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OB OAHOA AHHAMHqECKOA MOAEnU
3KOHOMHKH C <l>OHAAMH, AH<1><1>EPEHII.HPOBAHHbIMM

no MOMEHTAM CO3)1.AHHSI

HaHOOJlee. nOCJleJl;OBaTeJlbHblH aHaJlH3 rJlOOaJlbHbIX Jl;HHaMHqecKHx
Jl;eJle.H C <l>IOHJl;aMH, Jl;H<l><l>epeH~HpOBaHHbIMH IIO M'OMe'HTaM CO!3Jl;aHH5I. np

J1.HTC5I B paOOT~X JI. B. KaHTopoBHqa HerO OOTpyJl;HHKOB (CM. Ha'n1>1
[ 1,] ) .B 3THX RCCJleJl;OBaHH5IX. KaK InpaBHJlO. npeJJ;nOJlaraeTC5I qTO. BO.

BbIX, TpyJl;OBbIe pecyp,cbI 2KeCTKO 3a'KpenJl5IIOTC5I 3a <l>OHJl;aMH Ha BeCb t

OJl; HX <l>yHK~HOHHpO'BaHH5I H. BO-BTOpblX. Bbrn~ycK <l>OHJl;OB. cO3Jl;aHHblX I

KOTOpblH MoMe'HT BpeMeHH, onHcbIBaeTC5I alnpH'opHO 3aJl;aHHOH npoH:
cTBeHHoH !<l>yHIK~HeH. C APYroH CTOpOHbl, :B CB5I3H c npHH~HnHaJIb.I

TPYJl;HOCTHMH HJl;eHTH<l>HKa~HH npOR3BOJl;CTBeHHbIX <l>YHK~HH, pa31pa6a1
IOTC5J MeTOJl;bI HX nocTpOeHH5I 'KaK pe3¥JlbTaTa HaHJlYqIUero pacnpelJ.:eJ1

p,ecyp'coB Me2K)1.y ~OH)1.aMH c pa3JlRqHbliMH xapaKTepHcTHKaMR [2, 3,]
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B HaCTOHill:eH pa6OTe paCCMaTpHBaeTCH rJIO6aJIbHaH MOAeJIb3KOHOMIi-

I,<H C 3~3OreHHblM ~ayqHp-TeX!HIiqeCKHM IDpOrpeCC'OM H <pOHAaMH, AH<l><Pepe~-

~HpOBaHHbiMH no MoMeffTaM ,CO3ll.aHlIH. BbDnycK ~a <pOHAax, co3AaHHbIx B

HeKOTOpblH MoMeHT BpeMeHH-onHCbIBaeftH JleOHTbeBCKOH I1pOH3BOACTBeH-

HoH <PyJ{'K~lIeft, yqlHTbIBaIOill:eft HayqHo-TexHHqecKHft nporpec'c, a TaK}Ke pa3-

JIHqHbIe BO3MO}KHbIe H3MeHeHHH !BbIinyCKOB B 3aBHcHMocTH OT cpo'Ka 3KCnJlY-

aTaIl:HH '<POHAQB. GyMMapHbIH; ~brnycK npoJl.yKIliHH B Ka}KAbIft MoMeHT Bpe-

MeHH onpell.eJIHeTCH B pe3yJIbTaTe MaKcHMH3a~HH BbInycKa 3a cqeT

CBo6oJ1JHOrO nepepacnpell.eJIe,HHH Tpy)I;OBbIX pecypcoB no HMeIOill:HMcH Ha

AaHHbIft MioMeHT BpeMeHH <pOHAaM. HO,pMa liaKOnJIeHilfH B MOll.eJIH cqHTaeTcH

3a~aHHoft <pyH!K~Heft B'peMeHH, a KaInHTaJIbHbIe BJIO}KeHHH ~eJIHKoM pacxo-

J(yIOTCH Ha CO3AaHHe <P'O'HAOB HaH6,oJIee coBpeMeHHbIx Ha TeKyill:Hft MoMeHT .

npeAJIaTaeMaH MOJl.eJIb lfHTepecHa ,rJIaBHIXM 06pa30M 'MeTo-~OJlOrHqecKH,.

IIOCKOJIbKy aK~eHTHpyeT BHHMaHHe JlHIllb 'Ha OAHOM HeJIHHeHHOM Mexa-u " u
HH3Me «JIOKaJIbHOH onTHMH3aI1!HH», Ii nO3BOJIHeT npOaHaJIH3HpOBaTb CBOH-

cTBa MoAe~H, cBH3aHHbIe c yl\a3aHHbIM MexaHH3MoM. ~OpMaJIH3aII.HH 3TOft,

Mo;:J;,eJIH npIiBOAHT .K HeJIIiHeftHoMy CneIl:HaJIbHOrO BHAa HHrerpaJIbHoMy
ypaBHeHHIO B'OJIbTeppOBcKoro TH'lIa.

I. OnHCaHHe MO)1.eJIH

nyCTb BbIrrycK KoHeqHoH IIPIO.!1:YKQHJi B MO'Me-HT BpeMeHH t Ha <pOIH.!1:aX..

CO3.!1:aHHblx B MOMeHT BpeMe'HH 't' OnHCblBaeTC5I IIpOH3BOJl.CTBeHHOH <pyHKQHeK

F (t,'t, III ('t), l (t, 't))=

= (l-a ('t) min {<D ('t') W ('t, t -'t)/ b ('t), l (t, 't)/ c (.)},

r.!1:e (J)('t') .-IKOJIHtIeC'!1BO <POHJl.OB, CO3Jl.aHHblX B MoMeHT BpeMeH,H .; l(t, 't') -

KOJIHqecTBo TpyJl.OBblX 'pecypcoB, 3aH5ITblX B MoMeHT BpeMeHH t Ha <poH.!1:aX.

Co3.!1:aHHblx 'B MoMeHT 't'; W (., t-.) -1<PyHKQH5I oCBOeHH5I-BbI6b1THK 3THX

~H.!1:OB, 'no3BOJI5IIOIQa5I 'onHcblBaTb BBOJl. 4>OHJl.OB c 3ana3.!1:blBaHHeM HJIH

BBO.!l: oqepeJl.5IMH, ecTecTBeHHoe Bbl6b1THe <POH.n;OB, a TaK)Ke yMeHbWeHH5I BbI-
nycKoB B ,cooTBeTCTBHH 'c rpa<pHKoM peMOHTHblX pa60T; a('t'), b(.), c('t') -

cooTBeTcTBeHHo 4>yHKQHH MaTepHaJIOeMKOCTH, <poHJl.OeMKoCTH H TpyJl.OeMKO-

CTH npeJJinOJIaraIOTC5I H3BecTHblMH.

