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1. �®áâ ®¢ª  § ¤ ç¨

�à¨ ¨â¥à¯à¥â æ¨¨ à¥§ã«ìâ â®¢ íªá¯¥à¨¬¥â  ®¡ëç® ¢®§-

¨ª ¥â § ¤ ç   ¯¯à®ªá¨¬ æ¨¨ íªá¯¥à¨¬¥â «ìëå â®ç¥ª äãª-

æ¨¥© ®¯à¥¤¥«¥®£® ¢¨¤ .

�ãáâì ¯à®¨§¢®¤¨âáï ®¯ëâ, æ¥«ìî ª®â®à®£® ï¢«ï¥âáï ¨áá«¥¤®-

¢ ¨¥ § ¢¨á¨¬®áâ¨ ¥ª®â®à®© ä¨§¨ç¥áª®© ¢¥«¨ç¨ë y ®â ä¨§¨-

ç¥áª®© ¢¥«¨ç¨ë x. �à¥¤¯®« £ ¥âáï, çâ® x ¨ y á¢ï§ ë äãªæ¨-

® «ì®© § ¢¨á¨¬®áâìî ®¯à¥¤¥«¥®£® ¢¨¤  y = '(x), ¯ à ¬¥-

âàë ª®â®à®© ¨ âà¥¡ã¥âáï ®¯à¥¤¥«¨âì ¨§ ®¯ëâ . �ãáâì ¯®«ãç¥®

n íªá¯¥à¨¬¥â «ìëå â®ç¥ª á ª®®à¤¨ â ¬¨ (xi; yi), ç¥à¥§ ª®â®-

àë¥ ¥«ì§ï ¯à®¢¥áâ¨ ªà¨¢ãî { £à ä¨ª äãªæ¨¨ ¢¨¤  y = '(x).

�à¥¡ã¥âáï ®¯à¥¤¥«¨âì äãªæ¨î y = '(x),  ¨«ãçè¨¬ ®¡à §®¬

¢ ª ª®¬-«¨¡® á¬ëá«¥ ¯à¨¡«¨¦ îéãî íªá¯¥à¨¬¥â «ìãî § ¢¨-

á¨¬®áâì. �¡é¥¯à¨ïâë¬ ï¢«ï¥âáï ªà¨â¥à¨© ¬¨¨¬¨§ æ¨¨ áã¬-

¬ë ª¢ ¤à â®¢ ®âª«®¥¨© ¯® ª®®à¤¨ â¥ y íªá¯¥à¨¬¥â «ìëå

â®ç¥ª ®â á£« ¦¨¢ îé¥© ªà¨¢®©, á®®â¢¥âáâ¢ãîé¨© ¬¥â®¤ã  ¨-

¬¥ìè¨å ª¢ ¤à â®¢. �â®â ¬¥â®¤ ¯à¨¢®¤¨â ª áà ¢¨â¥«ì® ¯à®-

áâ®¬ã ¬ â¥¬ â¨ç¥áª®¬ã á¯®á®¡ã ®¯à¥¤¥«¥¨ï ¯ à ¬¥âà®¢ ¨ ¤®-

¯ãáª ¥â â¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ á ¢¥à®ïâ®áâ®© â®çª¨ §à¥-

¨ï [1]. � ª ç¥áâ¢¥ ¤àã£®£® ªà¨â¥à¨ï, â ª¦¥ ¤®¯ãáª îé¥£® ¢¥-

à®ïâ®áâ®¥ ®¡®á®¢ ¨¥, ¬®¦® ¢ë¡à âì ¬¨¨¬¨§ æ¨î áã¬¬ë

�� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®¢¥â  �à®£à ¬¬ë ¯®¤-

¤¥à¦ª¨ ¢¥¤ãé¨å  ãçëå èª®« (£à â 00-15-96137).
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ª¢ ¤à â®¢ à ááâ®ï¨© ®â íªá¯¥à¨¬¥â «ìëå â®ç¥ª ¤®  ¯¯à®ª-

á¨¬¨àãîé¥© ªà¨¢®©, â. ¥. ¤®¯ãáª âì ®âª«®¥¨ï ¥ â®«ìª® ¯®

¢¥«¨ç¨¥ y, ® ¨ ¯® x.

