Self-Organization of T rade Net w orks in an

Econom y with Imp erfect Infrastructure

Sergei Guriev, Igor P osp elo v and Margarita Shakho v a

Computing Cen ter of Russian Academ y of Science

No v em b er 27, 1995

Abstract

A m ulti-agen t mo del is prop osed for analysis of self-organization

of trade net w orks. The mo del tak es in to accoun t time sp en t on trans-

actions (”trade distance”). It is sho wn that the same set of traders

ma y generate trade net w orks of differen t structures dep ending on a v-

erage trade distance. When the latter is small, the mark et is near-

comp etitiv e. When trade distance is large, the set of traders exhibits

monop olistic b eha vior. Under medium trade distance a phase tran-

sition and complex dynamics are observ ed, including significan t price

oscillations, regular bursts of shortages and long c hains of traders.

Emergence of trader’s mark et strategies suc h as stabilizing wholesale

traders and destabilizing sp eculators is disco v ered. The mo del is stud-

ied b oth analytically and via computer sim ulations.

1

1

The first author thanks Mosco w Branc h of Russian Science F oundation for the ”Rus-

sian So cial Sciences: The New P ersp ectiv e” gran t to supp ort this researc h. W e are grateful

to Prof.A.A.P etro v, Prof.A.A.Shananin and other colleagues from Computing Cen ter of

Russian Academ y of Science, and to participan ts of In terdisciplinary W orkshop ”Agen ts:

Comm unication and Co op eration”, San Marco di Castellabate, 1995, In ternational Con-

ference on Self-Organization, Berlin, 1995, seminars on self-organization, Departmen t of

Ph ysics, Mosco w State Univ ersit y , and on mathematical economics, Cen tral Economic

and Mathematical Institute, Mosco w, 1995 for useful discussions and critical commen ts.

Computer sim ulations w ere carried out with the aid of Dy alog APL 7.0 for Windo ws.

1 In tro duction

The problem of self-organization of trade structures under imp erfect infras-

tructure is of a sp ecial in terest for emerging mark et economies. It is kno wn

that the trade sector pla ys a sp ecial part in an econom y during transition

to mark et econom y . The trade sector adsorbs b oth significan t capital in-

v estmen ts and skilled h uman resources. Some economists b eliev e that the

accelerated dev elopmen t of the trade sector is fa v orable for the econom y

while some others argue that the trade is gro wing at the exp ense of pro duc-

ers distracting the econom y’s resources. An yw a y , b oth ac kno wledge that the

in termediaries are outdoing the rest in a decen tralized transition econom y .

Probably , due to high transaction costs, p o or infrastructure and high uncer-

tain t y , the trade profits are v ery high, and this attracts new resources and

brings ab out further dev elopmen t of the trade sector. Note that unlik e other

transition economies, in Russian econom y the priv ate trade sector is b eing

built from the scratc h in the absence of dev elop ed trade infrastructure.

There is some literature on functioning and self-organization of trade

net w orks. First, these are w orks [ 1 ]-[ 5 ] whic h examine decen tralized trade

systems when unlik e W alrasian auction a n um b er of lo cal mark ets with dif-

feren t prices are assumed to exist. In spatial equilibrium mo dels and other

net w ork equilibrium mo dels [ 1 ],[ 2 ] the existence and prop erties of equilib-

rium are studied under differen t assumptions. Also, [ 1 ] suggests algorithms

to compute net w ork equilibria. [ 3 ],[ 4 ] consider price formation in pair-wise

meetings of buy ers and sellers with sequen tial bargaining. The con v ergence

of suc h pro cess to W alrasian equilibrium is studied. The pap er [ 5 ] stud-

ies an exc hange system with transaction costs whic h are describ ed as time

and n um b er of computational steps required for trade. The pap er suggests

measuremen ts for complexit y in trade and examines the strategic role of

debt-status and kinship in primitiv e exhange systems.

Second, in sev eral w orks the agglomeration of trade middlemen has b een

considered. In [ 6 ] buy ers and sellers c hange their lo cation in order to maxi-

mize their ob jectiv e functions. If the gain of m utual pro ximit y is greater than

the transp ortation costs, the agen ts form a mark et place. In [ 7 ] a p opulation

of sev eral classes is considered and creation of lo cal mark ets is studied. The

formation of a lo cal mark et in a giv en class incurs costs but without the lo cal

mark et the agen ts ha v e to go to other classes’ mark ets whic h is also unprof-

itable. There is sho wn that if transaction costs are lo w enough, there exist stable trade structures. And if the ric hest class’ w ealth far exceeds the oth-

ers’ then this class forms a monop olistic mark et. So [ 7 ] studies endogenous

formation of trade net w orks, but it examines only final state of the system

— ESS [ 8 ], lik e in net w ork equilibrium mo dels.

In the presen t w ork w e apply a differen t metho dology that allo ws to study

b oth static and dynamical prop erties in the system. This approac h referred

to as emer gent c omputations is curren tly widely used in economics, ecology ,

so ciology etc. According to [ 9 ] and [ 10 ] the essence of this metho d is that

information whic h is absen t at lo w er lev els can exist at the lev el of collectiv e

activities. Emergen t computation approac h can b e applied to the collection

of in teracting agen ts, eac h follo wing explicit instructions, also called ”lo cal

programs”, ”micro-structure” and ”comp onen t subsystems”. The approac h

assumes that there is no cen tral authorit y to con trol the system, the agen ts

are able to adapt and learn, the global co op eration emerges from lo cal in ter-

actions.