06IQHH 'BbTnyc'K KoHeqHoro InpOl1.YKTa Y(t) IIPH H3BecTHoM pacnpel1.eJIe-

HHH <POHl1IOB (J)(.) H 3al1.aIHHOM 'O6IQeM 06'beMe Tpyl1.0BblX pecypcoB L(t)

Onpel1.eJIKIOTC5I Bblpa)KeHHeM
t

s F(t, 't, 11> ('t), l(t, 't»d'tll (t, 't»O,
-00

y (t)=max

Jool (t, 't)d't<L(t)}. (1.1~

I1H'BecTH~HH (KanHTaJIbHble ,BJIO2KeHHH) B IKa2KAblfl MOMeHT BpeMeHK
~eJIHKOM paCXOAY1O1'CH Ha cO3AaHHe HaH6oJIee ,COBpeMeHHblX <POHAOB

<D(t) =U(t) Y(t), (1.2)
rAe u (t) -HOp'Ma HaKOnJIeHHH, 3aAaIHHaH '<PyHKIlHH BpeMeHH. YpaBHeHHK
( 1.1) , ( 1.2) OnpeAeJ1HIOT' AHHaMHKy p a3BUTHH <POHAO'B Ha HH'TepBaJ1e [ 0, T]
npH 3aAaHHblX HaqaJIbHblX yCJIOBHHX

<D(t) =<DO(t) ;;;:;:0 npH t~o. (1.3)
BbInOJ1HeHHH ( 1.1) , ( 1.2) npH t~ 0 He Tpe6yeTCH.

PellleHHe 3aAaqH, 3ainHCaHHOfl B ypaBHeH,HH (1.1), B o6meM BHAe He
npeACTaBJ1HeT TpyAa ([4]). OAHaKO npeAnOJIO2KHM, qTO CO3AaIOmHeC5f
<t>OHAbl, «q~M HOBee, TeM J1y~llle» B CMblCJIe ( 1.1) , AJIH 3TOrO AocTaToqH~
noTpe6oBaTb MOHOTOH1IOro HeBO31paCTaHHH <PyHK~HH (l-a('t')/c('t). B 3TOM
CJ1yqae oqeBHAHbIM pellleHHeM (1.1) 6yAeT

l(t, 't~=<1)('t)W('t', t-'t')c('t)/b('t') npH 't>t-A(t),
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l(t,'t)=O npR't'<t-A(t),

rAe A(t) OnpeAeJI5IeTC5I R3 yCJIOBH5I M8KCHM8JIbHOrO RCnOJIb30B8HR5I TpyAO-

~biX pecypcoB~ l1HbIMR CJIOB8MR 38A8qy (1.1) MO)KHO nepenHcaTb B cJIe-

AYlOmeM BRAe

't) d't I L(t) >Y(t)=max
A

t

~ (1
-A

~ ~ I

t-A

.II.JlSIl1.aJIbHefilllerO yJJ.O6HO nepefiTH K nepeMeHHbIM

y (t) = y (t) C (t)1 L (t), cp (t) =<D (t) c (t)1 L (t),

HMelOIII;HM CMbICJI y H <D Ha l1.yllly HaCeJleHHSI C yqeToM pOCTa npOH3BOJJ.H-

TeJIbHOCTH Tpyl1.a. B 3THX nepeMeHHbIX ypaBHeHHe (t.4) 3anHllleTCSI TaK:

.f

y(t)=max " >
a (T» -:j!1- !J:!l W (t', t-'t) d

C('t) L(t) b(t') T

.:A

tp ('t) !:J:!l W('(, t-'() d 1
L(t) .b('(} 'tf.

:;;..

,

~
f-A

JLenaH 3aMeHy nepeMeHHOH HHTerpHpOBaHHH H BBO~H o6o3HaqeHHH
, c(t) L(T) W(T, t-T)

f('t', t-.::t:}=:,:(l-a('t')~, O(t, t-'t')=T{l) b(T)'

HepenHIlJeM

A

ry (t) s) f (t, s) a (t, s) dsj 1> s)O(t. S)dS}. (1.6)cp (t
01
O

'I 7\

B nepeMeHHblX y (t), rp (t) ypaBHeHHH (1.2), (1.3) npHHHMaIOT BHA

CP{t)=U(t)y (i) (t>o}, -

cp (t)=fPo(t)=fixe (t <0).

PaBeHCTBO (1.6) MOJKHO HHTepnpeTHpOBaTb TaK
A(I) .-

y (t) = j. <p ( t

o

.

s)j(t, s)O(t, s)ds,

(1.10)

.lJ;aJIee ~JIH Onpe~eJIeHHOCTH 6y~eM cqHTaTb, qTO A (t) paBHO MHHHMaJIbHO-

My A, Y~OBJIeTBOpHlOIILeMY (1.10).

2. 06~He cBoHcTBa MOJJ.eJIH

CHcTeMy ypaBHeH'HH (1.7)-(1.10), OnHCbIBaIOW:HX 3KoHoMHqecKyIO AH-
HaMHKy, 6yJl.eM paCCMaTpHBaTb Ha KoHeqHoM HHTepBaJIe [0,1] npH CJIe-

Jl.YIOW:HX npeJJ.nOJIO)KeHHHX.
n.l <l>yHKU.HIO U(.), npHHHMaIOW:YIO 3HaqeHHH B [0, 1], 6yJl.eM CqH-
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raTb npHHa,ll:JIe}Ka~eH npoCTpaHcTBy Loo [0, T] H3'MepHMbIX. no~TH BClO,lI:y

orpaHHqeHHbIx <PyHKIJ;HH1.
KJIacc <PyHKIJ;HH L~ HBJIHeTcHecTeCTBeHHbIM KJIaCC()M ynpaBJIeHHH B

3a,ll:aqax onTHMH3aIJ;HH. BbI60p 3TOro KJIaCCa CBH3aH C npe,ll:noJIaraeMbiM

;B ,lI:aJIbH~HlIIeM aHaJIH30M 3aAaq onTHMaJlbHOro ynpaBJIeHHH C ynpaBJIHeMOH

HOpMOH HaKOnJIeHHH U (t) .CJIe,ll:CTBHeM T'aKOro Bbi60pa HBJlHeTCH TO', qTO,

pelIIeHHe <p{ .) H~06xOAHMO HCKaTb TaK}Ke B Loo. K cqacTblO, npOCTpaHCTBa

Loo H C BeCbMa CXO}KH H aHaJlH3 ypaB,HeHHH (1."1)--' (1.10) ,B Loo HHq¥Tb

He CJIO}KHee aHaJIH3a 3THX ypaBHeHHH B npOCTppHCTne' HenpepbIBHbIX

4>yHKIJ;HH. , , Il.2. CeMeHcTnO CyMMHpyeMbIx HeoTpHIJ;aTe\J1bHbrx- <PyHKIJ;Hii: Gi( .) ~

~G(t,O) HMeeT 06~HH KOMnaKTHbiH HOCHTeJIb ,[o,A] (T. e. G(t', S) =0 npH
-(',

~C~X t H S~ [0, A] ) .<l>yHKIJ;HH ft (S) =:.f (t, s) n.oJ!Q~!;I'Te~b~bJ H HeB63paCTa-
1O~He no S npH BCeX tE[o, T]. .-, .-.