�¥©áâ¢¨â¥«ì®, ¯ãáâì ¢¥«¨ç¨ë x ¨ y ¨§¬¥àïîâáï á ¥ª®â®-

à®© ¥¨§¡¥¦®© ®è¨¡ª®© ¨§¬¥à¥¨ï. �ã¤¥¬ áç¨â âì, çâ® ®è¨¡-

ª¨ ¨§¬¥à¥¨ï ¯®¤ç¨ïîâáï ®à¬ «ì®¬ã § ª®ã à á¯à¥¤¥«¥-

¨ï. �¥§ã«ìâ â ª ¦¤®£® ¨§¬¥à¥¨ï { á«ãç ©ë¥ ¢¥«¨ç¨ë Xi,

Yi, à á¯à¥¤¥«¥ë¥ ¯® ®à¬ «ì®¬ã § ª®ã á ¬ â¥¬ â¨ç¥áª¨¬¨

®¦¨¤ ¨ï¬¨ �ix, �
i
y , £¤¥ �

i
y = '(�ix), ¨ áà¥¤¨¬¨ ª¢ ¤à â¨ç¥áª¨-

¬¨ ®âª«®¥¨ï¬¨ �ix, �
i
y. �à¥¤¯®«®¦¨¬, çâ® â®ç®áâì ¨§¬¥à¥-

¨ï ®¤¨ ª®¢  ¤«ï ¢¥«¨ç¨ X ¨ Y ¨ ¥ ¨§¬¥ï¥âáï ®â â®çª¨ ª

â®çª¥: �ix = �iy = �. �®£¤  § ª® à á¯à¥¤¥«¥¨ï Xi ¨ Yi ¬®¦®

§ ¯¨á âì ¢ ¢¨¤¥

f ix(xi) =
1

�
p
2�

exp
�
�(xi � �ix)

2

2�2

�
;

f iy(yi) =
1

�
p
2�

exp
�
�
(yi � �iy)

2

2�2

�
:

� à¥§ã«ìâ â¥ ®¯ëâ  (àï¤  ¨§¬¥à¥¨©) ¯à®¨§®è«® á«ãç ©®¥ á®-

¡ëâ¨¥ - á«ãç ©ë¥ ¢¥«¨ç¨ë (X1; Y1; : : : ;Xn; Yn) ¯à¨ï«¨ á®¢®-

ªã¯®áâì § ç¥¨© ((x1; y1); : : : ; (xn; yn)). �®áâ ¢¨¬ § ¤ çã: ¯®-

¤®¡à âì ¬ â¥¬ â¨ç¥áª¨¥ ®¦¨¤ ¨ï �ix, �
i
y â ª, çâ®¡ë ¢¥à®ïâ-

®áâì íâ®£® á®¡ëâ¨ï ¡ë«  ¬ ªá¨¬ «ì . � ª ª ª ¢¥à®ïâ®áâì

«î¡®£® ¨§ á®¡ëâ¨© Xi = xi (Yi = yi) à ¢  ã«î,  ©¤¥¬ ¢¥à®-

ïâ®áâì â®£®, çâ® X1; Y1; : : : ; Xn; Yn ¯à¨¬ãâ § ç¥¨ï, «¥¦ é¨¥

¢ ¯à¥¤¥« å (xi; xi + dxi), i = 1; : : : ; n

p =

nY
i=1

1

�
p
2�

exp

�
�(xi � �ix)

2

2�2

�
1

�
p
2�

exp

 
�
(yi � �iy)

2

2�2

!
=

= K exp

 
� 1

2�2

nX
i=1

(xi � �ix)
2 + (yi � �iy)

2

!
:
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� ¬¥â¨¬, çâ® ãá«®¢¨¥ p! max à ¢®á¨«ì®
nP
i=1

(xi��ix)
2+(yi�

�iy)
2 ! min.

