ ¯®¤¬®¦¥áâ¢®¬ ¬®£®®¡à §¨ï N (¢ â®¯®«®£¨¨ N ).

� «ì¥©è¨¥ à ááã¦¤¥¨ï ®áïâ «®ª «ìë© å à ªâ¥à ¢ ®ªà¥áâ®-

áâ¨ à¥£ã«ïà®© â®çª¨ y0 ¬®£®®¡à §¨ï N ®â®á¨â¥«ì® á¨áâ¥¬ë (5.1).

�ãáâì ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0

rankC(y) = rank (C(y)jb(y)): (5.20)

�®áâà®¨¬   ¥ª®â®à®¬ ®âªàëâ®¬ ¯®¤¬®£®®¡à §¨¨ N 0 � N , á®¤¥à¦ -

é¥¬ y0,  ää¨®¥ à á¯à¥¤¥«¥¨¥ F jN 0, ª®â®à®¥ ¡ã¤¥â ï¢«ïâìáï  ää¨-

ë¬ P-à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (5.1). (� ¬¥â¨¬, çâ® N 0 | m-¬¥à®¥
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¬®£®®¡à §¨¥, ¤¨ää¥®¬®àä®¥ ¥ª®â®à®© ®ªà¥áâ®áâ¨ V 0 � V â®çª¨

y0.) � á¨«ã (5.20) ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ á®¢¬¥áâ  á¨áâ¥¬   «£¥¡à -

¨ç¥áª¨å ãà ¢¥¨© (5.19). �ãáâì rankC(y0) = p. �®£¤  ¢ ®ªà¥áâ®áâ¨

V 0 � V ®¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (5.19) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

u = �0(y) + ��(y)v
� = �0(y) + �(y)v;

£¤¥ �0(y) | ç áâ®¥ à¥è¥¨¥ á¨áâ¥¬ë (5.19), ��(y), � = 1; : : : ; l; |

äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ®¤®à®¤®© á¨áâ¥¬ë (5.19), v 2 Rl,
l = n � p. � £ ¬ âà¨æë �(y) ¯®áâ®ï¥ ¨ à ¢¥ l. �¢¥¤¥¬ ¢¥ªâ®à-

äãªæ¨¨

h0(y) = f0(y) + f(y)�0(y); (5.21)

h�(y) = f(y)�� (y); y 2 N 0; � = 1; : : : ; l; (5.22)

®¯à¥¤¥«¥ë¥ ¢ â®çª å ¬®£®®¡à §¨ïN 0 � N (á®®â¢¥âáâ¢ãîé¥£® ®ªà¥á-

â®áâ¨ V 0 � V ). �§ ¯®áâà®¥¨ï ¢ëâ¥ª ¥â, çâ® ¢¥ªâ®à-äãªæ¨¨ (5.21),

(5.22) ï¢«ïîâáï ¢¥ªâ®àë¬¨ ¯®«ï¬¨   ¬®£®®¡à §¨¨ N 0, â.¥. h�(y) 2
2 TN 0

y, y 2 N 0. � £ ¬ âà¨æë h, áâ®«¡æ ¬¨ ª®â®à®© ï¢«ïîâáï ¯®«ï

(5.22), à ¢¥ l. �«¥¤®¢ â¥«ì®,   ¬®£®®¡à §¨¨ N 0 ¯®«ï (5.21), (5.22)

®¯à¥¤¥«ïîâ à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥, ª®â®à®¥ ®ç¥¢¨¤®

á®¢¯ ¤ ¥â á FN 0 , â.¥.

F jN 0(y) = h0(y) + span fh�(y); � = 1; : : : ; lg; y 2 N 0:

�ää¨®¥ à á¯à¥¤¥«¥¨¥ F jN 0 ï¢«ï¥âáï  ää¨ë¬ P-à á¯à¥¤¥«¥¨¥¬

á¨áâ¥¬ë (5.1), ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â ¨¤ãæ¨à®¢  ï ¯®¤á¨áâ¥¬ 

_y = h0(y) + h�(y)v
� ; y 2 V 0 � Rm; v 2 Rl; (5.23)

£¤¥ h�(y) | ¨¤ãæ¨à®¢ ë¥ ¯®«ï ¯®«¥© h�(y), â.¥. h
k

�(y) = hk�(y; �(y)).

�á«¨ (5.20) ¥ ¢ë¯®«ï¥âáï, â® ®ç¥¢¨¤®, çâ®  ää¨ë¥ P-à á-

¯à¥¤¥«¥¨ï, ®¯à¥¤¥«¥ë¥   ®âªàëâëå ¯®¤¬®£®®¡à §¨ïå N 0 � N ,

á®¤¥à¦ é¨å ¤ ãî â®çªã y0, ¥ áãé¥áâ¢ãîâ. �â ª, ¤®ª §  

�¥®à¥¬  5.2. �ãáâì y0 | à¥£ã«ïà ï â®çª  ¬®£®®¡à §¨ï (5.17)

®â®á¨â¥«ì® á¨áâ¥¬ë (5.1). �¨áâ¥¬  (5.1) ¤®¯ãáª ¥â «®ª «ì®¥ áã-

¦¥¨¥   ¬®£®®¡à §¨¥ (5.17) ¢ â®çª¥ y0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ y0 ¢ë¯®«ï¥âáï (5.20).

� ¬¥ç ¨¥ 5.3. �«ï á¨¬¬¥âà¨ç¥áª¨å á¨áâ¥¬ (5.1) ãá«®¢¨¥ á®¢¬¥áâ-

®áâ¨ (5.20) ¢ë¯®«ï¥âáï ¢á¥£¤ .
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� ¬¥ç ¨¥ 5.4. �á«¨ y0 ¥ ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¨ ãá«®¢¨¥

á®¢¬¥áâ®áâ¨ (5.20) ¢ë¯®«ï¥âáï ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ y0, â® ¤«ï ª -

¦¤®© â®çª¨ y ¥ª®â®à®£® ®âªàëâ®£® ¯®¤¬®£®®¡à §¨ï N 0, á®¤¥à¦ é¥£®

y0, ¬®¦¥áâ¢® ¢¥ªâ®à®¢ F jN 0(y) ¥ ¯ãáâ®. �¤ ª®  ää¨®¥ à á¯à¥¤¥-

«¥¨¥ F jN 0 ¬®¦¥â ¡ëâì ¥à¥£ã«ïàë¬. � íâ®¬ á«ãç ¥ F jN 0 ¥ ï¢«ï¥âáï

 ää¨ë¬ P-à á¯à¥¤¥«¥¨¥¬ ¨ ¥ ®¯à¥¤¥«ï¥â ¯®¤á¨áâ¥¬ã. �¬¥áâ¥ á

â¥¬, ¬®£ãâ áãé¥áâ¢®¢ âì  ää¨ë¥ P-à á¯à¥¤¥«¥¨ï, ¯à¨ ¤«¥¦ é¨¥

F jN 0 . � ¯à¨¬¥à, ¢ á«ãç ¥ á¨¬¬¥âà¨ç¥áª¨å á¨áâ¥¬ ¢á¥£¤  áãé¥áâ¢ã¥â ¯®

ªà ©¥© ¬¥à¥ ®¤® P-à á¯à¥¤¥«¥¨¥,   ¨¬¥® y 7! f0g � TNy, ª®â®à®¥,

¯à ¢¤ , ¥ ¯à¥¤áâ ¢«ï¥â ¯à ªâ¨ç¥áª®£® ¨â¥à¥á .

5.2. �¥ª®â®àë¥ â¨¯ë ¯®¤á¨áâ¥¬

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ¥ª®â®àëå â¨¯®¢ ¯®¤á¨áâ¥¬. � áá¬ â-

à¨¢ ¥¬ë¥ â¨¯ë ¯®¤á¨áâ¥¬ ®¡ãá« ¢«¨¢ îâáï ¥ª®â®àë¬¨ â¨¯ ¬¨ P-¬®-

£®®¡à §¨©. �à¨ íâ®¬ ¬ë ®¯¨à ¥¬áï   â¥®à¥¬ã 5.1. �®íâ®¬ã ¢¢¥¤¥¨¥

íâ¨å P-¬®£®®¡à §¨© ¨ á®®â¢¥âáâ¢ãîé¨å ¯®¤á¨áâ¥¬ ï¢«ï¥âáï à¥§ã«ìâ -

â®¬ ç¨áâ® £¥®¬¥âà¨ç¥áª¨å ¢ë¢®¤®¢, ®á®¢ ëå   ãá«®¢¨¨ (5.14).

�¥à¢ë© â¨¯ P-¬®£®®¡à §¨© ¤ ¥â å®à®è® ¨§¢¥áâ®¥ ¢ ¤¨ää¥à¥-

æ¨ «ì®© £¥®¬¥âà¨¨ ¯®ïâ¨¥ ¨â¥£à «ì®£® ¬®£®®¡à §¨ï (á¬. à §-

¤¥« 1.3). � áá¬®âà¨¬  ää¨ãî á¨áâ¥¬ã (5.1). �ãáâì F |  áá®æ¨-

¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ íâ®© á¨áâ¥¬ë. �®£®®¡à §¨¥ N ,

«¥¦ é¥¥ ¢ ä §®¢®¬ ¯à®áâà áâ¢¥ M , ¡ã¤¥¬  §ë¢ âì ¨â¥£à «ìë¬

¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (5.1), ¥á«¨ N ï¢«ï¥âáï ¨â¥£à «ìë¬ ¬®£®-

®¡à §¨¥¬ F , â.¥. ¥á«¨

TNy � F (y); 8y 2 N: (5.24)

�ª §ë¢ ¥âáï, çâ® ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨â¥£à «ìëå ¬®£®®¡à -

§¨© á¨áâ¥¬ë (5.1) à ¢®á¨«¥ ¢®¯à®áã ® áãé¥áâ¢®¢ ¨¨ âà¨¢¨ «ìëå

¯®¤á¨áâ¥¬ (5.2) á¨áâ¥¬ë (5.1). (� ¯®¬¨¬, çâ® á¨áâ¥¬  (5.2)  §ë-

¢ ¥âáï âà¨¢¨ «ì®©, ¥á«¨ rankh = m. � ¦¤ ï âà¨¢¨ «ì ï á¨áâ¥¬ 

íª¢¨¢ «¥â  á¨áâ¥¬¥ ¢¨¤  _x = w. ) �¬¥®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5.3. �¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã¦¥¨¥   ¬®£®®¡à §¨¥

N , ¯à¨ç¥¬ áà¥¤¨ á®®â¢¥âáâ¢ãîé¨å ¯®¤á¨áâ¥¬ ¨¬¥¥âáï âà¨¢¨ «ì-

 ï, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  N ï¢«ï¥âáï ¨â¥£à «ìë¬ ¬®£®-

®¡à §¨¥¬ á¨áâ¥¬ë (5.1).

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã¦¥¨¥  

¬®£®®¡à §¨¥ N , ¯à¨ç¥¬ ¯®¤á¨áâ¥¬  (5.2) ï¢«ï¥âáï âà¨¢¨ «ì®©. �¨-

áâ¥¬  (5.2) ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª®©, ¯à¨ç¥¬ ¥¥  áá®æ¨¨à®¢ ë¬ à á-

¯à¥¤¥«¥¨¥¬ ï¢«ï¥âáï ª á â¥«ì®¥ à áá«®¥¨¥ TL ®¡« áâ¨ L. �®£« á®
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¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 5.1, á®®â¢¥âáâ¢ãîé¨¬  ää¨ë¬ à á¯à¥¤¥«¥-

¨¥¬ A ¢ (5.14) ¡ã¤¥â à á¯à¥¤¥«¥¨¥ ��TL, ª®â®à®¥ ï¢«ï¥âáï ª á â¥«ì-

ë¬ à áá«®¥¨¥¬ TN ¬®£®®¡à §¨ï N . �®íâ®¬ã ¨§ (5.14) ¢ëâ¥ª ¥â

(5.24). �¡à â®, ¯ãáâì N | ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥. �«¥¤®¢ â¥«ì-

®, ¢ë¯®«ï¥âáï (5.14), £¤¥ A = TN . � á®®â¢¥âáâ¢¨¨ á ¤®ª § â¥«ì-

áâ¢®¬ â¥®à¥¬ë 5.1 ¤«ï ¯à®¨§¢®«ì®© ª àâë (L; �) áâà®¨âáï ¯®¤á¨áâ¥¬ 

(5.2), ¤«ï ª®â®à®©  áá®æ¨¨à®¢ ë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ ï¢«ï-

¥âáï ��1� A = ��1� TN = TL; â.¥. ª á â¥«ì®¥ à áá«®¥¨¥ ®¡« áâ¨ L.

(� ¤ ®¬ á«ãç ¥ íâ® ¯®áâà®¥¨¥ ®áãé¥áâ¢«ï¥âáï £«®¡ «ì®.) �®íâ®¬ã

á¨áâ¥¬  (5.2) ï¢«ï¥âáï âà¨¢¨ «ì®©. 2

� ¬¥ç ¨¥ 5.5. �á«¨ N | ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥, â® ª ¦¤®¥

à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥   N ï¢«ï¥âáï  ää¨ë¬ P-

à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (5.1). �à¨¢¨ «ìë¥ ¯®¤®¡ê¥ªâë (â.¥. ¯®¤®¡ê-

¥ªâë á âà¨¢¨ «ì®© ¯®¤á¨áâ¥¬®©) á®®â¢¥âáâ¢ãîâ ¬ ªá¨¬ «ì®¬ã  ä-

ä¨®¬ã P-à á¯à¥¤¥«¥¨î, à ¢®¬ã F jN = TN .

� ¬¥ç ¨¥ 5.6. � ª ã¦¥ £®¢®à¨«®áì ¢ § ¬¥ç ¨¨ 3.3, ¤«ï âà¨¢¨-

 «ì®© ¯®¤á¨áâ¥¬ë (5.2) á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ®ç¥¢¨¤®¥ ãâ¢¥à¦¤¥-

¨¥: «î¡ ï ¥¯à¥àë¢ ï C1-£« ¤ª ï ªà¨¢ ï x(t) ï¢«ï¥âáï à¥è¥¨¥¬.

�âáî¤  á«¥¤ã¥â, çâ® «î¡ ï ¥¯à¥àë¢ ï C1-£« ¤ª ï ªà¨¢ ï y(t), «¥¦ -

é ï   ¨â¥£à «ì®¬ ¬®£®®¡à §¨¨ N á¨áâ¥¬ë (5.1), ï¢«ï¥âáï à¥è¥¨-

¥¬ á¨áâ¥¬ë (5.1). �â® ¢ëâ¥ª ¥â ¨§ â®£® ä ªâ , çâ® ¬¥¦¤ã ªà¨¢ë¬¨  

N ¨ ªà¨¢ë¬¨ ¢ ®âªàëâ®¬ ¬®¦¥áâ¢¥ L ¨¬¥¥âáï ¤¨ää¥®¬®àä®¥ á®®â-

¢¥âáâ¢¨¥. �â® á¢®©áâ¢® ¨â¥£à «ì®£® ¬®£®®¡à §¨ï ï¢«ï¥âáï ¢ ¦ë¬

¤«ï § ¤ ç ã¯à ¢«¥¨ï.

�à¨¬¥à 5.1. � áá¬®âà¨¬ á¨¬¬¥âà¨ç¥áªãî á¨áâ¥¬ã (5.1), ¤«ï ª®-

â®à®© dimF = n � 1; dimCF? = n = 2k + 1; k > 0. �®£« á® â¥®à¥¬¥

3.4, á¨áâ¥¬  (5.1) íª¢¨¢ «¥â  á¨áâ¥¬¥ ¢¨¤ 

_xj = vj

_pi = wi

_z = p1w1 + : : :+ pkwk; i; j = 1; : : : ; k:

(5.25)

� §¨á ï á¨áâ¥¬  �ä ää  á¨áâ¥¬ë (5.25) (â.¥. ¡ §¨á ï á¨áâ¥¬   áá®-

æ¨¨à®¢ ®£® ª®à á¯à¥¤¥«¥¨ï á¨áâ¥¬ë (5.25)) á®áâ®¨â ¨§ ®¤®£® ãà ¢-

¥¨ï

dz � p1dx1 � : : :� pkdxk = 0: (5.26)

�®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨â¥£à «ìëå ¬®£®®¡à §¨© ãà ¢¥¨ï (5.26)

ï¢«ï¥âáï à¥è¥ë¬ ¢®¯à®á®¬ ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ [27]. �¬¥-

®, ¨§¢¥áâ®, çâ®  ¨¡®«ìè ï ¢®§¬®¦ ï à §¬¥à®áâì ¨â¥£à «ì®£®
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¬®£®®¡à §¨ï à ¢  k, ¯à¨ç¥¬ â ª¨¥ ¬®£®®¡à §¨ï áãé¥áâ¢ãîâ ¨  §ë-

¢ îâáï «¥¦ ¤à®¢ë¬¨ ¬®£®®¡à §¨ï¬¨. � ¦¤®¥ ¨â¥£à «ì®¥ ¬®£®-

®¡à §¨¥ ¯à¨ ¤«¥¦¨â ¥ª®â®à®¬ã «¥¦ ¤à®¢ã ¬®£®®¡à §¨î. � ¦ë¬

®¡áâ®ïâ¥«ìáâ¢®¬ ï¢«ï¥âáï â®, çâ® «¥¦ ¤à®¢ë ¬®£®®¡à §¨ï ®¯¨áë¢ -

îâáï ç¨áâ®  «£¥¡à ¨ç¥áª¨¬ ®¡à §®¬. �®ç¥¥, ¤«ï «î¡®£® à §¡¨¥¨ï

¬®¦¥áâ¢  ¨¤¥ªá®¢ f1; : : : ; kg   ¥¯¥à¥á¥ª îé¨¥áï ¯®¤¬®¦¥áâ¢  I ¨

J ¨ ¤«ï «î¡®© äãªæ¨¨ S(xi; pj) ®â k ¯¥à¥¬¥ëå xi; i 2 I, ¨ pj; j 2 J ,
ä®à¬ã«ë

pi = @S=@xi;

xj = �@S=@pj ;
z = S � pj(@S=@pj)

(5.27)

§ ¤ îâ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ ãà ¢¥¨ï (5.26), ¯à¨ç¥¬ «î¡®¥

¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ k ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

(5.27). �á¥ áª § ®¥ ®â®á¨âáï ¨ ª ã¯à ¢«ï¥¬®© á¨áâ¥¬¥ (5.25).

�à¨¬¥à 5.2. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y1 = u1 + y5u3;

_y2 = u2 + y4u3;

_y3 = �y4u2 + u3;

_y4 = y22u1 + y3u2 + (y3y4 + y5y
2
2)u3;

_y5 = y3u1 + y21u2 + (y3y5 + y4y
2
1)u

3;

y 2 R5; u 2 R3:

(5.28)

�áá«¥¤ã¥¬ ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¤¢ã¬¥àëå ¨â¥£à «ìëå ¬®£®-

®¡à §¨© ¢¨¤ 

ya � �a(y1; y2) = 0; a = 3; 4; 5: (5.29)

� §¨á ï á¨áâ¥¬  �ä ää  á¨áâ¥¬ë (5.28) ¨¬¥¥â ¢¨¤

dy4 � 4y22dy1 � y3dy2 = 0; dy5 � y3dy1 � y21dy2 = 0: (5.30)

� á®®â¢¥âáâ¢¨¨ á ®¡é¥© â¥®à¨¥© [37] ¤«ï  å®¦¤¥¨ï ¨â¥£à «ìëå

¬®£®®¡à §¨© á«¥¤ã¥â ¯®áâà®¨âì ¤«ï á¨áâ¥¬ë �ä ää  (5.30) ¯à®¤®«-

¦¥ãî á¨áâ¥¬ã �ä ää . �«ï íâ®© æ¥«¨ ¢ëç¨á«¨¬ ¢¥è¨¥ ¤¨ää¥-

à¥æ¨ «ë ä®à¬ (5.30) ¨ ¯à¨à ¢ï¥¬ ¨å ã«î:

2y2dy2 ^ dy1 + dy3 ^ dy2 = 0; dy3 ^ dy1 + 2y1dy1 ^ dy2 = 0: (5.31)

�à®¤®«¦¥ ï á¨áâ¥¬  �ä ää  ¯®«ãç ¥âáï ¤®¡ ¢«¥¨¥¬ ª (5.30) ãà ¢-

¥¨ï dy3 + �dy1 + �dy2 = 0 á ¥®¯à¥¤¥«¥ë¬¨ äãªæ¨ï¬¨ � ¨ �, ª®-

â®àë¥ ®¯à¥¤¥«ïîâáï ¯®á«¥ ¯®¤áâ ®¢ª¨ ¢ (5.31). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

� = �2y2, � = �2y1 ¨ ãà ¢¥¨¥
dy3 � 2y2dy1 � 2y1dy2 = 0: (5.32)
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�â ª, ¯à®¤®«¦¥ ï á¨áâ¥¬  �ä ää  ¨¬¥¥â ¢¨¤ (5.30), (5.32). �¥-

âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® íâ  á¨áâ¥¬  ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥-

¬®©. �â¥£à «ìë¥ ¬®£®®¡à §¨ï á¨áâ¥¬ë (5.30), (5.32) ¬ ªá¨¬ «ì®©

à §¬¥à®áâ¨ (â.¥. â¥, ª®â®àë¥ § ¤ îâáï ¯®«ë¬  ¡®à®¬ ¨â¥£à «®¢)

ï¢«ïîâáï ¨â¥£à «ìë¬¨ ¬®£®®¡à §¨ï¬¨ á¨áâ¥¬ë (5.30). �¥è¨¢ á®-

®â¢¥âáâ¢ãîé¨¥ ®¡ëª®¢¥ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï,  ©¤¥¬

¨â¥£à «ë á¨áâ¥¬ë (5.30), (5.32) '1 = y3 � 2y1y2; '2 = y4 � y2(y3�
�y1y2); '3 = y5 � y1(y3 � y1y2): �«¥¤®¢ â¥«ì®, ¨â¥£à «ìë¥ ¬®£®-

®¡à §¨ï ¢¨¤  (5.29) áãé¥áâ¢ãîâ, ¨ ¢áï ¨å á®¢®ªã¯®áâì ®¯¨áë¢ ¥âáï

â ª:
y3 � 2y1y2 � c1 = 0;

y4 � y2(y1y2 + c1)� c2 = 0;

y5 � y1(y1y2 + c1)� c3 = 0; ci = const :

(5.33)

�¥à¥©¤¥¬ â¥¯¥àì ª ¤àã£®¬ã â¨¯ã P-¬®£®®¡à §¨© ¨ á®®â¢¥âáâ¢ã-

îé¨å ¯®¤á¨áâ¥¬. �ãáâì F |  ää¨®¥ à á¯à¥¤¥«¥¨¥, § ¤ ®¥ ¢

®¡« áâ¨ M � R
n ¨ ï¢«ïîé¥¥áï  áá®æ¨¨à®¢ ë¬  ää¨ë¬ à á¯à¥-

¤¥«¥¨¥¬ á¨áâ¥¬ë (5.1). �®£®®¡à §¨¥ N � M ¡ã¤¥¬  §ë¢ âì ¯®çâ¨

¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬  ää¨®£® à á¯à¥¤¥«¥¨ï F ¨ á¨áâ¥¬ë

(5.1), ¥á«¨

TNy � SpanF (y); 8y 2 N; (5.34)

TNy 6� LF (y); 8y 2 N: (5.35)

�ë¯®«¥¨¥ ãá«®¢¨ï (5.34) ®§ ç ¥â, çâ® N ï¢«ï¥âáï ¨â¥£à «ìë¬

¬®£®®¡à §¨¥¬ à á¯à¥¤¥«¥¨ï SpanF ,   ¢ë¯®«¥¨¥ ãá«®¢¨ï (5.35) ®§ -

ç ¥â, çâ® N ¥ ï¢«ï¥âáï ¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬ à á¯à¥¤¥«¥¨ï

LF .

�ãé¥áâ¢®¢ ¨¥ ¯®çâ¨ ¨â¥£à «ìëå ¬®£®®¡à §¨© á¨áâ¥¬ë (5.1)

â¥á® á¢ï§ ® á áãé¥áâ¢®¢ ¨¥¬ á¯¥æ¨ «ì®£® â¨¯  ¯®¤á¨áâ¥¬ (5.2), ¤«ï

ª®â®àëå

dimLH(x) = rankh(x) = n� 1; 8x 2 L; (5.36)

dimSpanH(x) = rank(h0(x)jh(x)) = n; 8x 2 L; (5.37)

£¤¥ H |  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (5.2).

�¨áâ¥¬ã (5.2), ¤«ï ª®â®à®© ¢ë¯®«ï¥âáï (5.36), (5.37), ¡ã¤¥¬  §ë-

¢ âì ¯®çâ¨ âà¨¢¨ «ì®©. (� ¯®¬¨¬, çâ® ¤«ï âà¨¢¨ «ì®© ã¯à ¢«ï-

¥¬®© á¨áâ¥¬ë dimLH (x) = dimSpanH(x) = n; 8x 2 L.) � ¬¥â¨¬, çâ®

¯®çâ¨ âà¨¢¨ «ì ï á¨áâ¥¬  ¥ ï¢«ï¥âáï á¨¬¬¥âà¨ç¥áª®©, ¨¡®

LH (x) 6= SpanH(x); 8x 2 L: (5.38)

�á«®¢¨¬áï  ää¨®¥ à á¯à¥¤¥«¥¨¥ H, ¤«ï ª®â®à®£® ¢ë¯®«ï¥âáï (5.38),

 §ë¢ âì áâà®£®  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬.
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� ¦ë¬ á¢®©áâ¢®¬ ¯®çâ¨ âà¨¢¨ «ìëå á¨áâ¥¬ ï¢«ï¥âáï â®, çâ®,

á®£« á® â¥®à¥¬¥ 3.4, ª ¦¤ ï ¯®çâ¨ âà¨¢¨ «ì ï á¨áâ¥¬  á ä §®¢ë¬

¯à®áâà áâ¢®¬ à §¬¥à®áâ¨ n («®ª «ì®) íª¢¨¢ «¥â  ®¤®© ¨§ á¨-

áâ¥¬ (3.26){(3.29), â.¥. ¨¬¥¥âáï ª®¥ç®¥ ç¨á«® ª ®¨ç¥áª¨å ä®à¬.

(� ¯®¬¨¬, çâ® ¤«ï âà¨¢¨ «ìëå á¨áâ¥¬ íâ®â ä ªâ â®¦¥ á¯à ¢¥¤«¨¢:

¨¬¥¥âáï ®¤  ª ®¨ç¥áª ï ä®à¬  _x = v.)