In teractions among the agen ts at a micro lev el bring ab out implicit global

phenomena at the macroscopic lev el i.e. epiphenomena, for example, orga-

nization of stable structures in trade net w orks or existence of stable cycles

in the dynamical b eha vior of the system. Therefore, the ob ject of study

is a nonlinear dynamical system whic h ma y ev olv e to stable cycles, strange

attractors, c haotic b eha vior etc. as w ell as to a stable equilibrium. F or

systems whic h are complex enough it is often imp ossible to study all the

dynamics arising analytically and computational exp erimen ts are used. This

approac h has pro v ed to b e effectiv e in v ery man y fields including mo delling

asset bubbles [ 11 ] and dynamical asp ect of co op erativ e b eha vior [ 12 ]. In [ 13 ]

it is applied to study a m ulti-sector and m ulti-stage pro duction pro cess with

lo cal in teractions b et w een pro ductiv e units using non-con v ex tec hnology . It

has b een pro v ed that man y small indep enden t sho c ks to differen t sectors do

not cancel in aggregate due to significan tly non-linear in teractions b et w een

units.

This approac h is applied to study emergence and ev olution of decen tral-

ized trade systems in [ 14 ] and [ 15 ]. In [ 14 ] the w ell-kno wn ev olutionary game

approac h is com bined with endogenous partner selection. The optimal strate-

gies for pla y ers ev olv e o v er time via a genetic algorithm, so agen ts are able

to learn dynamically . In [ 15 ] a self-organized mark et with signalling costs is

considered. The pap er con tains a sp ecific mo del of bidding and signalling

pro cess. Lik e [ 14 ] learning is describ ed with the aid of genetic algorithms com bined with classifier systems. The results suggest that computational

approac h is useful to mo del decen tralized trade systems.

The presen t w ork is similar to [ 14 ] and [ 15 ] as w e also study self-organization

of decen tralized trade systems and apply similar metho dology but w e fo cus

on c haracteristics of emerging trade net w orks in an econom y with imp erfect

infrastructure and p ossibilit y of shortages.

In Section 2 w e in tro duce the general setting and mo dels of b eha vior of

individual agen ts, in Section 3 results of analytical study and sim ulations

are discussed. Section 4 con tains some concluding remarks and directions of

further studies.

2 The mo del

2.1 General setting

W e consider in teraction of economic agen ts of three t yp es: consumers, pro-

ducers and traders in a distributed mark et of homogeneous go o d. Eac h t yp e

is describ ed b y a set of parameters and rules of b eha vior in the mark et.

Con v en tionally for emergen t computations, w e tend to simplify the rules of

decision-making for individual agen ts,

2

and pa y most atten tion to emergen t

prop erties of the whole system.

Denote sets of consumers, pro ducers and traders b y C , P and T , cor-

resp ondingly . Assume that P and T are finite. Pro ducers are pure sellers

and their b eha vior is exogenous to the system. Consumers are pure buy ers.

T raders can either buy or sell. Buy ers are indexed b y i ∈ C ∪ T , and sellers

— b y j ∈ P ∪ T . Buy ers can buy only one unit of go o d p er transaction. F or

ev ery pair ( i, j ) from C ∪ T × P ∪ T a nonnegativ e n um b er r

ij is defined,

whic h w e will refer to as tr ade distanc e .

3

The trade distance is a v erage time

that buy er i has to sp end to buy a unit of go o d from seller j . In an econ-

om y with dev elop ed infrastructure the time sp en t on purc hasing is small and

usually is not tak en in to accoun t. Ho w ev er, in an econom y with imp erfect

2

Firstly , this tendency corresp onds to ”b ounded rationalit y” concept [ 16 ], and secondly ,

it is caused b y requiremen t of minim um n um b er of parameters in order to b e able to

comprehend the results of computer sim ulations.

3

If w e consider trade distances as an analogue of geographical distance, w e should

assume the triangle inequalit y r

ij

≤ r

ik

+ r

k j and the axiom of symmetry r

ij

= r

j i

. Belo w

w e will not require these axioms unless otherwise is sp ecifically stated.

infrastructure suc h as con temp orary Russian econom y , the time for gather-

ing curren t information ab out the seller, reac hing the seller and ph ysically

transp orting the go o d is significan t, whic h, as sho wn b elo w, ma y b e crucial

for macroscopic dynamical prop erties of trade net w orks.

Generally sp eaking, time sp en t on transaction is a realization of P oisson

sto c hastic pro cess with mean equal to trade distance; the pro cesses are in-

dep enden t for differen t buy er-seller pair. Ho w ev er, sim ulations ha v e pro v ed

that w e ma y use mean flo ws of go o d instead of sto c hastic ones.

In addition to the time sp en t on purc hasing w e will also consider trans-

p ortation costs as in spatial equilibrium mo dels [ 1 ]. W e assume that the

transp ortation costs are prop ortional to the trade distance K

ij

= κ

i r

ij

, with

co efficien t κ

i b eing the cost of transp ortation p er unit distance.