�. ¥. ¤«ï â®£®, çâ®¡ë  ¡«î¤ ¥¬ ï á®¢®ªã¯®áâì § ç¥¨©

¡ë«   ¨¢¥à®ïâ¥©è¥©, ã¦® ¢ë¡à âì äãªæ¨î '(x) â ª, çâ®-

¡ë áã¬¬  ª¢ ¤à â®¢ à ááâ®ï¨© ®â  ¡«î¤ ¥¬ëå § ç¥¨© xi, yi
¤® ¡«¨¦ ©è¥© â®çª¨ (�ix; '(�

i
x)) ¡ë«  ¬¨¨¬ «ì®©. �¨¦¥ à á-

á¬®âà¨¬ § ¤ çã ®¯à¥¤¥«¥¨ï ¯ à ¬¥âà®¢ äãªæ¨¨,  ¨«ãçè¨¬

®¡à §®¬  ¯¯à®ªá¨¬¨àãîé¥© íªá¯¥à¨¬¥â «ìë¥ ¤ ë¥ ¢ á¬ë-

á«¥ íâ®£® ªà¨â¥à¨ï, ¢ ¯à®áâ¥©è¥¬ á«ãç ¥, ª®£¤  § ¢¨á¨¬®áâì

y = '(x) «¨¥© .

2. �¢ã¬¥àë© á«ãç ©: £¥®¬¥âà¨ç¥áª¨© ¯®¤å®¤

�ãáâì ¨§¢¥áâë § ç¥¨ï äãªæ¨¨ y = '(x) ¢ n â®çª å

(xi; yi); i = 1; : : : ; n. �à¥¡ã¥âáï ¯®áâà®¨âì â ªãî ¯àï¬ãî l : y =

ax + b, çâ® áã¬¬  ª¢ ¤à â®¢ à ááâ®ï¨© ®â § ¤ ëå â®ç¥ª ¤®

¥¥ ¬¨¨¬ «ì , â. ¥. ¨¬¥¥¬ § ¤ çã ¡¥§ãá«®¢®© ¬¨¨¬¨§ æ¨¨

f =

nX
i=1

�2((xi; yi); l) =

nX
i=1

(axi � yi + b)2

a2 + 1
! min

(a;b)
:

�¤¥áì �((xi; yi); l) =
jaxi�yi+bjp

a2+1
| à ááâ®ï¨¥ ®â â®çª¨ (xi; yi) ¤®

¯àï¬®© l. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

�x =
1

n

nX
i=1

xi; dxi = xi � �x; Dx =
1

n

nX
i=1

dx2i =
1

n

nX
i=1

xidxi;

�y =
1

n

nX
i=1

yi; dyi = yi � �y ; Dy =
1

n

nX
i=1

dy2i =
1

n

nX
i=1

yidyi;

�xy =
1

n

nX
i=1

xiyi; �x2 = �xx; �y2 = �yy ;
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M = �xy � �x�y =
1

n

nP
i=1

xidyi =
1

n

nP
i=1

yidxi =
1

n

nP
i=1

dxidyi:

�®£¤ 

f(a; b) =

nP
i=1

(axi � yi + b)2

a2 + 1
=

=
n

a2 + 1
(a2�x2 + �y2 + b2 � 2a�xy + 2ab�x � 2b�y):

� ©¤¥¬ áâ æ¨® àë¥ â®çª¨ äãªæ¨¨ f(a; b):

@f

@b
=

2n

a2 + 1
(b+ a�x � �y) = 0;

@f

@a
=

2n

(a2 + 1)2

�
(�xy � b�x)a

2 +

+ (�x2 � (b� �y)
2�Dy)a� (�xy � b�x)

�
= 0:

�§ @f

@b
= 0 á«¥¤ã¥â, çâ® b = �y � a�x (â. ¥. ¯àï¬ ï l ¯à®å®¤¨â

ç¥à¥§ â®çªã (�x; �y)). �®¤áâ ¢«ïï íâ® § ç¥¨¥ b ¢ ãà ¢¥¨¥
@f
@a

= 0 ¯®«ãç¨¬ Ma2 + (Dx �Dy)a�M = 0.