�¢ï§ì ¬¥¦¤ã ¯®çâ¨ ¨â¥£à «ìë¬¨ ¬®£®®¡à §¨ï¬¨ ¨ ¯®çâ¨ âà¨-

¢¨ «ìë¬¨ á¨áâ¥¬ ¬¨ ¢ëà ¦ ¥â

�¥®à¥¬  5.4. �ãáâì  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F

ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (5.1) ï¢«ï¥âáï áâà®£®  ää¨ë¬ à á¯à¥¤¥«¥¨-

¥¬ (â.¥. LF (y) 6= SpanF (y), 8y 2 N ). �á«¨ á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â

áã¦¥¨¥   ¬®£®®¡à §¨¥ N , ¯à¨ç¥¬ áà¥¤¨ á®®â¢¥âáâ¢ãîé¨å ¯®¤á¨á-

â¥¬ ¨¬¥¥âáï ¯®çâ¨ âà¨¢¨ «ì ï, â® N ï¢«ï¥âáï ¯®çâ¨ ¨â¥£à «ì-

ë¬ ¬®£®®¡à §¨¥¬  ää¨®£® à á¯à¥¤¥«¥¨ï F . �á«¨ N ï¢«ï¥âáï

¯®çâ¨ ¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬  ää¨®£® à á¯à¥¤¥«¥¨ï F , â®

á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â «®ª «ì®¥ áã¦¥¨¥   N ¢ ª ¦¤®© â®çª¥ N ,

¯à¨ç¥¬ áà¥¤¨ á®®â¢¥âáâ¢ãîé¨å ¯®¤á¨áâ¥¬ ¨¬¥¥âáï ¯®çâ¨ âà¨¢¨-

 «ì ï.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì á¨áâ¥¬  (5.1) ¤®¯ãáª ¥â áã¦¥¨¥  

¬®£®®¡à §¨¥ N ¨ ¤«ï ¥ª®â®à®© ª àâë (L; �) áãé¥áâ¢ã¥â ¯®çâ¨ âà¨-

¢¨ «ì ï ¯®¤á¨áâ¥¬  (5.2). �«¥¤®¢ â¥«ì®, ��H(x) � F (�(x)); 8x 2 L,

£¤¥ H |  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (5.2). �®-

íâ®¬ã

�� SpanH(x) � SpanF (�(x)); 8x 2 L: (5.39)

� ¤àã£®© áâ®à®ë, SpanH = TL ¨ ��TL = TN . �âáî¤  ¢ëâ¥ª ¥â

á¯à ¢¥¤«¨¢®áâì (5.34). �®ª ¦¥¬ (5.35). �®áâ â®ç® ¤«ï ª ¦¤®© â®çª¨

y 2 N  ©â¨ â ª®© ¢¥ªâ®à q 2 TNy , çâ® q =2 LF (y). � ª ç¥áâ¢¥ ¢¥ªâ®à 

q ¬®¦® ¢§ïâì ¢¥ªâ®à ��j��1(y)l, £¤¥ l | ¯à®¨§¢®«ìë© ¢¥ªâ®à, ¯à¨-

 ¤«¥¦ é¨©  ää¨®¬ã ¯®¤¯à®áâà áâ¢ã H(��1(y)). �¥©áâ¢¨â¥«ì®,

q = ��j��1(y)l 2 F (y). � ª ª ª F | áâà®£®  ää¨®¥ à á¯à¥¤¥«¥¨¥, â®

q =2 LF (y).
�ãáâì â¥¯¥àì ¬®£®®¡à §¨¥ N à §¬¥à®áâ¨ m ï¢«ï¥âáï ¯®çâ¨ ¨-

â¥£à «ìë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (5.1). � áá¬®âà¨¬   N ¯à®¨§-

¢®«ì®¥ á¥¬¥©áâ¢® m «¨¥©® ¥á¢ï§ ëå ¢¥ªâ®àëå ¯®«¥© g�(y); � =

= 0; 1; : : : ;m� 1; y 2 N . �®£« á® (5.34),

g�(y) = ��� (y)f�(y); y 2 N; � = 0; 1; : : : ;m� 1; � = 0; 1; : : : ; r;

£¤¥ ��� (y) | £« ¤ª¨¥ äãªæ¨¨   N . �§ (5.35) ¢ëâ¥ª ¥â, çâ® ¤«ï ª -

¦¤®© â®çª¨ y0 2 N áà¥¤¨ äãªæ¨© �0�(y); � = 0; 1; : : :;m � 1;  ©¤¥âáï



5.2. ��������� ���� ��������� 259

äãªæ¨ï, ®â«¨ç ï ®â ã«ï ¢ â®çª¥ y0 ¨   ¥ª®â®à®¬ ®âªàëâ®¬ ¯®¤-

¬®£®®¡à §¨¨ N 0 � N , á®¤¥à¦ é¥¬ íâã â®çªã. �âáî¤  «¥£ª® á«¥¤ã¥â,

çâ®   ¬®£®®¡à §¨¨ N 0 áãé¥áâ¢ã¥â «¨¥©® ¥á¢ï§ ®¥ á¥¬¥©áâ¢® ¯®-

«¥© g0�; � = 0; 1; : : : ;m� 1, ª®â®à®¥ ¯®«ãç ¥âáï ¨§ g�; � = 0; 1; : : : ;m� 1,

«¨¥©ë¬ ¥¢ëà®¦¤¥ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¨ ã¤®¢«¥â¢®àï¥â á®®â®-

è¥¨ï¬
g00(y) = f0(y) + �


0(y)f (y);

g0�(y) = �

�(y)f (y);

(5.40)

£¤¥ � = 1; : : : ;m � 1;  = 1; : : : ; r,   �

�(y) | £« ¤ª¨¥ äãªæ¨¨   N 0.

�ç¥¢¨¤®, çâ®  ää¨®¥ à á¯à¥¤¥«¥¨¥

A : y 2 N 0 7! g00(y) + span fg0�(y); � = 1; : : : ;m � 1g
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (5.14) â¥®à¥¬ë 5.1. �«¥¤®¢ â¥«ì®, N 0 ï¢«ï¥âáï

P-¬®£®®¡à §¨¥¬,   A |  ää¨ë¬ P-à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë (5.1).

� «¥¥, â ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 5.1, ¢®§ì¬¥¬ ¯à®¨§-

¢®«ìãî ª àâã (L; �) ¬®£®®¡à §¨ï N 0. � áá¬®âà¨¬ ¢ ®¡« áâ¨ L ¯®«ï

h� = ��1� g0�; � = 0; 1; : : :;m� 1; ¨ ¯®áâà®¨¬ á ¨å ¯®¬®éìî ã¯à ¢«ï¥¬ãî

á¨áâ¥¬ã (5.2) (¤«ï ª®â®à®© s = m�1). �«ï íâ®© á¨áâ¥¬ë  áá®æ¨¨à®¢ -

ë¬  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬ ï¢«ï¥âáï H = ��1� A. �®íâ®¬ã á¨áâ¥¬ 

(5.2) ï¢«ï¥âáï ¯®¤á¨áâ¥¬®© á¨áâ¥¬ë (5.1). �§ «¨¥©®© ¥á¢ï§ ®áâ¨

¯®«¥© g0�; � = 0; 1; : : : ;m � 1; ¢ëâ¥ª ¥â «¨¥© ï ¥á¢ï§ ®áâì ¯®«¥©

h�; � = 0; 1; : : : ;m � 1. �«¥¤®¢ â¥«ì®, á¨áâ¥¬  (5.2) ï¢«ï¥âáï ¯®çâ¨

âà¨¢¨ «ì®©. 2

� ¬¥ç ¨¥ 5.7. �®áâà®¥®¥ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 5.4  ää¨-

®¥ P-à á¯à¥¤¥«¥¨¥ A á®¢¯ ¤ ¥â á F jN 0 . �¥©áâ¢¨â¥«ì®, ¯ãáâì ¤«ï

â®çª¨ y 2 N 0 � 2 F (y) \ TN 0
y. � ª ª ª ¯®«ï g0�; � = 0; 1; : : : ;m � 1;

ï¢«ïîâáï «¨¥©® ¥á¢ï§ ë¬¨, â® � = ��g0� . �§ (5.40) á«¥¤ã¥â, çâ®

g00(y) 2 F (y); g0�(y) 2 LF (y); � = 1; : : : ;m� 1:

�®íâ®¬ã �0 = 1. �«¥¤®¢ â¥«ì®, � 2 A(y). � ª¨¬ ®¡à §®¬, á®®â¢¥â-

áâ¢ãîé ï ¯®çâ¨ âà¨¢¨ «ì ï ¯®¤á¨áâ¥¬  (5.2) ï¢«ï¥âáï ¨¤ãæ¨à®¢ -

®© á¨áâ¥¬®© á¨áâ¥¬ë (5.1).

�à¨¬¥à 5.3. � áá¬®âà¨¬ á¨áâ¥¬ã

_y1 = v1;

_y2 = v2;

_y3 = y5y2;

_y4 = y22v1 + y3v2;

_y5 = y3v1 + y21v2;

y 2M = fy 2 R5: yi 6= 0; i = 1; : : : ; 5g; u 2 R2:

(5.41)
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�áá®æ¨¨à®¢ ë¥ ¢¥ªâ®àë¥ ¯®«ï f0; f1; f2 ï¢«ïîâáï «¨¥©® ¥á¢ï-

§ ë¬¨, ¯®íâ®¬ã  áá®æ¨¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F ï¢«ï-

¥âáï áâà®£®  ää¨ë¬ à á¯à¥¤¥«¥¨¥¬. � ¬¥â¨¬, çâ® á¨áâ¥¬  (5.41)

ï¢«ï¥âáï ¯®¤á¨áâ¥¬®© ¯® ã¯à ¢«¥¨ï¬ á¨áâ¥¬ë (5.28) ¨ ¯®«ãç ¥âáï ¨§

(5.28) ®£à ¨ç¥¨¥¬   M ¨ ¥ª®â®à®© § ¬¥®© ã¯à ¢«¥¨© (ª®â®àãî

¥âàã¤® ¢ë¯¨á âì). �¥£ª® ¢¨¤¥âì, çâ® SpanF (y) = G(y) ¢ ª ¦¤®© â®ç-

ª¥ y 2 M (§¤¥áì G |  áá®æ¨¨à®¢ ®¥ à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (5.28)).

�®íâ®¬ã ¬®£®®¡à §¨ï (5.33) ï¢«ïîâáï ¨â¥£à «ìë¬¨ ¬®£®®¡à §¨ï-

¬¨ à á¯à¥¤¥«¥¨ï SpanF . �ë¡¥à¥¬ ¨§ íâ®£® á¥¬¥©áâ¢  ¬®£®®¡à §¨¥

N , á®®â¢¥âáâ¢ãîé¥¥ ci = 0,

y3 � 2y1y2 = 0; y4 � y1y
2
2 = 0; y5 � y21y2 = 0: (5.42)

�®£®®¡à §¨¥ N ï¢«ï¥âáï ¯®çâ¨ ¨â¥£à «ìë¬ ¬®£®®¡à §¨¥¬ á¨áâ¥-

¬ë (5.41). � íâ®¬ ¬®¦® ã¡¥¤¨âìáï ¨§ á«¥¤ãîé¨å á®®¡à ¦¥¨©. �®-

£®®¡à §¨¥ N ï¢«ï¥âáï ¤¢ã¬¥àë¬. �à®¬¥ â®£®,

dimLF (y) = dimspan ff1(y); f2(y)g = 2; y 2M:

�®íâ®¬ã ãá«®¢¨¥ (5.35) ¢ ¤ ®¬ á«ãç ¥ íª¢¨¢ «¥â® â®¬ã, çâ® LF ¥

ª á ¥âáï ¬®£®®¡à §¨ï N ¨ ¢ ª ª®© â®çª¥ y 2M . �¬¥¥¬

f1(y3 � 2y1y2) = y5y2
@

@y3
(y3 � 2y1y2) = �2y2:

�«¥¤®¢ â¥«ì®, ¯®«¥ f1 ¥ ª á ¥âáï N . �â ª, N | ¯®çâ¨ ¨â¥£à «ì®¥

¬®£®®¡à §¨¥ á¨áâ¥¬ë (5.41). �®áâà®¨¬ ¯®çâ¨ âà¨¢¨ «ìãî ¯®¤á¨áâ¥-

¬ã. �®£« á® § ¬¥ç ¨î 5.7, ¤  ï ¯®¤á¨áâ¥¬  ï¢«ï¥âáï ¨¤ãæ¨à®-

¢ ®© á¨áâ¥¬®©. �®íâ®¬ã ¥¥ ¬®¦® ¯®áâà®¨âì á ¯®¬®éìî  «£®à¨â¬ ,

ª®â®àë© ¯à¨¬¥ï«áï ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 5.2. �¨áâ¥¬  (5.19)

¢ ¤ ®¬ á«ãç ¥ à ¢®á¨«ì  ®¤®¬ã ãà ¢¥¨î

2y2v1 + 2y1v2 = y21y
2
2; (5.43)

y = (y1; y2) 2 V = f(y1; y2) 2 R2: y1 6= 0; y2 6= 0g:
�¡é¥¥ à¥è¥¨¥ á¨áâ¥¬ë (5.43) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

v1 = v1; v2 =
1

2
y1y

2
2 �

y2

y1
v1; v1 2 R1:

�®®â¢¥âáâ¢ãîé ï ¯®¤á¨áâ¥¬  (5.23) ¨¬¥¥â ¢¨¤

_y1 = v1; _y2 =
1

2
y1y

2
2 �

y2

y1
v1; y = (y1; y2) 2 V; v1 2 R1: (5.44)
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�à¨¢¥¤¥¬ ¯®çâ¨ âà¨¢¨ «ìãî á¨áâ¥¬ã (5.44) ª ª ®¨ç¥áª®© ä®à¬¥.

� §¨á®¥ t-ãà ¢¥¨¥ �ä ää  ¨¬¥¥â ¢¨¤

2y1dy2 + 2y2dy1 = y21y
2
2dt

¨«¨, ¨ ç¥,
2y1dy2 + 2y2dy1

y21y
2
2

= 2

�
� 2

y1y2

�
dt:

�«¥¤®¢ â¥«ì®, ¯®á«¥ § ¬¥ë ª®®à¤¨ â

z1 = y1; z2 = � 2

y1y2

¡ §¨á®¥ t-ãà ¢¥¨¥ �ä ää  ¯à¥®¡à §ã¥âáï ¢ t-ãà ¢¥¨¥ dz2 = dt,  

á¨áâ¥¬  (5.44) | ¢ á¨áâ¥¬ã

_z1 = v1; _z2 = 1: (5.45)

� ¬¥â¨¬, çâ® á¨áâ¥¬  (5.45) ï¢«ï¥âáï ¨¢®«îâ¨¢®©. �®®â¢¥âáâ¢ãî-

é¨© ¬®àä¨§¬ á¨áâ¥¬ë (5.45) ¢ á¨áâ¥¬ã (5.41) § ¤ ¥âáï äãªæ¨ï¬¨

y1 = z1; y2 = � 2

z1z2
; y3 = � 4

z2
; y4 =

4

z21z
2
2

; y5 = �2z1
z2
:

� ¬¥  ã¯à ¢«¥¨© ¢ë£«ï¤¨â â ª:

v1 = v1; v2 =
2

z1z
2
2

+
2

z21z2
v1:

� § ª«îç¥¨¨ íâ®£® à §¤¥«  ®â¬¥â¨¬, çâ® ¬®¦® áâà®¨âì  ää¨-

ë¥ P-à á¯à¥¤¥«¥¨ï, P-¬®£®®¡à §¨ï ¨ ¯®¤®¡ê¥ªâë á ¯®¬®éìî ¤®¯ãá-

ª ¥¬ëå ¯à¥®¡à §®¢ ¨©. �®ç¥¥, á¯à ¢¥¤«¨¢®

�à¥¤«®¦¥¨¥ 5.3. �ãáâì  | ¤®¯ãáª ¥¬®¥ ¯à¥®¡à §®¢ ¨¥ ¢ ª -

â¥£®à¨¨ AS, A |  ää¨®¥ P-à á¯à¥¤¥«¥¨¥, N | P-¬®£®®¡à §¨¥,

(S; �) | ¯®¤®¡ê¥ªâ ®¡ê¥ªâ  S ª â¥£®à¨¨ AS. �®£¤   �A |  ää¨®¥

P-à á¯à¥¤¥«¥¨¥,  (N ) | P-¬®£®®¡à §¨¥, (S;  �) | ¯®¤®¡ê¥ªâ ®¡ê¥ª-

â  S.

� ® ª   §  â ¥ « ì á â ¢ ®. �ãáâì F;H |  áá®æ¨¨à®¢ ë¥  ää¨ë¥

à á¯à¥¤¥«¥¨ï á¨áâ¥¬ S; S, ®¯¨áë¢ ¥¬ëå á®®â®è¥¨ï¬¨ (5.1), (5.2).

�ää¨®¥ à á¯à¥¤¥«¥¨¥ A § ¤ ®   ¬®£®®¡à §¨¨ N , ¯à¨ç¥¬ ��H =

= A. � ª ª ª  | ¤®¯ãáª ¥¬®¥ ¯à¥®¡à §®¢ ¨¥ á¨áâ¥¬ë S, â® (á®£« á®

à §¤¥«ã 3.3)  �jyF (y) = F ( (y)), y 2M . � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 5.1

¨¬¥¥¬

 �jyA(y) =  �jyA( (y)) �  �jyF (y) = F ( (y)); y 2 N:
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�«¥¤®¢ â¥«ì®,  ä¨®¥ à á¯à¥¤¥«¥¨¥  �A ï¢«ï¥âáï  ää¨ë¬ P-

à á¯à¥¤¥«¥¨¥¬ á¨áâ¥¬ë S, ª®â®à®¥ § ¤ ®   P-¬®£®®¡à §¨¨  (N ).

� «¥¥, ( �)�H =  �(��H) =  �A, â.¥. ¯®¤®¡ê¥ªâ®¬, á®®â¢¥âáâ¢ãîé¨¬

 ää¨®¬ã P-à á¯à¥¤¥«¥¨î  �A, ï¢«ï¥âáï ¯ à  (S;  �). 2

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î ¢®¯à®á  ® áãé¥áâ¢®¢ ¨¨ «¨¥©ëå ¯®¤-

á¨áâ¥¬. �§«®¦¥¨¥ ®á®¢ ®   à ¡®â å [35, 36]. �ë ®£à ¨ç¨¬áï á«ã-

ç ¥¬ ®âªàëâëå «¨¥©ëå ¯®¤á¨áâ¥¬ _x = Ax + Bv, ã¤®¢«¥â¢®àïîé¨å

ãá«®¢¨î � «¬   (3.94). � ¯®¬¨¬, çâ® ®âªàëâë¥ ¯®¤á¨áâ¥¬ë | íâ®

¯®¤á¨áâ¥¬ë á à §¬¥à®áâìî ä §®¢®£® ¯à®áâà áâ¢ , à ¢®© à §¬¥à®-

áâ¨ ä §®¢®£® ¯à®áâà áâ¢  ¨áå®¤®© á¨áâ¥¬ë.

�«ï ¨§ãç¥¨ï ¤ ®£® ¢®¯à®á  ¨á¯®«ì§ã¥¬ ¤¢®©áâ¢¥ë© ¯®¤å®¤.

�à¨ íâ®¬ ¯®¤å®¤¥ áãé¥áâ¢®¢ ¨¥ ¯®¤á¨áâ¥¬ë ®¯à¥¤¥«ï¥âáï áãé¥áâ¢®-

¢ ¨¥¬ t-ª®à á¯à¥¤¥«¥¨ï S, ª®â®à®¥ ï¢«ï¥âáï ¤¢®©áâ¢¥ë¬ ª ¥ª®-

â®à®¬ã  ää¨®¬ã P-à á¯à¥¤¥«¥¨î A ¨ ª®â®à®¥, á®£« á® â¥®à¥¬¥

5.1, ¤®«¦® ã¤®¢«¥â¢®àïâì ãá«®¢¨î K � S, £¤¥ K = F? |  áá®æ¨¨à®-

¢ ®¥ t-ª®à á¯à¥¤¥«¥¨¥ á¨áâ¥¬ë (5.1). �â® ãá«®¢¨¥ ¤®«¦® ¢ë¯®«-

ïâìáï ¢ ¯®¤®¡« áâ¨ M , â ª ª ª à áá¬ âà¨¢ îâáï ®âªàëâë¥ ¯®¤á¨áâ¥-

¬ë. �®á¯®«ì§ã¥¬áï à¥§ã«ìâ â ¬¨ à §¤¥«  3.2, ª®â®àë¥ ª á îâáï íª¢¨-

¢ «¥â®áâ¨  ää¨ëå á¨áâ¥¬ «¨¥©ë¬. �§ íâ¨å à¥§ã«ìâ â®¢ ¢ëâ¥-

ª ¥â ¢ë¢®¤: ¤«ï áãé¥áâ¢®¢ ¨ï «¨¥©®© ¯®¤á¨áâ¥¬ë (¢ ®ªà¥áâ®áâ¨

¥ª®â®à®© â®çª¨ y0) ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë áãé¥áâ¢®¢ «® â -

ª®¥ t-ª®à á¯à¥¤¥«¥¨¥ S, ª®â®à®¥ á®¤¥à¦¨â K ¨ ª®â®à®¥ ã¤®¢«¥â¢®àï¥â

ãá«®¢¨ï¬, ¯à¨¢¥¤¥ë¬ ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 3.10.

�ãáâì dimK(y) = const = q ¨ K ¯®à®¦¤ ¥âáï á¨áâ¥¬®© �ä ää 

¢¨¤ 

!k = !ki (y)dy
i + !kn+1(y)dt = 0; k = 1; : : : ; q: (5.46)

�ç¥¢¨¤®, çâ® á¨áâ¥¬ã �ä ää , ¯®à®¦¤ îéãî t-ª®à á¯à¥¤¥«¥¨¥ S,

¬®¦® ¨áª âì ª ª á¨áâ¥¬ã, á®áâ®ïéãî ¨§ ãà ¢¥¨© (5.46) ¨ ¥é¥ ¥-

ª®â®à®£® ç¨á«  ãà ¢¥¨© �ä ää . �®íâ®¬ã § ¤ ç  á¢®¤¨âáï ª ®¯à¥-

¤¥«¥¨î ¥¨§¢¥áâëå ãà ¢¥¨© �ä ää  á â¥¬ à áç¥â®¬, çâ®¡ë ¤«ï

¤¢®©áâ¢¥®£® ¯à®¨§¢®¤®£® àï¤  t-ª®à á¯à¥¤¥«¥¨ï S ¢ë¯®«ï«¨áì

ãá«®¢¨ï â¥®à¥¬ë 3.10. � ¬¥â¨¬ â ª¦¥, çâ® ¥áâ¥áâ¢¥® ¨áª âì ¬ ª-

á¨¬ «ìë¥ «¨¥©ë¥ ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë (5.1), â.¥. ¯®¤á¨áâ¥¬ë á  á-

á®æ¨¨à®¢ ë¬ t-ª®à á¯à¥¤¥«¥¨¥¬  ¨¬¥ìè¥£® à £ .

�à¨¬¥¨¬ ¨§«®¦¥ë© ¯®¤å®¤ ª ¯®áâà®¥¨î «¨¥©ëå ¯®¤á¨áâ¥¬

 ää¨®© á¨áâ¥¬ë (5.1), å à ªâ¥à¨§ãîé¥©áï à ¢¥áâ¢®¬

rank
f i�(y)i=1;:::;n�=1;:::;r

= n � 2:

� íâ®¬ á«ãç ¥  áá®æ¨¨à®¢ ®¥ t-ª®à á¯à¥¤¥«¥¨¥ K ¨¬¥¥â à £ 2.

�ã¤¥¬ à áá¬ âà¨¢ âì á¨áâ¥¬ã (5.1) ¢ ®ªà¥áâ®áâ¨ â®çª¨, ï¢«ïîé¥©áï
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à¥£ã«ïà®© â®çª®© ¤¢®©áâ¢¥®£® ¯à®¨§¢®¤®£® àï¤ 

K0 � K1 � K2 � : : : ;

¯®áâà®¥®£® ¤«ï t-ª®à á¯à¥¤¥«¥¨ï K. � § ¢¨á¨¬®áâ¨ ®â § ç¥¨© ¨-

¢ à¨ â®¢ qi = dimKi, i = 0; 1; 2; : : :,  ää¨ãî á¨áâ¥¬ã (5.1) ¬®¦®

®â¥áâ¨ ª ®¤®¬ã ¨§ ¥áª®«ìª¨å â¨¯®¢, ª®â®àë¥ à áá¬®âà¨¬ ¯® ®â¤¥«ì-

®áâ¨.

�á«¨  ää¨ ï á¨áâ¥¬  (5.1) ¨¢®«îâ¨¢  (â.¥. ¥¥  áá®æ¨¨à®¢ -

®¥ t-ª®à á¯à¥¤¥«¥¨¥ K ¢¯®«¥ ¨â¥£à¨àã¥¬®), â® ã ¥¥ ¥â «¨¥©ëå

¯®¤á¨áâ¥¬, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ã¯à ¢«ï¥¬®áâ¨ � «¬  . �¥©-

áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ ¤«ï «î¡®£® t-ª®à á¯à¥¤¥«¥¨ï S, á®¤¥à¦ -

é¥£®K, SN � K, ¨, á«¥¤®¢ â¥«ì®, SN 6= O, çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î
2) â¥®à¥¬ë 3.10. (�¤¥áì SN | ¯®á«¥¤¨© ç«¥ ¯à®¨§¢®¤®£® ª®ä« £ ,

¯®áâà®¥®£® ¤«ï S.) �â®¬ã ãá«®¢¨î ¥«ì§ï ã¤®¢«¥â¢®à¨âì ¨ ¢ â®¬

á«ãç ¥, ¥á«¨ ¤«ï á¨áâ¥¬ë (5.1) dimK1 = dimK2 = 1, â.¥. ¢¯®«¥ ¨â¥-

£à¨àã¥¬ë¬ ï¢«ï¥âáï t-ª®à á¯à¥¤¥«¥¨¥ K1.

�ãáâì ¤«ï  ää¨®© á¨áâ¥¬ë (5.1) q1 = 1, q2 = 0. �á«¨ ª®à á¯à¥-

¤¥«¥¨¥ K1 ¢¯®«¥ ¨â¥£à¨àã¥¬®, â®, á®£« á® á«¥¤áâ¢¨î 3.1, á¨áâ¥-

¬  (5.1) «®ª «ì® íª¢¨¢ «¥â  «¨¥©®© á¨áâ¥¬¥, ã¤®¢«¥â¢®àïîé¥©

ãá«®¢¨î ã¯à ¢«ï¥¬®áâ¨, ¨ ¢ ¯®¨áª¥ «¨¥©ëå ¯®¤á¨áâ¥¬ ¥â ¥®¡å®-

¤¨¬®áâ¨. �®íâ®¬ã à áá¬®âà¨¬ á«ãç ©, ª®£¤  K1 ¥ ï¢«ï¥âáï ¢¯®«¥

¨â¥£à¨àã¥¬ë¬ ª®à á¯à¥¤¥«¥¨¥¬.

�à¥¤«®¦¥¨¥ 5.4. �á«¨  ää¨ ï á¨áâ¥¬  (5.1), ¤«ï ª®â®à®©

q0 = 2, q1 = 1, q2 = 0, n>4, ª®à á¯à¥¤¥«¥¨¥ K1 ¥ ¢¯®«¥ ¨â¥£à¨àã-

¥¬®, ¨¬¥¥â «¨¥©ãî ¯®¤á¨áâ¥¬ã á  áá®æ¨¨à®¢ ë¬ t-ª®à á¯à¥¤¥«¥-

¨¥¬ à £  3, â® íâ  ¯®¤á¨áâ¥¬  ¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®¬ã ¢¨¤ã

_z11 = z12 ; _z12 = z13 ; _z13 = z14 ; _z14 = w1;

_z21 = w2; (5.47)

: : :

_zn�31 = wn�3:

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì !1 ï¢«ï¥âáï ¡ §¨á®© t-ä®à¬®© t-ª®-

à á¯à¥¤¥«¥¨ï K1,   t-ä®à¬ë !1 ¨ !2 á®áâ ¢«ïîâ ¡ §¨á®¥ á¥¬¥©-

áâ¢® t-ª®à á¯à¥¤¥«¥¨ï K. �à¥¤¯®«®¦¨¬, çâ®  ©¤¥âáï á®¤¥à¦ é¥¥ K

t-ª®à á¯à¥¤¥«¥¨¥ S à £  3, ª®â®à®¥ á®®â¢¥âáâ¢ã¥â á¨áâ¥¬¥, íª¢¨¢ -

«¥â®© «¨¥©®©. �®áª®«ìªã !1 2 K1, â® !
1 2 S1,   â ª ª ª K1 ¥

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ¯®«®© ¨â¥£à¨àã¥¬®áâ¨, â® SN�1 6= K1. �«¥-

¤®¢ â¥«ì®, ¯à®¨§¢®¤®¬ã àï¤ã t-ª®à á¯à¥¤¥«¥¨ï S ¤®«¦  á®®â¢¥â-

áâ¢®¢ âì ¡«®ª®¢ ï áâàãªâãà  á«¥¤ãîé¥£® ¢¨¤ :

j 
 !1 !2 j
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j 
 !1 j: (5.48)

j 
 j
�¤¥áì, ª ª ¨ ¢ (3.97), ¢¥àåïï áâà®ª  áâàãªâãàë ¯à¥¤áâ ¢«ï¥â á®¡®© ¡ -

§¨á®¥ á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥¨ï S,   ¨¦¥«¥¦ é¨¥ áâà®ª¨ á®¤¥à-

¦ â ¯®á«¥¤®¢ â¥«ì® ¡ §¨áë¥ á¥¬¥©áâ¢  t-ª®à á¯à¥¤¥«¥¨© S1 ¨ S2.

� (5.48) t-ä®à¬  
 â ª®¢ , çâ® 
 =2 K ¨ ãà ¢¥¨¥ 
 = 0 ¯®à®¦¤ ¥â

¢¯®«¥ ¨â¥£à¨àã¥¬®¥ ª®à á¯à¥¤¥«¥¨¥. �§ ¢¨¤  áâàãªâãàë (5.48) á«¥-

¤ã¥â, çâ® ¨¤¥ªáë �à®¥ª¥à  «¨¥©®© á¨áâ¥¬ë, ª®â®à®© íª¢¨¢ «¥â 

á¨áâ¥¬  á  áá®æ¨¨à®¢ ë¬ t-ª®à á¯à¥¤¥«¥¨¥¬ S, ¨¬¥îâ § ç¥¨ï

k1 = 4; ki = 1; i = 2; : : : ; n� 4:

�®íâ®¬ã á®®â¢¥âáâ¢ãîé ï t-ª®à á¯à¥¤¥«¥¨î S  ää¨ ï á¨áâ¥¬  (ï¢«ï-

îé ïáï ¯®¤á¨áâ¥¬®© á¨áâ¥¬ë (5.1)) ¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®¬ã ¢¨-

¤ã (5.47). 2

�¥®à¥¬  5.5. �ää¨ ï á¨áâ¥¬  (5.1), ¤«ï ª®â®à®© ¥ ¢ë¯®«ï-

îâáï ãá«®¢¨ï â¥®à¥¬ë 3.10 ¨ q0 = 2, q1 = 1, q2 = 0, n>4, ¨¬¥¥â ¢

®ªà¥áâ®áâ¨ â®çª¨ y0, à¥£ã«ïà®© ¤«ï ª®à á¯à¥¤¥«¥¨© CK ¨ CK1,

«¨¥©ãî ¯®¤á¨áâ¥¬ã, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î � «¬  , â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  dimCK = 4.