Ev ery buy er has buying preferences α

ij i. e. if buy er i w an ts to buy a

unit of go o d, he will go to seller j with probabilit y α

ij

. Naturally , w e require

α

ij

≥ 0,

∑

j α

ij

= 1 and α

ii

= 0, i ∈ T . Therefore there is certain demand of

buy er i for seller j ’s go o ds λ

ij

= λ i

α

ij

, where λ i

- is total buy er i ’s demand.

Sellers are describ ed b y their selling prices p

j and probabilities of a v ail-

abilit y of the go o d β

j

. W e assume that sellers do not distinguish buy ers

so that an y buy er that comes to seller j , buys a unit of go o d for p

j with

probabilit y β

j

.

As it w as men tioned ab o v e, the pro ducers are passiv e suppliers of go o d.

Their prices p

j and probabilities of absence of shortage β

j

, j ∈ P are either

constan t parameters or exogenous functions of time in the mo del.

Th us the structure of the mo del is as follo ws.

1. Consumers: Eac h consumer as a buy er i kno ws all sellers’ p

j and β

j

(public information). Also kno ws their o wn c haracteristics: w age s

i

,

transp ortation cost κ

i

, time for consumption of a unit of go o d τ

i

, trade

distances r

ij for all j ∈ P ∪ T (consumer i ’s priv ate information).

Mak e decisions on ho w m uc h λ i

and from whom α

ij to buy determining

λ

ij

= λ i

α

ij and letting eac h seller kno w his λ

ij

. Maximize consumption

under budget constrain t.

2. T raders: First, as a buy er i the trader kno ws all sellers’ p

j and β

j

(public

information). Also he kno ws trade distances r

ij for all j ∈ P ∪ T (trader

i ’s priv ate information). The trader mak es decisions on ho w m uc h λ i

and from whom α

ij to buy determining λ

ij

= λ i

α

ij and letting eac h seller kno w his λ

ij

. Second, as a seller j the trader kno ws presen t total

demand for his go o ds λ

i

=

∑

l ∈ C ∪ T λ

ij

. He mak es decisions on sales

v olume c ho osing β

j

∈ [0 , 1] and on selling price p

j and let kno w ev ery one

β

j p

j

. Maximize profits main taining balance of sales and purc hases.

Our mo del is a dynamical implemen tation of Bertrand comp etition [ 18 ]

with trade distances. W e b eliev e that price adjustmen ts are happ ening slo w er

than the quan tit y adjustmen ts. Also w e b eliev e that buying preferences are

c hanging slo w er than quan tities but faster than prices. Th us the hierarc h y

of time is as follo ws. In order to main tain balances (consumers’ budget con-

strain ts and traders’ material balances) at ev ery momen t of time w e require

immediate adjustmen t of flo ws of sales and purc hases i.e. buy ers’ λ i

and

sellers’ β

i are set sub ject to the balance constrain ts under giv en prices and

buying preferences. Then ev ery buy er determine the buying preference pro-

file α

∗

ij whic h maximizes his ob jectiv e function under giv en selling prices and

slo wly adjusts his curren t α

ij to the optimal p oin t. Then sellers can observ e

buy ers’ resp onse to the prices set and determine prices that maximize their

ob jectiv e functions and adjust the curren t prices p

i

. W e shall further refer

to λ i

and β

i as fast v ariables and to α

ij and p

i as slow v ariables.

So the whole setting ma y b e referred to as Bertrand-Nash one: the sellers

set prices and observ e buy ers’ resp onse, c hange prices and observ e resp onse to

new prices etc. As sellers do not co op erate, their attempts to maximize profit

b y c hanging price represen t Nash-st yle tatonnemen t. Due to instan taneous

adjustmen t of fast v ariables all required balances are main tained at ev ery

momen t of time. In this framew ork, equilibrium prices are giv en b y Nash

equilibrium [ 19 ]. The corresp onding game is defined in a normal form in

Section 3.

W e will not gran t the agen ts with the memory of the past except trader

who, in order to mak e sound pricing decision, should kno w demands for their

go o ds λ

i at recen t momen ts of time.

Let us no w describ e the b eha vior of individual consumers and traders.

2.2 Consumers

Consumer is describ ed b y a con trollable Mark o vian pro cess [ 20 ] with the

follo wing states: w — w ork, c — consumption, j — purc hasing from seller

j , j ∈ P ∪ T . While w orking consumer receiv es w age s

i p er unit of time.

He lea v es the state w with P oisson rate Λ

i whic h is consumer’s fast con trol

v ariable — if consumer w an ts to increase w orking time he decreases the rate

Λ

i

.

Consumer selects a seller (state j ) according to his buying preferences,

i.e. with probabilit y α

ij

. The buying pro cess is also a P oisson one with the

rate 1 /r

ij

(so that a v erage time sp en t in this state is r

ij

). During the trip

consumer sp ends κ

i dollars p er unit of time. When the trip is o v er consumer

either buys a unit of go o d at price p

j with probabilit y β

j or buys nothing

b ecause of shortage with probabilit y 1 − β

j

. In the latter case he returns to

the state w and resumes w orking, and in the former case he en ters the state

c and b egins to consume the purc hased unit.