�á«¨M 6= 0, â® ¨¬¥¥¬ ª¢ ¤à â®¥ ãà ¢¥¨¥ a2+
(Dx�Dy)

2

M
�1 = 0

á ª®àï¬¨:

a1;2 =
Dy �Dx

2M
�
r
(Dy �Dx)2

4M2
+ 1 =

=
(Dy �Dx)�

p
(Dy �Dx)2 + 4M2

2M
;

á®®â¢¥âáâ¢ãîé¨¬¨ ¤¢ã¬ ®àâ®£® «ìë¬ ¯àï¬ë¬.

�áá«¥¤ã¥¬ íâ¨ ª®à¨.

@2f

@b2
=

2n

a2 + 1
;
@2f

@b@a
=

@2f

@a@b
= 2n

�x(a
2 + 1)� 2a(b+ a�x � �y)

(a2 + 1)2
:
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� áâ æ¨® àëå â®çª å @2f
@a@b

= 2n�x
a2+1

,

@2f

@a2
=

2n

(a2 + 1)3
(�2(�xy � b�x)� 3(�x2 � (b� �y)

2 �Dy)a
2 +

+ 6(�xy � b�x)a+ �x2 � (b� �y)
2 �Dy);

  á ãç¥â®¬ ãá«®¢¨ï b = �y � a�x

@2f

@a2
=

2n

(a2 + 1)3
�
�x2a

4 � 2Ma3 + (3(Dx �Dy) + 2�2x)a
2 +

+ 6Ma+ (�x2 �Dy)
�
:

� ª ª ª ¢ áâ æ¨® àëå â®çª å Ma2+ (Dx�Dy)a�M = 0 ¨«¨

4Ma = 4Ma3 + 4(Dx �Dy)a
2, â®

@2f

@a2
=

2n

(a2 + 1)3

�
�x2a

4+ (Dx �Dy + 2�2x)a
2 + 4Ma+ �x2 �Dy

�
:

� âà¨æ  �¥áá¥ ¢ áâ æ¨® àëå â®çª å à ¢ 

r2f =
2n

a2 + 1

 
�
x2
a4+(Dx�Dy+2�

2
x)a

2
+4Ma+�

x2
�Dy

(a2+1)2
�x

�x 1

!
;

det(r2f) = 2n
(a2+1)3

g(a), £¤¥ g(a) = (Dy�Dx)
2a2+4Ma�(Dy�Dx).

�¯à¥¤¥«¨¬ § ª g(a) ¢ â®çª å a1; a2.

g(a1;2) =

 
(Dy �Dx)

2

2M2
+ 1� (Dy �Dx)

p
(Dx �Dy)2 + 4M2

2M2

!
�

� (Dy�Dx)+2(Dy�Dx)�2
q
(Dx �Dy)2 + 4M2� (Dy�Dx) =

= 2(Dy �Dx)� 2
q
(Dx �Dy)2 + 4M2 +

(Dy �Dx)
2

4M2
�

�
�
2(Dy �Dx)� 2

q
(Dx �Dy)2 + 4M2

�
=
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= 2
�
(Dy �Dx)�

q
(Dx �Dy)2 + 4M2

��
1 +

(Dy �Dx)
2

4M2

�
:

� ®¤®© áâ æ¨® à®© â®çª¥ a1 =
Dy�Dx

2M
+

p
(Dy�Dx)

2+4M2

2M

g(a1) > 0, det(r2f) > 0, ¨ íâ® â®çª  «®ª «ì®£® ¬¨¨¬ã¬ ,

  ¢ ¤àã£®© | g(a2) < 0 ¨ íâ® á¥¤«®¢ ï â®çª .

�á«¨ M = 0, â® a(Dx �Dy) = 0:

 ) Dx = Dy , â®£¤  a { «î¡®¥ ç¨á«®.

¡) Dx 6= Dy , â®£¤  a = 0 { áâ æ¨® à ï â®çª .