�®ª  §  â ¥ « ì á â ¢ ®. �à¥¦¤¥ ¢á¥£®  ©¤¥¬ ¢¨¤ á¨áâ¥¬ë �ä ää ,

¯®à®¦¤ îé¥© å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ CK. �ãáâì t-ª®-

à á¯à¥¤¥«¥¨¥ K1 ¯®à®¦¤ ¥âáï t-ãà ¢¥¨¥¬ �ä ää 

!1 = 0; (5.49)

  t-ª®à á¯à¥¤¥«¥¨¥ K ¯®à®¦¤ ¥âáï t-á¨áâ¥¬®©

!1 = 0; !2 = 0:

� ª ã¦¥ ®â¬¥ç «®áì, ¤«ï à áá¬ âà¨¢ ¥¬®© ¢ â¥®à¥¬¥  ää¨®© á¨áâ¥-

¬ë ª®à á¯à¥¤¥«¥¨¥ K1 ¥ ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬, â.¥.

d!1 ^ !1 6= 0:

� ª ª ª !1 2 K1, â®

d!1 ^ !1 ^ !2 = 0; (5.50)

d!1 ^ !1 ^ !2 = 0: (5.51)

�§ á®®â®è¥¨ï (5.51),   â ª¦¥ ¨§ ¯à¥¤«®¦¥¨© 1.23 ¨ 1.24 ¢ëâ¥ª ¥â,

çâ®

(d!1)
2 ^ !1 = 0:
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�®£« á® ¯à¥¤«®¦¥¨î 1.31 ¨ â¥®à¥¬¥ 1.16, K1 ¢ ¥ª®â®àëå ª®®à¤¨ -

â å x = {(y) § ¤ ¥âáï ãà ¢¥¨¥¬

!1 = dx1 � x2dx3 = 0:

� §¨á®¥ t-ãà ¢¥¨¥ t-ª®à á¯à¥¤¥«¥¨ï K1 ¢ ª®®à¤¨ â å x ¨¬¥¥â ¢¨¤

!1 = dx1 � x2dx3 � f(x)dt = 0;

£¤¥ f | ¥ª®â®à ï £« ¤ª ï äãªæ¨ï. �§ á®®â®è¥¨ï (5.50) á«¥¤ã¥â,

çâ®

(d!1)
2 ^ !1 = 0; dx3 ^ dx2 ^ dt ^ df ^ dx1 = 0;

â.¥. f = f(x1; x2; x3). � ©¤¥¬ ¢¨¤ t-ä®à¬ë !2. � ¢¥áâ¢® (5.51) ¤ ¥â

dx3 ^ dx2 ^ !1 ^ !2 = 0;

¯®íâ®¬ã ¢ ª ç¥áâ¢¥ !2 ¬®¦® ¢§ïâì t-ä®à¬ã ¢¨¤ 

!2 = adx2 + bdx3 + cdt;

a ¨ b ®¤®¢à¥¬¥® ¢ ã«ì ¥ ®¡à é îâáï. �ãáâì a 6= 0 (¯à¨ b 6= 0

¯à¨¤¥¬ ª â®¬ã ¦¥ à¥§ã«ìâ âã). �®£¤  ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ !2

¨¬¥¥â ¢¨¤

!2 = dx2 � 'dx3 � �dt:

�®¤áâ ¢¨¢ ¢ (5.50)  ©¤¥ë¥ ¢ëà ¦¥¨ï ¤«ï !1 ¨ !2, ¯®«ãç¨¬

� = �
�
x2

@f

@x1
+ '

@f

@x2
+

@f

@x3

�
: (5.52)

�§ ¢¨¤  t-ä®à¬ !1, !2 á«¥¤ã¥â, çâ® ª®à á¯à¥¤¥«¥¨¥ CK ¯®à®¦¤ ¥âáï

á¨áâ¥¬®© �ä ää  8>>>>><
>>>>>:

dx1 � x2dx3 = 0;

dx2 � 'dx3 = 0;
@'

@xi
dx3 = 0; i = 4; : : : ; n;

@'

@x4
dx4 + : : :+

@'

@xn
dxn = 0:

(5.53)

�¥âàã¤® ¢¨¤¥âì, çâ® à £ á¨áâ¥¬ë (5.53) à ¢¥ «¨¡® 2, «¨¡® 4. �®ª -

¦¥¬, çâ®  ää¨ ï á¨áâ¥¬  (5.1) ¨¬¥¥â «¨¥©ë¥ ¯®¤á¨áâ¥¬ë â®«ìª®

¢ â®¬ á«ãç ¥, ¥á«¨ dimCK = 4.
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� áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤ 

@'

@xi
= 0; i = 4; : : : ; n;

â.¥. dimCK = 2. �¬¥¥¬ ' = '(x1; x2; x3), ¨ ¢ á¨«ã (5.52) � =

= �(x1; x2; x3). �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ ã á¨áâ¥¬ë (5.1) ¥â «¨-

¥©ëå ¯®¤á¨áâ¥¬. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥: áãé¥áâ¢ã¥â t-ª®à á¯à¥-

¤¥«¥¨¥ S, á®¤¥à¦ é¥¥ t-ä®à¬ë !1, !2 ¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

â¥®à¥¬ë 3.10. �®£¤   ©¤¥âáï â ª®¥ ç¨á«® j, çâ® !2 2 Sj�1, !
2 =2 Sj .

� ª ª ª ¢ë¯®«ï¥âáï (5.50), â® !1 2 Sj. �ãáâì t-ä®à¬ë

!1; 
1; : : : ; 
k

á®áâ ¢«ïîâ ¡ §¨á®¥ á¥¬¥©áâ¢® t-ª®à á¯à¥¤¥«¥¨ï Sj . �®áª®«ìªã ª®à -

á¯à¥¤¥«¥¨¥ Sj ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬, â®

d!1 ^ !1 ^
1 ^ : : :^
k = dx3 ^ dx2 ^ dx1 ^
1 ^ : : :^
k = 0: (5.54)

�¥âàã¤® ¢¨¤¥âì, çâ®

d!2 ^ !1 ^ !2 = H(x1; x2; x3)dx1 ^ dx2 ^ dx3 ^ dt;

£¤¥ H | ¥ª®â®à ï äãªæ¨ï, ¯®íâ®¬ã

d!2^!1^!2^
1^: : :^
k = H(x1; x2; x3)dx1^dx2^dx3^dt^
1^: : :^
k:

�§ (5.54) á«¥¤ã¥â, çâ® ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ à ¢® 0,   íâ® ¯à®â¨¢®à¥ç¨â

â®¬ã, çâ® !2 =2 Sj.
�ãáâì â¥¯¥àì  ©¤¥âáï â ª®¥ i>4, çâ®

@'

@xi
6= 0; (5.55)

â.¥. dimCK = 4. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® (5.55)

¢ë¯®«ï¥âáï ¤«ï i = 4. �®£¤  ' ¬®¦® ¯à¨ïâì §  ®¢ãî ¯¥à¥¬¥ãî

x4, ¯®á«¥ ç¥£® t-ä®à¬  !2 ¯à¨¬¥â ¢¨¤

!2 = dx2 � x4dx3 � �dt;

£¤¥ ¢ á¨«ã á®®â®è¥¨ï (5.52) � = �(x1; x2; x3; x4). �§ ¤®ª § â¥«ìáâ¢ 

¯à¥¤«®¦¥¨ï (5.4) á«¥¤ã¥â, çâ® t-ä®à¬ã 
, ¤®¯®«ïîéãî !1 ¨ !2 ¤®

¡ §¨á®£® á¥¬¥©áâ¢  t-ª®à á¯à¥¤¥«¥¨ï, ã¤®¢«¥â¢®àïîé¥£® ãá«®¢¨ï¬

â¥®à¥¬ë 3.10, ã¦® ¨áª âì ¢ ¢¨¤¥


 = d� � �dt;
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¯à¨ç¥¬ ¤®«¦® ¢ë¯®«ïâìáï

d!1 ^ !1 ^
 = dx3 ^ dx2 ^ dx1 ^ d� = 0;

d
 ^ !1 ^
 = dt ^ d� ^ (dx1 � x2dx3) ^ d� = 0:

�®íâ®¬ã ¢ ª ç¥áâ¢¥ � ¬®¦® ¢§ïâì ¯à®¨§¢®«ìãî £« ¤ªãî äãªæ¨î ®â

x1, x2, x3, ¥ à ¢ãî ª®áâ â¥,   ¢ ª ç¥áâ¢¥ � | äãªæ¨® «ì® ¥§ -

¢¨á¨¬ë© á � ¯¥à¢ë© ¨â¥£à « ¢¯®«¥ ¨â¥£à¨àã¥¬®£® ª®à á¯à¥¤¥«¥¨ï,

¯®à®¦¤ ¥¬®£® á¨áâ¥¬®© �ä ää 

d� = 0; dx1 � x2dx3 = 0:

�®«®¦¨¬


 = dx3 � (x1 + C)dt; C = const :

�®áâ âã C ¢ë¡¥à¥¬ â ª, çâ®¡ë

d!2 ^ !1 ^ !2 ^
 6= 0;

d!1 ^ !1 ^
 6= 0;

â.¥. çâ®¡ë ¢ â®çª¥ x0 = {(y0) ¢ë¯®«ï«®áì

@f

@x2
+ x1 + C 6= 0;

@�

@x4
+ x1 + C 6= 0:

t-�®à á¯à¥¤¥«¥¨¥, ¯®à®¦¤ ¥¬®¥ t-á¨áâ¥¬®© �ä ää 8<
:
!1 = dx1 � x2dx3 � fdt = 0;

!2 = dx2 � x4d3 � �dt = 0;


 = dx3 � (x1 + C)dt = 0;

¨¬¥¥â ¯à®¨§¢®¤ë© àï¤, § ¯¨áë¢ ¥¬ë© ¢ ¢¨¤¥ (5.48), ¨ á®®â¢¥âáâ¢ã¥â

«¨¥ à¨§ã¥¬®© (â.¥. íª¢¨¢ «¥â®© «¨¥©®©) ¯®¤á¨áâ¥¬¥ á¨áâ¥¬ë (5.1)

_x1 = f(x1; x2; x3) + x2(x1 + C);

_x2 = �(x1; x2; x3; x4) + x4(x1 + C); (5.56)

_x3 = x1 + C;

_xi = vi�3; i = 4; : : : ; n:

�¨áâ¥¬  (5.56) ¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®¬ã ¢¨¤ã (5.47) § ¬¥®© ¯¥à¥-

¬¥ëå

z11 = x3;

z12 = x1 +C;
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z13 = f + x2(x1 + C);

z14 =

�
@f

@x1
+ x2

�
(f + x2(x1 + C)) +

+

�
@f

@x2
+ x1 + C

�
(�+ x4(x1 +C)) +

@f

@x3
(x1 + C);

zi1 = xi+3; i = 2; : : : ; n� 3:

� ª® ¯à¥®¡à §®¢ ¨ï ã¯à ¢«¥¨© ¬®¦® ¯®«ãç¨âì, ¢ëç¨á«¨¢ ¯®«ë¥

¯à®¨§¢®¤ë¥ äãªæ¨© z14(x), z
i
1(x), i = 2; : : : ; n � 3, ¢ á¨«ã á¨áâ¥-

¬ë (5.56). 2

�à¥¦¤¥ ç¥¬ à áá¬ âà¨¢ âì á«¥¤ãîé¨© â¨¯ á¨áâ¥¬, ¤®ª ¦¥¬ ®¤®

¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  5.1. �ãáâì S | à¥£ã«ïà®¥ ¢ L � Rm ª®à á¯à¥¤¥«¥¨¥ à -

£  2, ¥£® å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ CS à¥£ã«ïà® ¨ ¨¬¥¥â

à £ r > 2. �á«¨ ª®à á¯à¥¤¥«¥¨¥ S ¯®à®¦¤ ¥âáï á¨áâ¥¬®© �ä ää 

¢¨¤  �
dz1 = 0;

!i(z)dz
i = 0; i = 2; : : : ;m;

(5.57)

â® ¥£® ª« áá r ç¥âë©, ¨ ¤«ï ª ¦¤®© â®çª¨ z 2 L áãé¥áâ¢ã¥â â ª ï

®ªà¥áâ®áâì U � L ¨ § ¬¥  ª®®à¤¨ â ¢ U

x1 = z1; xi = xi(z1; : : : ; zm); i = 2; : : : ;m;

çâ® ¢ ®¢ëå ª®®à¤¨ â å ª®à á¯à¥¤¥«¥¨¥ S ¯®à®¦¤ ¥âáï ¢ U á¨áâ¥-

¬®© �ä ää  �
dx1 = 0;

dx2 � x3dx4 � : : :� xr�1dxr = 0:
(5.58)

� ® ª   §  â ¥ « ì á â ¢ ®. �¡®§ ç¨¬ ä®à¬ë �ä ää , á®áâ ¢«ïîé¨¥

¡ §¨á®¥ á¥¬¥©áâ¢® ª®à á¯à¥¤¥«¥¨ï S, ç¥à¥§ 
 = dz1 ¨ ! = !i(z)dz
i.

� à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥ CS ¯® ®¯à¥¤¥«¥¨î ¯®à®¦¤ ¥âáï

á¨áâ¥¬®© �ä ää 8<
:
!0i[j!j1
j2]dz

i = 0; 16j < j1 < j26m;

!idz
i = 0;

dz1 = 0:

(5.59)

�®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.12, ¯¥à¢ ï áâà®ª  ä®à¬ã«ë (5.59)

¯à¥¤áâ ¢«ï¥â á®¡®© £àã¯¯ã ãà ¢¥¨©, ª®â®àë¥ ¬®£ãâ ¡ëâì ¯¥à¥¯¨á ë

¢ ¢¨¤¥ ������
!0jidz

i !0j1idz
i !0j2idz

i

!j !j1 !j2

j 
j1 
j2

������ = 0; 16j < j1 < j26m;
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â.¥. íâ¨ ãà ¢¥¨ï ¯®«ãç îâáï ¯à¨à ¢¨¢ ¨¥¬ ã«î á®®â¢¥âáâ¢ãîé¨å

¬¨®à®¢ ¬ âà¨æë (1.118). � ª¨¬ ®¡à §®¬, áâà®ª¨ ¬ âà¨æë
!01idz

i !02idz
i : : : !0midz

i

!1 !2 : : : !m
1 0 : : : 0


¯à®¯®àæ¨® «ìë ¬¥¦¤ã á®¡®©, ¨ ¥¥ ¯¥à¢ ï áâà®ª  ï¢«ï¥âáï «¨¥©®©

ª®¬¡¨ æ¨¥© ¢â®à®© ¨ âà¥âì¥© áâà®ª

!0jidz
i = �!j + �
j ; j = 1; : : : ;m:

�®íâ®¬ã á¨áâ¥¬  (5.59) ¬®¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥8>>>>>><
>>>>>>:

!011dz
1 + !012dz

2 + : : : + !01mdz
m � !1� � � = 0;

!021dz
1 + !022dz

2 + : : : + !02mdz
m � !2� = 0;

: : :

!0m1dz
1 + !0m2dz

2 + : : : + !0mmdz
m � !m� = 0;

!1dz
1 + !2dz

2 + : : : + !mdz
m = 0;

dz1 = 0:

(5.60)

�¬¥¥¬ m + 2 «¨¥©ëå ®¤®à®¤ëå ãà ¢¥¨ï á m + 2 ¥¨§¢¥áâë¬¨

dz1, dz2, . . . , dzm, �, �, ¯à¨ç¥¬ � ¨ � ï¢«ïîâáï ¢á¯®¬®£ â¥«ìë¬¨ ¢¥-

«¨ç¨ ¬¨ ¨ ¯®¤«¥¦ â ¨áª«îç¥¨î. �®áª®«ìªã !0ij = �!0ji, â® ¬ âà¨æ 
ª®íää¨æ¨¥â®¢ á¨áâ¥¬ë (5.60) ª®á®á¨¬¬¥âà¨ç¥áª ï ¨, á«¥¤®¢ â¥«ì®,

¨¬¥¥â ç¥âë© à £. �¡®§ ç¨¬ ¥£® 2l. � ª¨¬ ®¡à §®¬, áà¥¤¨ ãà ¢¥-

¨© (5.60) ¨¬¥¥âáï 2l «¨¥©® ¥§ ¢¨á¨¬ëå. �®á«¥ ¨áª«îç¥¨ï � ¨ �

¨å ®áâ ¥âáï â®«ìª® 2l � 2, â ª ª ª � ¨ � áãé¥áâ¢¥® ¢å®¤ïâ ¢ á¨áâ¥-

¬ã. �«¥¤®¢ â¥«ì®, à £ á¨áâ¥¬ë (5.59), ï¢«ïîé¨©áï ¯® ®¯à¥¤¥«¥¨î

ª« áá®¬ ª®à á¯à¥¤¥«¥¨ï S, à ¢¥ 2l � 2, â.¥. r = 2l� 2. � «¥¥ ¨áª«î-

ç¨¬ ¨§ á¨áâ¥¬ë (5.60) ¯¥à¥¬¥ë¥ � ¨ dz1. �®«ãç¨¬ á¨áâ¥¬ã8>><
>>:
!022dz

2 + : : : + !02mdz
m � !2� =0;

: : :

!0m2dz
2 + : : : + !0mmdz

m � !m� =0;

!2dz
2 + : : : + !mdz

m =0:

(5.61)

� âà¨æ  ª®íää¨æ¨¥â®¢ á¨áâ¥¬ë (5.61) ¨¬¥¥â ¯®áâ®ïë© à £, à ¢-

ë© 2l�2. �¨áâ¥¬  (5.61) ï¢«ï¥âáï å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬®© ãà ¢-
¥¨ï �ä ää  (á¬. ¯à¨¬¥à 1.6)

(!2dz
2 + : : : + !mdz

m)
��
z1=C=const

= 0; (5.62)

¯à¨ç¥¬ � ¯®¤«¥¦¨â ¨áª«îç¥¨î, ¨, á«¥¤®¢ â¥«ì®, ª« áá íâ®£® ãà ¢¥-

¨ï à ¢¥ 2l� 3. �®íâ®¬ã  ©¤¥âáï â ª ï «®ª «ì ï § ¬¥  ª®®à¤¨ â

xi = xi(C; z2; : : : ; zm); i = 2; : : : ;m;
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çâ® ãà ¢¥¨¥ (5.62) § ¯¨è¥âáï ¢ ®¢ëå ª®®à¤¨ â å ¢ ¢¨¤¥

dx2 � x3dx4 � : : : � x2l�3dx2l�2 = 0:

� ª¨¬ ®¡à §®¬, á¨áâ¥¬  �ä ää  (5.57) ¯à¨ § ¬¥¥ ª®®à¤¨ â

x1 = z1; xi = xi(z1; : : : ; zm); i = 2; : : : ;m;

¯¥à¥©¤¥â ¢ á¨áâ¥¬ã (5.58) á r = 2l � 2. 2

�ãáâì â¥¯¥àì  ää¨ ï ã¯à ¢«ï¥¬ ï á¨áâ¥¬  â ª®¢ , çâ® q1 = 0

(ª ª ¨ ¯à¥¦¤¥, dimK = 2). �®¯®áâ ¢¨¬ á¨áâ¥¬¥ (5.1) ¯à®¨§¢®¤ë© àï¤

B0 � B1 � B2 � : : : ; (5.63)

¯®áâà®¥ë© ¤«ï ª®à á¯à¥¤¥«¥¨ï K. �«ï ª ¦¤®£® Bi, i = 0; 1; 2; : : :,

®¤®§ ç® ®¯à¥¤¥«¥® t-ª®à á¯à¥¤¥«¥¨¥ Qi � K, â ª®¥, çâ® Bi =

Qi. �ã¤¥¬ áç¨â âì, çâ® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ à áá¬ âà¨¢ ¥¬®©

â®çª¨ ¢á¥ ç«¥ë àï¤  (5.63) à¥£ã«ïàë. �á«¨ ª®à á¯à¥¤¥«¥¨¥ B0 = K

¢¯®«¥ ¨â¥£à¨àã¥¬®, â® K ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 3.10 ¨

á¨áâ¥¬  (5.1) «®ª «ì® íª¢¨¢ «¥â  «¨¥©®© á¨áâ¥¬¥. �ãáâì K ¥

ï¢«ï¥âáï ¢¯®«¥ ¨â¥£à¨àã¥¬ë¬. � áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤ 

¤«ï  ää¨®© á¨áâ¥¬ë ¢ë¯®«ï¥âáï à ¢¥áâ¢® dimB1 = dimB2 =

= 1. �§ «¥¬¬ë 5.1 á«¥¤ã¥â, çâ® t-ª®à á¯à¥¤¥«¥¨¥ K ¢ íâ®¬ á«ãç ¥

«®ª «ì® íª¢¨¢ «¥â® t-ª®à á¯à¥¤¥«¥¨î, ¯®à®¦¤ ¥¬®¬ã t-á¨áâ¥¬®©

¢¨¤  �
!1 = dx1 � f(x)dt = 0;

!2 = dx2 � x3dx4 � : : :� xr�1dxr � '(x)dt = 0;
(5.64)

£¤¥ r = 2k | ª« áá ª®à á¯à¥¤¥«¥¨ï K .

�¥®à¥¬  5.6. �á«¨  ää¨ ï á¨áâ¥¬  (5.1), ¤«ï ª®â®à®© q0 = 2,

q1 = 0, dimB1 = dimB2 = 1, dimCK = r = const , n>4, ¨¬¥¥â ¢

®ªà¥áâ®áâ¨ â®çª¨ y0 «¨¥©ãî ¯®¤á¨áâ¥¬ã á  áá®æ¨¨à®¢ ë¬ t-

ª®à á¯à¥¤¥«¥¨¥¬ à £  l, â®

l>
r + 2

2
:

�®ª  §  â ¥ « ì á â ¢ ®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥: ¯ãáâì áãé¥áâ¢ã¥â

t-ª®à á¯à¥¤¥«¥¨¥ S, á®¤¥à¦ é¥¥ K ¨ ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ â¥®-

à¥¬ë 3.10, ¯à¨ç¥¬

dimS = l <
r + 2

2
: (5.65)
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�®£¤  ª®à á¯à¥¤¥«¥¨¥ S ¢¯®«¥ ¨â¥£à¨àã¥¬® ¨ á®¤¥à¦¨â ª®à á¯à¥-

¤¥«¥¨¥ K , § ¤ ¢ ¥¬®¥ ¢ ¥ª®â®àëå ª®®à¤¨ â å x = {(y) á¨áâ¥¬®©

�ä ää  �
dx1 = 0;

dx2 � x3dx4 � : : :� xr�1dxr = 0:
(5.66)

� ª®®à¤¨ â å x ª®à á¯à¥¤¥«¥¨¥ S ¨¬¥¥â ¯®«ãî á¨áâ¥¬ã ¨â¥£à «®¢

¢¨¤ 

x1;H1(x);H2(x); : : : ;H l�1(x):

�¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¢ â®çª¥ x0 = {(y0)

����@Hi

@xj

����
i=1;:::;l�1

j=2;:::;l

6= 0:

�à®¨§¢¥¤¥¬ § ¬¥ã ª®®à¤¨ â

z1 = x1; zi = Hi�1(x); i = 2; : : : ; l; zj = xj; j = l + 1; : : : ; n:

� ª®®à¤¨ â å z ª®à á¯à¥¤¥«¥¨¥ S ¯®à®¦¤ ¥âáï á¨áâ¥¬®© �ä ää 

dzi = 0; i = 1; : : : ; l:

� ª ª ª K � S, â®  ©¤ãâáï â ª¨¥ £« ¤ª¨¥ äãªæ¨¨ �i(z), i = 2; : : : ; l,

¥ ®¡à é îé¨¥áï ®¤®¢à¥¬¥® ¢ 0, çâ® á¨áâ¥¬  �ä ää  (5.66) «®-

ª «ì® íª¢¨¢ «¥â  á¨áâ¥¬¥�
dz1 = 0;

�2dz
2 + �3dz

3 + : : :+ �ldz
l = 0:

(5.67)

�¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® �2 6= 0. �®£¤  ¬®¦-

® ¯®«®¦¨âì �2 = 1. � à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  á¨áâ¥¬ë (5.67),

¯®à®¦¤ îé ï ª®à á¯à¥¤¥«¥¨¥ CK ¢ ª®®à¤¨ â å z, á®áâ®¨â ¨§ ãà ¢-

¥¨© (5.67) ¨ ãà ¢¥¨©

�
@��

@zi
� @�i

@z�
+ ��

@�i

@z2
� �i

@��

@z2

�
dzi +

@��

@zj
dzj = 0; � = 3; : : : ; l;

@�i

@z�
dzi = 0; � = l + 1; : : : ; n;

i = 3; : : : ; l; j = l + 1; : : : ; n:

� ª¨¬ ®¡à §®¬, ¬ âà¨æ  å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ¤«ï á¨áâ¥¬ë
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�ä ää  (5.67) ¨¬¥¥â ¢¨¤

1 0 0 : : : 0 0 : : : 0

0 1 �3 : : : �l 0 : : : 0

0 0 � : : : � @�3

@zl+1
: : :

@�3

@zn
...

...
...

. . .
...

...
. . .

...

0 0 � : : : � @�l

@zl+1
: : :

@�l

@zn

0 0
@�3

@zl+1
: : :

@�l

@zl+1
0 : : : 0

...
...

...
. . .

...
...

. . .
...

0 0
@�3

@zn
: : :

@�l

@zn
0 : : : 0



:

� £ íâ®© ¬ âà¨æë ¬¥ìè¥ ¨«¨ à ¢¥ 2l � 2 ¨ ¢ á¨«ã (5.65) áâà®£®

¬¥ìè¥, ç¥¬ r, â.¥. ¬ë ¯®«ãç¨«¨, çâ® dimCK < r,   íâ® ¯à®â¨¢®à¥ç¨â

ãá«®¢¨ï¬ â¥®à¥¬ë. 2

�¥®à¥¬  5.7. �  ää¨®© á¨áâ¥¬ë (5.1), ¤«ï ª®â®à®© q0 = 2,

q1 = 0, dimB1 = dimB2 = 1, n>4, ¢ ®ªà¥áâ®áâ¨ â®çª¨ y0, ï¢«ïî-

é¥©áï à¥£ã«ïà®© ¤«ï ª®à á¯à¥¤¥«¥¨© CK ¨ CtQ1\CK, áãé¥áâ¢ã¥â
«¨¥© ï ¯®¤á¨áâ¥¬ , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î � «¬  , á  áá®æ¨-

¨à®¢ ë¬ t-ª®à á¯à¥¤¥«¥¨¥¬ à £  l =
r + 2

2
, £¤¥ r = dimCK.

�®ª  §  â ¥ « ì á â ¢ ®. �®®â¢¥âáâ¢ãîé¥¥ á¨áâ¥¬¥ (5.1) t-ª®à á¯à¥¤¥-

«¥¨¥ K ¯®à®¦¤ ¥âáï ¢ ¥ª®â®àëå ª®®à¤¨ â å t-á¨áâ¥¬®© �ä ää 

¢¨¤  (5.64), ¯à¨ç¥¬ ¢ë¯®«ï¥âáï

d!1^!1^!2 = dt^df ^dx1^ (dx2�x3dx4� : : :�x2k�1dx2k) 6= 0: (5.68)

� áá¬®âà¨¬ ª®à á¯à¥¤¥«¥¨¥ CtQ1, § ¤ ¢ ¥¬®¥ ¢ ª®®à¤¨ â å x á¨áâ¥-

¬®© �ä ää  �
dx1 = 0;

df = 0;

¨ ª®à á¯à¥¤¥«¥¨¥ CK, § ¤ ¢ ¥¬®¥ á¨áâ¥¬®©

dxi = 0; i = 1; : : : ; 2k:

� á¨«ã à¥£ã«ïà®áâ¨ CtQ1 \CK ¢®§¬®¦ë ¤¢  á«ãç ï.