Ilpe,ll:noJIO}KeHHe 0 MOHOTOHHOCTH ft (s) HBJIHeTCH O,ll:HHM H3:0CHOBHbIX

HHTepnpeT~pyerCH KaK H_a,IIHql!e HayqHO-TexHHq~cKOrQ .np'orp~cca ..(CM"
(1.5) ) H COBna,ll:aeT C yCJIOBHeM nepeXO,ll:a 01" (1..1) K. -(1.4) .Tpe6oBaHHe

06~ero KOMnaKTHOro HOCHTeJIH <PyHKIJ;HH Gt(.) MeHee cyIneCTBeHHO H CO-

OTBeTCTBYeT -HaJIHqHIO npe,ll:eJIbHOro CpOKa CJIY){{6b1 4>olfAoB, yqHTblBaeMOro

4>YHKIJ;:HeH W. -,

Il.3. <l>yHKIJ;HH f(t,s) H G(t,S) orpaHHqeHbi Ha [o,T]X[O,A].
~ ' ,~ ..-;; .7 i. , -,- ---

9 (t, s)ds 11 j(t, s)O(t, s)c(.s: (paBHOMepHO) He-n.4. HHTerpaJIbl
v O ...

npepbIBHbI Ha [0, T] .I1peJlnoJiO2KeHHH 3 H 4 -ecTecrBeHH,o B~rnOJIHeHbi JlJIH
HenpepbIBHbIX <PyHKIJ,HH. G H f, OJlHaKO TaKOH ,~~,.acc !l>yHKiI.HH G H J lie
nO3BOJIHeT yqHTbIBaTb cKaqKOoop~3HbIe H3MeHeHHfl T-exHO.iIor.HiiecKHX: '-iroKai.
3aTeJIeH, BBOJl <POMOB C 3ana3JlbLBaHHeM H T. n.. C JlPYroH CTOpO_HbI.3aMe-
"fHM, qTO OCHOBHbIe cBoHcTBa ( 1.7 .,,-- (1.10). cOXp.alJHJOT.CH. UP.H cyw.eC1'BeH-
HbIXOC.7IaOJI,eHH5IX YKa3aHHbIX fipeJlnOJIO1KeHHii.- HatrpItMep, BMeCTQ n.3 c
ipopMaJIbH'oH TOqKH 3pe'HHH OOJIee ecTecTBeHHbIM 5IBJI5IeTC51 Tpe6oBaHHe
paBHOMepHOH Ha [O,T] HHTerpHpyeMOCTH <PyHKIJ,HH ft(.)Gi(~) H Gt(.)., " nyCTb <P~«Po; <PJEL~I'-A, TldLtr~A,oixL+:;[o, T], rJle' 3~aKoM

nJlIOCBbIJleJI5IeTC51 KoHyc HeOTpHIJ,aTeJIbHbIX <PyH~IJ,HH COOTBeTcTBylOW.erOnpOCTpaHCTBa, a. " ,

{<Po (t) npH t < 0
<p (t)= <Pl (t) JIpH t >0. ..

PaCCMOTpHM OnepaTOp ~, -~~0;;c:!Jj;\'11r.~( 5~aqC-"~ i
r " I ~l ' c O :,,~..,~. !r,.'~,".

.., ' '.'.'..( .)" ,-.

tiD[ ] tiD
I( )] . L + [ A- T ] L + [0 T] -;)i-' , , ',t;, ..."'- ,

iJV ~ = iJ<? rPo, q>l ., CX) -, ...". CX) , , -, !C..:.;" ~ , " j.RT -:..B}:r

y(t)=5aI'P}(t)~max l~<p(t-S)f(t,'S)O(t, S)~~;.~;:, .~,l'~nF;A o ' , , .

~(t-S)O(t,S)dS}. .,-' .)..;:>

OnepaTOp ~ OnHCblBaeT npo4e.Z(ypy BblqHCJIeHH}l-KOHeqHblX BbmycKoB

y( .) , eCJIH H3BeCTHbI npe.Z(blCTOpHSI .Z(HHaMHKH <t>OH.Z(OB <Poi. ) H «KanHTaJIb-

Hble BJIO}1{eHHSI» ~1 ( .) Ha HHTepBaJIe [0, T] .f1o aHaJIOrHH C OnpeAeJIeHHSI-

MH npOH3BOACTBeHHOH <t>yHK~HH ~ npOH3BO.Z(CTBeHHOrO. <t>yHK~HOHaJIa one-

paTOpy ~ MO}1{HO 6br.JIO 6bl npHriHcaTb Ha3BaHHe npOHl3BO.Z(CTBeHHOrO- O'lle-
paTOpa. f1epeqHCJIHM OCH()BHble cBo,HcTBa 3TOrO' oneparopa. (

l.lJ;aJlee OCHOBHble CBeJteHHSI H3 lj>yHK"HqHaJIbHo~O liHaJIH3a HcnoJIb3ylOTCSI Oe3 CCbi.
.'IOK (CM. HanpUMep [,5], [6]). CBeJteHliSI O HeJIHHeiiHb!X OnepaTOpHblX .ypaBHeHuSIx MO}KHO
IfaiiTU B [7].
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J]eMMa. OnepaTOp ~ YJI.OBJIeTBOpHeT yCJIOBHIO JIHn1IIHU:a, KOM

nOJIO)KHTeJIeH Hi MOH'OTOHeH Ha L~-11[ -A, T] .
KpoMe 3TOrO MO)KHO OTMeTHTb KBa3HBOrHYTOCTb H AH<p<pepe]

MOCTb no KOHyCy OnepaT'Opa !1J,
B AOKa3aTeJlbCTBax HeOAHOKpaTHO 6yAeT HCnOJIb30Ba1'bCH np

JIeHHe!1J B BHJI.e (1.9), (1,10).

J1.oKa3aTeJIbC1'BO, 1°, nyCTb cp -HeKOTOpbIH 3JIeMeHT L~ + [ -j
y ( , ) =!1J[ (fJ] (. ) .PaCCMOTpIfM pa3HIOCTb

A(,\

y(t+d) .y(t)=..~'c~(t+L\ .8) K(t +A. 8) .fp It .s)K(t,s)1

A(t+A)

~
A/f.\

-1-
IF (t+L\ .s) K(t+L\, s)ds

6
r.ll.e K(t,s)=/(t,s)a(t,s). O~eHHM nepBbIti H3 HHTerpa.noB B (2

IA{I~-A A(t)

.lp(t-s)K(t+L\, s+L\)ds-111= ~ <p (t os)K(t, s)ds

,J)

~
-A 0

.r A~t)
IA(t)-A

~ <p (t -s)K(t+L\, s .11) ds ~(t-s)K(t, s)ds

0

j~
-4

A(tJ+J1

~
0

II IF ( .)1 (K(t+L\, s+L\)-K(t, s))ds

nOCJIe)1:HHit HHTerpaJI B (2.2) OI.J,eHHBaeTCst T8K

I A(t)-A I~ -K(t,s»ds

(K(t+t:., s+t:.)
I 0

IA(t)-2~ = ~ (K(t+ilt s+il)

I A(t), ~

-K(tt s+d»ds K(t+Ll, s)dsl

I o

, ~
-A

K(t.S)dSI.,

rl

~
Alt\-2.i

nepBOe CJIaraeMOe B paBeHCTBe (2.3) COrJIaCHO n.4 OneHHBaeTcst .
HeqHo MaJIoH O (Ll), He 3aBHCHm:eH OT t. OCTaJIbHble HHTerpaJIbl B nl

qacTHx (2.2) H ( 2.3) OII;eHHBaIOTCH COrJIaCHO n.3. TaKHM COpa30M,

qa~M paBHoMepHyIO no t oII;eHKy.

1111 < O (L\)II <p ( .)II.