�¤¥áì det(r2f) = 2n
(a2+1)3

�
(Dy �Dx)a

2 � (Dy �Dx)
�
=

= 2n
(a2+1)3

(Dy � Dx). �á«¨ Dy < Dx, â® det(r2f) > 0, ¢ â®çª¥

a = 0 { «®ª «ìë© ¬¨¨¬ã¬. �á«¨Dy > Dx, â® det
�
r2f(0)

�
< 0,

a = 0 { á¥¤«®¢ ï â®çª  (p¥è¥¨© ¥â).

� ª¨¬ ®¡à §®¬, ¢®§¬®¦ë á«¥¤ãîé¨¥ á«ãç ¨:

1. M = �xy � �x�y 6= 0. � ¤ ç  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥,

a =
Dy�Dx

2M
+

p
(Dy�Dx)

2+4M2

2M
, b = �y � a�x, á®®â¢¥âáâ¢ã-

îé ï ¯àï¬ ï ¯à®å®¤¨â ç¥à¥§ â®çªã (�x; �y)) ¨ ¨¬¥¥â ¯®-

«®¦¨â¥«ìë©  ª«®, ¥á«¨ M > 0, ¨ ®âà¨æ â¥«ìë©, ¥á«¨

M < 0.

2. M = 0; Dx = Dy . �®£¤  b = �y�a�x, a { «î¡®¥, â. ¥. § ¤ ç 
¨¬¥¥â ¡¥áª®¥ç® ¬®£® à¥è¥¨© { «î¡ ï ¯àï¬ ï, ¯à®-

å®¤ïé ï ç¥à¥§ (�x; �y), á®®â¢¥âáâ¢ã¥â ¬¨¨¬ã¬ã æ¥«¥¢®©

äãªæ¨¨.

3. M = 0; Dx > Dy. �¤¨áâ¢¥®¥ à¥è¥¨¥ a = 0, b = �y ,

¥¬ã á®®â¢¥âáâ¢ã¥â £®à¨§®â «ì ï ¯àï¬ ï.

4. M = 0; Dx < Dy. �¥è¥¨© ¥â (a =1), çâ® á®®â¢¥âáâ¢ã¥â

¢¥àâ¨ª «ì®© ¯àï¬®© x = �x.
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3. �¢ã¬¥àë© á«ãç ©: ¬ âà¨çë© ¯®¤å®¤

� áá¬®âà¥ãî ¢ëè¥ § ¤ çã ¬®¦® à¥è âì ª ª § ¤ çã ª®à-

à¥ªæ¨¨ ¥á®¢¬¥áâ®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© [2]. �¥©-

áâ¢¨â¥«ì®, á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨© ®â®á¨â¥«ì® a ¨ b

yi = axi + b; i = 1; : : : ; n; (1)

¨«¨ ¢ ¬ âà¨ç®¬ ¢¨¤¥
�X�a = y; (2)

£¤¥ �X | ¬ âà¨æ  à §¬¥à®áâ¨ n � 2, y = (y1; : : : ; yn)
T 2 Rn,

�a = (a; b)T 2 R2;

�X =

�
x1 x2 : : : xn
1 1 : : : 1

�T

; T | § ª âà á¯®¨à®¢ ¨ï,

¬®¦® ¨â¥à¯à¥â¨à®¢ âì £¥®¬¥âà¨ç¥áª¨ ª ª ãá«®¢¨¥, çâ® n

â®ç¥ª á ª®®à¤¨ â ¬¨ (x1; y1); : : : ; (xn; yn) «¥¦ â   ¯àï¬®©

l : y = ax + b. �á«¨ ¤ ë¥ â®çª¨ ¥ «¥¦ â   ®¤®© ¯àï¬®©,

â® á¨áâ¥¬  (2) ¥á®¢¬¥áâ .

�®áâ ¢¨¬ § ¤ çã ª®àà¥ªæ¨¨ á¨áâ¥¬ë (2):

� = k�yk2 + k� �Xk2 ! min; (3)

¯à¨ ®£à ¨ç¥¨ïå

( �X +� �X)�a = y +�y (4)

�¤¥áì � �X =
�
�x1 �x2 ::: �xn
0 0 ::: 0

�T
; �y = (�y1; : : : ;�yn)

T 2 Rn,

k�yk { ¥¢ª«¨¤®¢  ®à¬  ¢¥ªâ®à  �y ¨ k� �Xk { á¯¥ªâà «ì-

 ï ®à¬  ¬ âà¨æë � �X, à ¢ ï ¥¢ª«¨¤®¢®© ®à¬¥ ¢¥ªâ®à 

�x = (�x1; : : : ;�xn)
T , ¬¨¨¬ã¬ ¢ (3) ¡¥à¥âáï ¯® á®¢®ªã¯®áâ¨

(� �X;�y; �a), ã¤®¢«¥â¢®àïîé¥© (4).