 ) CtQ1 \CK 6= CtQ1. �â® ®§ ç ¥â, çâ®

df ^ dx1 ^ dx2 ^ : : :^ dx2k 6= 0:
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�à¨¬¥¬ äãªæ¨î f §  ®¢ãî ¯¥à¥¬¥ãî x2k+1. �ãáâì S | t-ª®à á-

¯à¥¤¥«¥¨¥, ¡ §¨á®¥ á¥¬¥©áâ¢® ª®â®à®£® á®áâ ¢«ïîâ t-ä®à¬ë �ä ää 

�11 = dx4 � (x1 + C)dt; �12 = dx1 � x2k+1dt;

�i1 = dx2i+2 � x2i+1dt; i = 2; : : : ; k � 1;

�k1 = dx2 � (' + (x1 + C)x3 + (x5)
2
+ : : :+ (x2k�1)

2
)dt:

�¤¥áì C | ¥ª®â®à ï ª®áâ â , â ª ï, çâ® ¢ â®çª¥ x0 = {(y0) (£¤¥ {

§ ¤ ¥â ¯¥à¥å®¤ ®â ª®®à¤¨ â y ª ª®®à¤¨ â ¬ x)

@'

@x3
+ x1 + C 6= 0:

�¥âàã¤® ¢¨¤¥âì, çâ®

!1 = �12; !2 = �k1 � x3�11 � : : :� x2k�1�k�11 ;

â.¥. K � S. �à®¨§¢®¤ë© àï¤ t-ª®à á¯à¥¤¥«¥¨ï S § ¯¨áë¢ ¥âáï ¢

¢¨¤¥ áâàãªâãàë ¨§ k ¡«®ª®¢

j �11 �12 j �21 j : : : j �k1 j
j �11 j j j j

¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬, ¯à¨¢¥¤¥ë¬ ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 3.10.

�«¥¤®¢ â¥«ì®, t-ª®à á¯à¥¤¥«¥¨¥ S á®®â¢¥âáâ¢ã¥â ¥ª®â®à®© «¨¥©®©

¯®¤á¨áâ¥¬¥ á¨áâ¥¬ë (5.1), ¯à¨ç¥¬ dimS = k + 1 = r + 2=2.

¡) CtQ1 \CK = CtQ1. � íâ®¬ á«ãç ¥

df ^ dx1 ^ dx2 ^ : : :^ dx2k = 0;

â.¥. f = f(x1; x2; : : : ; x2k). �§ á®®â®è¥¨ï (5.68) á«¥¤ã¥â, çâ®

@f

@xj
6= 0 (5.69)

¤«ï ¥ª®â®à®£® j > 1. �®ª ¦¥¬, çâ® ¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥ ¯¥à¥-

¬¥ëå x ãá«®¢¨¥ (5.69) ¡ã¤¥â ¢ë¯®«ïâìáï ¤«ï ¥ª®â®à®£® ¥ç¥â®£®

j > 1. �¥©áâ¢¨â¥«ì®, ¥á«¨ @f=@xm 6= 0, £¤¥ m | ç¥â®¥, 2 < m62k,

â®, á¤¥« ¢ § ¬¥ã ª®®à¤¨ â

x2 7! x2 � xm�1xm; xm�1 7! �xm; xm 7! xm�1;

¯®«ãç¨¬, çâ® K ¯®à®¦¤ ¥âáï t-á¨áâ¥¬®© �ä ää  ¢¨¤  (5.64), ¤«ï

ª®â®à®© @f=@xm�1 6= 0, â.¥. j = m�1. �á«¨ ¦¥ @f=@x2 6= 0, @f=@xi = 0,
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i = 3; : : : ; 2k, â® ¨§ (5.68) á«¥¤ã¥â, çâ® xm�1 6= 0 ¤«ï ¥ª®â®à®£® ç¥â®-

£® m, 2 < m62k. �®á«¥ § ¬¥ë ¯¥à¥¬¥ëå

x2 7! xm;
1

xm�1
7! �xm�1; xm 7! �x2;

xi

xm�1
7! xi ¤«ï ¥ç¥âëå i; i 6= m � 1;

¯à¨¤¥¬ ª ã¦¥ à áá¬®âà¥®© á¨âã æ¨¨. �â ª, ¥ ®£à ¨ç¨¢ ï ®¡é®-

áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ãá«®¢¨¥ (5.69) ¢ë¯®«ï¥âáï ¤«ï j = 3. � ¬¥®©

¯¥à¥¬¥ëå f 7! x3 ¯à¨¢¥¤¥¬ t-á¨áâ¥¬ã (5.64) ª ¢¨¤ã�
!1 = dx1 � x3dt = 0;

!2 = dx2 �G(x1; : : : ; x2k)dx4 � : : :� x2k�1dx2k �H(x)dt = 0;

£¤¥ @G=x3 6= 0. �ãáâì r = 2k>6. � áá¬®âà¨¬ t-ª®à á¯à¥¤¥«¥¨¥ S,

¡ §¨á®¥ á¥¬¥©áâ¢® ª®â®à®£® á®áâ®¨â ¨§ t-ä®à¬

�11 = dx6 � (x4 + C)dt; �12 = dx4 � x1dt; �13 = dx1 � x3dt;

�i1 = dx2i+4 � x2i+3dt; i = 2; : : : ; k � 2;

�k�11 = dx2 � (H(x) + G(x)x1 + (x4 + C)x5 + (x7)
2
+ : : :+ (x2k�1)

2
)dt:

�®áâ âã C ¯®¤¡¥à¥¬ ¨§ ãá«®¢¨ï, çâ®

@H

@x5
+
@G

@x5
x1 + x4 +C 6= 0:

�®áª®«ìªã

!1 = �13 ; !2 = �k�11 �G(x)�12 � x5�11 � : : :� x2k�1�k�21 ;

â® K � S. �à®¨§¢®¤ë© àï¤ t-ª®à á¯à¥¤¥«¥¨ï S § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

k � 1 ¡«®ª®¢

j �11 �12 �13 j �21 j : : : j �k�11 j
j �11 �12 j j j j
j �11 j j j j

¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë 3.10, â.¥. S ®¯à¥¤¥«ï¥â «¨¥©ãî

¯®¤á¨áâ¥¬ã á¨áâ¥¬ë (5.1), dimS = k + 1 =
r + 2

2
. �ãáâì â¥¯¥àì r = 4.

� áá¬®âà¨¬ ãà ¢¥¨¥

dx3 ^ dx1 ^ (dx2 �G(x1; x2; x3; x4)dx4) ^ d� = 0

®â®á¨â¥«ì® äãªæ¨¨ � ¢ ¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå x1, x2, x3, x4:

@�

@x4
+ G

@�

@x2
= 0:



5.2. ��������� ���� ��������� 275

�â® ãà ¢¥¨¥ ¨¬¥¥â âà¨ äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå à¥è¥¨ï: x1, x3

¨ ¥ª®â®àãî äãªæ¨î �(x1; x2; x3; x4). �¥âàã¤® ¯à®¢¥à¨âì, çâ® t-ª®-

à á¯à¥¤¥«¥¨¥ S à £  3 á ¡ §¨áë¬ á¥¬¥©áâ¢®¬

�11 = !1; �12 = dx3 � (�(x) +C)dt; �13 = !2;

£¤¥ ª®áâ â  C â ª®¢ , çâ®

d�13 ^ �11 ^ �13 ^ �12 = d!2 ^!1 ^!2 ^ (dx3� �dt)� d!2 ^!1 ^!2 ^Cdt 6= 0;

¨¬¥¥â ¯à®¨§¢®¤ë© àï¤, § ¯¨áë¢ ¥¬ë© ¢ ¢¨¤¥ áâàãªâãàë

j �11 �12 �13 j
j �11 �12 j
j �11 j

;

¨ á®®â¢¥âáâ¢ã¥â «¨¥©®© ¯®¤á¨áâ¥¬¥ á¨áâ¥¬ë (5.1). 2

� ª¨¬ ®¡à §®¬,  ää¨ ï á¨áâ¥¬ , ¤«ï ª®â®à®© q0 = 2, q1 = 0,

dimB1 = dimB2 = 1, ¢á¥£¤  ¨¬¥¥â «¨¥©ë¥ ¯®¤á¨áâ¥¬ë, ã¤®¢«¥â¢®àï-

îé¨¥ ãá«®¢¨î ã¯à ¢«ï¥¬®áâ¨ � «¬  , ¯à¨ç¥¬ ¥¥ ¨¢ à¨ â, à ¢ë©

r + 2=2, £¤¥ r = dimCK, å à ªâ¥à¨§ã¥â ¬ ªá¨¬ «ìãî ¢ ¥ª®â®à®¬

á¬ëá«¥ «¨¥©ãî ¯®¤á¨áâ¥¬ã (¥ ï¢«ïîéãîáï ¥¤¨áâ¢¥®©).

� áá¬®âà¨¬ â¥¯¥àì  ää¨ë¥ á¨áâ¥¬ë, ª®â®àë¥ å à ªâ¥à¨§ãîâáï

à ¢¥áâ¢ ¬¨ q0 = 2, q1 = 0, dimB1 = 1, dimB2 = 0.

�¥®à¥¬  5.8. �ãáâì ¤«ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (5.1) q0 = 2, q1 =

= 0, dimB1 = 1, dimB2 = 0. �á«¨ ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ y0
ª®à á¯à¥¤¥«¥¨ï CB1 ¨ CtQ1 à¥£ã«ïàë ¨ dimCtQ1 = 3, â® ã á¨áâ¥-

¬ë (5.1) áãé¥áâ¢ã¥â («®ª «ì®) «¨¥© ï ¯®¤á¨áâ¥¬ , ã¤®¢«¥â¢®àï-

îé ï ãá«®¢¨î � «¬   ¨ ¨¬¥îé ï  áá®æ¨¨à®¢ ®¥ t-ª®à á¯à¥¤¥«¥¨¥

à £  3.

�®ª  §  â ¥ « ì á â ¢ ®. �ãáâì !1 ï¢«ï¥âáï ¡ §¨á®© t-ä®à¬®© t-ª®-

à á¯à¥¤¥«¥¨ï Q1,   !
2 ¤®¯®«ï¥â !1 ¤® ¡ §¨á®£® á¥¬¥©áâ¢  t-ª®à á-

¯à¥¤¥«¥¨ï K. �®£¤  B1 ¯®à®¦¤ ¥âáï ãà ¢¥¨¥¬ !1 = 0, ¨ â ª ª ª

B2 6= B1, â®

d!1 ^ !1 6= 0:

�®áª®«ìªã B1 = K1, â® d!1 ^ !1 ^ !2 = 0; (d!1)
2 ^ !1 = 0.

�®£« á® ¯à¥¤«®¦¥¨î 1.31 ¨ â¥®à¥¬¥ 1.16, B1 ¢ ¥ª®â®àëå ª®®à-

¤¨ â å § ¤ ¥âáï ãà ¢¥¨¥¬

!1 = dx1 � x2dx3 = 0:
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� §¨á®¥ t-ãà ¢¥¨¥ t-ª®à á¯à¥¤¥«¥¨ï Q1 ¢ ª®®à¤¨ â å x ¨¬¥¥â ¢¨¤

!1 = dx1 � x2dx3 � f(x)dt = 0; (5.70)

£¤¥ f | ¥ª®â®à ï äãªæ¨ï. �®®â¢¥âáâ¢¥® ª®à á¯à¥¤¥«¥¨¥ CtQ1

¯®à®¦¤ ¥âáï ¢ ª®®à¤¨ â å x á¨áâ¥¬®© �ä ää �
dxi = 0; i = 1; 2; 3;

df(x) = 0:

� ª ª ª dimCtQ1 = 3, â®

df ^ dx1 ^ dx2 ^ dx3 = 0;

â.¥. f = f(x1; x2; x3). � ª ¦¥, ª ª ¢ â¥®à¥¬¥ 5.5, ¬®¦® ¯®ª § âì, çâ®

¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ t-ä®à¬  !2 ¨¬¥¥â ¢¨¤

!2 = dx2 � 'dx3 � �dt;

¯à¨ç¥¬ ¯®áª®«ìªã !2 =2 B1, â®

d!2 ^ !1 ^ !2 = dx3 ^ d' ^ dx1 ^ dx2 6= 0:

�à¨¬¥¬ äãªæ¨î ' §  ®¢ãî ¯¥à¥¬¥ãî x4. � áá¬®âà¨¬ t-ª®à á¯à¥-

¤¥«¥¨¥ S á ¡ §¨áë¬ á¥¬¥©áâ¢®¬, á®áâ®ïé¨¬ ¨§ t-ä®à¬ !1, !2 ¨


 = dx3 � (x1 + C)dt;

£¤¥ C | ¥ª®â®à ï ª®áâ â . S ¯®à®¦¤ ¥âáï t-á¨áâ¥¬®© �ä ää 8<
:

 = dx3 � (x1 + C)dt = 0;

~!1 = dx1 � (f + x2(x1 + C))dt = 0;

~!2 = dx2 � (�+ x4(x1 +C))dt = 0:

�á«¨ ¢ë¡à âì ª®áâ âã C â ª, çâ®¡ë ¢ à áá¬ âà¨¢ ¥¬®© â®çª¥

@f

@x2
+ x1 + C 6= 0;

@�

@x4
+ x1 +C 6= 0;

â® t-ª®à á¯à¥¤¥«¥¨¥ S ¡ã¤¥â («®ª «ì®) ¨¬¥âì ¯à®¨§¢®¤ë© àï¤, § -

¯¨áë¢ ¥¬ë© ¢ ¢¨¤¥

j 
 ~!1 ~!2 j
j 
 ~!1 j
j 
 j
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¨ á®®â¢¥âáâ¢ãîé¨© «¨¥©®© ¯®¤á¨áâ¥¬¥ á¨áâ¥¬ë (5.1), ¯à¨¢®¤¨¬®© ª

ª ®¨ç¥áª®¬ã ¢¨¤ã (5.47). 2

�â ª, ¤«ï à áá¬®âà¥ëå â¨¯®¢  ää¨ëå á¨áâ¥¬ ¢®¯à®á ® áãé¥-

áâ¢®¢ ¨¨ «¨¥©ëå ¯®¤á¨áâ¥¬, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ã¯à ¢«ï¥-

¬®áâ¨ � «¬  , ¬®¦¥â ¡ëâì à¥è¥ ¯ãâ¥¬ ¢ëç¨á«¥¨ï ¥ª®â®àëå ¨¢ -

à¨ â®¢ á¨áâ¥¬ë (5.1), ª®â®àë¥  å®¤ïâáï á ¯®¬®éìî  «£¥¡à ¨ç¥áª¨å

®¯¥à æ¨©. �«ï ¯®áâà®¥¨ï ª ª®©-«¨¡® «¨¥©®© ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë

(5.1) ¥®¡å®¤¨¬® à¥è¨âì ¥ª®â®àë¥ á¨áâ¥¬ë ®¡ëª®¢¥ëå ¤¨ää¥à¥-

æ¨ «ìëå ãà ¢¥¨©.

�®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨ ¯®áâà®¥¨¨ «¨¥©ëå ¯®¤á¨áâ¥¬  ää¨-

ëå á¨áâ¥¬ á q0 = 2, q1 = 0, dimB1 = 0 ¥ ¡ë« à áá¬®âà¥ ¨ ã¦¤ ¥âáï

¢ ¤ «ì¥©è¥¬ ¨áá«¥¤®¢ ¨¨. �¤ ª® ¥á«¨ à §¬¥à®áâì ä §®¢®£® ¯à®-

áâà áâ¢  á¨áâ¥¬ë (5.1) à ¢  4, â® ®¡ï§ â¥«ì® dimB1 > 0, â.¥. á«ãç ©

n = 4 ï¢«ï¥âáï ¯®«®áâìî ®å¢ ç¥ë¬.

�à¨¬¥à 5.4. � ©¤¥¬ «¨¥©ãî ¯®¤á¨áâ¥¬ã ¤«ï á¨áâ¥¬ë

_y1 = �y5 sin y3;
_y2 = �(sin y4)2 + (1 + (y1)

2
)u2;

_y3 = y3(1 + (y1)
2
)u1;

_y4 = y2u1 + u2;

_y5 = y2y4u2 + u3;

(5.71)

y 2M = fR5: y2 6= 0g; u 2 R3:

�áª«îç¨¢ ¨§ (5.71) ã¯à ¢«¥¨ï ¨ ã¬®¦¨¢ ¯®«ãç¥ë¥ ¢ëà ¦¥¨ï  

dt, ¯®«ãç¨¬ t-á¨áâ¥¬ã �ä ää �
!1 = dy1 + y5 sin y3dt = 0;

!2 = y3dy2 + y2dy3 � y3(1 + (y1)
2
)dy4 + y3(sin y4)

2
dt = 0:

(5.72)

t-�¨áâ¥¬  (5.72) ¯®à®¦¤ ¥â  áá®æ¨¨à®¢ ®¥ t-ª®à á¯à¥¤¥«¥¨¥ K  ä-

ä¨®© á¨áâ¥¬ë (5.71). �¬¥¥¬

dimK1 = 0; dimB1 = dimB2 = 1:

� ¯¨è¥¬ á¨áâ¥¬ã �ä ää , ï¢«ïîéãîáï ¡ §¨á®© á¨áâ¥¬®© å à ªâ¥-

à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï CK,8>>>>><
>>>>>:

dy1 = 0;

y3dy2 + y2dy3 � y3(1 + (y1)
2
)dy4 = 0;

(1 + (y1)
2
)dy4 = 0;

�2y1y3dy1 � (1 + (y1)
2
)dy3 = 0;

2y1y3dy4 = 0:

(5.73)
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� £ á¨áâ¥¬ë (5.73) à ¢¥ 4. � á¨«ã â¥®à¥¬ë 5.7 ã á¨áâ¥¬ë (5.71)

áãé¥áâ¢ã¥â «¨¥© ï ¯®¤á¨áâ¥¬  á  áá®æ¨¨à®¢ ë¬ t-ª®à á¯à¥¤¥«¥¨-

¥¬ Q à £  3. �«ï â®£® çâ®¡ë ®âëáª âì «¨¥©ãî ¯®¤á¨áâ¥¬ã, ¯à¥¦¤¥

¢á¥£® á«¥¤ã¥â ¢ ãà ¢¥¨¨ !2 = 0 ¯®«®¦¨âì y1 = C1 = const ¨ ¯à¨¢¥áâ¨

¯®«ãç¨¢è¥¥áï ãà ¢¥¨¥ �ä ää 

� = �idy
i = y3dy2 + y2dy3 � y3(1 + (C1)

2
)dy4 = 0; i = 2; 3; 4; (5.74)

ª ª ®¨ç¥áª®¬ã ¢¨¤ã

dx2 � x3dx4 = 0: (5.75)

� ¬¥ã ¯¥à¥¬¥ëå xi =  i(C1; y2; y3; y4), i = 2; 3; 4, ¯à¥®¡à §ãîéãî

(5.74) ¢ (5.75),  ©¤¥¬, á«¥¤ãï  «£®à¨â¬ã, ®¯¨á ®¬ã ¢ [10]. � ç « 

áâà®¨¬ á¨áâ¥¬ã ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© _yi = f i(C1; y2; y3; y4),

i = 2; 3; 4, ¯à ¢ë¥ ç áâ¨ ª®â®à®© ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥  «£¥¡à ¨ç¥-

áª¨å ãà ¢¥¨©

�2f
2 + �f3

3 + �4f
4 = 1;

�2jf
2 + �3jf

3 + �4jf
4 = 0; j = 2; 3; 4;

£¤¥ �ij = @�j=@y
i � @�i=@y

j . �®«ãç ¥¬

_y2 =
1

y2
; _y3 = 0; _y4 = 0: (5.76)

�áª®¬ ï § ¬¥  ¯¥à¥¬¥ëå xi =  i(C1; y2; y3; y4), i = 2; 3; 4, ¤®«¦ 

¯¥à¥¢®¤¨âì á¨áâ¥¬ã (5.76) ¢ á¨áâ¥¬ã

_x2 = 1; _x3 = 0; _x4 = 0;

¯®íâ®¬ã

 2 = y2y3;  3 = y3(1 + (C1)
2
);  4 = y4:

� «¥¥, ¯à®¨§¢¥¤ï § ¬¥ã ¯¥à¥¬¥ëå x = {(y)

x1 = y1; x2 = y2y3; x3 = y4(1 + (y1)
2
); x4 = y4; x5 = y5 sin y3;

¯à¥®¡à §ã¥¬ t-á¨áâ¥¬ã (5.72) ª ¢¨¤ã8<
:
dx1 � x5dt = 0;

dx2 � x3dx4 � x3(sinx4)
2

1 + (x1)
2
dt = 0:

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 5.7 á«¥¤ã¥â, çâ® t-ª®à á¯à¥¤¥«¥¨¥ S, ¯®-

à®¦¤ îé¥¥ «¨¥©ãî ¯®¤á¨áâ¥¬ã  ää¨®© á¨áâ¥¬ë (5.71), ¬®¦®
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¯®«ãç¨âì,  ¯à¨¬¥à, ¤®¡ ¢¨¢ ª t-á¨áâ¥¬¥ �ä ää  (5.72) t-ãà ¢¥¨¥


 = 0, £¤¥


 = dx4 � (C + x1)dt = dy4 � (C + y1)dt;

  ª®áâ â  C â ª®¢ , çâ® ¢ â®çª¥ x0 = {(y0)

� (sinx4)
2

1 + (x1)
2
+ x1 + C 6= 0:

�â ª, ®¤®© ¨§ «¨¥ à¨§ã¥¬ëå ¯®¤á¨áâ¥¬ á¨áâ¥¬ë (5.71) ï¢«ï¥âáï á¨á-

â¥¬ 

_y1 = �y5 sin y3;
_y2 = �(sin y4)2 + (C + y1)(1 + (y1)

2
)� y2v1;

_y3 = y3v1; (5.77)

_y4 = C + y1;

_y5 = v2:

�¥âàã¤® ¢¨¤¥âì, çâ® ¯¥à¥å®¤ã ®â (5.71) ª (5.77) á®®â¢¥âáâ¢ã¥â á«¥¤ã-

îé ï ¢ëà®¦¤¥ ï § ¬¥  ã¯à ¢«¥¨©:
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u1 =
1

1 + (y1)
2
v1;

u2 = C + y1 � y2

1 + (y1)
2
v1;

u3 = �y2y4(C + y1) +
(y2)

2
y4

1 + (y1)
2
v1 + v2:

�¢®©áâ¢¥ë© ¯à®¨§¢®¤ë© àï¤ á¨áâ¥¬ë (5.77) ¤¥ª®¬¯®§¨àã¥âáï   ¤¢ 

¡«®ª 
j 
 !1 j !2 j
j 
 j j :

�®íâ®¬ã  ää¨ ï á¨áâ¥¬  (5.77) «®ª «ì® íª¢¨¢ «¥â  á«¥¤ãîé¥©

á¨áâ¥¬¥ ª ®¨ç¥áª®£® ¢¨¤ :

_z11 = z12; _z12 = z13; _z13 = w1;

_z21 = z22; _z22 = w2:

�®« £ ï z11 = x4 = y4, z21 = x2 = y2y3 ¨ ãç¨âë¢ ï (5.77),  ©¤¥¬ § ¬¥ã

¯¥à¥¬¥ëå ¨ ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîéãî ¯¥à¥å®¤ã ª ª ®¨ç¥áª®©

ä®à¬¥:

z12 = (y4)0 = C + y1;

z13 = (C + y1)0 = �y5 sin y3;
z22 = (y2y3)0 = y3(�(sin y4)2 + (C + y1)(1 + (y1)

2
));

w1 = (�y5 sin y3)0 = �y3y5 cos y3 v1 � siny3 v2;

w2 = y3(�(C + y1) sin 2y4 � y5 sin y3 (1 + 2Cy1 + 3(y1)
2
)) +

+ y3(�(sin y4)2 + (C + y1)(1 + (y1)
2
))v1:



�« ¢  6

�¥ª®â®àë¥ § ¤ ç¨

â¥®à¨¨ ã¯à ¢«¥¨ï

6.1. � § ¤ ç¥ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï

� áá¬®âà¨¬  ää¨ãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr : (6.1)

� ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï § ª«îç ¥âáï ¢ á«¥¤ãîé¥¬. � -

¤ ë â®çª¨ y0; y1 2 M . �à¥¡ã¥âáï ®¯à¥¤¥«¨âì â ª®¥ ã¯à ¢«¥¨¥ u(t),

t 2 [t0; t1]; ¨ á®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ y(t); t 2 [t0; t1], çâ® y(t0) = y0,

y(t1) = y1.

� ®© § ¤ ç¥ ¯®á¢ïé¥ë ¬®£®ç¨á«¥ë¥ ¨áá«¥¤®¢ ¨ï (á¬. ®¡§®à

[38]).

�®ïâ¨ï íª¢¨¢ «¥â®áâ¨, ä ªâ®à¨§ æ¨¨ ¨ áã¦¥¨ï ¬®£ãâ íää¥ª-

â¨¢® ¯à¨¬¥ïâìáï ¤«ï à¥è¥¨ï íâ®© § ¤ ç¨. � ¯®¬®éìî íâ¨å ¯®ïâ¨©

§ ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë à¥¤ãæ¨àã¥â-

áï ª   «®£¨ç®© § ¤ ç¥ ¤«ï ®¤®© ¨«¨ ¥áª®«ìª¨å á¨áâ¥¬, ¨¬¥îé¨å

¡®«¥¥ ¯à®áâ®© ¢¨¤, ¢ ç áâ®áâ¨, ¬¥ìè¥© à §¬¥à®áâ¨.

� áá¬®âà¨¬ íâã à¥¤ãªæ¨î ¯®¤à®¡¥¥. � ç¥¬ á ¯®ïâ¨ï íª¢¨¢ -

«¥â®áâ¨.

�ãáâì á¨áâ¥¬  (6.1) íª¢¨¢ «¥â  ¢ ª â¥£®à¨¨ AS á¨áâ¥¬¥

_x = g0(x) + g(x)v; x 2 N � Rn; v 2 Rs: (6.2)

�ãáâì  | á®®â¢¥âáâ¢ãîé¨© ¨§®¬®àä¨§¬, ï¢«ïîé¨©áï ¤¨ää¥®¬®à-

ä¨§¬®¬ M   N , ¨ ¯ãáâì ¨§®¬®àä¨§¬ã  á®®â¢¥âáâ¢ã¥â § ¬¥  ã¯à ¢-
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«¥¨©

v = �0(y) + �(y)u: (6.3)

� ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.1) âà áä®à¬¨-

àã¥âáï ¢   «®£¨çãî § ¤ çã ¤«ï á¨áâ¥¬ë (6.2), ª®â®à ï § ª«îç ¥âáï

¢ ®¯à¥¤¥«¥¨¨ ã¯à ¢«¥¨ï v(t) ¨ à¥è¥¨ï x(t); t 2 [t0; t1], ¤«ï ª®â®à®£®

x(t0) = x0 =  (y0); x(t1) = x1 =  (y1).

�ãáâì ®â®¡à ¦¥¨¥

u = �0(x) + �(x)v (6.4)

ï¢«ï¥âáï § ¬¥®© ã¯à ¢«¥¨©, á®®â¢¥âáâ¢ãîé¥© ¨§®¬®àä¨§¬ã  �1. �®-

£¤ , ¥á«¨ ¯ à  x(t); v(t) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à -

¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.2), â® ¯ à 

y(t) =  �1(x(t)); u(t) = �0(x(t)) + �(x(t))v(t)

ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë

(6.1).

� ª¨¬ ®¡à §®¬, § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.1)

á¢®¤¨âáï ª   «®£¨ç®© § ¤ ç¥ ¤«ï íª¢¨¢ «¥â®© á¨áâ¥¬ë. � §ã¬¥¥â-

áï, ¯¥à¥å®¤ ª íª¢¨¢ «¥â®© á¨áâ¥¬¥ æ¥«¥á®®¡à §¥, ¥á«¨ íâ  á¨áâ¥¬ 

¨¬¥¥â ¡®«¥¥ ¯à®áâ®© ¢¨¤ ¨«¨ ¥á«¨ ¤«ï ¥¥ ã¦¥ ¨§¢¥áâ® à¥è¥¨¥ § ¤ ç¨

â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï.

�§ áª § ®£® ¢ëâ¥ª ¥â, çâ® à¥§ã«ìâ âë £« ¢ë 3 ¬®¦® ¨á¯®«ì§®-

¢ âì ¢ § ¤ ç¥ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï. � ç áâ®áâ¨, ª« áá¨ä¨ª -

æ¨ï ¥ª®â®àëå â¨¯®¢  ää¨ëå á¨áâ¥¬ ¤ ¥â ª ®¨ç¥áª¨¥ ä®à¬ë, ª

¨áá«¥¤®¢ ¨î ª®â®àëå á¢®¤¨âáï § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï, ¯®-

áâ ¢«¥ ï ¤«ï á¨áâ¥¬, ¯à¨ ¤«¥¦ é¨å à áá¬®âà¥ë¬ â¨¯ ¬.