BbIqHCJ!HM pa3HOCTb paBeHCTB (1.10), 3anHCaHHbIX ,l(JISI

H t+d

0 -s) O (t+A. s) .<p (t -s)O(t, s))ds-j-

-1- .s)a(t+~, s)ds+

A

.~ Cp(t-ftl-s} Q (i+tl, s) ds

""





A
"

S)_qJ'I (t s)) O (i, s) ds4-

Be3 orpaHHqeHHSI OO~HOCTH MOJKHO cqHTaTb A' (t)< A" (t)t TOr~~ COrJI;

HO OnpeAeJleHHIO f(t) H .npe~hOJlOJKeHHIO n.2 f(tts»f(t) n
s < A' ( t ). OTCIOAa nOJlyqa~M

1:J1l I~'] (t) ~ SiJr~"] (t) 1< ' --

Q)' { t q>" ( t s)IQ(t, s){f(t, s)+l)dss)

Tor .lI:8 <P' ('t)
1:

<P" (t s) I a (ts) s)(f(t s)

,
npH 3a~aHHOM q>O JIIO6oe HaqaJIbHOe npH6JIH>KeHHe <Pr)eL;,!; Io, T]

pO>K~aeT nOCJIe~OBaTeJIbHOCTb {q>f..)}cL~ [0, T]
.

q>~k.+l) = d [q>~k)], d [q>J ~ OUf1iJ [q>o, q>1].

06O3HatlHM C = II q>~I) -q>~oj I!; H nycTb COrJIaCHO npe~nOJIO>KeHHIO

O(t, s)(f(t, s)+l)<K< 00. npHMeHHH MHOrOKpaTHO o~eHKy (2
K nOCJIe~OBaTeJIbHbIM rtpH6JIH>KeHHHM, C yqeToM TOrO, qTO U (t) E [0,
HMeeM

Id[q>~l)](t)-dlq>~0)](t)l<cKt,. ..

..., Id [q>~n+l)] (t) -d [q>~n)] (t) I < c (Kt)nlnl,

T. e. <paKTOpHaJIbHylO CXO~HMOCTb MeTO~a nOCJIe~OBaTeJIbH~X npH6JIl

HHff. AHaJIOrHtlHO ~JIH napbI nOCJIe~OBaTeJIbHocTefl {"(j)fk)} H {iii~k)}, Haljlll

llI,HXCH H3 pa3HblX HaqaJIbHbIX npH6JIH>KeHHff, HaXO~HM

< II ip~O)

))ds I-t



OII.eHKa (2.11) nOKa3bIBaeT, qTO npM .ll.OCTaToqHo 60JlbIllMX n CTeneHb one-

paTOpa Jltn HBJlHeTCH paBHOMepHO no Ipo C)KMMalOIII.eH. yqMTbIBaH, qTO Jlt

oTo6pa)KaeT 3aMKHYTOe MHO)KeCTBO L~ B Ce6K M HenpepbIBHO 3aBMCMT OT

napaMeTpa Ipo, npMMeHHH TeOpeMY O HeHBHOH 4>YHK~MM, .ll.OKa3bIBaeM

CYIII.eCTBOBaHMe, e.ll.MHCTBeHHOCTb peIlleHMH M er9 HenpepbIBHYIO 3aBMCM-

MOCTb OT IpO. BoJlee TOrO, HCnOJlb3YH O~eHKY (2.8) MO)KHO nOKa3aTb, qTO:

.<1lllpo] -Y .ll.OBJleTBOpHeT YCJlOBMIO J1MnIllMII.a.
2°. PaCCMOTpMM npOM3BOJlbHOe orpaHMqeHHQe MHO)KeCTBO ~aq~JlbHbIX

YCJlOBMH (J)O. £iy .ll.eM CTpOMTb MHO)KeCTBO .<Dl = .{jl [<DO] MeTO.ll.OM. nOCJle.ll.OBa-

TeJlbH"bIx IJ.pM6JlM)KeHMH, HaqMHaIO~MXCH ~ Ipl°), O~HOrO M TOrO )Ke .ll.JlH!

BCeX IppEtDo. Tor.ll.a B CMJly JlMl1iuM~MBOCTM OnepaTOpa ~ H orpaHMqeHHo-

CTM OU; MMeeM paBHOMep«YlOnO ~oE.Do OII.e«KY ~~a ..II <Ptl}TIpl°)[I, OTKY4~, )

HCnOJlb3Y H (2.11 ), .ll.OKa3bIBaeM orpaHMqeHr OCTb .{jl [<DO] , H, CJle~OBaTeJJbHO,'

orpaHMqeHHocTb <D=«Do, IlIJ. OTCIO~a,. MCnOJlb3YH KOMnaKTHOCTb OnepaTO-

pa ~, nOJlYqaeM npe~KOMnaKTHOCTb MHO}KeCTBa ~[<DO]'=:OU~ l<I>],M, CJle.ll.O-

BaTeJlbHO, I<OMnaKTHOCTb OnepaTOpa .{jl.
3;'. llOJlO)KHTeJibHOCTb OnepaTOpa: f1l. oqeBH~Ha, nOCKOJlbKY .<1l[IpO]--

CHJlbHbIfi npe~eJl HeOTpH~aTeJIhHbIX nOCJle.ll.OBaTeJlbHblX npH6JlM)KeHMfi.
MOHOTOH HOCTb .{jl .ll.OKa3bIBaeTCH npe.ll.eJlbHbIM nepeXO.ll.OM no n B HepaBeH-

cTBax ..~) .
---

Cpjn+l) =OU~ I~o, -CPln»)] >-cp~n+l) =OU~l~o, "ii'~n»],
-.

rAe {--p-~11)} M {~fn)} .ll.Be nOCJle.ll.OBaTeJlbHOCTH MeTo ~a nOCJle.ll.OBaTeJlbHbIX

l!.pH6JlH~eHHluI, no~TpoeHHblx npM o~HHaKoBblx HaqaJlbHbIX npll6JlH)KeHHHX

qJ\O):;=f}O)Hfio>~ ...

3. YCTOitlJHBOCTb B aBToHoMHOit 3a~alJe

CllcTeMy (1.7)-(1.10) 6y~eM Ha3bIBaTb aBTOHoMHOfl, eCJllf <t>yHKn.llll
U, f H O He 3aBfiCSlT OT TeKyW.erO BpeMeHll t. B HCXbAHOfl nOCTaHOBKe
3TO COOT~~TcTByeT TaMy, .qTO a(t) = a; b (t}~ fj; C(t) =ce-"j; L (t) =

=Le1.t; lV('t", t-'t")=1\7(t-"t). l'fHbIMlf cJioBaMH, BMeCTO (1.9), (1.10)

6yAeM paCCMaTpHBaTb
A(t)

<P(t)=U S <P(t-s)f{s)O(s)ds, (3.1)
.u .

rl-5~
s) O ('S) ds ]+,i

A(~j

1= S <P(t-s)O(s)ds+ -
0 -°

Onpe~eJIHM CTaIl:HOHapHble pellieHHSI
{ A A.

<p*=~ax <P*uIf(S)O_(S)dS ., -

I{JlaCCH<pliIl:HpyeM CTaIl:HOHap Hble pellleHHSI B 3aBHCHMOCTH OT 3JfaqeHH H
A -

napaMeTpa ~=uSj(s)a(s)ds. npH ~<l. CylIL~cTByeT -~ ,---
O

TpHB HaJIbHOe pellleHHe <p * ;;;= 0. npH ~ > 1 ...

HHe, Onpe~eJISIeMOe ypaBHeHHSIMH
A.. ~..