The consumption pro cess is also a P oisson one with the rate 1 /τ

i

(i.e.

a v erage time of consumption of a unit of go o d equals τ

i

). V ariables τ

i

≥ 0,

s

i

> 0 and κ

i

≥ 0 are individual c haracteristics of consumer.

W e assume that consumer sets his fast v ariable Λ

i in order to main tain

financial balance. In App endix A it is sho wn that exp ected flo w of consump-

tion in this case is:

4

U

i

=

∑

α

ij β

j

∑

α

ij

( β

j τ

i

+ β

j p

j

/s

i

+ r

ij

+ κ

i r

ij

/s

i

)

. (1)

In the App endix B, w e find α

∗

ij that maximizes this functional o v er the sim-

plex { ⃗α

i

:

∑

α

ij

= 1 , α

ij

≥ 0 } . It is sho wn there that the solution’s j -th

comp onen t is p ositiv e α

∗

ij

> 0 if and only if

j ∈ J

∗

= Arg min

j p

j

s

i

+ κ

i

+ r

ij

β

j

.

In the generic case when p

j

/ ( s

i

+ κ

i

) + r

ij

/β

j are all differen t for differen t j ,

the consumer will tend to select only one seller: α

∗

i

= ⃗ e

j

∗ , where ⃗ e

j

∗ is j

∗

-th

unit co ordinate v ector (so that α

∗

ij

= 0 for j ≠ j

∗

and α

∗

ij

∗

= 1), and

j

∗

= arg min

j p

j

s

i

+ κ

i

+ r

ij

β

j

. (2)

In the non-generic case, when there exist sev eral suc h j

∗

, w e will assume that

the consumer shares his demand b et w een these ev enly ⃗α

∗

i

=

∑

J

∗ ⃗ e

j

∗ / | J

∗

| .

4

In this and further sections, the summation index is j if it is omitted: j ∈ P ∪ T ,

j ≠ i .

Figure 1: Buy er’s c hoice of seller. The left graph illustrates the case of

consumer and trader without shortage, tg ϕ = s

i

+ κ

i

. The righ t one describ es

the case of trader with shortage.

The c hoice of j

∗

ma y b e visualized as follo ws (Fig.1a). In the plane ( q , p )

w e lo cate p oin ts ( q

ij

, p

j

), where q

ij

= r

ij

/β

j

, j ∈ P ∪ T . Then w e construct

a P areto-optimal part of the b oundary of a con v ex h ull L of the obtained set

of p oin ts and dra w a tangen t line to this part of the b oundary with slop e

equal to s

i

+ κ

i

. The p oin t of tangency will determine j

∗

(only in non-generic

case here ma y b e sev eral p oin ts). One can see that if there is a distribution

of consumers in the same lo cation (so that r

ij are the same) with differen t

w ages s

i

, then this distribution will b e split in to sev eral segmen ts with one

seller from L serving consumers of one segmen t. Consumers with higher s

i

will select seller with higher p

j and lo w er q

ij

. If a seller decreases his price

he widens his segmen t and increases his demand.

As the set of consumers is in general discrete, the v ariations of the traders’

demand o v er time ma y b e to o large. In order to em ulate con tin uit y w e

consider the adaptation of the buying preferences with some finite rate rather

than the instan taneous switc hing. In this case the agen t adjusts his buying

preferences trying to attain the desired ones, with the adjustmen t rate μ

i

. So

at ev ery momen t t curren t buying preferences α

ij

( t ) ma y b e differen t from

the desired ones α

∗

ij

( t ):

α

ij

( t + Δ) = α

ij

( t ) + μ

i

Δ( α

∗

ij

( t ) − α

ij

( t )) . (3)

Here Δ is time step. W e will assume Δ to b e sufficien tly small in comparison

with 1 /μ

i so that μ

i

Δ ≤ 1. The v alue 1 / ( μ

i

Δ) sho ws the n um b er of steps

required for the consumer to adapt to the external c hanges.

F or further study of traders’ b eha vior w e will also need a form ula for

a v erage demand of i -th consumer for j -th seller’s go o d p er unit of time:

λ

ij

= α

ij

/

∑

α

ij

( β

j τ

i

+ β

j p

j

/s

i

+ r

ij

+ κ

i r

ij

/s

i

) . (4)

2.3 T raders

As the traders can b oth buy and sell w e should define t w o t yp es of their

b eha vior. First w e shall consider the determination of fast v ariables under

giv en slo w ones then that of buying preferences and then that of the selling

price.

T raders are also describ ed b y con trollable Mark o vian pro cesses. A trader

can b e either in a free state i , or in one of the states j of buying from seller

j ( j ≠ i ). In the free state, the trader can mak e a decision to buy a unit of

go o d. In this case the trader lea v es the state i and en ters one of the states j

with probabilit y α

ij

. The decision to lea v e the free state arriv es with P oisson

rate Λ

i

. The rate Λ

i is the trader’s fast v ariable whic h finally determines the

flo w of purc hases.

As a seller, the trader receiv es the P oisson flo w of buy ers with the rate

λ

i

=

∑

k ∈ C ∪T \{ i } λ

k i

, (5)

so that his a v erage demand is λ

i units of go o d p er unit of time. With prob-

abilit y β

i the trader sells his go o d at the price p

i to his buy ers, and with

probabilit y 1 − β

i he refuses to sell. The trader ma y sell or refuse disre-

gard to his curren t state. β

i is also the trader’s fast v ariable and essen tially

determines the flo w of sales.