�à¨¬¥à 6.1. � áá¬®âà¨¬ á¨áâ¥¬ã

_y1 = e�y2 + 2y21y2y3 + 2y1y2y3u;

_y2 = 2y1y2y3 � 2y2y3u;

_y3 = y1(y
2
2 � y23) + (y22 � y23)u;

(6.5)

y 2M = fy 2 R3: y22 + y23 6= 0g; u 2 R1:

�®áâ ¢¨¬ § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¯® ¯¥à¥¢®¤ã â®çª¨ a =

= (0; 2; 4) ¢ â®çªã b = (1; 1; 3) ¨ ¢ â®çªã c = (1; 3; 9). �ëç¨á«ïï ª®¬¬ã-

â â®à «¨¥©® ¥á¢ï§ ëå ¯®«¥©

f0 = e�y2
@

@y1
� 2y1y2y3

@

@y2
+ (y22 � y23)y1

@

@y3
;

f1 = 2y1y2y3
@

@y1
� 2y2y3

@

@y2
+ (y22 � y23)

@

@y3
;

(6.6)
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¯®«ãç¨¬, çâ® [f0; f1] = �2y1y2y3f1. �â® ®§ ç ¥â, çâ® á¥¬¥©áâ¢® (6.6)

(á ®â¬¥ç¥ë¬ ¯®«¥¬ f0) ï¢«ï¥âáï  ää¨® ¯®«ë¬, â.¥. á¨áâ¥¬  (6.5)

¨¢®«îâ¨¢ ï. �®£« á® â¥®à¥¬¥ 3.3, ¨¢®«îâ¨¢ ï á¨áâ¥¬  «®ª «ì®

íª¢¨¢ «¥â  ®¤®© ¨§ ª ®¨ç¥áª¨å ä®à¬, ç¨á«® ª®â®àëå ª®¥ç®. �

¤ ®¬ á«ãç ¥ ¢ á¨«ã «¨¥©®© ¥á¢ï§ ®áâ¨ ¯®«¥© (6.6) ¬®¦® áà §ã

áª § âì, çâ® á®®â¢¥âáâ¢ãîé¥© ª ®¨ç¥áª®© ä®à¬®© ï¢«ï¥âáï á¨áâ¥¬ 

¢¨¤  (3.21)

_x1 = 0; _x2 = 1; _x3 = u: (6.7)

�®£« á® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.20, ¤«ï â®£® çâ®¡ë ¯à¥®¡à §®¢ âì

á¨áâ¥¬ã (6.5) ¢ á¨áâ¥¬ã (6.7), ã¦®  ©â¨ ¨â¥£à «ë ¯®«ï f1. � ª®-

¢ë¬¨ ï¢«ïîâáï äãªæ¨¨

'1 =
y2

y22 + y23
; '2 = y1e

y2 :

�«ï ¯®áâà®¥¨ï § ¬¥ë ¯¥à¥¬¥ëå á«¥¤ã¥â ª äãªæ¨ï¬ '1; '2 ¤®-

¡ ¢¨âì ¯à®¨§¢®«ìãî äãªæ¨î '3 á â¥¬ à áç¥â®¬, çâ®¡ë äãªæ¨¨

'1; '2; '3 ¡ë«¨ äãªæ¨® «ì® ¥§ ¢¨á¨¬ë. �®«®¦¨¬

'3 =
y3

y22 + y23
:

�â ª, § ¬¥  ¯¥à¥¬¥ëå ¨¬¥¥â ¢¨¤

x1 =
y2

y22 + y23
; x2 = y1e

y2 ; x3 =
y3

y22 + y23
: (6.8)

�¡à â ï § ¬¥  ª®®à¤¨ â ¨¬¥¥â ¢¨¤

y1 = x2 exp

�
� x1

x21 + x23

�
; y2 =

x1

x21 + x23
; y3 =

x3

x21 + x23
: (6.9)

�®á«¥ § ¬¥ë ª®®à¤¨ â (6.8) á¨áâ¥¬  (6.5) ¯à¨¬¥â ¢¨¤

_x1 = 0; _x2 = 1; _x3 = x2 exp

�
� x1

x21 + x23

�
+ u: (6.10)

�âáî¤  «¥£ª® á«¥¤ã¥â, çâ® á¨áâ¥¬  (6.5) ¯à¥®¡à §ã¥âáï ¢ ª ®¨ç¥áªãî

ä®à¬ã (6.7) § ¬¥®© ä §®¢ëå ¯¥à¥¬¥ëå (6.8) ¨ § ¬¥®© ã¯à ¢«¥¨©.

�®çª¨ a; b; c ¯à¥®¡à §ãîâáï ¢ â®çª¨ a = (0:1; 0; 0:2), b = (0:1; e; 0:3), c =

= (1=30; e3; 0:1). �§ ¢¨¤  á¨áâ¥¬ë (6.10) á«¥¤ã¥â, çâ® â®çªã a ¥¢®§-

¬®¦® ¯¥à¥¢¥áâ¨ ¢ â®çªã c, â ª ª ª ¤«ï «î¡®£® à¥è¥¨ï x(t) ¨¬¥¥¬

x1(t) = const . � ©¤¥¬ à¥è¥¨¥ x(t); t 2 [0; t1], ¯¥à¥¢®¤ïé¥¥ â®çªã a ¢

â®çªã b. �§ ¢¨¤  (6.10) á«¥¤ã¥â, çâ® x2(t) = t + c0; c0 = const . � ª ª ª

x2(0) = 0; x2(t1) = e, â® c0 = 0; t1 = e. �§ ¯¥à¢®£® ãà ¢¥¨ï (6.10)
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¨¬¥¥¬ x1(t) = 0:1. �®«®¦¨¬ v = const . �®£¤  ¨§ âà¥âì¥£® ãà ¢¥¨ï

(6.10) ¨¬¥¥¬ x3(t) = vt + k; k = const . � ª ª ª x3(0) = 0:2, x3(e) = 0:3,

â® v = 0:1e�1; k = 0:2. �â ª, à¥è¥¨¥, á®¥¤¨ïîé¥¥ a ¨ c, áãé¥áâ¢ã¥â

¨ ¨¬¥¥â ¢¨¤

x1(t) = 0:1; x2(t) = t; x3(t) = 0:2 + 0:1e�1t; t 2 [0; e]: (6.11)

�â® à¥è¥¨¥ á®®â¢¥âáâ¢ã¥â ¯®áâ®ï®¬ã ã¯à ¢«¥¨î v = 0:1e�1. �¡à â-

ë¬ ¯à¥®¡à §®¢ ¨¥¬ (6.9) à¥è¥¨¥ (6.11) á¨áâ¥¬ë (6.10) ¯¥à¥¢®¤¨âáï

¢ à¥è¥¨¥ á¨áâ¥¬ë (6.5), á®¥¤¨ïîé¥¥ â®çª¨ a ¨ b,

y1(t) = t exp

�
� 10

1 + (2 + te�1)2

�
;

y2(t) =
10

1 + (2 + te�1)2
;

y3(t) =
10(2 + te�1)

1 + (2 + te�1)2
; t 2 [0; e]:

�â®¬ã à¥è¥¨î á®®â¢¥âáâ¢ã¥â ã¯à ¢«¥¨¥

u(t) = 0:1e�1 � t exp

�
� 10

1 + (2 + te�1)2

�
; t 2 [0; e]:

� ¬¥ç ¨¥ 6.1. �á«¨ ¤«ï á¨áâ¥¬ë (6.1) ¨¬¥îâáï ®£à ¨ç¥¨ï  

ã¯à ¢«¥¨ï ¢¨¤  u 2 U (y); y 2 M , â® ¯à¨ ¯¥à¥å®¤¥ ª íª¢¨¢ «¥â®©

á¨áâ¥¬¥ (6.2) íâ¨ ®£à ¨ç¥¨ï ¯à¥®¡à §ãîâáï á ¯®¬®éìî  ää¨®£®

¯à¥®¡à §®¢ ¨ï (6.3) ¢ ®£à ¨ç¥¨ï   ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.2)

¢¨¤  v 2 V (x); x 2 N .

� à áá¬®âà¥®¬ ¯à¨¬¥à¥ § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï

¨áå®¤®© á¨áâ¥¬ë á¢¥« áì ª â®© ¦¥ á ¬®© § ¤ ç¥ ¤«ï ª ®¨ç¥áª®©

ä®à¬ë. � ¤ ®¬ á«ãç ¥ íâ® ª ®¨ç¥áª ï ä®à¬  ¨¢®«îâ¨¢®© á¨á-

â¥¬ë. � ®¨ç¥áª¨¥ ä®à¬ë ¤àã£¨å â¨¯®¢ á¨áâ¥¬, ¯à¨¢¥¤¥ë¥ ¢ à §-

¤¥«¥ 3.2, ¨¬¥îâ â ª¦¥ ¤®¢®«ì® ¯à®áâ®© ¢¨¤ ¨ ¤®¯ãáª îâ ¯®«®¥ ¨á-

á«¥¤®¢ ¨¥ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï. � ç áâ®áâ¨, ¤ «¥¥ ¢

íâ®¬ à §¤¥«¥ ¯®ª § ®, ª ª à¥è ¥âáï § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥-

¨ï ¤«ï ª ®¨ç¥áª¨å ä®à¬ ã¯à ¢«ï¥¬ëå á¨áâ¥¬ (6.1), ¤«ï ª®â®àëå

rank f = n � 1. �à¨¢¥¤¥¬ ¥é¥ ¨§¢¥áâë©  «£®à¨â¬ [38] ¤«ï ª ®¨ç¥-

áª¨å ä®à¬ �àã®¢áª®£® (3.95), â.¥. ¤«ï ª ®¨ç¥áª¨å ä®à¬ ¥«¨¥©ëå

á¨áâ¥¬, ª®â®àë¥ íª¢¨¢ «¥âë «¨¥©ë¬ á¨áâ¥¬ ¬, ã¤®¢«¥â¢®àïîé¨¬

ãá«®¢¨î � «¬  .

�ãáâì «¨¥© ï ¯®¤á¨áâ¥¬  ¨¬¥¥â ¢¨¤

_x1 = x2; _x2 = x3; : : : ; _xn = v; (6.12)

x = (x1; : : : ; xn) 2 Rn; v 2 R1:
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�ã¦®  ©â¨ â ª®¥ à¥è¥¨¥ x(t) á¨áâ¥¬ë (6.12), çâ®

x(t0) = x0 = (�1; : : : ; �n); (6.13)

x(t1) = x1 = (�1; : : : ; �n): (6.14)

�ã¤¥¬ ¨áª âì äãªæ¨î x1(t) ¢ ¢¨¤¥

x1(t) =

n�1X
i=0

�i+1

i!
(t � t0)

i +

nX
i=1

Ci(t� t0)
i+n�1; (6.15)

£¤¥ Ci, i = 1; : : : ; n, | ¥ª®â®àë¥ ª®áâ âë. �®£¤  ¢ á¨«ã á¨áâ¥-

¬ë (6.12)

xr(t) = (x1)
(r�1)

=

n�rX
i=0

�i+r

i!
(t � t0)

i +

+

nX
i=1

Ci
(i+ n� 1)!

(i + n � r)!
(t� t0)

i+n�r ; (6.16)

r = 2; : : : ; n:

�¥âàã¤® ¢¨¤¥âì, çâ® xr(t0) = �r, r = 1; : : : ; n. �®áâ âë Ci ã¦®

¯®¤®¡à âì â ª, çâ®¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ (6.14). �®«®¦¨¬ ¢ (6.15),

(6.16) t = t1, x
r = �r , r = 1; : : : ; n. �®«ãç¨¬ á¨áâ¥¬ã «¨¥©ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® ¢¥«¨ç¨ Ci:

�r =

n�rX
i=0

�i+r

i!
(t1 � t0)

i +

nX
i=1

Ci
(i+ n� 1)!

(i + n� r)!
(t1 � t0)

i+n�r; (6.17)

r = 1; : : : ; n:

�¥è¥¨¥ á¨áâ¥¬ë (6.17) ¢á¥£¤  áãé¥áâ¢ã¥â ¨ ¥¤¨áâ¢¥®. �¯à¥¤¥«¨¢

Ci, ¯®«ãç¨¬ ä §®¢ãî âà ¥ªâ®à¨î á¨áâ¥¬ë (6.12), ¯à®å®¤ïéãî ç¥à¥§

â®çª¨ x0, x1.

� ®¨ç¥áª ï ä®à¬  �àã®¢áª®£® ®¡é¥£® ¢¨¤ , § ¢¨áïé ï ®â w

ã¯à ¢«¥¨©, à á¯ ¤ ¥âáï   w ¥§ ¢¨á¨¬ëå á¨áâ¥¬ á ®¤¨¬ ã¯à ¢«¥¨-

¥¬ ª ¦¤ ï ¨ á à §¬¥à®áâï¬¨ ä §®¢ëå ¯à®áâà áâ¢ k1, . . . , kw. �à®-

æ¥áá à¥è¥¨ï § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï, ®ç¥¢¨¤®, à §¡¨¢ ¥â-

áï   à¥è¥¨¥ á®®â¢¥âáâ¢ãîé¨å § ¤ ç ¤«ï w á¨áâ¥¬ ¢¨¤  (6.12), ®

¬¥ìè¥© à §¬¥à®áâ¨.

�¥à¥©¤¥¬ ª à áá¬®âà¥¨î à®«¨ ¯®¤®¡ê¥ªâ®¢ ¢ § ¤ ç¥ â¥à¬¨ «ì®-

£® ã¯à ¢«¥¨ï.

� áá¬®âà¨¬ ¥ª®â®àë© ¯®¤®¡ê¥ªâ (S; �) á¨áâ¥¬ë (6.1). �ãáâì ¯®¤-

á¨áâ¥¬  S ¨¬¥¥â ¢¨¤

_x = h0(x) + h(x)v; x 2 L � Rm; v 2 Rs: (6.18)
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� ®¬ã ¯®¤®¡ê¥ªâã á®®â¢¥âáâ¢ã¥â P-¬®£®®¡à §¨¥ N = �(L), ¤«ï ª®-

â®à®£® ¯ à  (L; �) ï¢«ï¥âáï ª àâ®©.

�ãáâì ¤«ï á¨áâ¥¬ë (6.1) ¯®áâ ¢«¥  § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢-

«¥¨ï ¯® ¯¥à¥¢®¤ã â®çª¨ y0 2 M ¢ â®çªã y1 2 M . �á«¨ y0; y1 2 N ,

â® íâ  § ¤ ç  ¤®¯ãáª ¥â à¥¤ãªæ¨î ª   «®£¨ç®© § ¤ ç¥ ¤«ï ¯®¤á¨á-

â¥¬ë (6.18). �¥©áâ¢¨â¥«ì®, ¯ãáâì x0 = ��1(y0); x1 = ��1(y1). �á«¨

x(t); t 2 [t0; t1] | â ª®¥ à¥è¥¨¥ á¨áâ¥¬ë (6.18), çâ® x(t0) = x0; x(t1) =

= x1, â® y(t) = �(x(t)); t 2 [t0; t1] | â ª®¥ à¥è¥¨¥ á¨áâ¥¬ë (6.1), çâ®

y(t0) = y0; y(t1) = y1. �à¨ íâ®¬ ã¯à ¢«¥¨¥ v(t) ¯¥à¥¢®¤¨âáï ¢ ã¯à ¢-

«¥¨¥ u(t) á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¥© § ¬¥ë ã¯à ¢«¥¨©.

�â ª, ¥á«¨ ç¥à¥§ â®çª¨ y0; y1 ¯à®å®¤¨â P-¬®£®®¡à §¨¥ á¨áâ¥¬ë

(6.1), â® § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¬®¦¥â ã¯à®áâ¨âìáï (â ª ª ª

¯®¤á¨áâ¥¬  ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, ¡®«¥¥ ¯à®áâ®© á¨áâ¥¬®©).

�â¬¥â¨¬ à®«ì á¯¥æ¨ «ìëå â¨¯®¢ P-¬®£®®¡à §¨©, ¢¢¥¤¥ëå ¢ à §-

¤¥«¥ 5.2. �á«¨ ¨§¢¥áâ® ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ á¨áâ¥¬ë (6.1), ¯à®-

å®¤ïé¥¥ ç¥à¥§ â®çª¨ y0; y1, â® § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¬®¦-

® áç¨â âì à¥è¥®©. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥, á®£« á® â¥®à¥¬¥

5.3,   íâ®¬ ¬®£®®¡à §¨¨ áãé¥áâ¢ã¥â âà¨¢¨ «ì ï ¯®¤á¨áâ¥¬ . �âáî-

¤ , á®£« á® § ¬¥ç ¨î 3.3, ¢ëâ¥ª ¥â, çâ® «î¡ ï ¥¯à¥àë¢ ï ªãá®ç®

C1-£« ¤ª ï ªà¨¢ ï, «¥¦ é ï   ¨â¥£à «ì®¬ ¬®£®®¡à §¨¨ N , ï¢«ï-

¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (6.1). �«¥¤®¢ â¥«ì®, ¤«ï à¥è¥¨ï § ¤ ç¨ â¥à-

¬¨ «ì®£® ã¯à ¢«¥¨ï ¤®áâ â®ç® ¢§ïâì «î¡ãî ªà¨¢ãî (á®®â¢¥âáâ¢ã-

îé¥£® ª« áá  £« ¤ª®áâ¨), «¥¦ éãî   ¬®£®®¡à §¨¨ N ¨ ¯à®å®¤ïéãî

ç¥à¥§ â®çª¨ y0; y1.

�á«¨ ¨§¢¥áâ® ¯®çâ¨ ¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ á¨áâ¥¬ë (6.1), ¯à®-

å®¤ïé¥¥ ç¥à¥§ â®çª¨ y0; y1, â® § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï â ª-

¦¥ áãé¥áâ¢¥® ã¯à®é ¥âáï (å®âï ¨ ¥ ¢ â ª®© áâ¥¯¥¨, ª ª ¤«ï ¨-

â¥£à «ì®£® ¬®£®®¡à §¨ï). � íâ®¬ á«ãç ¥, á®£« á® â¥®à¥¬¥ 5.4,  

íâ®¬ ¬®£®®¡à §¨¨ áãé¥áâ¢ã¥â ¯®¤á¨áâ¥¬  (6.18), ï¢«ïîé ïáï ¯®çâ¨

âà¨¢¨ «ì®© á¨áâ¥¬®©. � ¤àã£®© áâ®à®ë, ¨§ â¥®à¥¬ë 3.4 á«¥¤ã¥â, çâ®

ª ¦¤ ï ¯®çâ¨ âà¨¢¨ «ì ï á¨áâ¥¬  «®ª «ì® íª¢¨¢ «¥â  ®¤®© ¨§

ª ®¨ç¥áª¨å ä®à¬ (3.26){(3.29). � «¥¥ ¢ íâ®¬ à §¤¥«¥ ¯®ª § ®, çâ®

¤«ï ª ¦¤®© ¨§ íâ¨å á¨áâ¥¬ ¢®¯à®á ® â¥à¬¨ «ì®¬ ã¯à ¢«¥¨¨ ¯®«®-

áâìî à¥è ¥âáï í«¥¬¥â àë¬¨ áà¥¤áâ¢ ¬¨.

� ª¨¬ ®¡à §®¬, ¥á«¨ ç¥à¥§ â®çª¨ y0; y1 ¯à®å®¤¨â ¯®çâ¨ ¨â¥£à «ì-

®¥ ¬®£®®¡à §¨¥ N , â® ã¦® ¤«ï ¥ª®â®à®© ª àâë (L; �) ¯®áâà®-

¨âì ¯®çâ¨ âà¨¢¨ «ìãî ¯®¤á¨áâ¥¬ã (6.18) (ª®â®à ï ¢ ¤ ®¬ á«ãç ¥,

á®£« á® § ¬¥ç ¨î 5.7, ï¢«ï¥âáï ¨¤ãæ¨à®¢ ®© á¨áâ¥¬®©), § â¥¬

¯à¨¢¥áâ¨ ¥¥ ª á¢®¥© ª ®¨ç¥áª®© ä®à¬¥ ¨ à¥è¨âì ¤«ï ¥¥ § ¤ çã

â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¯® ¯¥à¥¢®¤ã â®çª¨ x0 = ��1(y0) ¢ â®çªã

x1 = ��1(y1).
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�à¨¬¥à 6.2. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã (5.28) ¨§ ¯à¨¬¥-

à  5.2. � ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï § ª«îç ¥âáï ¢ ¯¥à¥¢®¤¥

â®çª¨ a = (1; 1; 3; 3; 5) ¢ â®çªã b = (2; 2; 9; 11; 13). � ¯à¨¬¥à¥ 5.2 ¤«ï

á¨áâ¥¬ë (5.28)  ©¤¥® á¥¬¥©áâ¢® ¨â¥£à «ìëå ¬®£®®¡à §¨©

y3 = 2y1y2 + c1;

y4 = y1(y1y2 + c1) + c2;

y5 = y2(y1y2 + c1) + c3;

ci = const :

(6.19)

� ©¤¥¬ ¬®£®®¡à §¨¥ ¨§ á¥¬¥©áâ¢  (6.19), ¯à®å®¤ïé¥¥ ç¥à¥§ â®çª¨ a ¨

b. �«ï ¯®áâ®ïëå ci ¨¬¥¥¬ á¨áâ¥¬ã ãà ¢¥¨©

3 = 2 + c1;

3 = 1 + c1 + c2;

5 = 1 + c1 + c3;

9 = 8 + c1;

11 = 2(4 + c1) + c2;

13 = 2(4 + c1) + c3:

�¥è¥¨¥¬ íâ®© á¨áâ¥¬ë ï¢«ïîâáï ¯®áâ®ïë¥ c1 = c2 = 1, c3 = 3.

� ª¨¬ ®¡à §®¬, ç¥à¥§ â®çª¨ a ¨ b ¯à®å®¤¨â ¬®£®®¡à §¨¥

y3 = 2y1y2 + 1;

y4 = y1(y1y2 + 1) + 1;

y5 = y2(y1y2 + 1) + 3:

(6.20)

� ª ç¥áâ¢¥ ªà¨¢®©   ¬®£®®¡à §¨¨ (6.20), á®¥¤¨ïîé¥© â®çª¨ a ¨ b,

¬®¦® ¢§ïâì ªà¨¢ãî

y1(t) = t;

y2(t) = t;

y3(t) = 2t2 + 1;

y4(t) = t(t2 + 1) + 1;

y5(t) = t(t2 + 1) + 3:

(6.21)

�®£« á® â¥®à¨¨ ¨â¥£à «ìëå ¬®£®®¡à §¨©, äãªæ¨¨ (6.21) á®áâ -

¢«ïîâ à¥è¥¨¥ á¨áâ¥¬ë (5.28). �¯à ¢«¥¨¥ u(t), á®®â¢¥âáâ¢ãîé¥¥ à¥-

è¥¨î (6.21), ¬®¦®  ©â¨ ¨§ ãà ¢¥¨© á¨áâ¥¬ë (5.28)

u1 = 1� (t3 + t + 3)(t3 + 5t+ 1)

1 + (t3 + t+ 1)2
;

u2 =
1� 4t(t3 + t+ 1)

1 + (t3 + t+ 1)2
;

u3 =
t3 + 5t+ 1

1 + (t3 + t + 1)2
:
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�á«¨ á¨áâ¥¬  (6.1) ¥ íª¢¨¢ «¥â  «¨¥©®© á¨áâ¥¬¥, ® ¨¬¥¥â «¨-

¥©ãî ¯®¤á¨áâ¥¬ã, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î � «¬  , â® § ¤ çã

â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¬®¦® â ª¦¥ íää¥ªâ¨¢® à¥è âì. �à¨-

¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à.

�à¨¬¥à 6.3. � áá¬®âà¨¬  ää¨ãî á¨áâ¥¬ã

_y1 = �y2y4 + y2u3;

_y2 = �y1y3y4 � y2u2 + y3u3;

_y3 = 2y2y3y4 + y4u1 � 2y3u2;

_y4 = �y2(y4)2 + y4u2;

_y5 = �y2y4 + u2 + e�y
5

u3;

(6.22)

y 2M = fy 2 R5 : y4 6= 0g; u 2 R3:

�®áâ ¢¨¬ § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¯® ¯¥à¥¢®¤ã â®çª¨ a =

= (2; 0; 0; 1; 0) ¢ â®çªã b = (6; 1; 1; 2; ln10).

�¥è¨¬ íâã § ¤ çã á ¯®¬®éìî ¯®áâà®¥¨ï ®âªàëâ®© «¨¥©®© ¯®¤-

á¨áâ¥¬ë (¬¥â®¤ë ¯®áâà®¥¨ï â ª¨å ¯®¤á¨câ¥¬ ®¯¨á ë ¢ à §¤¥«¥ 5.2).