�£à ¨ç¥¨ï ¢ ¯®áâ ¢«¥®© § ¤ ç¥ íª¢¨¢ «¥âë ãá«®¢¨î:

â®çª¨ á ª®®à¤¨ â ¬¨ (x1 + �x1; y1 + �y1); : : : ; (xn + �xn; yn +

�yn) «¥¦ â   ¯àï¬®© l : y = ax+ b.
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�¥«¥¢ ï äãªæ¨ï

� = k�yk2 + k� �Xk2 =
nX
i=1

(�x2i + �y2i ) =

=

nX
i=1

�2 ((xi; yi); (xi+ �xi; yi + �yi)) ;

£¤¥ � ((xi; yi); (xi+4xi; yi +4yi)) | à ááâ®ï¨¥ ¬¥¦¤ã â®çª ¬¨

(xi; yi) ¨ (xi + �xi; yi + �yi).

� ª¨¬ ®¡à §®¬, § ¤ ç  (3), (4) íª¢¨¢ «¥â  ¯®áâ ¢«¥®©

¢ëè¥ § ¤ ç¥  ¯¯à®ªá¨¬ æ¨¨ «¨¥©®© äãªæ¨¥© á ª®àà¥ªæ¨¥©

¢á¥© ¨áå®¤ëå ¤ ëå.

� ¤ ç  (3), (4) { íâ® § ¤ ç  ¬¨¨¬ «ì®© ª®àà¥ªæ¨¨ ¥-

á®¢¬¥áâ®© á¨áâ¥¬ë «¨¥©ëå ãà ¢¥¨© á ä¨ªá¨à®¢ ë¬ ¯®-

á«¥¤¨¬ áâ®«¡æ®¬. �§¢¥áâ® [3], çâ® à¥è¥¨¥ â ª®© § ¤ ç¨ ¨¬¥¥â

¢¨¤:

min
( �X+� �X)�a=y+�y

� = �min(D); a =
z1

z0
;

£¤¥ D = BT
1

�
E � b2b

T
2

kb2k2
�
B1; B1 = (�y; x); x = (x1; x2; : : : ; xn)

T ,

b2 = (1; 1; : : : ; 1)T 2 Rn, E { ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à®áâ¨

n � n, �min(D) { ¬¨¨¬ «ì®¥ á®¡áâ¢¥®¥ ç¨á«® ¬ âà¨æë D,

z = (z0; z1)
T { á®®â¢¥âáâ¢ãîé¨© ¥¬ã á®¡áâ¢¥ë© ¢¥ªâ®à á

z0 6= 0 (¢ ¯à®â¨¢®¬ á«ãç ¥ à¥è¥¨¥ ¥ áãé¥áâ¢ã¥â).

� ©¤¥¬ á®¡áâ¢¥®¥ ç¨á«® �min(D) ¨ á®®â¢¥âáâ¢ãîé¨© á®¡-

áâ¢¥ë© ¢¥ªâ®à z.

E � b2b
T
2

kb2k2
=

1

n

0
BBB@
n� 1 �1 � � � �1
�1 n � 1 � � � �1
...

...
. . .

...

�1 �1 � � � n � 1

1
CCCA ;
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D =
1

n

�
�y1 �y2 : : : �yn
x1 x2 : : : xn

�
0
BBB@
n � 1 �1 � � � �1
�1 n � 1 � � � �1
...

...
. . .

...

�1 �1 � � � n� 1

1
CCCA

0
B@
�y1 x1
...

...