1l.>Cp*,~ "a (S)dS}~

P71MHCTReHHOe

CVmeCTBVeT e.ll;HHCTBeHHOe peIlIe-

A~

r a (s) ds.~*=~*u~ j(s)O(s)ds, l=~*,j , ,
o u

flpH 1:1= 1 cyllJ,eCTByeT MHO)KeCTBO CTaIJ,HOHapHbIX peIlleHHl1
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8BTOHOMHOfl

W*=«P*>Oll ><P*JAO(S)dS}.

c .lI.PYroi\ CTOpOHbI. eCJlIi B liCXO.lI.HOi\ llOCTaHOBKe (1.4) .lI.JlSI CTalJ;liOHap-

HOrO CJlYqaSI CHSITb orpaHliqeHliSI no TpY .lI.Y (L (t) == + 00 ). TO .lI.liHaMliKa

<POH.lI.OB °Y.lI.eT OlllicbIBaTbcSI JlliHei\Hb£M ypaBHeHlieM

A

ii (!)(t-s) (l-a) ~ds.<D (t) u
15 v

nOCJIeJJ,Hee yp8BHeHHe HMeeT 9KCnCHelUH8JIbHble pellIeHHH <D(t)=<De9t, rJJ,e

e onpeJJ,eJISIeTC5I eJJ,HHCTBeHHblM 06p830M H3 COOTHOllIeHH5I

A
n(l-a).W (s)

-;'-' e-'Jsds.u
.J .o
0

3HaqeHHe e eCTeCTBeHHO Ha3BaTb T'eXHoJIlorHqeClKHM TeMIIOM pO'CT'a MO~eJIH,
a (~+n) -TeMnOM pOCTa TpyJ{OBblX pecypcoB (3a cqe't qHcJleHHOCTH H

3a cqeT npOH3BOJ{HTeJIbHOCTH). B 3TOii TepMHHOJlOrHH cJlyqaii J.t>1 CQOT-
BeTCTBYeT 6>(A+n),-TeXHOJlOI'HqecKHii TeMn pOCTa npeBOCXOJ{HT TeMn
pOCTa TPYJ{OBblX pecypCOB; cJlYqaii J.t< 1 COOTBeTcTByeT 06paTHOMY COOTHO-
IUeHHIO e< (A+n) , a cJlYqaii J.t= 1- COBnaJ{eHHIO TeXHoJlorHqecKoro TeM-

na pOCTa H TeMna pOCTa TPYJ{OBblX pecypcOB.
B J{aJIbHeiillIeM, nOMHMO CJ{eJIaHHblX npeJ{nOJlO)KeHHii n.2-n.3, 6y.

J{eM cqHTaTb, qTO min{<po('t) l'tE [-A, 0] } ='!Po>O. 3TO npeJJ;nOJlO)KeHHe ra-
paHTHpyeT IHeHyJleBble BbI:nyc'KH Ha Bceii TpaeKTopHH. TaK KaK pa3pblBHoCTb
6b1J1a cBH3aHa c pa3pblBHoCTbIO u ( t) , a B paccMaTpHBaeMoM cJlyqae u ( t) =

=const, ll>yHK~HIO ~(t) MO)KHO cqHTaTb HenpepblBHOii.

TeopeMa 2. npH C~eJlaHHblX npe~nOJlO)KeHHHX pellIeHHH (1.7), (1.8),

(3.1), (3.2) Ha HHTepBaJlaX tE[(k-1)A, kAI y~OBJleTBOpHIOT HepaBeH-
cTBaM

H k>K.q> * -(q>*

O«p(t)<MO~k, eCJlH 1.L<1;

~)a{k-K)«P(t)«P*+Moltk, eCJlH I.L>

r.n.e

A~

S
o

f (.4» dse (0, 1 ),ua (s) (I (s)a=

Mo=rnax{(!p ('t) -~*)+ I 'tE 1- A, 0]},

q,=~* (1-~)/(IA.-a), K=[log~(.P/~0)]++ 1.

3a.M,ellaHUJl. 1°. TeOpeMa yKa3b1BaeT Ha TO, qTO cJ1yqafi !J. < 1 co~ep-
>KaTeJ1bHO HBJIHeTCH nJ1OXHM, nOCKOJIbKy B 9TOM cJ1yqae oqeHb 6blCTpO
pacTeT «6e3pa6oTH~a». JLOJIH 3aHHTOrO B npoH3Bo~cTBe HaCeJIeHHH

A<,!)
<p (t -s) a ( s) ds 9KCnOHeHIJ.H8J1bHO CTpeMHTCH K Hy JlIO.

J
o

2°.. HepaCCMOTpeHHblH 3AeCb KpHTHqecKHH cJIyqaH ~= 1 MO)KHO 6b1JI,o
6bI cqlHTaTb «peAKO 'B,cTpeqaIO~HMCH». OAHaKO K 3TOMy yTBep)KAeHHIO CJIe-
AYeT OTHOCHTbCH BeCbMa OCMOTpHTeJIbHO. HH*e npOaHaJIH3HpOBaH npH-
Mep 3aAaqH MaKCHMH3a~HH noTpe6JIeHHH 'Ha, CTa~HOHapHOM peWeHHH.
B 3TOM npHM'epe MeXaHH3M OmHMaJIbHOro Bbl6opa napaMeTpa U yBOAHT

.1\4



It OT KpHTHqecKoro 3HaqeHHSI. O~HaKO npH ~pyrHx \nOCTaHOBKaX 1iJIH pac-
1l1HpeHHSIX MO~eJIH BO3MQ}KHbl MeXaHH3Mbl 'cTa6HJlH3HpylOmHe IJ. K KpHTH-
qec'KOMY 3HaqeHHlO. CJle~yeT ,OTMeT,HTb, qTO HCJnOJIb3OBaHHe CBoHcTB JlHHeH-
HOrO ypaBHeHHSI BOCCTalHOBJleHHSI (CM. §§ 7.8, 7.15 [8] ) nO3BOJISIeT ~OKa-
3aTb, qro B cJlYqae IJ.= 1 pellleHHSI <p (t) Be~yT ce6S1 AocTaToqHo XOpOlllO.
Ka}KJ1;oe pellleHHe !jJ(t) aCHMnToTHqecKH 3KBHBaJleHTHO HeKOTOpoH KOHCTaH-
-re '!jJ., Bbl6op KOTOpoH H3 MHO}KeCTBa $. O~Ho3HaqHo Onpe~eJISIeTCSI Ha-

qaJIbHbIMH yCJlOBHSIMH (f/o ( .) .