�áá®æ¨¨à®¢ ®¥ t-ª®à á¯à¥¤¥«¥¨¥ K á¨áâ¥¬ë (6.22) ¯®à®¦¤ ¥âáï

t-á¨áâ¥¬®© �ä ää 

!1 = dy1 +
y2ey

5

y4
dy4 � y2ey

5

dy5 + y2y4dt = 0;

!2 = dy2 +
y2 + y3ey

5

y4
dy4 � y3ey

5

dy5 + y4(y1y3 + (y2)
2
)dt = 0:

(6.23)

�ëç¨á«¨¬ ¨¢ à¨ âë á¨áâ¥¬ë (6.22), å à ªâ¥à¨§ãîé¨¥ ¥¥ â¨¯. �®-

áª®«ìªã K1 = O, â® á«¥¤ã¥â ¯®áâà®¨âì ¯à®¨§¢®¤ë© àï¤ ¤«ï ª®à á¯à¥-
¤¥«¥¨ï B = K . � ª ª ª

d!1 ^ !1 ^ !2 = 0; d!2 ^ !1 ^ !2 6= 0; d!1 ^ !1 6= 0;

â® B1 ¯®à®¦¤ ¥âáï ãà ¢¥¨¥¬ �ä ää  !1 = 0,   B2 ï¢«ï¥âáï ã«¥-

¢ë¬ ª®à á¯à¥¤¥«¥¨¥¬. �â ª,

dimK = 2; dimK1 = 0; dimB1 = 1; dimB2 = 0:

�«ï ¢ëïá¥¨ï ¢®¯à®á  ® ¢®§¬®¦®áâ¨ ¯®áâà®¥¨ï «¨¥©®© ¯®¤á¨áâ¥-

¬ë á¨áâ¥¬ë (6.22) ã¦®  ©â¨ ª« áá t-ª®à á¯à¥¤¥«¥¨ï Q1, ¯®à®¦¤ -

¥¬®£® t-ãà ¢¥¨¥¬ !1 = 0. � §¨á ï á¨áâ¥¬  �ä ää  ª®à á¯à¥¤¥«¥-

¨ï CtQ1 áâà®¨âáï ¤®¡ ¢«¥¨¥¬ ª ãà ¢¥¨î

!1 = dy1 +
y2ey

5

y4
dy4 � y2ey

5

dy5 = 0 (6.24)
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ãà ¢¥¨©

!1ij(y)dy
i = 0; j = 1; : : : ; 6;

£¤¥ !1ij = (@!1j =@y
i) � (@!1i =@y

j ). �¥£ª® ã¡¥¤¨âìáï, çâ® à £ ¯®«ãç -

¥¬®© á¨áâ¥¬ë �ä ää  à ¢¥ 3. � á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 5.8 ã á¨-

áâ¥¬ë (6.22) áãé¥áâ¢ã¥â «¨¥© ï ¯®¤á¨áâ¥¬ . �â®¡ë ¥¥ ¯®áâà®¨âì,

¯à¨¢¥¤¥¬ ãà ¢¥¨¥ �ä ää  (6.24) ª ª ®¨ç¥áª®¬ã ¢¨¤ã. � ç « 

ã¦® § ¯¨á âì íâ® ãà ¢¥¨¥ ç¥à¥§ ¬¨¨¬ «ì®¥ ç¨á«® ¯¥à¥¬¥ëå,

ª®â®àë¥  å®¤ïâáï á ¯®¬®éìî ¨â¥£à «®¢ ¥£® å à ªâ¥à¨áâ¨ç¥áª®© á¨á-

â¥¬ë. � à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  ãà ¢¥¨ï (6.24) (¯®à®¦¤ îé ï

CB1) ¨¬¥¥â ¢¨¤

dy1 +
y2ey

5

y4
dy4 � y2ey

5

dy5 = 0;

dy2 +
y2

y4
dy4 = 0;

1

y4
dy4 � dy5 = 0:

(6.25)

�â¥£à « ¬¨ á¨áâ¥¬ë (6.25) ï¢«ïîâáï äãªæ¨¨

�1 = y1; �2 = y2y4; �3 =
ey

5

y4
:

� ¬¥®© ¯¥à¥¬¥ëå

x1 = y1; x2 = y2y4; x3 =
ey

5

y4
; x4 = y4; x5 = y5

ãà ¢¥¨¥ �ä ää  (6.24) áà §ã ¯à¨¢®¤¨âáï ª á¢®¥¬ã ª ®¨ç¥áª®¬ã

¢¨¤ã dx1 � x2dx3 = 0. (�â¬¥â¨¬, çâ® ¢ ®¡é¥¬ á«ãç ¥ ¯®á«¥ â ª®©

§ ¬¥ë á«¥¤ã¥â ¯à¨¬¥¨âì  «£®à¨â¬ ¯à¨¢¥¤¥¨ï ª ª ®¨ç¥áª®¬ã ¢¨¤ã,

®¯¨á ë© ¢ [10].) �¥à¥¯¨è¥¬ á¨áâ¥¬ã �ä ää  (6.23) ¢ ¯¥à¥¬¥-

ëå x

dx1 � x2dx3 + x2dt = 0; (6.26)

dx2 � x4e2x
5

(x3)
3
dx3 +

 
x1x4e2x

5

(x3)
3

+ (x2)
2

!
dt = 0: (6.27)

�à¨¬¥¬ äãªæ¨î (x4e2x
5

)=((x3)
3
) §  ®¢ãî ¯¥à¥¬¥ãî x4. �®£¤ 

ãà ¢¥¨¥ (6.27) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

dx2 � x4dx3 +
�
x1x4 + (x2)

2
�
dt = 0:
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�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 5.8 á«¥¤ã¥â, çâ® t-ª®à á¯à¥¤¥«¥¨¥, ®¯à¥-

¤¥«ïîé¥¥ «¨¥©ãî ¯®¤á¨áâ¥¬ã, ¬®¦® ¯®«ãç¨âì, ¤®¡ ¢¨¢ ª (6.23) t-

ãà ¢¥¨¥ �ä ää 


 = dx3 � (x1 +C)dt = � ey
5

(y4)
2
dy4 +

ey
5

y4
dy5 � (y1 + C)dt = 0:

�®áâ âã C ã¦® ¢ë¡à âì â ª, çâ®¡ë y1 + C � 1 6= 0, C 6= 0. �®«®-

¦¨¬ C = 1. �®£¤  á ¯®¬®éìî ¯®¤á¨áâ¥¬ë ¬ë á¬®¦¥¬ ¨áª âì â®«ì-

ª® â ª¨¥ ä §®¢ë¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (6.22), ¤«ï ª®â®àëå y1(t) 6=
6= 0. �®«ãç ¥¬ á«¥¤ãîéãî «¨¥ à¨§ã¥¬ãî ¯®¤á¨áâ¥¬ã ¯® ã¯à ¢«¥¨ï¬

á¨áâ¥¬ë (6.22):

_y1 = y1y2y4;

_y2 = (y3 � (y2)
2
)y4 � y2v2;

_y3 = v1;

_y4 = y4v2;

_y5 = (y1 + 1)y4e�y
5

+ v2;

(6.28)

y 2 L = fy 2 R5 : y1 6= 0; y4 6= 0g; v 2 R2:

�®¦® ã¡¥¤¨âìáï, çâ® ¯¥à¥å®¤ ®â (6.22) ª (6.28) ®áãé¥áâ¢«ï¥âáï ¢ëà®¦-

¤¥®© § ¬¥®© ã¯à ¢«¥¨©

u1 =
1

y4
v1 +

2y3

y4
v2; u2 = y2y4 + v2; u3 = (y1 + 1)y4: (6.29)

�ää¨®© á¨áâ¥¬¥ (6.28) á®®â¢¥âáâ¢ã¥â ¤¢®©áâ¢¥ë© ¯à®¨§¢®¤ë©

àï¤, § ¯¨áë¢ ¥¬ë© ¢ ¢¨¤¥ ¡«®ª 

j 
 !1 !2 j
j 
 !1 j:
j 
 j

�®íâ®¬ã á¨áâ¥¬  (6.28) íª¢¨¢ «¥â  «¨¥©®© á¨áâ¥¬¥

_z11 = z12 ; _z12 = z13 ; _z13 = z14; _z14 = w1; _z21 = w2; (6.30)

z 2 L0 � R5; w 2 R2:

�¥©áâ¢ãï ¯®  «£®à¨â¬ã, ®¯¨á ®¬ã   á. 86,  å®¤¨¬ «¨¥ à¨§ãîéãî
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§ ¬¥ã ª®®à¤¨ â

z11 =
ey

5

y4
;

z12 = y1 + 1;

z13 = y1y2y4;

z14 = y1y3(y4)
2
;

z21 = y5;

(6.31)

¨ ã¯à ¢«¥¨©

w1 = y1y2y3(y4)
3
+ y1(y4)

2
v1 + 2y1y3(y4)

2
v2;

w2 = (y1 + 1)y4e�y
5

+ v2:
(6.32)

�¡à â ï § ¬¥  ª®®à¤¨ â ¨¬¥¥â ¢¨¤

y1 = z12 � 1;

y2 =
z11z

1
3

(z12 � 1)ez
2
1

;

y3 =
(z11)

2
z14

(z12 � 1)e2z
2
1

;

y4 =
ez

2
1

z11
;

y5 = z21 :

(6.33)

�¡à â¨¬áï â¥¯¥àì ¥¯®áà¥¤áâ¢¥® ª ¯®áâà®¥¨î âà¥¡ã¥¬®© ä -

§®¢®© âà ¥ªâ®à¨¨ á¨áâ¥¬ë (6.22). � ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï

¤«ï á¨áâ¥¬ë (6.22) ¯à¥®¡à §ã¥âáï ¢ § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥-

¨ï ¤«ï á¨áâ¥¬ë (6.30) ¯® ¯¥à¥¢®¤ã â®çª¨ a = (1; 3; 0; 0; 0) ¢ â®çªã

b = (5; 7; 12; 24; ln10). �ãáâì t0 = 0, t1 = 1. � ª ç¥áâ¢¥ z21(t) áà §ã

¬®¦® ¢§ïâì äãªæ¨î z21 = t ln 10. �ãªæ¨î z11(t), ¢ á®®â¢¥âáâ¢¨¨ á

¨§«®¦¥ë¬   á. 285, ¨é¥¬ ¢ ¢¨¤¥

z11(t) = 1 + 3t+ C1t
4 + C2t

5 +C3t
6 + C4t

7:

�®£¤  ¤«ï ®áâ «ìëå ¨áª®¬ëå äãªæ¨© ¯®«ãç¨¬ ¢ëà ¦¥¨ï

z12(t) = _z11(t) = 3 + 4C1t
3 + 5C2t

4 + 6C3t
5 + 7C4t

6;

z13(t) = _z12(t) = 12C1t
2 + 20C2t

3 + 30C3t
4 + 42C4t

5;

z14(t) = _z13(t) = 24C1t+ 60C2t
2 + 120C3t

3 + 210C4t
4:
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�á«®¢¨¥ ¯à®å®¦¤¥¨ï ä §®¢®© âà ¥ªâ®à¨¨ ¯à¨ t = 1 ç¥à¥§ â®çªã b

¯à¨¢®¤¨â ª á¨áâ¥¬¥ «¨¥©ëå ãà ¢¥¨©

C1 + C2 + C3 + C4 = 1;

4C1 + 5C2 + 6C3 + 7C4 = 4;

12C1 + 20C2 + 30C3 + 42C4 = 12;

24C1 + 60C2 + 120C3 + 210C4 = 24:

(6.34)

�¨áâ¥¬¥ (6.34) ã¤®¢«¥â¢®àïîâ C1 = 1, C2 = C3 = C4 = 0. �â ª,

à¥è¥¨¥, á®¥¤¨ïîé¥¥ a ¨ b, ¨¬¥¥â ¢¨¤

z11 = 1 + 3t+ t4; z12 = 3+ 4t3; z13 = 12t2; z14 = 24t; z21 = t ln 10:

�â® à¥è¥¨¥ á®®â¢¥âáâ¢ã¥â ¯®áâ®ïë¬ ã¯à ¢«¥¨ï¬ w1 = 24, w2 =

= ln10. �à¥®¡à §®¢ ¨¥¬ (6.33) ¯®«ãç¥®¥ à¥è¥¨¥ á¨áâ¥¬ë (6.30)

¯¥à¥¢®¤¨âáï ¢ à¥è¥¨¥ á¨áâ¥¬ë (6.22), á®¥¤¨ïîé¥¥ â®çª¨ a ¨ b:

y1(t) = 2 + 4t3;

y2(t) =
12t2(1 + 3t+ t4)

10t(2 + 4t3)
;

y3(t) =
24t(1 + 3t+ t4)

2

102t(2 + 4t3)
; (6.35)

y4(t) =
10t

1 + 3t+ t4
;

y5(t) = t ln 10;

t 2 [0; 1]:

�§ (6.32), (6.29) á«¥¤ã¥â, çâ® à¥è¥¨î (6.35) á®®â¢¥âáâ¢ãîâ ã¯à ¢«¥¨ï

u1 =
48(1� 4t)(1 + 3t+ t4)

3

103t(2 + 4t3)
2

;

u2 = ln 10� 3 + 4t3

1 + 3t+ t4
;

u3 =
10t(3 + 4t3)

1 + 3t+ t4
;

t 2 [0; 1]:

�¥à¥©¤¥¬ â¥¯¥àì ª ä ªâ®à¨§ æ¨¨. �ãáâì á¨áâ¥¬  (6.1) ¤®¯ãáª ¥â

ä ªâ®à¨§ æ¨î ¯®àï¤ª  n � m > 0. �®£¤ , á®£« á® £« ¢¥ 4, á¨áâ¥¬ 
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(6.1) ¤®¯ãáª ¥â ¨ ®¯à¥¤¥«¥ãî ¤¥ª®¬¯®§¨æ¨î. �®ç¥¥, á¨áâ¥¬  (6.1)

íª¨¢ «¥â  á¨áâ¥¬¥ á«¥¤ãîé¥£® ¢¨¤ :

_z = g0(z) + g(z)v; (6.36)

_x = h0(x; z) + h(x; z)v; (6.37)

z 2 L � Rm; x 2 K � Rn�m; v 2 Rs;
£¤¥ á¨áâ¥¬  (6.36) | ä ªâ®àá¨áâ¥¬ .

�®§¬®¦®áâ¨ ¨á¯®«ì§®¢ ¨ï ¤¥ª®¬¯®§¨æ¨¨ ¬®£ãâ ¡ëâì à §«¨çë¬¨

¢ § ¢¨á¨¬®áâ¨ ®â ¢¨¤  ãà ¢¥¨© (6.36), (6.37). �ãáâì,  ¯à¨¬¥à, íâ¨

ãà ¢¥¨ï ¨¬¥îâ ¢¨¤

_z = g0(z) + g(z)v; (6.38)

_x = h0(x; z) + h1(x; z)v1 + h2(x; z)v2; (6.39)

z 2 L � Rm; x 2 K � Rn�m; v1 2 Rs1 ; v2 2 Rs2 ;
â.¥. ä ªâ®àá¨áâ¥¬  ¥ § ¢¨á¨â ®â ¥ª®â®àëå ª®¬¯®¥â ¢¥ªâ®à  ã¯à ¢-

«¥¨©. � íâ®¬ á«ãç ¥ § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë

(6.38), (6.39) ¯® ¯¥à¥¢®¤ã â®çª¨ (z0; x0) ¢ â®çªã (z1; x1) â ª¦¥ ¤®¯ãáª ¥â

á«¥¤ãîéãî ¤¥ª®¬¯®§¨æ¨î. �ã¦®  ©â¨ â ª®¥ ã¯à ¢«¥¨¥ v1(t) ¨

â ª®¥ à¥è¥¨¥ z(t); t 2 [t0; t1] á¨áâ¥¬ë (6.38), çâ® z(t0) = z0; z(t1) = z1.

� â¥¬ äãªæ¨¨ z(t); v1(t) ¯®¤áâ ¢«ïîâáï ¢ ãà ¢¥¨ï (6.39), ª®â®àë¥

¯à¥¢à é îâáï ¢ § ¬ªãâãî á¨áâ¥¬ã

_x = h0(x; z(t)) + h1(x; z(t))v1(t) + h2(x; z(t))v2: (6.40)

�¥¯¥àì ®áâ «®áì à¥è¨âì § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï ¥ ¢-

â®®¬®© á¨áâ¥¬ë (6.40) ¯® ¯¥à¥¢®¤ã â®çª¨ x0 ¢ â®çªã x1. �®«ãç¥®¥

à¥è¥¨¥ x(t) á¨áâ¥¬ë (6.40) ¨ ã¯à ¢«¥¨¥ v2(t) ¢ á®¢®ªã¯®áâ¨ á äãª-

æ¨ï¬¨ z(t) ¨ v1(t) á®áâ ¢«ïîâ à¥è¥¨¥ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥-

¨ï ¤«ï á¨áâ¥¬ë (6.38), (6.39). �à¨¬¥ïï ®¡à âë© ¤¨ää¥®¬®àä¨§¬

¨ á®®â¢¥âáâ¢ãîéãî § ¬¥ã ã¯à ¢«¥¨©, ¯®«ãç¨¬ à¥è¥¨¥ § ¤ ç¨ â¥à-

¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë (6.1).

�á«¨ ¤¥ª®¬¯®§¨æ¨ï (6.38), (6.39) ¨¬¥¥â ¢¨¤

_z = g0(z) + g(z)v1; (6.41)

_x = h0(x) + h(x)v2; (6.42)

(â.¥. á¨áâ¥¬  (6.42) á ¬  ï¢«ï¥âáï ä ªâ®àá¨áâ¥¬®©), â® § ¤ ç  â¥à-

¬¨ «ì®£® ã¯à ¢«¥¨ï à §¡¨¢ ¥âáï   ¤¢¥ ¥§ ¢¨á¨¬ë¥ § ¤ ç¨ ¤«ï

á¨áâ¥¬ (6.41), (6.42). (�âà®£® £®¢®àï, íâ® ¥ á®¢á¥¬ â ª: ¨¬¥¥âáï § -

¢¨á¨¬®áâì ¯® ¢à¥¬¥¨ ¯¥à¥å®¤®£® ¯à®æ¥áá .) �¥£ª® ã¡¥¤¨âìáï ¢ â®¬,
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çâ® ¤¥ª®¬¯®§¨æ¨ï (6.41), (6.42) ¢®§¬®¦  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

áãé¥áâ¢ãîâ â ª¨¥ F-ª®à á¯à¥¤¥«¥¨ï X ¨ Y á¨áâ¥¬ë (6.1) (ª®â®àë¥

¯®à®¦¤ îâ ä ªâ®àá¨áâ¥¬ë (6.41), (6.42)), çâ®

X � Y = T �M: (6.43)

�â¬¥â¨¬ ¢ ¦ë© á«ãç © ¤¥ª®¬¯®§¨æ¨¨ (6.41), (6.42),   ¨¬¥® ®á®¢-

ãî ¤¥ª®¬¯®§¨æ¨î á¨áâ¥¬ë (6.1):

_z = v1; (6.44)

_x = h0(x) + h(x)v2: (6.45)

�®£« á® à §¤¥«ã 4.2, ®á®¢ ï ¤¥ª®¬¯®§¨æ¨ï ¯®à®¦¤ ¥âáï F-ª®à á-

¯à¥¤¥«¥¨¥¬, ï¢«ïîé¨¬áï t-å à ªâ¥à¨áâ¨ç¥áª¨¬ ª®à á¯à¥¤¥«¥¨¥¬

CtF?  áá®æ¨¨à®¢ ®£® t-ª®à á¯à¥¤¥«¥¨ï á¨áâ¥¬ë (6.1), â.¥. ¢ (6.43)

B2 = CtF?,   B1 | âà¨¢¨ «ì®¥ F-ª®à á¯à¥¤¥«¥¨¥. �®£« á® â¥à¬¨-

®«®£¨¨ à §¤¥«  4.2, á¨áâ¥¬  (6.45)  §ë¢ ¥âáï ¥à §«®¦¨¬®©. (�¥à §-

«®¦¨¬ãî á¨áâ¥¬ã ã¦¥ ¥«ì§ï ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (6.44), (6.45), å®âï ® 

¬®¦¥â ¤®¯ãáª âì ¤¥ª®¬¯®§¨æ¨î ¤àã£®£® ¢¨¤ .) � §®¢®¥ ¯à®áâà áâ¢®

¥à §«®¦¨¬®© á¨áâ¥¬ë ¨¬¥¥â à §¬¥à®áâì, à ¢ãî q = dimCtF?. �¥-

«¨ç¨  q å à ªâ¥à¨§ã¥â áâ¥¯¥ì ¥âà¨¢¨ «ì®áâ¨ á¨áâ¥¬ë (6.1). �®¦-

® áª § âì, çâ® á ¯®¬®éìî CtF? ®â á¨áâ¥¬ë ®â¤¥«ï¥âáï ¬ ªá¨¬ «ì®

¢®§¬®¦ ï âà¨¢¨ «ì ï ç áâì (á¬. § ¬¥ç ¨¥ 4.9). �á«¨ q = n, â®

âà¨¢¨ «ìãî ç áâì ¨§ á¨áâ¥¬ë (6.1) ¢ë¤¥«¨âì ¥«ì§ï.

�®¤ç¥àª¥¬, çâ® á¨áâ¥¬  �ä ää , ¯®à®¦¤ îé ï CtF?, áâà®¨âáï

á ¯®¬®éìî â®«ìª®  «£¥¡à ¨ç¥áª¨å áà¥¤áâ¢ (á¬. à §¤¥« 1.4). �¨áâ¥¬ 

(6.44), (6.45) ¯®«ãç ¥âáï ¨§ á¨áâ¥¬ë (6.1) á ¯®¬®éìî § ¬¥ë ¯¥à¥¬¥-

ëå zk =  k(y), xi = 'i(y), £¤¥ äãªæ¨¨ 'i á®áâ ¢«ïîâ ¯®«ë©  ¡®à

¨â¥£à «®¢ ª®à á¯à¥¤¥«¥¨ï CtF?,    
k | ¯à®¨§¢®«ìë¥ äãªæ¨¨, â -

ª¨¥, çâ® äãªæ¨¨  k; 'i ¢ á®¢®ªã¯®áâ¨ á®áâ ¢«ïîâ n äãªæ¨® «ì®

¥§ ¢¨á¨¬ëå äãªæ¨©.

�®á«¥ ¯à¨¢¥¤¥¨ï á¨áâ¥¬ë (6.1) ª ¢¨¤ã (6.44), (6.45) § ¤ ç  â¥à¬¨-

 «ì®£® ã¯à ¢«¥¨ï ¯® áãé¥áâ¢ã á¢®¤¨âáï ª á®®â¢¥âáâ¢ãîé¥© § ¤ ç¥

¤«ï ¥à §«®¦¨¬®© á¨áâ¥¬ë (6.45), â.¥. à §¬¥à®áâì § ¤ ç¨ á¨¦ ¥âáï

  ¢¥«¨ç¨ã n � q. (�¥©áâ¢¨â¥«ì®, ¤«ï âà¨¢¨ «ì®© á¨áâ¥¬ë (6.44)

íâ  § ¤ ç  ï¢«ï¥âáï âà¨¢¨ «ì®©.)

�®ïâ¨ï íª¢¨¢ «¥â®áâ¨, ä ªâ®à¨§ æ¨¨ ¨ áã¦¥¨ï ¬®£ãâ ¨á¯®«ì-

§®¢ âìáï á®¢¬¥áâ® ¤«ï à¥è¥¨ï § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï.

�á® â ª¦¥, çâ® íâ¨ ¯®ïâ¨ï ¬®£ãâ ¯à¨¬¥ïâìáï ¢ à §«¨ç®¬ ¯®àï¤ª¥.

� ¯à¨¬¥à, ¯®á«¥ áã¦¥¨ï ¨ ¯®áâà®¥¨ï ¯®¤á¨áâ¥¬ë ¬®¦® ¯¥à¥©â¨ á

¯®¬®éìî ®á®¢®© ¤¥ª®¬¯®§¨æ¨¨ ª ¥à §«®¦¨¬®© ä ªâ®àá¨áâ¥¬¥ ¯®¤-

á¨áâ¥¬ë, § â¥¬ ¯¥à¥©â¨ ª ª ®¨ç¥áª®© ä®à¬¥ ¨ â.¤.
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�®ª ¦¥¬   ¯à¨¬¥à¥ ®¤®£® â¨¯   ää¨ëå ã¯à ¢«ï¥¬ëå á¨áâ¥¬,

ª ª á®¢¬¥áâ®¥ ¯à¨¬¥¥¨¥ ¯®ïâ¨© íª¢¨¢ «¥â®áâ¨, ä ªâ®à¨§ æ¨¨

¨ áã¦¥¨ï ¯à¨¢®¤¨â ª à¥è¥¨î § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï.

�¨áâ¥¬ë (6.1), ¯à¨ ¤«¥¦ é¨¥ ª íâ®¬ã â¨¯ã, å à ªâ¥à¨§ãîâáï â¥¬,

çâ® rank f = n� 1.

�®£« á® â¥®à¥¬¥ 3.4, ¯à®¨§¢®«ì ï á¨áâ¥¬  (6.1) ¤ ®£® â¨¯  íª¢¨-

¢ «¥â  ®¤®© ¨§ ª ®¨ç¥áª¨å ä®à¬ (3.24){(3.29). �®ª § â¥«ìáâ¢®

íâ®© â¥®à¥¬ë ®á®¢ ®   ¯à¨¢¥¤¥¨¨ ãà ¢¥¨ï �ä ää  ¨«¨ ä®à-

¬ë �ä ää  ª ª ®¨ç¥áª®© ä®à¬¥. �à®æ¥áá ¯à¨¢¥¤¥¨ï § ª«îç ¥âáï

¢ á«¥¤ãîé¥¬ [10]. � ç «  ¤¥« ¥âáï § ¬¥  ¯¥à¥¬¥ëå zk =  k(y),

xi = 'i(y), £¤¥ äãªæ¨¨ 'i á®áâ ¢«ïîâ ¯®«ë©  ¡®à ¨â¥£à «®¢ å -

à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ãà ¢¥¨ï ¨«¨ ä®à¬ë �ä ää . � â¥¬ ¢

¯à®áâà áâ¢¥ ¯¥à¥¬¥ëå xi ¯à®¨§¢®¤¨âáï ¯à¥®¡à §®¢ ¨¥ ª ª ®¨-

ç¥áª®© ä®à¬¥. �«ï ã¯à ¢«ï¥¬®© á¨áâ¥¬ë (6.1) íâ®â ¯à®æ¥áá ®§ ç -

¥â á«¥¤ãîé¥¥. � ç «  ¯à®¨§¢®¤¨âáï ä ªâ®à¨§ æ¨ï, ¯à¨¢®¤ïé ï ª

®á®¢®© ¤¥ª®¬¯®§¨æ¨¨ (6.44), (6.45). � â¥¬ ¥à §«®¦¨¬ ï ä ªâ®àá¨-

áâ¥¬  (6.45) ¯à¨¢®¤¨âáï ª ª ®¨ç¥áª®© ä®à¬¥.

� ª ª ª § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï âà¨¢¨ «ì®© á¨áâ¥-

¬ë ï¢«ï¥âáï âà¨¢¨ «ì®©, â® ¤¥«® á¢®¤¨âáï ª à¥è¥¨î â ª®© § ¤ ç¨

¤«ï ¥à §«®¦¨¬®© ä ªâ®àá¨áâ¥¬ë, ¯à¨¢¥¤¥®© ª ª ®¨ç¥áª®© ä®à-

¬¥.

� áá¬®âà¨¬ á ç «  á«ãç © á¨¬¬¥âà¨ç¥áª¨å á¨áâ¥¬. �«ï â ª¨å á¨á-

â¥¬ à £ å à ªâ¥à¨áâ¨ç¥áª®£® ª®à á¯à¥¤¥«¥¨ï ï¢«ï¥âáï ¥ç¥âë¬ ç¨-

á«®¬. �âáî¤ , ¢ ç áâ®áâ¨, á«¥¤ã¥â, çâ® ¥á«¨ n| ç¥â®¥ ç¨á«®, â® ¤«ï

á¨áâ¥¬ë (6.1) áãé¥áâ¢ã¥â ®á®¢ ï ¤¥ª®¬¯®§¨æ¨ï (¨ ¯®íâ®¬ã § ¤ ç 

â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤®¯ãáª ¥â à¥¤ãªæ¨î). �ãáâì dimCF? =

s = 2k + 1. �á«¨ s = 1, â® á¨áâ¥¬  (6.1) ï¢«ï¥âáï ¨¢®«îâ¨¢®©,  

¥à §«®¦¨¬ ï ä ªâ®àá¨áâ¥¬  ¯à¨¢®¤¨âáï ª ¢¨¤ã

_z = 0: (6.46)

�¤¥áì ¨áá«¥¤®¢ âì ¥ç¥£®. �ãáâì s > 1. �®£¤  ¥à §«®¦¨¬ ï ä ªâ®à-

á¨áâ¥¬  íª¢¨¢ «¥â  á¨áâ¥¬¥ ¢¨¤ 

_x = w;

_p = v;

_z = p1w1 + : : :+ pkwk;

(6.47)

p = (p1; : : : ; pk); x = (x1; : : : ; xk); v; w 2 Rk:
� áá¬®âà¨¬ § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¯® ¯¥à¥¢®¤ã ¥ª®â®à®©

â®çª¨ (x0; p0; z0) ¢ â®çªã (x
1; p1; z1). �¥è¨¬ íâã § ¤ çã á ¯®¬®éìî ¯®ï-
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â¨ï áã¦¥¨ï  ää¨ëå á¨áâ¥¬, â®ç¥¥, á ¯®¬®éìî ¯®ïâ¨ï ¨â¥£à «ì-

®£® ¬®£®®¡à §¨ï. � ª ®â¬¥ç «®áì ¢ ¯à¨¬¥à¥ 5.1, á¨áâ¥¬  (6.47) ¨¬¥¥â

¨â¥£à «ìë¥ ¬®£®®¡à §¨ï à §¬¥à®áâ¨ k, ª®â®àë¥  §ë¢ îâáï «¥-

¦ ¤à®¢ë¬¨ ¬®£®®¡à §¨ï¬¨. �â¨ ¬®£®®¡à §¨ï ®¯¨áë¢ îâáï á«¥¤ã-

îé¨¬ ®¡à §®¬. �«ï «î¡®£® à §¡¨¥¨ï ¬®¦¥áâ¢  ¨¤¥ªá®¢ f1; : : : ; kg
  ¥¯¥à¥á¥ª îé¨¥áï ¯®¤¬®¦¥áâ¢  I, J ¨ ¤«ï «î¡®© äãªæ¨¨ S(xi; pj)

®â k ¯¥à¥¬¥ëå xi; i 2 I; ¨ pj ; j 2 J , ä®à¬ã«ë

pi =
@S

@xi
; xj = � @S

@pj
; z = S � pj

@S

@pj
(6.48)

§ ¤ îâ «¥¦ ¤à®¢® ¬®£®®¡à §¨¥ á¨áâ¥¬ë (6.47). �®ª ¦¥¬, çâ® ç¥à¥§

«î¡ë¥ â®çª¨ (x0; p0; z0), (x
1; p1; z1), §  ¨áª«îç¥¨¥¬ â®ç¥ª, ¤«ï ª®â®-

àëå x0 = x1, p0 = p1, z0 6= z1, ¯à®å®¤¨â ¥ª®â®à®¥ «¥¦ ¤à®¢® ¬®£®-

®¡à §¨¥. � ¤ ç  á®áâ®¨â ¢ ®âëáª ¨¨ ¯®¤å®¤ïé¨å ¯®¤¬®¦¥áâ¢ I, J ¨

äãªæ¨¨ S.

�¢¥¤¥¬ ®¡®§ ç¥¨ï x0 = (b1; : : : ; bk), x1 = (d1; : : : ; dk), p0 =

= (m1; : : : ;mk), p
1 = (n1; : : : ; nk):

�ãáâì J | ¬®¦¥áâ¢® ¨¤¥ªá®¢ j 2 f1; : : : ; kg, â ª¨å, çâ® bj 6= dj.