Similar to consumer’s, the pro cess of buying is P oisson one with the rate

1 /r

ij

; during the buying pro cess trader sp ends κ

i amoun t of money ev ery

unit of time; when the pro cess is o v er, he either buys a unit of go o d at price

p

j with probabilit y β

j or buys nothing with probabilit y 1 − β

j

. In b oth cases

the trader returns in to the free state i and ma y go for the go o d again.

Unlik e consumers who main tain the financial balance and maximize the

inflo w of go o d, traders tend to main tain the material balance (exp ected differ-

ence of sales and purc hases is equal to zero) and to maximize profit (exp ected financial surplus p er unit of time). In the App endix C w e sho w that the con-

dition of material balance is equiv alen t to the follo wing relationship b et w een

trader’s fast v ariables Λ

i and β

i

:

1 / Λ

i

=

∑

α

ij

( β

j

/ ( β

i λ

i

) − r

ij

) . (6)

Note that 1 / Λ

i m ust b e nonnegativ e.

As sho wn in App endix C the trader’s exp ected profit equals

Π

i

= β

i λ

i

(

p

i

−

∑

α

ij

( β

j p

j

+ κ

i r

ij

)

∑

α

ij β

j

)

. (7)

T o find the fast con trols first w e shall maximize the functional (7) c ho osing

β

i

∈ [ 0 , 1 ] that satisfies the condition of non-negativit y of (6).

W e shall assume that the price p

i is suc h that the profitabilit y condition

holds:

p

i

−

∑

α

ij

( β

j p

j

+ κr

ij

) /

∑

α

ij β

j

≥ 0 . (8)

Hence trader w an ts to increase β

i as m uc h as allo w ed b y conditions β

i

≤ 1

and that of non-negativit y of (6). There can b e three cases.

1. Shortage . The demand is to o high

λ

i

>

∑

α

ij β

j

∑

α

ij r

ij

.

In this case the trader can not serv e all his demand and has to refuse

to sell to some of his buy ers β < 1. The share of non-satisfied demand

is determined b y the making (6) equal to zero (i.e. trader sp ends zero

time in the state i ):

β

i

=

1

λ

i

∑

α

ij β

j

∑

α

ij r

ij

< 1 , 1 / Λ

i

= 0 .

2. No shortage . The demand is sufficien tly lo w

λ

i

<

∑

α

ij β

j

∑

α

ij r

ij

,

so that the trader can satisfy it completely , β

i

= 1 and sp ends some

time in the free state i :

β = 1 , 1 / Λ

i

=

∑

α

ij

( β

j

/λ

i

− r

ij

) > 0 .

3. Edge of shortage . The demand is exactly equal to maxim um p ossible

supply under giv en slo w v ariables:

λ

i

=

∑

α

ij β

j

∑

α

ij r

ij

,

so that b oth

β

i

= 1 , 1 / Λ

i

= 0 .

Although this case ma y seem non-generic, w e will sho w b elo w that

buying preferences α

ij adjust so that it is as generic as the first t w o

cases.

Th us the fast v ariables are determined. No w w e are also able to calculate

the demand of i -th trader for the go o d of the seller j p er unit of time:

λ

ij

= α

ij min { q

i λ

i

, 1 } /

∑

α

ij r

ij

, (9)

where

q

i

=

(

∑

α

ij r

ij

)

/

(

∑

α

ij β

j

)

. (10)

No w w e shall describ e the adjustmen t of the buying preferences to the

desired ones. T o find the latter the trader solv es the problem of maximization

of the functional

Π

i

=

∑

α

ij

( β

j

( p

i

− p

j

) − κ

i r

ij

)

max {

∑

α

ij β

j

/λ

i

,

∑

α

ij r

ij

}

(11)

b y c ho osing α

ij

≥ 0,

∑

α

ij

= 1.

This optimization problem is solv ed in the App endix D. The solution

dep ends significan tly on the magnitude of demand λ

i

. If it is lo w enough then

the trader satisfies all his demand β

i

= 1 and c ho oses a seller that pro vides

him with maxim um profit p er unit of go o d j

∗

= arg max

j p

i

− p

j

− κ

i r

ij

/β

j

.

Graphically the c hoice of optimal seller j

∗

coincides with consumer’s c hoice

at s

i

→ 0: in Fig.1a one has to dra w the tangen t line to the P areto-optimal

part of the b oundary of the con v ex h ull L with slop e equal to κ

i

. If κ

i

= 0

then trader selects the seller with minim um selling price.

If trader’s demand is to o high then trader is b ound to refuse to sell to some

of his buy ers β

i

< 1 and c ho oses a seller that pro vides him with maxim um

profit p er unit of time j

∗

= arg max

j

( p

i

− p

j

) β

j

/r

ij

. No w the trader’s c hoice

dep ends on his o wn price p

i as w ell: one should dra w a tangen t line to L that go es through the p oin t (0 , p

i

) (Fig.1b). The more p

i is the more p

j and

the less q

ij are. One can see that the trader’s profit increases with slop e

( p

i

− p

j

) /q

ij of the tangen t line and therefore it increases with p

i since L is

con v ex.

In the first case the trader will buy from a distan t seller with the lo w est

selling price, in the second case — from some closer seller with a higher price.