�yn xn

1
CA =

0
BB@

nP
i=1

yidyi �
nP
i=1

xidyi

�
nP
i=1

yidxi
nP
i=1

xidxi

1
CCA = nD0

£¤¥ D0 =
�

Dy �M
�M Dx

�
:

det(D0 � �E) = �2 � (Dx +Dy)�+DxDy �M2;

®âªã¤  �1;2 =
Dx+Dy�

p
(Dx�Dy)

2+4M2

2
;

�min(D) = n�2 =
n

2

�
Dx +Dy �

q
(Dx �Dy)2 + 4M2

�
:

� ¬¥â¨¬, çâ® ¬ âà¨æ  D ¥®âà¨æ â¥«ì® ®¯à¥¤¥«¥ , ¯®íâ®-

¬ã �min(D) > 0, ¯à¨ç¥¬ �min(D) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¢á¥ â®çª¨ (xi; yi) «¥¦ â   ®¤®© ¯àï¬®©.

�¥©áâ¢¨â¥«ì®, ¨§ ¥à ¢¥áâ¢  �®è¨-�ãïª®¢áª®£® (dx2
1
+

� � � + dx2n)(dy
2

1
+ � � � + dy2n) > (dx1dy1 + � � � + dxndyn)

2. �¬¥¥¬

DxDy > M2, ¯à¨ç¥¬ DxDy = M2 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

dxidyj = dxjdyi 8i; j = 1; : : : ; n, â. ¥. «¨¡® dxi = 0 8i = 1; : : : ; n,

«¨¡® dyi = 0 8i = 1; : : : ; n, «¨¡® dyi
dxi

=
dyj
dxj

8i; j = 1; : : : ; n, ¨ ¢á¥

â®çª¨ (xi; yi) «¥¦ â   ®¤®© ¯àï¬®©.

�ãáâì z = (z0; z1)
T { á®¡áâ¢¥ë© ¢¥ªâ®à D, á®®â¢¥âáâ¢ãî-

é¨© �min(D). �®£¤ �
Dy �M
�M Dx

��
z0
z1

�
=

1

2

�
Dx +Dy �

q
(Dx �Dy)2 + 4M2

��
z0
z1

�
;
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â. ¥. ¨¬¥¥¬ á¨áâ¥¬ã «¨¥©ëå ãà ¢¥¨©8>><
>>:

Dyz0 �Mz1 =
1

2

�
Dx +Dy �

q
(Dx �Dy)2 + 4M2

�
z0

�Mz0 +Dxz1 =
1

2

�
Dx +Dy �

q
(Dx �Dy)2 + 4M2

�
z1

;

®âªã¤ 

z1

z0
=
Dy �Dx +

p
(Dx +Dy)2 + 4M2

2M
(¯à¨ M 6= 0):

� ©¤¥¬ a. �®§¬®¦ë á«¥¤ãîé¨¥ á«ãç ¨:

1. �á«¨ M 6= 0, â® a = z1
z0
=

Dy�Dx+

p
(Dx+Dy)

2+4M2

2M
.

2. �á«¨ M = 0; Dx = Dy , â® a { «î¡®¥ ç¨á«® («î¡®© ¢¥ªâ®à

¨§ R2 ï¢«ï¥âáï á®¡áâ¢¥ë¬ ¤«ï D).

3. �á«¨ M = 0; Dx > Dy, â® á®¡áâ¢¥ë© ¢¥ªâ®à, á®®â¢¥â-

áâ¢ãîé¨© ¬¨¨¬ «ì®¬ã á®¡áâ¢¥®¬ã ç¨á«ã, à ¢¥ (1; 0),

â. ¥. a = 0.

4. �á«¨ M = 0; Dx < Dy, â® z0 = 0; z1 = 1, à¥è¥¨ï ¥â

(a =1)

�áâ¥áâ¢¥®, ¯®«ãç¨«¨ â¥ ¦¥ à¥§ã«ìâ âë, çâ® ¨ ¢ à §¤¥«¥ 2 (¢

á«ãç ïå 1{3 b ¬®¦®  ©â¨ ¯® ä®à¬ã«¥ b = �y � a�x). �à¨

¬ âà¨ç®¬ ¯®¤å®¤¥ à¥è¥¨¥ § ¤ ç¨ «¨¥©®©  ¯¯à®ªá¨¬ æ¨¨

¬®¦® ®¡®¡é¨âì   ¬®£®¬¥àë© á«ãç ©.