�à¥¤¯®«®¦¨¬ á ç « , çâ® J ¥ ¯ãáâ®. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨,

áç¨â ¥¬, çâ® k 2 J . � ª ç¥áâ¢¥ S ¢®§ì¬¥¬ äãªæ¨î

S = A+
X
j2J

Bjpj +
X
i2I

Bixi +
X
j2J

Cjp
2
j + +

X
i2I

Cix
2
i +Dp3k; (6.49)

£¤¥ A;Bj ; Bi; Cj; Ci; D| ¯®áâ®ïë¥, ¯®¤«¥¦ é¨¥ ®¯à¥¤¥«¥¨î ¨§ £à -

¨çëå ãá«®¢¨©. �¥¦ ¤à®¢® ¬®£®®¡à §¨¥, á®®â¢¥âáâ¢ãîé¥¥ äãª-

æ¨¨ S, á®£« á® (6.48), ¨¬¥¥â ¢¨¤

pi = Bi + 2Cixi; i 2 I;
xj = �Bj � 2Cjpj; j 2 J; j 6= k;

xk = �Bk � 2Ckpk � 3Dp2k;

z = A+
X
i2I

Bixi +
X
i2I

Cix
2
i �

X
j2J

Cjp
2
j � 2Dp3k:

(6.50)

�à ¨çë¥ ãá«®¢¨ï ¯à®å®¦¤¥¨ï ¬®£®®¡à §¨ï (6.50) ç¥à¥§ â®çª¨
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(x0; p0; z0), (x
1; p1; z1) ¯à¥¤áâ ¢«ïîâ á®¡®© ãà ¢¥¨ï

bi = Bi + 2Cimi;

di = Bi + 2Cini; i 2 I;
mj = �Bj � 2Cjbj;

nj = �Bj � 2Cjdj; j 2 J; j 6= k;

mk = �Bk � 2Ckbk � 3Db2k;

nk = �Bk � 2Ckdk � 3Dd2k;

z0 = A+
X
i2I

Bimi +
X
i2I

Cim
2
i �

X
j2J

Cjb
2
j � 2Db3k;

z1 = A+
X
i2I

Bini +
X
i2I

Cin
2
i �

X
j2J

Cjd
2
j � 2Dd3k:

�à¥®¡à §ã¥¬ íâ¨ ãà ¢¥¨ï á«¥¤ãîé¨¬ ®¡à §®¬:

bi = Bi + 2Cimi;

bi � di = 2Ci(mi � ni); i 2 I;
mj = �Bj � 2Cjbj;

mj � nj = 2Cj(dj � bj); j 6= k; j 2 J;
mk = �Bk � 2Ckbk � 3Db2k;

mk � nk = 2Ck(dk � bk) + 3D(d2k � b2k);

z0 = A+
X
i2I

Bimi +
X
i2I

Cim
2
i �

X
j2J

Cjb
2
j � 2Db3k;

z0 � z1 =
X
i2I

Bi(mi � ni) +
X
i2I

Ci(m
2
i � n2i )�

�
X
j2J

Cj(b
2
j � d2j )� 2D(b3k � d3k):

(6.51)

�§ ¯¥à¢ëå ç¥âëà¥å ãà ¢¥¨© (6.51) ®¯à¥¤¥«ïîâáï Bi; Ci; i 2 I, Cj; BJ ,
j 2 J; j 6= k (¢®§¬®¦®, ¥®¤®§ ç®). �§ è¥áâ®£® ãà ¢¥¨ï ¨¬¥¥¬

Ck =
mk � nk

2(dk � bk)
� 3

2
D(dk + bk): (6.52)

�®¤áâ ¢«ïï (6.52) ¢ ¢®áì¬®¥ ãà ¢¥¨¥ (6.51), ¯®«ãç¨¬

z0 � z1 =
X
i2I

Bi(mi � ni) +
X
i2I

Ci(m
2
i � n2i )�

�
X

j2J;j 6=k

Cj(b
2
j � d2j ) +

(mk � nk)(bk + dk)

2
+
(dk � bk)

3

3
D:
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�§ íâ®£® ãà ¢¥¨ï ¯®«ãç¨¬

D =
2

(bk � dk)3

 X
i2I

Bi(mi � ni) +
X
i2I

Ci(m
2
i � n2i )�

�
X

j2J;j 6=k

Cj(b
2
j � d2j) + z1 � z0 +

(mk � nk)(bk + dk)

2

!
:

�§ (6.52) ¯®«ãç¨¬ Ck. �®¤áâ ¢«ïï Ck; D ¢ á¥¤ì¬®¥ ãà ¢¥¨¥ (6.51),

¯®«ãç¨¬ A. �®¤áâ ¢«ïï Ck; D ¢ ¯ïâ®¥ ãà ¢¥¨¥ (6.51), ¯®«ãç¨¬ Bk.

�â ª, ¥á«¨ J | ¥¯ãáâ®¥ ¬®¦¥áâ¢®, â® «¥¦ ¤à®¢® ¬®£®®¡à §¨¥,

¯à®å®¤ïé¥¥ ç¥à¥§ â®çª¨ (x0; p0; z0), (x
1; p1; z1), áãé¥áâ¢ã¥â.

�ãáâì J | ¯ãáâ®¥ ¬®¦¥áâ¢®. �à¥¤¯®«®¦¨¬, ¥ ®£à ¨ç¨¢ ï ®¡é-

®áâ¨, çâ® nk 6= mk. � ª ç¥áâ¢¥ S ¢®§ì¬¥¬ äãªæ¨î

S = A+

kX
i=1

Bixi +

kX
i=1

Cix
2
i +Dx3k:

�¥¦ ¤à®¢® ¬®£®®¡à §¨¥, á®®â¢¥âáâ¢ãîé¥¥ íâ®© äãªæ¨¨, ¤®«¦®

¨¬¥âì á«¥¤ãîé¨© ¢¨¤:

pi = Bi + 2Cixi; i 6= k;

pk = 2Bk + 2Ckxk + 3Dx2k;

z = A +

kX
i=1

Bixi +

kX
i=1

Cix
2
i +Dx3k:

(6.53)

�à ¨çë¥ ãá«®¢¨ï ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

bi = Bi + 2Cimi;

bi = Bi + 2Cini; i 6= k;

bk = Bk + 2Ckmk + 3Dm2
k;

bk = Bk + 2Cknk + 3Dn2k;

z0 = A+

kX
i=1

Bimi +

kX
i=1

Cim
2
i +Dm3

k;

z1 = A+

kX
i=1

Bini +

kX
i=1

Cin
2
i +Dn3k:

(6.54)

�§ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (6.54) ¨¬¥¥¬

Ci = 0; Bi = bi; i 6= k:
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�®á«¥¤¨¥ ç¥âëà¥ ãà ¢¥¨ï ¯à¥®¡à §ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

bk = Bk + 2Ckmk + 3Dm2
k;

0 = Ck +
3

2
D(mk + nk);

z0 = A +
X
i6=k

bimi + Bkmk +Ckm
2
k +Dm3

k;

z0 � z1 =
X
i6=k

bi(mi � ni) +Bk(mk � nk)+

+Ck(m
2
k � n2k) +D(m3

k � n3k):

(6.55)

�§ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (6.55) ¯®«ãç¨¬

Bk = bk + 3mknkD; Ck = �3
2
(mk + nk)D: (6.56)

�®¤áâ ¢«ïï (6.56) ¢ ¯®á«¥¤¥¥ ãà ¢¥¨¥ á¨áâ¥¬ë (6.55), ¯®«ãç¨¬

z0 � z1 =

kX
i=1

bi(mi � ni) +
(nk �mk)

3

2
D:

�«¥¤®¢ â¥«ì®,

D =
2

(nk �mk)3

 
z0 � z1 �

kX
i=1

bi(mi � ni)

!
:

�®¤áâ ¢«ïï D ¢ (6.56), ¯®«ãç¨¬ Bk ¨ Ck.

�â ª, ¤®ª § ®, çâ® ç¥à¥§ «î¡ë¥ â®çª¨ (x0; p0; z0), (x
1; p1; z1), § 

¨áª«îç¥¨¥¬ â®ç¥ª, ¤«ï ª®â®àëå x0 = x1, p0 = p1, z0 6= z1, ¯à®å®¤¨â

¨â¥£à «ì®¥ ¬®£®®¡à §¨¥ N , ¨¬¥îé¥¥ ¢¨¤ (6.50) «¨¡® (6.53).

�§ï¢ «î¡ãî (¤®áâ â®ç® £« ¤ªãî) ªà¨¢ãî x(t), p(t), z(t)   ¬®£®-

®¡à §¨¨ N , á®¥¤¨ïîéãî â®çª¨ (x0; p0; z0), (x
1; p1; z1), ¯®«ãç¨¬ à¥è¥-

¨¥ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï. �®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥¨¥

®¯à¥¤¥«ï¥âáï ¨§ ãà ¢¥¨© (6.47).

�á«¨ x0 = x1, p0 = p1, z0 6= z1, â® ¨§ (6.48) á«¥¤ã¥â, çâ® ¥ áãé¥-

áâ¢ã¥â «¥¦ ¤à®¢ëå ¬®£®®¡à §¨©, ¯à®å®¤ïé¨å ç¥à¥§ â®çª¨ (x0; p0; z0),

(x1; p1; z1). �«ï â®£® çâ®¡ë ¢ íâ®¬ á«ãç ¥ à¥è¨âì § ¤ çã â¥à¬¨ «ì®£®

ã¯à ¢«¥¨ï, ¬®¦®,  ¯à¨¬¥à, ¯¥à¥¢¥áâ¨ â®çªã (x0; p0; z0) ¢ ¯à®¨§¢®«ì-

ãî â®çªã (x2; p2; z2), ¥ «¥¦ éãî   «¨¨¨ x = x0; p = p0, ¨ § â¥¬

¯® «¥¦ ¤à®¢ã ¬®£®®¡à §¨î, ¯à®å®¤ïé¥¬ã ç¥à¥§ â®çª¨ (x2; p2; z2),

(x1; p1; z1), ¤®¡à âìáï ¤® â®çª¨ (x
1; p1; z1).
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�à¨¬¥à 6.4. � áá¬®âà¨¬ á¨áâ¥¬ã

_y1 = 1 + u1 + y4u3;

_y2 = u2 + y1u3;

_y3 = �y1u2 + u3;

_y4 = �y2 + y1y
2
3

y2y3
u2 +

y2 � y31y
2
3

y1y2y3
u3;

(6.57)

y 2M = fy 2 R4: yi > 0; i = 1; 2; 3; 4g; u 2 R3:

� ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï § ª«îç ¥âáï ¢ ¯¥à¢®¤¥ â®çª¨ y0 =

= (1; 1; 1; 1) ¢ â®çªã y1 = (2; 1; 1=8; 2). �à¨¢¥¤¥¬ á¨áâ¥¬ã (6.57) ª ª ®-

¨ç¥áª®© ä®à¬¥. �áª«îç ï ¯¥à¥¬¥ë¥ u ¨§ (6.57),  ©¤¥¬ ãà ¢¥¨¥

�ä ää 

! = �y1y3
y2

dy2 +
1

y1y3
dy3 � dy4 = 0: (6.58)

�§ ¢¨¤  ãà ¢¥¨ï �ä ää  (6.58) á«¥¤ã¥â, çâ® á¨áâ¥¬  (6.57) ï¢«ï¥âáï

á¨¬¬¥âà¨ç¥áª®© á¨áâ¥¬®©. �à ¢¥¨¥ (6.58) ï¢«ï¥âáï ¡ §¨áë¬ ãà ¢-

¥¨¥¬  áá®æ¨¨à®¢ ®£® ª®à á¯à¥¤¥«¥¨ï F? á¨áâ¥¬ë (6.57). � ©¤¥¬

á¨áâ¥¬ã �ä ää , ¯®à®¦¤ îéãî å à ªâ¥à¨áâ¨ç¥áª®¥ ª®à á¯à¥¤¥«¥¨¥

CF?. � ¯à¨¬¥à¥ 1.6 ¯®ª § ®, çâ® ¥á«¨ F? ¯®à®¦¤ ¥âáï ãà ¢¥¨¥¬

�ä ää 

! = !i(y)dyi = 0; (6.59)

â® â ª ï á¨áâ¥¬  �ä ää  á®áâ®¨â ¨§ ãà ¢¥¨ï (6.59) ¨ ãà ¢¥¨©,

ª®â®àë¥ ¯®«ãç îâáï ¨§ á®®â®è¥¨©

!ijdyj = �!i; (6.60)

£¤¥ !ij =
@!j

@yi
� @!i

@yj
, ¨áª«îç¥¨¥¬ ¢á¯®¬®£ â¥«ì®£® ¯ à ¬¥âà  �. �«ï

ãà ¢¥¨ï (6.58) á®®â®è¥¨ï (6.60) ¢ë£«ï¤ïâ â ª:

�y3
y2
� 1

y21y3
dy3 � � � 0 = 0;

y3

y2
dy1 +

y1

y2
dy3 + �

y1y3

y2
= 0;

1

y21y3
dy1 �

y1

y2
dy2 � �

1

y1y3
= 0;

� � 1 = 0:
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�§ íâ¨å á®®â®è¥¨© ¨ ¨§ (6.58) ¢ëâ¥ª ¥â, çâ® ¢ ª ç¥áâ¢¥ ¡ §¨á®© á¨á-

â¥¬ë �ä ää  ª®à á¯à¥¤¥«¥¨ï CF? ¬®¦® ¢§ïâì á¨áâ¥¬ã �ä ää 

á«¥¤ãîé¥£® ¢¨¤ :
y3dy1 + y1dy3 = 0;

2

y1y3
dy3 � dy4 = 0;

y3

y2
dy2 +

1

y21y3
dy3 = 0:

(6.61)

�â ª, dimCF? = 3 ¨, á«¥¤®¢ â¥«ì®, ãà ¢¥¨¥ �ä ää  (6.58) íª¢¨-

¢ «¥â® ãà ¢¥¨î �ä ää 

dz � pdx = 0: (6.62)

� ©¤¥¬ § ¬¥ã ¯¥à¥¬¥ëå, ¯à¨¢®¤ïéãî (6.58) ª (6.62). � á®®â¢¥â-

áâ¢¨¨ á  «£®à¨â¬®¬, ¯à¨¢¥¤¥ë¬ ¢ [10], ¤«ï íâ®© æ¥«¨ á«¥¤ã¥â á ç « 

®¯à¥¤¥«¨âì ¨â¥£à «ë ¢¯®«¥ ¨â¥£à¨àã¥¬®© á¨áâ¥¬ë �ä ää  (6.61).

�§ ¯¥à¢®£® ãà ¢¥¨ï (6.61)  å®¤¨¬ ¨â¥£à «

l1 = y1y3:

�§ ¢â®à®£® ãà ¢¥¨ï  å®¤¨¬ ¨â¥£à «

l2 =
2y3

l1
� y4 =

2

y1
� y4:

�§ âà¥âì¥£® ãà ¢¥¨ï  å®¤¨¬ ¨â¥£à «

l3 = l1 ln y2 +
1

l1
y3 = y1y3 ln y2 +

1

y1
:

�®¡ ¢¨¬ ª äãªæ¨ï¬ l1; l2; l3 äãªæ¨î l4 = y1 ¨ á¤¥« ¥¬ § ¬¥ã ¯¥à¥-

¬¥ëå y0i = li(y) i = 1; 2; 3; 4. � à¥§ã«ìâ â¥ ãà ¢¥¨¥ �ä ää  (6.58)

¯à¥®¡à §ã¥âáï ¢ ãà ¢¥¨¥

dy02 � dy03 +
y03
y01
dy01 = 0: (6.63)

� ¬¥â¨¬, çâ® ã¯à ¢«ï¥¬ ï á¨áâ¥¬  (6.57) ¯à¨®¡à¥â ¥â ¯à¨ íâ®¬ ¢¨¤

®á®¢®© ¤¥ª®¬¯®§¨æ¨¨, ¯à¨ç¥¬ äãªæ¨¨ l1; l2; l3 ï¢«ïîâáï  £à¥£ â ¬¨

¥à §«®¦¨¬®© ä ªâ®àá¨áâ¥¬ë.

�«ï ¯à¨¢¥¤¥¨ï ãà ¢¥¨ï (6.63) ª ¢¨¤ã (6.62) ¤®áâ â®ç® (¢ á®®â-

¢¥âáâ¢¨¨ á  «£®à¨â¬®¬, ®¯¨á ë¬ ¢ [10]) ¯à¨¢¥áâ¨ ä®à¬ã

� = dy03 �
y03
y01
dy01
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ª ä®à¬¥ pdx. �â® ®áãé¥áâ¢«ï¥âáï § ¬¥®© ¯¥à¥¬¥®©, ¢ ª®â®àãî

¢å®¤ïâ ¨â¥£à «ë å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë ãà ¢¥¨ï � = 0. �

¤ ®¬ á«ãç ¥ å à ªâ¥à¨áâ¨ç¥áª ï á¨áâ¥¬  á®¢¯ ¤ ¥â á ãà ¢¥¨¥¬

� = 0 ¨ ¨¬¥¥â ¨â¥£à «, à ¢ë© y03=y
0
1. �®á«¥ § ¬¥ë ¯¥à¥¬¥ëå x =

y03=y
0
1; p = y01 ä®à¬  � ¯à¨®¡à¥â ¥â ¢¨¤ pdx. �â ª, ãà ¢¥¨¥ �ä ää 

(6.58) ¯à¨¢®¤¨âáï ª ãà ¢¥¨î �ä ää  (6.62) § ¬¥®© ¯¥à¥¬¥ëå

x = ln y2 +
1

y21y3
; p = y1y3; z =

2

y1
� y4; q = y1: (6.64)

�¡à â ï § ¬¥  ¯¥à¥¬¥ëå ¨¬¥¥â ¢¨¤

y1 = q; y2 = exp

�
x� 1

pq

�
; y3 =

p

q
; y4 =

2

q
� q: (6.65)

�¨áâ¥¬  (6.57) íª¢¨¢ «¥â  á¨áâ¥¬¥

_q = s; (6.66)

8<
:

_x = w;

_p = v;

_z = pw:

(6.67)

�¨áâ¥¬  (6.66), (6.67) ¯à¥¤áâ ¢«ï¥â á®¡®© ®á®¢ãî ¤¥ª®¬¯®§¨æ¨î  

¥à §«®¦¨¬ãî á¨áâ¥¬ã (6.67) ¨ âà¨¢¨ «ìãî á¨áâ¥¬ã (6.66). �¥à §«®-

¦¨¬ ï ä ªâ®àá¨áâ¥¬  (6.67) ¯à¨¢¥¤¥  ª ª ®¨ç¥áª®© ä®à¬¥. � ¤ ç 

â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë ¯à¥®¡à §ã¥âáï ¢ § -

¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.66), (6.67) ¯® ¯¥à¥¢®¤ã

â®çª¨ (q0; x0; p0; z0) = (1; 1; 1; 1) ¢ â®çªã (q1; x1; p1; z1) = (2; 2; 1=4;�1).
�â  § ¤ ç  ¯® áãé¥áâ¢ã á¢®¤¨âáï ª § ¤ ç¥ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï

¤«ï á¨áâ¥¬ë (6.67) ¯® ¯¥à¥¢®¤ã â®çª¨ (x0; p0; z0) = (1; 1; 1) ¢ â®çªã

(x1; p1; z1) = (2; 1=4;�1). �®áâà®¨¬ «¥¦ ¤à®¢® ¬®£®®¡à §¨¥, ¯à®å®-

¤ïé¥¥ ç¥à¥§ íâ¨ â®çª¨. � ª ç¥áâ¢¥ äãªæ¨¨ S ¬®¦® ¢§ïâì äãªæ¨î

¢¨¤ 

S = A+Bx +Cx2 +Dx3:

�¥¦ ¤à®¢® ¬®£®®¡à §¨¥ (6.53) ¨¬¥¥â ¢¨¤

p = B + 2Cx+ 3Dx2;

z = A +Bx +Cx2 +Dx3:
(6.68)

�®áâ®ïë¥ A;B;C;D ®¯à¥¤¥«ïîâáï ¨§ £à ¨çëå ãá«®¢¨© (6.54), ª®-
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â®àë¥ ¢ ¤ ®¬ á«ãç ¥ ¨¬¥îâ ¢¨¤

1 = B + 2C + 3D;

1=4 = B + 4C + 12D;

1 = A +B +C +D;

�1 = A + 2B + 4C + 8D:

�¥è¥¨¥ íâ®© á¨áâ¥¬ë ¨¬¥¥â ¢¨¤

A = �54
4
; B =

133

4
; C = �24; D =

21

4
:

�¥¦ ¤à®¢® ¬®£®®¡à §¨¥, ª®â®à®¥ ¯à®å®¤¨â ç¥à¥§ â®çª¨ (x0; p0; z0),

(x1; p1; z1), ¨¬¥¥â ¢¨¤

p =
133

4
� 48x+

63

4
x2;

z = �54
4
+
133

4
� 24x2 +

21

4
x3:

(6.69)

�®áâà®¨¬ ªà¨¢ãî x(t); p(t); z(t), ¯à®å®¤ïéãî ç¥à¥§ â®çª¨ (x0; p0; z0),

(x1; p1; z1) ¨ «¥¦ éãî   ¬®£®®¡à §¨¨ (6.69). � ¬¥â¨¬, çâ® ªà¨¢ ï

x(t) = t+1, t 2 [0; 1], ¯à®å®¤¨â ç¥à¥§ â®çª¨ x0 = 1; x1 = 2. �âáî¤  ¨ ¨§

(6.68) áà §ã á«¥¤ã¥â, çâ® ªà¨¢ ï

x(t) = t + 1;

p(t) =
133

4
� 48(t+ 1) +

63

4
(t+ 1)2;

z(t) = �54
4
+
133

4
(t+ 1) � 24(t+ 1)2 +

21

4
(t + 1)3; t 2 [0; 1];

(6.70)

ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë

(6.67). �ç¥¢¨¤®, çâ® ªà¨¢ ï

q(t) = t+ 1 (6.71)

ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë

(6.66). �«ï â®£® çâ®¡ë ¯®«ãç¨âì à¥è¥¨¥ § ¤ ç¨ â¥à¬¨ «ì®£® ã¯à -

¢«¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë (6.57), á«¥¤ã¥â ¯à®¨§¢¥áâ¨ ®¡à âãî § -

¬¥ã ¯¥à¥¬¥ëå (6.65). �à¨¢ ï q(t), x(t), p(t), z(t) ¯à¥®¡à §ã¥âáï ¢
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ªà¨¢ãî

y1 = t+ 1;

y2 = exp

 
t+ 1�

�
133

4
(t+ 1)� 48(t+ 1)2 +

63

4
(t + 1)3

��1!
;

y3 =
1

t+ 1

�
133

4
� 48(t+ 1) +

63

4
(t + 1)2

�
;

y4 =
2

t+ 1
+
54

4
� 133

4
(t+ 1) + 24(t+ 1)2 � 24

4
(t + 1)3;

(6.72)

t 2 [0; 1];

ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (6.57), ¯à®å®¤ïé¨¬ ç¥à¥§ â®çª¨

(1; 1; 1; 1), (2; 1; 1=8; 2). �®®â¢¥âáâ¢ãîé¨¥ ã¯à ¢«¥¨ï ¢ëç¨á«ïîâáï ¨§

ãà ¢¥¨© á¨áâ¥¬ë (6.57):

u1 = _y1 � 1� y1y4

1 + y21
_y2 � y4

_y3

1 + y21
;

u2 =
_y2 � y1 _y3

1 + y21
;

u3 =
y1 _y2 + _y3

1 + y21
:

�â ª, ¯®áâ ¢«¥ ï § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë

(6.57) à¥è¥ .

� áá¬®âà¨¬ â¥¯¥àì á«ãç © ¥á¨¬¬¥âà¨ç¥áª¨å á¨áâ¥¬ (6.1), ¤«ï ª®-

â®àëå rank f = n � 1. � ª¨¥ á¨áâ¥¬ë ¯® ®¯à¥¤¥«¥¨î, ¤ ®¬ã ¢ à §-

¤¥«¥ 5.2,  §ë¢ îâáï ¯®çâ¨ âà¨¢¨ «ìë¬¨. �«ï â ª¨å á¨áâ¥¬ § ¤ ç 

â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï â ª¦¥ á¢®¤¨âáï ª ¨áá«¥¤®¢ ¨î ¥à §«®-

¦¨¬®© ä ªâ®àá¨áâ¥¬ë, ¯à¨¢¥¤¥®© ª ª ®¨ç¥áª®© ä®à¬¥. �®£« á®

â¥®à¥¬¥ 3.4, íâ¨ ª ®¨ç¥áª¨¥ ä®à¬ë ¨¬¥îâ ¢¨¤

_z = 1; (6.73)�
_p = v;

_z = p; v 2 R1;
(6.74)

8<
:

_x = w;

_p = v;

_z = 1 + p1w1 + : : :+ pkwk;

(6.75)

v = (v1; : : : ; vk); w = (w1; : : : ; wk) 2 Rk;
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8>><
>>:

_x = w;

_p = v;
_p = v;

_z = p+ p1w1 + : : :+ pkwk;

(6.76)

v; p 2 R1; w = (w1; : : : ; wk); v = (v1; : : : ; vk) 2 Rk:
�¨áâ¥¬  (6.73) á®®â¢¥âáâ¢ã¥â § ç¥¨î dimCtF?. �¨áâ¥¬  (6.73) ï¢«ï-

¥âáï ª ®¨ç¥áª®© ä®à¬®© ¨¢®«îâ¨¢®© á¨áâ¥¬ë, ¨ § ¤ ç  â¥à¬¨-

 «ì®£® ã¯à ¢«¥¨ï ¤«ï ¥¥ ï¢«ï¥âáï âà¨¢¨ «ì®©.

�¨áâ¥¬  (6.74) á®®â¢¥âáâ¢ã¥â § ç¥¨î dimCtF? ¨ ï¢«ï¥âáï «¨¥©-

®© á¨áâ¥¬®©.

�¨áâ¥¬  (6.75) á®®â¢¥âáâ¢ã¥â ¥ç¥âë¬ § ç¥¨ï¬ ¢¥«¨ç¨ë

dimCtF? = 2k + 1; k > 0:

�ãáâì ¤«ï á¨áâ¥¬ë (6.75) ¯®áâ ¢«¥  § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï

¯® ¯¥à¥¢®¤ã â®çª¨ (x0; p0; z0) ¢ â®çªã (x1; p1; z1). �®¯®áâ ¢¨¬ á¨áâ¥¬¥

(6.75) á¨áâ¥¬ã (6.73) ¨ á¨¬¬¥âà¨ç¥áªãî á¨áâ¥¬ã

_x = w;

_p = w;

_z = p1w1 + : : :+ pkwk:

(6.77)

�«ï ¯à®¨§¢®«ì®£® ®âà¥§ª  [t0; t1] § ¤ ç  â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï

¬®¦¥â ¡ëâì à¥è¥  á«¥¤ãîé¨¬ ®¡à §®¬. �®§ì¬¥¬ ¤¢  ¯à®¨§¢®«ìëå

ç¨á«  z0 ¨ z0, â ª¨å, çâ® z0 = z0 + z0. �ãªæ¨ï z(t) = z0 + t ï¢«ï¥âáï

à¥è¥¨¥¬ á¨áâ¥¬ë (6.73). �ãáâì z1 = z(t1) = z0 + t1. �®«®¦¨¬ z1 =

= z1�z1. �¥è¨¬ § ¤ çã â¥à¬¨ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.77)

¯® ¯¥à¥¢®¤ã â®çª¨ (x0; p0; z0) ¢ â®çªã (x
1; p1; z1) (á ¯®¬®éìî ¯®áâà®¥¨ï

¯®¤å®¤ïé¥£® «¥¦ ¤à®¢  ¬®£®®¡à §¨ï). �ãáâì äãªæ¨¨ x(t); p(t); z(t)

á®áâ ¢«ïîâ á®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ á¨áâ¥¬ë (6.77). �ç¥¢¨¤®, çâ®

äãªæ¨¨ x(t); p(t); z(t) = z(t)+z(t) á®áâ ¢«ïîâ à¥è¥¨¥ á¨áâ¥¬ë (6.75),

¯à®å®¤ïé¥¥ ç¥à¥§ â®çª¨ (x0; p0; z0), (x
1; p1; z1) ¢ ¬®¬¥âë ¢à¥¬¥¨ t0; t1.