The in termediate situation is also p ossible in whic h the seller with the lo w est

price is to o far a w a y and buying only from him the trader w ould not b e able

to satisfy his demand, and vice v ersa the seller that pro vides maxim um profit

p er unit of time is to o close and buying from him the trader w ould b e able

to serv e more buy ers than he has. In this situation the trader div ersifies his

purc hases and buys some amoun t from a remote seller at a lo w er price and

the rest from a closer seller at a higher price in order to satisfy his demand

exactly: β

i

= 1 and 1 / Λ

i

= 0. In the App endix D it is sho wn that al l thr e e

situations ar e generic .

Lik e those of consumer, curren t buying preferences of trader α

ij

( t ) ma y

b e differen t from the desired ones α

∗

ij

( t ). In this case the trader adjusts his

preferences to the desired ones with the adjustmen t rate μ

i according to the

form ula (3). T rader’s adjustmen t rate μ

i is also assumed to satisfy μ

i

Δ ≤ 1.

T o ac hiev e higher profit, the trader can also c hange his selling price p

i

.

The price en ters the expression (11) for profit b oth directly and indirectly as

profit dep ends up on demand λ

i that, in turn, dep ends up on price according

to ( ?? ), (5) and (9). If the trader knew all in ternal parameters of his buy ers

and had unlimited computation capacities, he w ould b e able to calculate the

dep endence of λ

i

( p

i

) exactly . Ho w ev er, a more realistic assumption is that

the trader’s capabilities to obtain, store and pro cess information are limited,

and in forecasting his demand function the trader uses only his observ ations

of the demand in the past. W e assume that after ev ery adjustmen t of price

the trader k eeps the price constan t for some time Δ

i and observ es what

happ ens. He b eliev es that a v erage demand p er unit of time b et w een t w o

subsequen t adjustmen ts of price

¯

λ

i

( t ) = Δ

− 1

i

∫

t +Δ

i

t λ

i

( ξ ) dξ is function of his

price p

i

( t ) during this p erio d of time [ t, t + Δ

i

] . Hence, using historical data

on demand, the trader can estimate (lo cally) the deriv ativ e of demand b y

price

∂ λ

i

∂ p

i

( t + Δ

i

) = F

i

(

p

i

( t ) ,

¯

λ

i

( t ) , p

i

( t − Δ

i

) ,

¯

λ

i

( t − Δ

i

) , ...

)

.

Here F

i is a function that giv es forecast for demand sensitivit y to price b y past v alues of demand and price. E.g. F

i

= ( p

i

( t ) − p

i

( t − Δ

i

)) / (

¯

λ

i

( t ) −

¯

λ

i

( t − Δ

i

)).

With curren t demand and sensitivit y of demand giv en, the trader maxi-

mizes his profit function Π

i

( p

i

) (11) o v er the in terv al [(1 − ε i

−

Δ

i

) p

i

( t ), (1 +

ε i

+

Δ

i

) p

i

( t )]. If he has shortage at this momen t of time β

i

< 1, he increases

price to (1 + ε i

+

Δ

i

) p

i

( t ), and if he has zero demand, he decreases price to

(1 − ε i

−

Δ

i

) p

i

( t ). In addition, the trader ma y not sell the go o d at a price b elo w

his marginal cost, so that his profit m ust b e nonnegativ e and the profitabilit y

condition (8) m ust hold.

W e require that the relativ e c hange of price b e b ounded b y − ε i

−

Δ

i and

ε i

+

Δ

i to pro vide the con tin uit y of price o v er time at sufficien tly small Δ

i

( ε i

− and ε i

+ are in ternal parameters of the i -th trader’s). The matter is that

trader’s demand and therefore profit dep end up on not only his b eha vior but

also up on other traders’. This is wh y if w e allo w to c hange the price discon-

tin uously in order to ac hiev e the desired maximizer of profit instan taneously ,

the system w ould ha v e oscillations of high magnitude or, in generic case,

c haotic b eha vior caused b y in terrelationships and imp erfect information of

traders.

Also, to mak e the system more robust w e let the momen ts for re-ev aluation

of price b e sto c hastic rather than deterministic. W e assume that re-ev aluation

momen ts arriv e according to P oisson pro cess with rate 1 / Δ

i

(as in [ 21 ]). This

remo v es artificial co ordination of traders’ decision-making and eliminates the

oscillations that are caused b y sp ecifics of sim ulation metho ds rather than

b y the prop erties of the system itself.

Sellers’ Δ

i should b e greater than buy ers’ 1 /μ

j as in this case sellers really

observ e (at least partially) the impact of their price adjustmen t. If Δ

i are to o

small then sellers can not observ e the actual demand function and therefore

their price adjustmen ts can only b e based on the rule of th um b.

3 Dynamics of trade net w orks

3.1 Equilibria and oscillations

So w e ha v e defined the dynamical system, the curren t state in whic h is giv en

b y the set of the slo w v ariables for all agen ts: α

ij

, p

j

. In this section w e shall

study the prop erties of the whole trade net w ork. First, w e shall lo ok for

equilibria. W e will consider the state of the system to b e an equilibrium if all buying preferences are optimal and all traders’ prices are lo cal maximizers of

their profit functions. The profit functions Π

i

( p

i

) are obtained under giv en

other sellers’ prices from (11) with demands (5), (4) and (9), and buying

preferences. Note that b y definition, in equilibrium β

i

= 1 for all i ∈ T , as

if a trader has shortage, his profit function Π

i

( p

i

) is increasing. W e need to

exclude cases when traders ha v e no demand and are able to lo w er prices to

attract some buy er. Therefore w e’ll define profit function Π

i

( p

i

) = −∞ if

λ

i

( p

i

) = 0.