4. � âà¨ç ï ª®àà¥ªæ¨ï ¢ ¬®£®¬¥à®¬ á«ãç ¥

�ãáâì § ¤ ë § ç¥¨ï äãªæ¨¨ f : X ! Y; X � Rm; Y � R
¢ n â®çª å x1; x2; : : : xn; á®®â¢¥âáâ¢¥® y1; y2; : : : yn. �à¥¡ã¥âáï

¯à®¢¥áâ¨ £¨¯¥à¯«®áª®áâì L : y = ha; xi + b; a; x 2 Rm; b 2 R,
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â ªãî çâ® áã¬¬  ª¢ ¤à â®¢ à ááâ®ï¨© ¤® ¥¥ ®â § ¤ ëå

â®ç¥ª ¬¨¨¬ «ì .

�ä®à¬ã«¨àã¥¬ á®®â¢¥âáâ¢ãîéãî § ¤ çã ª®àà¥ªæ¨¨ á¨áâ¥-

¬ë «¨¥©ëå ãà ¢¥¨©. �¡®§ ç¨¬ y = (y1; y2; : : : yn); �xi =

(xi; 1) 2 Rm+1 8i = 1; : : : ; n; �a = (a; b) 2 Rm+1; �X { ¬ âà¨æ 

à §¬¥à  n � (m + 1), áâà®ª ¬¨ ª®â®à®© ï¢«ïîâáï ¢¥ªâ®àë �xi.

�¢¥¤¥¬ M(� �X;�y) = f�a :
�
�X +� �X

�
�a = y +�yg, £¤¥ �y 2 Rn,

� �X { ¬ âà¨æ  à §¬¥à  n�(m+1) á ã«¥¢ë¬ (m+1)-¬ áâ®«¡æ®¬.

�®£¤  § ¤ ç  ª®àà¥ªæ¨¨ ¨¬¥¥â ¢¨¤:

�(� �X;�y) = k� �Xk2 + k�yk2 ! min
(� �X;�y):M(� �X;�y)6=?

:

�¥è¥¨¥ íâ®© § ¤ ç¨ ¥áâì

min
(� �X;�y):M(� �X;�y)6=?

�(� �X;�y) = �min(D); a =
z

z0
;

£¤¥ D = BT
1

�
E � b2b

T
2

kbk2
�
B1; B1 = (�y; ~X), ~X { ¬ âà¨æ 

áâà®ª ¬¨ ª®â®à®© ï¢«ïîâáï ¢¥ªâ®àë xi, b2 = (1; 1; : : : ; 1)T 2
R
n, �z = (z0; z) 2 R

m+1 { á®¡áâ¢¥ë© ¢¥ªâ®à ¬ âà¨æë D,

á®®â¢¥âáâ¢ãîé¨© ¬¨¨¬ «ì®¬ã á®¡áâ¢¥®¬ã ç¨á«ã �min(D),

á z0 6= 0.

� âà¨æ  D = (dij)
m
i;j=0 ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

dij = n(�ij � �i�j) =

nX
k=1

(xki � �i)(x
k
j � �j);

£¤¥ ¤«ï ¥¤¨®®¡à §¨ï ®¡®§ ç¥® xk
0
= �yk ; k = 1; : : : ; n; �i =

1

n

nP
k=1

xki ; i = 0; 1; : : : ; m: � ©¤ï ¥¥ á®¡áâ¢¥ë© ¢¥ªâ®à �z,

á®®â¢¥âáâ¢ãîé¨© á®¡áâ¢¥®¬ã ç¨á«ã �min(D), ¬ë ®¯à¥¤¥«ï¥¬

a = z
z0

(¥á«¨ z0 = 0, â® à¥è¥¨ï ¥â, a = 1) ¨ b = �y � ha; �xi,
£¤¥ �y = ��0; �x = (�1; : : : ; �m).
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