3°. PaCCMOTpHM CJIe~ylOmylO HHTepnpeTau.HlO ypaBHeHHH (3.1), (3.2j
-~ -

nyCTb !jJk ( .)ELoo [0, A]; !jJk (t) =!jJ (t + (k-1) A); TOr~a !jJk+.1 ( .) MO)J{HO nOJIY-
'iaTb H3 !jJk ( .) npHMeHeHHeM OnepaTOpa .9l ( CM. TeOpeMY 1 ), KOTOpbIH

B aBTOHOMHOM CJIYqaeHe 3aBHCHT OT k. TaKHM 06pa30M, ypaBHeH"e (3.1)

3KBHBaJIeHTHO CJIe~_ylOmeMy 3BOJIlOU.HOHHOMy ypaBHeHHlO

!jJk+l =.9l (~) [!jJk], (3.2)

r,1{e .9l npeAnOJIaraeTCSI 3aBHCSImHM OT IJ. KaK OT napaMeTpa. 3TO ypaBHe-
HHe paCCMaTpHBaeTCSI B 'O6JIaCT.H q;=oUint(L.co+[O,A]). B3S1T'He BHYTpeH-
HOCTH CBSl3aHO C yCJIOBHeM (f/O(t) ~<pO>O. Pe3yJIbTaTbl (TeOpeMbl 2) MO}K-
HO nepe4>opMyJIHpOBaTb CJIe~ylOmHM O6pa3OM. npH J.t< 1 B O6JIaCTH q; cy-

~ecTByeT e)I;HHCTBeHHOe rJIO6aJIbHO aCHMnToTHqecKH ycToHqHBoe HyJIeBOe
pellleHHe, KOTOpOe npH Illepexo~e InapaMeTpa J.t qepe3 6H4>ypKau.HOHHOe 3Ha-

qeHHe J.tO = 1 TepSIeT CBOlO ycToHqHBOCTb H nepe~aeT ee pO}K~alOmeMycSI pe-
IlleHHlO '!jJ. (J.t) .3aMeTHM.. qTO pO}K~alOUI.eecSI pellleHHe «OTOKaKHBaeT» OT
HyJIeBOrO Ha ~oHeqHylO BeJIHqHHy, a npH IJ. = J.to cymecTByeT KoHTHHyaJIbHOe

MHO}KeCTBO ycToHqHBblX (HO He aCHMnToTHqecKH ycToHqHBblX) CTau.HOHap-
HblX pellleHHH. TaKaSI Cneu.H4>HKa '6H$ypKau.HOHHOH KapT,HHbI CBSl3aHa C
HaJIHqHeM JIHHeHHOrO yqacTKa y oneparopa [1l B O6JIaCTH 'MaJIblX !jJ, H ee

MO}KHO \npOHJIJIlOCTpHpO'BaTb np'HMepOM O~HOMepHOrO ypaBHeHHSI

x=B (~, x)=p.xmin{l, l/Yx}. , " -
,l1.oKa3aTeJIbCTBO TeopeMbI 2. 1°. nycT& p. < 1, Tor~a ,. ~

A

<I' (t- s) f (s) Q (s) ds.
O-<q> (t)<u

I1cnoJIb3yH o6o3HaqeHHH Mk=max{~ (T) I TEI(k- I) X, kAI}, HaXOJ1.HM

NIk+l ~ IJ. max {Mk' Mk+l}.

ECJlH MaKcHMyM peaJIH3yeTcH Ha Mk+l' TO Mk+l =0, eCJlH Ha Mk, TO
Mk+l ~ IJ.Mk. B O6OHX cJlyqaHx cnpaBe)1:JlHBa ou.eHKa TeopeMbl npH IJ. < I.

2°. nycTb Tenepb J.I. > 1. l1cnoJIb3ySI (3.1) H cooTBeTcTByIOW.ee paBeH-

CTBO B (3.3), Jl:.ByMH cnOCO6aMH BblqHCJlHM pa3HocTb

A.
(IF(t -s) -IF*) ut (s) Q (s) ds+'P {t)-'P*=

A(t)

+l(t} S uq>(t-s)O(s)ds,
A.

A(t) A*

~(t)-~*= S (~(t-s)-~*)uf(s)a(s)ds-f(t) S u~~a(s)ds. (3.5)
o A(t)

3.D.eCb H3 BTOpOrO HHTerpaJIa BbIHeCeHO Cpe.lJ.Hee 3HaqeHHe f (t, s),
.se[A*, A(t)l (nOCJI~.D.HHH OIIepau.HH 3aKOHHa B CHJiy HeOTpHU.aTeJibHOCTH q>,
~ *, a). 3anHWeM TaJ{}1{e AByMSl cnOCO6aMH pa3HOCTb (3.2) H aHaJiOrHqHoro

paBeHCTBa H3 (3.3)
A* A(t)

(~(t-s)-q>*)a(s)ds+ S ~(t-s)a(s)ds+w(t),
A*

0=1
.I
O
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A

A.

S
A1t)

~",Q (s) ds+w(t)tp :1;) a (8) d8

A1t)
, S<1:p (t

(I
0 s)

Altl 7 (t)) ds- a](t) w (t). (3.!w*) uO (s) If(s)«P(t s)(0 tt\ 'rP::k'~

A:k'A (t)
V' ",,-

.-:::, " '3acpHKcHpyeM HeKOTOpblt\ MOMeHT BpeMeHH t. ECJIH

~~oJIpa.:yH...t3~8), H,YqH'tbl~aH" ~~D: l (t)?-,./(A), HaxoAHM

A*
f'( .4)) dsO (s).(f"(s)s)(q>(t(J){f -<p*<u

A *, T.O! HCriOJlb3'¥H (3.9), noJlyqaeM

'A(t)
EcJlH Att)

f (A))dss),,:c-- ~"') a (s) (f (s) -
(cP (t<P«() rP:k<U

,cp*).,.O(s) ([,(S}{C\:-. (t
$)!p (t) -<p * ~,u

J
n.

a nplI A (t) < A*
Acti

f (A)) ds.qJ ,,;)~Q(s) (f{s)(IF { t si'<P(t) !P;;.>U

8) uf (8) Q (8) d8
)q> (t)= ~- q> (t

I) A, kA]}}, H30603H8t!85l CPk=min{CP*, min{CP ('t) I 't E [(k
(3'.J~)" (~.}2).'n(}-Jlyq8e~ .-.: ' : "

CPk",-1 >min{(l-'-a)Cp*+aCPk, (l-a)Cp*-1

J" uO (5) (f(s

j)

aqJk+l' ~qJk, ~(Pk,J.
A!

HHTerpaJIOBnOJIO)KHTeJIbHOCTli3aM~tHM. ll3qTO

A* u f (s) a (s) ds H COOTHOIlleHHfi (3.11, .t (3.12) cJle
'. ,

, '>O~ 'MCn:OJlb3yH yCJlOBne ~O>O, HaxoJ!.nM,

1 \ ,J

f{A))d.~ II
-J,,'--"-- -d,-~,:.-

qT6, eCJlH <Pk >0,"Tb '<rk+

55

Mk+l < afuaJ{{M"k; Mk~l. .

rAe Mk=max{(Cp('t)-CP*)+I'tE[(k-1)A.'kAn: OTclO)J.aKaK1f B 1°.110;

qaeM BepxHlO1O ~e~I\Y o );l~Jleoll'Y~a1l. P.. > 1.. -, ."
3°. nycTl) w(t)=o AJIH HeKoToporo t, TorAa npH .A(t»A* a

JIOrHqHO (3.10) MO}KHO nOJIyqH Tb o~e~~ , 'c
..cl .A* ' .

A)) ds, ,"



qJk>, O .aJIH ~cex _k; C -Apyro.iiI CTopOH9I; eCJIH qJk=~ *, TO H3 (3.13) CJIeAY-'
eT, qTO qJk+l=qJ*. flOCKOJIhKy MhI XOTHM AOKa3aTh, qTO rPk>(qJ*-~k)~qJ*,:
3TOT cJIYqafl HBJIHeTCH TpHBHaJIhHbIM. EyAeM paCCMaTpHBaTb nOCJIeAOBa-
TeJIhHOCTH {qJk}, TaKHe, qTO qJke (0, qJ *) AJIH ' BCeX k. B 3TOM CJIyqae MHHH-

MyM B (3.13) He MO)I(eT peaJIH3OBaThCH Ha f1rPk+l (TOrAa qJk+l == f1qJk+l > qJk+lr.