Assume that the w ages and trade distances are b ounded and distribution

of consumers in space and b y w ages is suc h that ev ery trader’s profit function

is conca v e for all prices of other traders giv en. Then a state is an equilibrium

if and only if it is a Nash equilibrium in the follo wing game: the set of pla y ers

is T , their strategies are prices p

i

(under the assumptions made p

i b elong

to certain compact sets) and their pa y off functions are the profit functions

Π

i

( p

i

) defined ab o v e. In this game Nash equilibrium exists.

All the assumptions are natural except conca vit y of profit functions. If

a trader i has shortage β

i

< 1, his profit function Π

i

( p

i

) is increasing and

conca v e. But if a trader has no shortage β

i

= 1 it dep ends up on distribution

of consumers. In this case the profit receiv ed from selling to a single consumer

is an increasing fraction-linear function un til the consumer mo v es to another

seller and profit receiv ed from him discon tin uously falls do wn to zero. The

trader mak es more profit on consumers who still buy from him but he loses

all profit from the consumers gone. If distribution of consumers is uniform

(appro ximately same n um b er of consumers at ev ery lev el of w age in ev ery

p oin t of the metric space) then with increase of price the profit first gro ws

slo wly and then falls slo wly and ma y b e conca v e. But if the distribution

is clustered lik e in the case corresp onding to Fig.2 then after the trader

loses a whole cluster of consumers due to infinitesimal price increase, his

profit falls b y finite quan tit y as increase in profit from remaining customers

is infinitesimal. F urther price increase con tributes con tin uous increase in

profit un til the trader loses next cluster. In this case the profit function has

sev eral lo cal maxima and is not conca v e so that the Nash equilibrium ma y

fail to exist. Ho w ev er, the equilibrium in the dynamical system considered

ma y still exist in the absence of Nash equilibrium, moreo v er, there ma y b e

sev eral equilibria.

The consequence of this fact is that the a v erage trading profit o v er all

traders ma y app ear to b e non-smo oth function of time, as w e can see in the

Figure 2: Profit function in case of clustered distribution of consumers. The

trader buy the go o d at pro ducer’s price.

Fig.3. In this case initially traders w ere in some lo cal optima. Because of

consumers’ distribution that leads to m ultiple lo cal optima it is p ossible for

system to switc h b et w een them rather abruptly . It is imp ortan t to emphasize

that suc h jump of a v erage profit do es not corresp ond to an y jump of a v erage

price. The temp orary c hange in profit is just a consequence of redistribution

of consumers’ demand among sellers. In the case illustrated on the Fig.3 the

higher maxim um app ears to b e less stable than the lo w er one so the system

finally switc hes to the previous one.

This helps to explain p ersisten t oscillations that o ccur in the system.

As the lo cal maxima of the individual’s profit function dep end up on other

traders’ prices, the c hange of price of trader i ma y mak e trader j switc h from

seeking one lo cal maxim um to another one, consequen tly c hange of price of

trader j will influence profit function of i and mak e the latter to c hange his

price again etc.

The other source of instabilit y con tributed b y singularities in distribution

of consumers is caused b y sudden shortages. This danger is significan t when

consumers c hange their buying preferences to o fast (high μ

i

). If a large group

of consumers has same lo cation and w age then a small c hange of trader j

1

’s

price ma y mak e them go to another trader j

1

. If the group is large enough,

trader j

2 that used to ha v e no shortage b efore, will ha v e shortage no w, so

his attractiv eness to consumers will fall abruptly b y finite quan tit y . Then

Figure 3: Switc hing b et w een t w o differen t lo cal optima. The graph sho ws

ev olution of aggregate traders’ profit o v er time.

the whole group of consumers will go bac k to trader j

1 and create shortage

there etc. Note that if consumers’adaptation rates μ

i are small enough the

shortage o ccurred will not b e large and the trader will ha v e time to o v ercome

it b y increasing his price so the trader p erceiv es his profit function to b e

con tin uous. The situation b ecomes more critical with the w orsening of the

infrastructure as the small c hanges in prices no w generate relativ ely high

lev els of shortage.

3.2 Impact of imp erfect infrastructure

The a v erage time sp en t on buying a unit of go o d q

i is v ery imp ortan t for

b oth consumers and traders. The expression (10) for q

i con tains b oth β

j

that are determined as a result of in teraction of agen ts and trade distances

r

ij that are parameters. The greater r

ij are, the more time buy ers sp end on

buying, so it is reasonable to consider r

ij as a measure of imp erfection of

infrastructure. In order to study impact of imp erfection of infrastructure, w e

will compare systems in whic h all trade distances differ b y ρ times, i.e. w e

supp ose that the trade distance matrix is prop ortional to some giv en matrix

r

ij

= ρR

ij and will study dep endence of dynamical prop erties on the factor ρ

with all other parameters fixed, except for κ

i

∼ K

i

/ρ . The latter is required

to distinguish the phenomena caused b y imp erfect infrastructure from ones

Figure 4: Con v ergence to equilibrium under near-p erfect infrastructure. The

graph sho ws ev olution of a v erage traders’ price o v er time. All pro ducers’

prices are equal to 1.

caused b y increase in transp ortation costs.