� áá¬®âà¨¬ â¥¯¥àì á¨áâ¥¬ã (6.76), ª®â®à ï á®®â¢¥âáâ¢ã¥â ç¥â®¬ã

§ ç¥¨î ¢¥«¨ç¨ë dimCtF? = 2k + 2; k > 0. � ¤ çã â¥à¬¨ «ì®£®

ã¯à ¢«¥¨ï ¯® ¯¥à¥¢®¤ã â®çª¨ (x0; p0; p0; z0) ¢ â®çªã (x
1; p1; p1; z1) ¬®¦-

® à¥è¨âì   «®£¨çë¬ ®¡à §®¬. �®¯®áâ ¢¨¬ á¨áâ¥¬¥ (6.76) «¨¥©ãî

á¨áâ¥¬ã
_p = v;

_z = p
(6.78)

¨ á¨¬¬¥âà¨ç¥áªãî á¨áâ¥¬ã (6.77). �®§ì¬¥¬ ®âà¥§®ª [t0; t1] ¨ ¤¢  ç¨á« 

z0 ¨ z0, â ª¨¥, çâ® z0 = z0+z0. � áá¬®âà¨¬ ¥ª®â®à®¥ à¥è¥¨¥ á¨áâ¥¬ë
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(6.78) z(t); p(t); t 2 [t0; t1]; ¯à¨ç¥¬

z(t0) = z0; p(t0) = p0; p(t1) = p1:

�®«®¦¨¬ z(t1) = z1. �®áâà®¨¬ à¥è¥¨¥ á¨áâ¥¬ë (6.77)

x(t); p(t); z(t); t 2 [t0; t1];

¤«ï ª®â®à®£®

x(t0) = x0; p(t0) = p0; z(t0) = z0;

x(t1) = x1; p(t1) = p1; z(t1) = z1 = z1 � z1:

�ç¥¢¨¤®, çâ® äãªæ¨¨ x(t); p(t); p(t); z(t) = z(t) + z(t) á®áâ ¢«ïîâ

à¥è¥¨¥ á¨áâ¥¬ë (6.76), ¯à®å®¤ïé¥¥ ç¥à¥§ â®çªã (x0; p0; p0; z0) ¨ ç¥à¥§

â®çªã (x1; p1; p1; z1).

6.2. � § ¤ ç å ã¯à ¢«¥¨ï

á ®£à ¨ç¥¨ï¬¨

  ä §®¢ë¥ ¯¥à¥¬¥ë¥ â¨¯  à ¢¥áâ¢

� áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y = f0(y) + f(y)u; y 2M � Rn; u 2 Rr : (6.79)

�à¨ ¯®áâ ®¢ª¥ â®© ¨«¨ ¨®© § ¤ ç¨ ã¯à ¢«¥¨ï, á¢ï§ ®© á á¨áâ¥¬®©

(6.79), ¨§ ¯à ªâ¨ç¥áª¨å á®®¡à ¦¥¨©   ä §®¢ë¥ ¯¥à¥¬¥ë¥ ¬®£ãâ

¡ëâì  «®¦¥ë ®£à ¨ç¥¨ï ¢¨¤ 

'k(y) = 0; k = 1; : : : ; b: (6.80)

� ª ï á¨âã æ¨ï ¬®¦¥â ¡ëâì,  ¯à¨¬¥à, ¢ § ¤ ç¥ â¥à¬¨ «ì®£®

ã¯à ¢«¥¨ï, à áá¬®âà¥®© ¢ ¯à¥¤ë¤ãé¥¬ à §¤¥«¥, ¢ § ¤ ç¥ ®¯â¨¬ «ì-

®£® ã¯à ¢«¥¨ï [26] ¨ ¢ ¤àã£¨å.

� íâ®¬ à §¤¥«¥ à §¢¨¢ ¥âáï ¯®¤å®¤, ®á®¢ ë©   ¨á¯®«ì§®¢ ¨¨

¯®ïâ¨ï ¯®¤á¨áâ¥¬ë á¨áâ¥¬ë (6.79), á®£« á® ª®â®à®¬ã ¢®¯à®á ®¡ ¨á-

á«¥¤®¢ ¨¨ á¨áâ¥¬ë (6.79) á ®£à ¨ç¥¨ï¬¨ (6.80) á¢®¤¨âáï ª ¢®¯à®áã

®¡ ¨áá«¥¤®¢ ¨¨ ¥ª®â®à®© á¨áâ¥¬ë

_x = g0(x) + g(x)v; x 2 V � Rm; m < n; v 2 Rs (6.81)

¡¥§ ®£à ¨ç¥¨© â¨¯  à ¢¥áâ¢   ä §®¢ë¥ ¯¥à¥¬¥ë¥ x.
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� ¬¥â¨¬, çâ® ¢ à ¬ª å âà ¤¨æ¨®ëå ¬¥â®¤®¢ à¥è¥¨ï § ¤ ç ®£à -

¨ç¥¨ï¬¨ ¢¨¤  (6.80) ¯®á«¥¤¨¥ ¢®áïâ ãá«®¦¥¨ï ¯® áà ¢¥¨î á

§ ¤ ç ¬¨ ¡¥§ ®£à ¨ç¥¨© â ª®£® ¢¨¤ . �ª ¦¥¬, ä®à¬ã«¨à®¢ª  ¯à¨-

æ¨¯  ¬ ªá¨¬ã¬  �®âàï£¨  ¡¥§ãá«®¢® ãá«®¦ï¥âáï [26]. � ¤àã£®©

áâ®à®ë, á ¯®¬®éìî ¬¥â®¤®¢, à §à ¡ âë¢ ¥¬ëå ¢ íâ®¬ à §¤¥«¥, ¯à®-

¨§¢®¤¨âáï à¥¤ãªæ¨ï ª á¨áâ¥¬¥, ¨¬¥îé¥© ¬¥ìèãî à §¬¥à®áâì ¨ ¥

¨¬¥îé¥© ®£à ¨ç¥¨©   ä §®¢ë¥ ¯¥à¥¬¥ë¥ â¨¯  à ¢¥áâ¢. � ª¨¬

®¡à §®¬, §¤¥áì  «¨æ® ï¢®¥ ã¯à®é¥¨¥.

�ª §  ï à¥¤ãªæ¨ï ®á®¢     à¥è¥¨¨ á«¥¤ãîé¥© § ¤ ç¨. � á-

á¬®âà¨¬ ¬®¦¥áâ® N , á®áâ®ïé¥¥ ¨§ â®ç¥ª y 2 M , ã¤®¢«¥â¢®àïîé¨å

à ¢¥áâ¢ ¬ (6.80). �¢¥¤¥¬ â ª¦¥ ¬®¦¥áâ¢® ¯®¤á¨áâ¥¬ á¨áâ¥¬ë (6.79),

P-¬®£®®¡à §¨ï ª®â®àëå ¯à¨ ¤«¥¦ â N . �á«¨ íâ® ¬®¦¥áâ¢® ¥ ¯ã-

áâ®, â® á¨áâ¥¬ , ª®â®à ï ®¯¨áë¢ ¥âáï á®®â®è¥¨ï¬¨ (6.81) ¨ ª ¨áá«¥-

¤®¢ ¨î ª®â®à®© á¢®¤¨âáï ¨áá«¥¤®¢ ¨¥ á¨áâ¥¬ë (6.79) á ®£à ¨ç¥¨ï-

¬¨ (6.80), ï¢«ï¥âáï ¢ ®¯à¥¤¥«¥®¬ á¬ëá«¥ ¬ ªá¨¬ «ì®© ¯®¤á¨áâ¥¬®©

â ª®£® ¢¨¤ . �®ç¥¥, íâ® ¨¤ãæ¨à®¢  ï ¯®¤á¨áâ¥¬ , á®®â¢¥âáâ¢ãî-

é ï ¬ ªá¨¬ «ì®¬ã P-¬®£®®¡à §¨î N̂ , ¯à¨ ¤«¥¦ é¥¬ã N . � ¤ ç 

§ ª«îç ¥âáï ¢  å®¦¤¥¨¨ â ª®© ¯®¤á¨áâ¥¬ë. �á«¨ P-¬®£®®¡à §¨ï,

¯à¨ ¤«¥¦ é¨¥ N , ¥ áãé¥áâ¢ãîâ, â® á¨áâ¥¬  (6.79) ¥ ¨¬¥¥â ä §®¢ëå

âà ¥ªâ®à¨©, ¯à¨ ¤«¥¦ é¨å N .

�®áâà®¥¨¥ ¬®£®®¡à §¨ï N̂ ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî á«¥¤ãîé¥-

£® ¨â¥à æ¨®®£® ¯à®æ¥áá , ª®â®àë©  §®¢¥¬ ¨¤ãæ¨àãîé¨¬ ¯à®æ¥á-

á®¬.

�ãáâì N | ¬®£®®¡à §¨¥. � áá¬®âà¨¬ ®£à ¨ç¥¨¥  áá®æ¨¨à®¢ -

®£®  ää¨®£® à á¯à¥¤¥«¥¨ï F   N , â.¥. ®â®¡à ¦¥¨¥

F jN : y 2 N 7! F jN(y) = F (y) \ TNy :

� áá¬®âà¨¬ ¬®¦¥áâ¢® â®ç¥ª N1 = fy 2 N :F jN(y) 6= ;g. �á«¨ N1 = ;,
â® P-¬®£®®¡à §¨©, ¯à¨ ¤«¥¦ é¨å N , ¥ áãé¥áâ¢ã¥â. �à¥¤¯®«®¦¨¬,

çâ® N1 6= ;. �á«¨ N1 = N ¨ F jN | à¥£ã«ïà®¥  ää¨®¥ à á¯à¥¤¥«¥-

¨¥, â® N̂ = N . �ãáâì N1 6= N ¨ ¯ãáâì N1 | ¬®£®®¡à §¨¥. �®£¤  á N1

¯à®¨§¢®¤¨âáï â  ¦¥ ¯à®æ¥¤ãà , â.¥. à áá¬ âà¨¢ ¥âáï ®â®¡à ¦¥¨¥ FN1 ,

¬®¦¥áâ¢® N2 = fy 2 N1:F jN1 6= ;g ¨ â.¤.
� à¥§ã«ìâ â¥ ¢®§¨ª ¥â ª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì ¬®£®®¡à §¨©,

ª®â®àãî ¡ã¤¥¬  §ë¢ âì ¨¤ãæ¨àãîé¨¬ àï¤®¬ á¨áâ¥¬ë (6.79) ¤«ï

®£à ¨ç¥¨© (6.80),

N0 � : : : � Nd; (6.82)

£¤¥ N0 = N . �¤ãæ¨àãîé¨© ¯à®æ¥áá § ª ç¨¢ ¥âáï   ¥ª®â®à®¬ è £¥

d+ 1 ¢ ®¤®¬ ¨§ ¤¢ãå á«ãç ¥¢. � ¯¥à¢®¬ Nd+1 = ; ¨, á«¥¤®¢ â¥«ì®, P-
¬®£®®¡à §¨©, ¯à¨ ¤«¥¦ é¨å N , ¥ áãé¥áâ¢ã¥â. � íâ®¬ á«ãç ¥ ¡ã¤¥¬

£®¢®à¨âì, çâ® N̂ = ;. �® ¢â®à®¬ á«ãç ¥ Nd = Nd+1 = N̂ . (�á«¨
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Nd á®áâ®¨â ¨§ ¨§®«¨à®¢ ®© â®çª¨, â® § ¯¨áì Nd = Nd+1 ®§ ç ¥â,

çâ® íâ  â®çª  ï¢«ï¥âáï ä §®¢®© âà ¥ªâ®à¨¥© á¨áâ¥¬ë (6.79), â.¥. P-

¬®£®®¡à §¨¥¬ ã«¥¢®© à §¬¥à®áâ¨.)

�¤ãæ¨àãîé¨© ¯à®æ¥áá ¢ë¯®«¨¬, ¢®®¡é¥ £®¢®àï, «®ª «ì® ¢ ¥ª®-

â®à®© ®ªà¥áâ®áâ¨ â®çª¨ y0 2 M , ®¡« ¤ îé¥© ¤®áâ â®ç®© áâ¥¯¥ìî

à¥£ã«ïà®áâ¨. �«ï â®£® çâ®¡ë ®¯à¥¤¥«¨âì íâã áâ¥¯¥ì, à áá¬®âà¨¬

¨¤ãæ¨àãîé¨© ¯à®æ¥áá ¯®¤à®¡¥¥.

�à¥¤¯®«®¦¨¬, ¢®-¯¥à¢ëå, çâ® â®çª  y0 ï¢«ï¥âáï à¥£ã«ïà®© â®ç-

ª®© ¬®¦¥áâ¢  äãªæ¨© 'k(y), â.¥ à £ ¬ âà¨æë k@'k=@yikk=1;:::;bi=1;:::;n ¢

®ªà¥áâ®áâ¨ â®çª¨ y0 ¯®áâ®ï¥. �á«¨ rank k@'k=@yikk=1;:::;bi=1;:::;n = n�m0

¨ à ¢¥áâ¢  (6.80) ¥¯à®â¨¢®à¥ç¨¢ë, â® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®ç-

ª¨ y0 ¬®¦¥áâ¢® N ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®£®®¡à §¨¥ à §¬¥à®áâ¨ m0,

ª®â®à®¥, ¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¬®¦® § ¤ âì ¢ ¢¨¤¥

yl � �l0(y
1; : : : ; ym0 ) = 0; l = m0 + 1; : : : ; n: (6.83)

�¥à¢ë© è £ ¨¤ãæ¨àãîé¥£® ¯à®æ¥áá  § ª«îç ¥âáï ¢ ¯®áâà®¥¨¨ ¬®-

¦¥áâ¢  N1. �«ï íâ®© æ¥«¨, á®£« á® à §¤¥«ã 5.1, á«¥¤ã¥â à áá¬®âà¥âì

á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® u ¢¨¤  (5.19), ¯®áâà®-

¥ãî ¤«ï ¬®£®®¡à §¨ï (6.83):

C(y1; : : : ; ym0 )u = b(y1; : : : ; ym0 ): (6.84)

�ç¨â ¥¬, çâ® y0 = (y10; : : : ; y
n
0 ) ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¬®£®®¡à -

§¨ï N ®â®á¨â¥«ì® á¨áâ¥¬ë (6.79), â.¥. à £ ¬ âà¨æë C ¯®áâ®ï¥ ¢

¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (y10; : : : ; y
m0
0 ). �ãáâì rankC = e. �®£¤ 

ãá«®¢¨ï á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë (6.84) § ª«îç îâáï ¢ à ¢¥áâ¢¥ ã«î

¢á¥å ¬¨®à®¢ ¯®àï¤ª  e + 1 à áè¨à¥®© ¬ âà¨æë (Cjb) ¨ ¢ë£«ï¤ïâ

â ª:

 j(y1; : : : ; ym0 ) = 0; j = 1; : : : ; J: (6.85)

�á«¨ à ¢¥áâ¢  (6.85) ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥®, â® N = N̂ . �à¥¤-

¯®«®¦¨¬ â¥¯¥àì, çâ® à ¢¥áâ¢  (6.85) ¥ ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥-

®. �ãáâì â®çª  (y10 ; : : : ; y
m0

0 ) ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¬®¦¥áâ¢ 

äãªæ¨©  j ; j 2 J . �®£¤ , ¥á«¨ à ¢¥áâ¢  (6.85) ¢ë¯®«ïîâáï ¢ â®çª¥

(y10 ; : : : ; y
m0

0 ), â® ®¨ § ¤ îâ ¥ª®â®à®¥ ¬®£®®¡à §¨¥ ¢ ¯à®áâà áâ¢¥ ¯¥-

à¥¬¥ëå (y1; : : : ; ym0 ). � á®¢®ªã¯®áâ¨ á à ¢¥áâ¢ ¬¨ (6.83) à ¢¥áâ¢ 

(6.85) ®¯à¥¤¥«ïîâ ¬®£®®¡à §¨¥ N1. �¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¬®¦®

áç¨â âì, çâ® ®® ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

yl � �l1(y
1; : : : ; ym1 ) = 0; l = m1 + 1; : : : ; n: m1 < m0: (6.86)

�á«¨ à ¢¥áâ¢  (6.85) ¥ ¢ë¯®«ïîâáï ¢ â®çª¥ (y10 ; : : : ; y
m0
0 ), â® ®¨ ¥

¢ë¯®«ïîâáï ¢ â®çª å ¥ª®â®à®© ®ªà¥áâ®áâ¨ íâ®© â®çª¨. �âáî¤  ¢ë-

â¥ª ¥â, çâ® ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ y0 = (y10; : : : ; y
n
0 ) 2 N ¥
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áãé¥áâ¢ã¥â P-¬®£®®¡à §¨©, ¯à¨ ¤«¥¦ é¨å N , â.¥. ¢ íâ®© ®ªà¥áâ®-

áâ¨ N̂ = ; ¨ ¨¤ãæ¨àãîé¨© ¯à®æ¥áá   íâ®¬ § ª ç¨¢ ¥âáï.

�á«¨ N ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ ¢¨¤  (6.86), â®   «®£¨ç® ¯à®¢®-

¤¨âáï ¢â®à®© è £ ¨¤ãæ¨àãîé¥£® ¯à®æ¥áá , ¨ â.¤.

�®çªã y0, ¤«ï ª®â®à®© ¢ë¯®«¨¬ë ¢á¥ à áá¬®âà¥ë¥ ®¯¥à æ¨¨,

¡ã¤¥¬  §ë¢ âì à¥£ã«ïà®© â®çª®© ¨¤ãæ¨àãîé¥£® ¯à®æ¥áá .

�®á«¥ ¢ë¯®«¥¨ï ¥ª®â®à®£® è £  d6m0 ¨¤ãæ¨àãîé¨© ¯à®æ¥áá

§ ª ç¨¢ ¥âáï. �à¨ íâ®¬ ¢®§¬®¦ë ¤¢  ¢ à¨ âë: «¨¡® N̂ = ;, «¨¡®
Nd = Nd+1 = N̂ .

�ãáâì N̂ ï¢«ï¥âáï ¬®£®®¡à §¨¥¬ à §¬¥à®áâ¨ m > 0 ¢¨¤ 

ya � �a(y1; : : : ; ym); a = m+ 1; : : : ; n; (y1; : : : ; ym) 2 V � Rm: (6.87)

�®£« á® à §¤¥«ã 5.1,  ää¨®¬ã P-à á¯à¥¤¥«¥¨î F jN̂ á®®â¢¥âáâ¢ã¥â

¨¤ãæ¨à®¢  ï ¯®¤á¨áâ¥¬    ¬®£®®¡à §¨¨. �ãáâì íâ  á¨áâ¥¬  ¨¬¥¥â

¢¨¤ (6.81), £¤¥ x = (y1; : : : ; ym). �®àä¨§¬®¬ { á¨áâ¥¬ë (6.81) ¢ á¨áâ¥¬ã

(6.79) ï¢«ï¥âáï ®â®¡à ¦¥¨¥

yi = xi; i = 1; : : : ;m; ya = �a(x1; : : : ; xm); a = m+ 1; : : : ; n:

�®ª ¦¥¬, çâ® «î¡®¥ à¥è¥¨¥ y(t) á¨áâ¥¬ë (6.79), ¯à¨ ¤«¥¦ é¥¥

N , ¯à¨ ¤«¥¦¨â N̂ . �¥©áâ¢¨â¥«ì®, ¯ãáâì y(t) 2 Nj, £¤¥ Nj | ¬®£®-

®¡à §¨¥ ¨§ ¨¤ãæ¨àãîé¥£® àï¤  (6.82). �«¥¤®¢ â¥«ì®, _y(t) 2 TNy(t).

� ¤àã£®© áâ®à®ë, _y(t) 2 F (y(t)). � ª ª ª ¬®¦¥áâ¢® Nj+1 á®áâ®¨â ¨§

â®ç¥ª y 2 Nj , ¢ ª®â®àëå F (y) \ T (Nj)y 6= ;, â® y(t) 2 Nj+1.
�á«¨ y(t) | ¯à®¨§¢®«ì®¥ à¥è¥¨¥ á¨áâ¥¬ë (6.79), ¯à¨ ¤«¥¦ -

é¥¥ N̂ , â® x(t) = {
�1(y(t)) | à¥è¥¨¥ á¨áâ¥¬ë (6.81). �¥©áâ¢¨â¥«ì-

®, _x(t) = {
�1
� jy(t) _y(t). � ¤àã£®© áâ®à®ë,  áá®æ¨¨à®¢ ë¬  ää¨-

ë¬ à á¯à¥¤¥«¥¨¥¬ ¨¤ãæ¨à®¢ ®© á¨áâ¥¬ë (6.81) ï¢«ï¥âáï ¨¤ã-

æ¨à®¢ ®¥  ää¨®¥ à á¯à¥¤¥«¥¨¥ F = {
�1
� F jN̂ . �«¥¤®¢ â¥«ì®,

_x(t) 2 F (x(t)). �®íâ®¬ã x(t) | à¥è¥¨¥ á¨áâ¥¬ë (6.81). �â ª, ¤®ª § -

 

�¥®à¥¬  6.1. �ãáâì â®çª  y0 ï¢«ï¥âáï à¥£ã«ïà®© â®çª®© ¨-

¤ãæ¨àãîé¥£® ¯à®æ¥áá . �®£¤  áãé¥áâ¢ã¥â ®ªà¥áâ®áâì íâ®© â®çª¨,

¢ ª®â®à®© ¢ë¯®«¨¬® ¯®áâà®¥¨¥ ¨¤ãæ¨àãîé¥£® àï¤  (6.82) ¨ á¯à -

¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï. �á«¨ N̂ = ;, â® ¥ áãé¥áâ¢ã¥â

à¥è¥¨© á¨áâ¥¬ë (6.79), ã¤®¢«¥â¢®àïîé¨å à ¢¥áâ¢ ¬ (6.80). �á«¨

N̂ 6= ;, â® N̂ ï¢«ï¥âáï ¬®£®®¡à §¨¥¬,   ª®â®à®¬ «¥¦ â ¢á¥ à¥è¥-

¨ï á¨áâ¥¬ë (6.79), ã¤®¢«¥â¢®àïîé¨¥ à ¢¥áâ¢ ¬ (6.80), ¨ ª®â®à®¥

ï¢«ï¥âáï ¬ ªá¨¬ «ìë¬ P-¬®£®®¡à §¨¥¬ á¨áâ¥¬ë (6:79), ¯à¨ ¤«¥-

¦ é¨¬ N . �á«¨ dim N̂ = m > 0, â® á®®â¢¥âáâ¢ãîé ï ¨¤ãæ¨-

à®¢  ï á¨áâ¥¬  (6.81) ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬: ¥á«¨ y(t)
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| à¥è¥¨¥ á¨áâ¥¬ë (6.79), ¯à¨ ¤«¥¦ é¥¥ N̂ , â® x(t) = {
�1(y(t))

| à¥è¥¨¥ á¨áâ¥¬ë (6.81), ¨  ®¡®à®â, ¥á«¨ x(t) | à¥è¥¨¥ á¨áâ¥-

¬ë (6.81), â® y(t) = {(x(t)) | à¥è¥¨¥ á¨áâ¥¬ë (6.79) ( £¤¥ { |

¯ à ¬¥âà¨§ æ¨ï ¬®£®®¡à §¨ï N̂ , ï¢«ïîé ïáï ¬®àä¨§¬®¬ á¨áâ¥¬ë

(6.81) ¢ á¨áâ¥¬ã (6.79)).

�§ íâ®© â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® § ¤ ç¨ ã¯à ¢«¥¨ï, ¯®áâ ¢«¥ë¥

¤«ï á¨áâ¥¬ë (6.79) á ®£à ¨ç¥¨ï¬¨   ä §®¢ë¥ ¯¥à¥¬¥ë¥ â¨¯  à -

¢¥áâ¢ (6.80), á¢®¤ïâáï ª   «®£¨çë¬ § ¤ ç ¬ ¤«ï á¨áâ¥¬ë (6.81) ¡¥§

®£à ¨ç¥¨©   ä §®¢ë¥ ¯¥à¥¬¥ë¥ â¨¯  à ¢¥áâ¢.

�à¨¬¥à 6.5. � áá¬®âà¨¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã

_y1 = u1 + (1� y2 + 2y3 + y4 � 2y21)u2;

_y2 = (2 + y1 � 2y2 + y4)u1 + (4� y1 � 3y2 + 2y3 + 4y4 � 2y21)u2;

_y3 = y5 + 3y1u1 + (1 + 2y1 � 2y1y2 + 2y1y4 + 4y1y3 � 4y31)u2;

_y4 = (2 + 2y1 � 2y2 + y4)u1 + (5 � y1 � 3y2 + 2y3 + 4y4 � 2y21)u2;

_y5 = (y2 � y1)
2 + y1u1 + u2; y 2 R5;

(6.88)

y3 � y21 = 0; y4 � y2 + 1 = 0; (6.89)

ju1j61; ju2j61: (6.90)

�®áâ ¢¨¬ ¤«ï á¨áâ¥¬ë (6.88) § ¤ çã ®¯â¨¬ «ì®£® ¡ëáâà®¤¥©áâ¢¨ï

¯® ¯¥à¥¢®¤ã â®çª¨ (0; 0; 0;�1; 1) ¢ â®çªã (2; 2; 4; 1; 1) ¯à¨ ®£à ¨ç¥¨ïå

  ä §®¢ë¥ ¯¥à¥¬¥ë¥ (6.89) ¨   ã¯à ¢«¥¨ï (6.90).

� ¢¥áâ¢  (6.89) § ¤ îâ âà¥å¬¥à®¥ ¬®£®®¡à §¨¥ N ¢ R5. �®áâà®-

¨¬ N̂ . �  ¯¥à¢®¬ è £¥ ¨¤ãæ¨àãîé¥£® ¯à®æ¥áá  á«¥¤ã¥â à áá¬®âà¥âì

á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (6.84) ¤«ï ¬®£®®¡à §¨ï N , ª®â®à ï

¢ ¤ ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

y1u1 + u2 = 0; y1u1 + u2 = �y5: (6.91)

�á«®¢¨¥ á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë (6.91) ¨¬¥¥â ¢¨¤

y5 = 0: (6.92)

� ¢¥áâ¢  (6.89), (6.92) § ¤ îâ ¤¢ã¬¥à®¥ ¬®£®®¡à §¨¥ N1 ¨¤ãæ¨àã-

îé¥£® àï¤  (6.82).

�¥à¥å®¤¨¬ ª® ¢â®à®¬ã è £ã. �¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©

¢¨¤  (6.84) ¤«ï ¬®£®®®¡à §¨ï N1 ¨¬¥¥â ¢¨¤

y1u1 + u2 = 0; y1u1 + u2 = �(y2 � y1)
2: (6.93)

�á«®¢¨¥ á®¢¬¥áâ®áâ¨ á¨áâ¥¬ë (6.93) ¨¬¥¥â ¢¨¤

y2 � y1 = 0: (6.94)
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� ¢¥áâ¢  (6.89), (6.92), 6.94) § ¤ îâ ®¤®¬¥à®¥ ¬®£®®¡à §¨¥ N1,

ª®â®à®¥ § ¯¨è¥¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

y2 = y1; y3 = y21 ; y4 = y1 � 1; y5 = 0: (6.95)

�  âà¥âì¥¬ è £¥ ¨¤ãæ¨àãîé¥£® ¯à®æ¥áá  á«¥¤ã¥â à áá¬®âà¥âì á®-

®â¢¥âáâ¢ãîéãî á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¤«ï ¬®£®®¡à §¨ï

N2, ª®â®à ï ¨¬¥¥â ¢¨¤

y1u1 + u2 = 0: (6.96)

�á«®¢¨ï á®¢¬¥áâ®áâ¨ ¢ë¯®«ïîâáï â®¦¤¥áâ¢¥®. �«¥¤®¢ â¥«ì®,

N2 = N̂ . �¤ãæ¨à®¢  ï á¨áâ¥¬    N̂ (ª®â®à ï áâà®¨âáï á ¯®¬®-

éìî  «£®à¨â¬ , ¯à¨¢¥¤¥®£® ¢ à §¤¥«¥ 5.1) ¨¬¥¥â ¢¨¤

_y1 = u1; y1 2 R1: (6.97)

� ¤ ç  ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¤«ï ¨áå®¤®© á¨áâ¥¬ë (6.88) á¢®¤¨â-

áï ª § ¤ ç¥ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï ¤«ï á¨áâ¥¬ë (6.97) ¯® ¯¥à¥¢®¤ã

â®çª¨ y1 = 0 ¢ â®çªã y1 = 2 ¯à¨ ®£à ¨ç¥¨ïå   ã¯à ¢«¥¨¥ ju1j61.
�â  § ¤ ç  ï¢«ï¥âáï âà¨¢¨ «ì®©. �¯â¨¬ «ìë¬ ã¯à ¢«¥¨¥¬ ï¢«ï-

¥âáï äãªæ¨ï u1 = 1; t 2 [0; 2],   ®¯â¨¬ «ìë¬ à¥è¥¨¥¬ | äãªæ¨ï

y1 = t; t 2 [0; 2].

�§ (6.95), 6.96) á«¥¤ã¥â, çâ® ®¯â¨¬ «ìë¬ ã¯à ¢«¥¨¥¬ ¤«ï ¨áå®¤-

®© á¨áâ¥¬ë ï¢«ïîâáï äãªæ¨¨ u1 = 1, u2 = �t,   ®¯â¨¬ «ìë¬ à¥è¥-

¨¥¬ | ªà¨¢ ï

y1 = t; y2 = t; y3 = t2; y4 = t� 1; y5 = 0; t 2 [0; 2]:
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