H Ha (1 ~a)qJ*=a<Pk-t.} {TOrAa qJk.jl==qJ*}, T. e. .nOCJIe.u.OBaTeJIbHOCTb AOJI)I(-
Ha YAOBJIeTBOpHTh "

<Pk+l>min,{(1,-a.)<p*.+aqJk, r<Pk}. , , (3.14)

113 3Toro Hep.aBeHCTBa c".IIe~yeT, 'lTO, Bo-nepBbix, noCJIeAoBateJIhHOCTb
A~

MOHoToHHa H, BO-BTOpbIX, npH <pk«p=(l ~a)qJ*/(f1-~) MHHHMyM peaJIH-
3yeTcH H_a f1<ek, a n1?H ~k ~ cp', .-",-Ha (1 ~a;) <P* *aqJk CJIeAOBaTe,~hHo, He 60-

JIee qeM qepe3 K = [logIJ. {<P IqJo)]-I- + 1 maroB qJIeHbI nOCJIeAOBaTeJIbHOCTH

cTaHyT 6oJIhme ~. a n{}H .k>.K H3 (3.14) nOJIy'la~M Ol!.eHKy qJk>qJ*-
-(qJ", ,.-:,<\1) a.(k::-:K) ,3~BepmaIOI;u;YIO ~Ol<a3aTe:nhcTBo TeOpeMhI 2.

~.'.J
4. YcToHqHBOCTb B aCHMnTOTHIJeCKH

aBTOHOMHOM CJlyqae

3aJl.aqy (1.7)-(1.10) '6yJl.eM Ha3bIBaTb aCHMllToTHqecKH aBTOHOMHOHt
eCJIH u(t),f(t, s), G(i, s) CTpeMSlTCSlnpH t-+oo K Uo-, fo(s), Go(s) TaK, tJTO

A ~

u (1:} f('t, s) O{'t, s)K1(t, s)lds-+O, K1('t, S)vraimax u .

'[E[i;oo) :0

-uofo(s) 00 (s),

7
..A

K 2(", S)=O (or, S).,.-OO(S).K ? ('t", s) l"ds--+O,max,} I -,
TE[t,00)o ,
5yAeM cqRTaTb; q'I'O. npeAnOJIO)KeHHH n.1- rT.4 BblnOJJHeHbl Ha [0, T),

npH T = 00 ; cHcTeMa ( I~ Z)~ ( 1.10) HBJJ5IeTCH aC"MnTOTHqeCl{M '«rpy 6ofi»"
A

T. e. !.I.

..
uof o ( s) a (} ($) ds + 1. ~goMe TO ro ppeAII.OJlO)l{HM. qTO p~IlleHHe

Ha JllO6OMv HHTepBaJle [{}, T] .oTAeJleHO oT HyJlSI. B TepMMHaX MCXOA.Hoi% no-"

CTaHOBKH nOCJleAHee yCJlOBHe MO)l{HO rapaHTHpOBaT~ Tpe6oBaHHeM TOrO,
qTO HaqaJlbHble yCJlOBHH.' G'o (t) OTAeJleHbl.' 0T HyJlH MHa Ka)1{AoM HH:rePBaJle'

A ,.

O(t, s)ds OTAeJleHbI OT HyJlSI.10, TI 3HaqeHH~ U (t), f.(t, A) ~
c' 'v , "".- .:

TeOpeMa 3. nyCTb- Jl:JISI CT.au.HOHapHO~ 3aJl:aqH C .q:>yHKiiHSIMH fo(s).
ao(s) H Uo OnpeJl:eJIeHa CTaAHOHapHaSI TpaeKTOpHSI qJ*(t)=qJ*. TorJl:a npH
C~eJIaHHbIX npeJl:nOJIO)KeHHSIX JIIO6oe pellleHHe <p (t), QHCTeMbl.1.J..7) -(1.10)
CTpeMHTCSI K qJ * B CJ1eJl:ylOlIl.eM CMblCJIe ' vralmax{lqJ('t)-qJ*I:'t>t}-+O npHt~O. ., ,

-, -)1.oKa.3aT~JlbCT80. 10. nycTb ..1< 1. TorJl:a .,- ., : .,'. :.~:.,,"' '\-, ,..:

r ',""""'., <!,;=.

A..o«P(t)<S<P(t-s)u(t)f(t, s)O(t,.s)ds. "

o

HCnOJ)b3yH o6o3HaqeHHHMk=vraimax{(jJ (t)1 't'E [(k -1) A, kA]} H yqHTblBil~.

(4.1 ), noJ)yqaeM, qTO ~J)H J)IO6oro ~lE (it, 1) HaH~eTCH TaKoe K, qTO npR

k>K cnpaBe~J)HBo HepaBeHcTBo
o<Mk..I<I.Llmax{Mk, Mk..}. ..,.
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3aMeqaH, qTO B CHJly TeOpeMhI CYIII.eCTBoBaHHH MK < 00, aHaJlOrHqHo 10

TeOpeMbl 2 nOJlyqaeM Ou.eHKy

Mk<IJ.fk-K)MK npH k >K,

.lI.OKa3bIBalOmylO yTBep>K~eHHe TeOpeMbI ~JlH CJlyqaH IJ. < I.
2°. nyCTL Tenepb IJ. > I. fIOBTOpHH BblKJIa~KH, npO~eJIaHHble npH ~OKa-

:aaTeJIbCTBe TeOpeMbI 2, aHaJIOrHqHo (3.10) MO>KHO nOJIyqHTb

A*

<p (t) <p * < r- «P ( t s) fo(Aj)ds+Ip *)+uooo (s) (10 (s)
"
0

A
+ r((q>(t s). ./' In\.. IT? f.l -" , . , ._.

k

O-<Mk-<aik-K)MK+ ~ aII-K)8i/(I-aJ-<aIk-K)MK+
i=K+l

+a1k-I(k-K)/2J8K/(I-aJ2 +8K+l+(k-K)/2J/(I-aJ2 -+0 npH k-+ 00 .
..3J(eCb raJ -~eJ1aH qacTb qHCJ1a a. OTCIOJ(a HMeeM

vr aimax {(q> ('t) -q> *)+ I 't > t} -+ 0 npH t-+ 00 .(4.5)

3°. nOJ1yqHM HH}KHIOIO acHMnToTHqeCKyIO ou.eHKy J(J1jJ cJ1yqajJ ~ > I.
AHaJ10rHIIHO (3.11) (cpaBHH (4.3» AJ1jJ t TaKHx, qTO w (t)=

= [ I-Iq> (t-s) a (t, s) ds ]+=ot cnpaBe~J1HBO HepaBeHcTBo

A*

Ip* > S ('P (t<P(t). s) I"p *)- UoOo (s) (10 (s) -10 (A)) ds +

A

SI
o

cP(t-s)K3(t,s)ds,
(4.6)

C ApyroH
CTOpOHbl, npH

<P(t)= r<P(t s)u(t)j(t, s)O(t, s)ds..I
O

-oJ " , , <P*)++<P*)«Kl(t,s))+-JO\V.}UO~1\2~l:,S}}_}as. (4.;:S)

o

o()TCIO){a, BBO){SI o603HaqeHHSI Mk ='vraimax {«P (T) -<P *)+ I.E [(k -I) A, kAI}
]f HcnoJIb3ySI (4. I).. (4.2), nOJlyqaeM, qTO ){JISI JlIO6oro alE (a, I), HaqHHaSI

.(: He1<OTOpOro k=K, CIIpaBe){JIHBbI HepaBeHcTBa

O<Mk+l<almax{Mk, Mk+l}+8k, (4.4)
r){e 8k- cTpeMH~aHcH K HyJlIO nOCJle){OBaTeJlbHOCTb, KOTOipylO 6e3 orpaHH-
qeHHH O6~HOCTH 6y){eM CqHTaTb MOHOrrOHHOH. 3HaqeHHe Ct -Onpe){eJISIeT-
CH TaK )Ke, KaK H B TeopeMe 2. ECJIH B (4.4) MaKcHMyM peaJIH3yeTCH Ha
Mk+l, ro Mk+I~8k/(I-al), eCJlH Ha Mk, TQ Mk+l~alMk+~h. H B TOM, H
B ){pyroM cJIyqae CnpaBe){JIHBa o~eHKa

Mk+l <alM1l+8k/(I-a, ).



06o3HaqaH qJk=vraimin{qJ ('t') I 't'Er(k -I) A, kA]}, H3 CooTHollIeHHa (4.6).
(4.7) npH k >K nOJlyqHM

qJk+l >min{(I-a) qJ* +a"Pk-8k, (l-a) qJ*+a~k+1-8k, IJ.lqJk' IJ.lqJk+J.

rJle 8k- cTpeMHIII;aHcH K Hy JlIO nOCJle.1:{OBaTeJIbHOCTb, nOJIyqeHHaR H3 ou.eHKH

BToporo CJIaraeMOfO B <popMYJle (4.6). 3aAaAHM 8 H HaflAeM f< > K TaKoe.

'!TO 8k < 8 npH k > k H, CJIeAOBaTeJIbHO,

qJk+l>min{(I-a)qJ*+a~k-~ (l-a)qJ*+a~k+l-i, IJ.lqJk.lJ.lqJk-IJ. (4.8)
A A~ .~~

nyAcTb 8 TaKoBo, q:o qJ=(I-a)qJ*/(IJ.1-a)-8/(1J.1-a»0. ffi=qJ*-

-8/(I-a)=(IJ.1-a)ffl/(I-a) >0. COrAJIaCHO ou.eHKe (4.8) nOCJIeAOBaTeJIb.

H~CTb {'Pk} MOHoToHHa B O6JIaCTH 10, <fi] H, eAHHO/KAIX nonaB B O6JIaCTb

I~, qJ*], He BblXOAHT H3 Hee. rlpH qJk«P H3 (4.8) HMeeM: qJk+l>lJ.lfflk. CJIeAO-

BaTeJIbHO, HaqHHaH c qJ K > 0. noC;lleAOBaTeJIbHOCTb {'Pk} He 6oJlee qeM 3a

.k1=llogJJ.l«i>/qJK)J+ lliaroB nOnaAeT B O6JIaCTb qJk><P. ECJIH qJkElqJ, ip], TO
A A A

(OrJIaCHO (4.8) qJk+l > <P -a «p -qJk). OTCIOAa HaxoAHM, qTO qJk > rp -

-8/(I-a)=ffl* -23/(l-a) npH k >k +kl+k2. r4e k2= Iloga [s/(p (IJ.I-I»I+.

BBHAY npOH3BOJIbHOCTH Bhl60pa i>o nOCJIeAHHH ou.eHKa AJIH qJk coBMecTHo
( (4.5) 3aBepllIaeT AoKa3aTeJIbCTBO TeODeMbI.

5. MaKCHMH3aQHH noTpe6J1eHHH Ha CTaQHOHapHblX TpaeKTOpHHX

J].JlH KaiK.lI.OrO 3HaqeHHH HOpMbl HaKOnJleHHH uE[O,I] MOiKHO HaATH

CrauHOHapHble TpaeKTOpHH aBToHoMHOJl MO.ll.eJlH (3.1 ), (3.2). Onpe.lJ.eJlHM

p*=I:fJ*(I-u)/u-cTauHoHapHoe noTpe6JleHHe Ha e.ll.HHHUY Tpy.ll.OBblX

pecypcoB (C yqeToM pOCTa npOH3BO.ll.HTeJlbHOCTH Tpy.ll.a). PaCCMOTpHM
A

3a~aqy MaKCHMH3au.HHp*(U) nou. ECJlHlA.(U)=UlA.°, r.Z(eIJO=J f(s)a(s)ds,
°

TO <p*=O H p*=O. To eCTb MaKCHMH3au.H!O CJle.Z(yeT npOBO.Z(HTb TOJlbKO
no ue[ l/lA.o' 1 I. npH ue( l/lA.°, 1 I BeJlHqHHbl u, <p *, p * MO}!{HO H3 CooTHollle-
HHA (3.3) o.Z(Ho3HaqHo onpe.Z(eJlHTb no 3HaqeHH!O A *. B3HB B KaqecTBe He-
3aBHcHMoA nepeMeHHOfl A*, 3anHllleM 3a.Z(aqy MaKCHMH3au.HH p*(A*)

'f(S) a (S)dS-l)/J..
P*=(J.

~.

O (s) ds ~ sUo

'u=-,-- J !(s)a(s)dsE[I,IJ.o).

o

BblqHCJIHM npoH3Bo.11;HyIQ

p*' (A*'
A.

\ a (S) (I (s)

0
ECJIH

A
~

a (s) (I (s) f(A) a(s)ds>j(A»ds=J.tl\

TO HaA.l{eTCH A~*E (0, X), Ha KOTOpOM pea.11H3yeTcH MaKcHMyM p* (A*).

npli 9TOM
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A .
..

lu~Sf(s) b(s)dsE(l~ f1o).
o

A
f (s)o (s) dsf(s) G (s)ds

A A ,

j.t~Uj.tO:; 'i O -I ~ ., , , ,

.A
T. e. U -AonycTHMo, a COOTBeTcTByIOlII.ee CTau.HOHapHOe .-pellle:HHe <p * r JlO

6a~bHO, aC~¥n11OTHqecKH ycToiIqHBO.j B 3TOM CJlyqae ecT,ecT'BeHHO: O)KH.AaTb,

qTO AJl5I MOAeJlH ( 1.8) , (3.1) , (3.2) Ha 60JlblllHX BpeMeHHbIX HHTepBaJIaX

peUIeHHe '3a.AaqH M.aKC~MH3au:HH HHTerpaJla nOTpe6J1e~H5I. (6e3 AHCKOHTH-
p_OBaHH~) B KJlaCCe He 3aBHC5IIII.HX O'T BpeMeHH U 6yAeT AaBaTb 3HaqeHHSI

A , ..
6M3KHe, K 3HaqeHHIO U, nOJIyqeHHoMy B CTau:HOt{apHOiI 3a.Aaq'e.ECJ1H 1Iep.aBeHCTBO ( 5:2) He BbInOJlHeHO, TO' Sup B ' ( 5.1) peaJIH3ye'rCH

npH A."-+-A~ u~.l/ !.lo, !.l"-+-l. B 3TOM CJlyqae C~au:MOHap, nOJIyqaeMbIiI npe-
I1eJ1bHbIM nepeXOAOM, He 5IBJl5Ie'rC5I .'l1pliTSIrHBaIOIII.HM. -.
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