If ρ → 0, then there is near p erfect infrastructure, price differen tials and

trade profits are also small and there are no shortages. Indeed, if sup s

i

< ∞

then demand (5) is b ounded although increasing at ρ → 0, therefore β

j are

at least separated from zero and q

i

→ 0. Hence, q

i λ

i

→ 0, and there are

no shortages β

i

= 1. In this case system quic kly con v erges to equilibrium

without oscillations (Fig.4).

Prop osition 1. Assume the follo wing

• triangle inequalit y holds r

ij

≤ r

ik

+ r

k j for all i, j , k ,

• all agen ts’ transp ortation costs are the same κ

i

= κ for all i ,

• pro ducers do not ha v e shortage β

j

= 1, j ∈ P .

Then after adaptation of buying preferences (i.e. α

k l

= α

∗

k l for all k , l )

trader i will buy from another trader only if q

i λ

i

≥ 1.

Pr o of. Let the opp osite b e the case. Supp ose that q

i λ

i

< 1 and the

trader i w an ts to buy from another trader j . As ev ery trader main tains

balance of sales and purc hases there m ust exist a c hain of sellers with one

(and only one) pro ducer through whic h the go o ds b ough t b y i come. Without

loss of generalit y ren umerate the traders so that i > j and the c hain is

j , j − 1 , ..., 1 , 0 with 0 b eing the pro ducer. Then using the Prop osition in

the end of App endix 4 w e ma y write that

p

j

> p

j − 1

+ κr

j ,j − 1

/β

j − 1

> ... > p

0

+ κ j

∑

k =1 r

k ,k − 1

/β

k − 1

≥ p

0

+ κ j

∑

k =1 r

k ,k − 1

The triangle inequalit y implies r

io

≤ r

ij

+

∑

j

k =1 r

k ,k − 1

. Therefore p

0

+

κr

i 0

< p

j

+ r

ij

≤ p

j

+ κr

ij

/β

j

.

In tro ducing q

i λ

i

< 1 in to (11) w e see that the trader should maximize

p

i

− ( p

l

+ κr

il

/β

l

) . Then he should certainly prefer buying from pro ducer 0

directly to buying from trader j (and therefore through the whole c hain j , j −

1 , ..., 1 , 0 ).

According to Prop osition 1, if ρ is sufficien tly small, either consumer will

buy directly from pro ducer or consumer will buy from a trader who will buy

from pro ducer, and there can not b e an y c hain of traders serving consumers.

T o pro v e this prop osition let us consider the middleman’s profit: assume

that the trader 1 buys from the pro ducer 0 and sells to some other trader

2. Non-negativit y of the profit implies that p

1

> p

0

+ κ

1 r

10

. Assuming that

κ

1

= κ

0 w e can obtain from triangle inequalit y: p

1

+ κ

1 r

21

> p

0

+ κ

2 r

20 whic h

implies that the trader 2 w ould prefer the pro ducer rather than the trader

1. If first t w o assumptions of Prop osition 1 are violated and some traders

p ossess b etter tec hnologies, the resulting econom y of scale ma y encourage

emergence of trade hierarc hies. Although as econom y of scale in this cases is

due to exogenous definitions rather than the self-organization pro cesses w e

will further study emergence of trade structures under the assumptions of

Prop osition 1.

When ρ increases, traders’ prices gro w no faster than linearly with ρ .

Indeed, for an y j if p

j

> p

k

+ ( s

i

+ κ

i

)( r

ij

− r

ik

), k ∈ P then consumer i will

buy from pro ducer k . If sup s

i

< ∞ then traders will lose all their demand

when prices gro w faster than linearly with ρ . Therefore in case of non-trivial

trade net w ork prices gro w not faster than linearly with ρ and consumers’

demand ( ?? ) falls as a/ ( ρ + b ). Hence quan tities q

i λ

i

∼ aρ/ ( ρ + b ) increase

with ρ . The co efficien ts a , b are determined b y relativ e trade distances R

ij

(the net w ork structure), real w ages s

i

/p

j

, i ∈ C , j ∈ P and the consumption

rate 1 /τ

i

.

Figure 5: Phase transition b ecause of w orsening infrastructure. The graph

sho ws dep endence of all traders’ profit Π on imp erfection of infrastructure ρ

in logarithmic scale.

Th us, deterioration of infrastructure results in qualitativ e c hange in the

self-organization pro cesses. W e can see that the trade profit dep ends on ρ

non-smo othly .

When ρ is small all traders ha v e no shortage and no long c hains of traders

exist. The system quic kly con v erges to near-p erfect equilibrium and traders’

profits are prop ortional to ρ (see 45

∘

slop e in the left part of the graph) i.e.

small. But when ρ gro ws large enough the phase transition tak es place: as

quan tities q

i λ

i gro w the shortages b ecome more lik ely . There is no shortage

in equilibrium, but one should distinguish equilibria with β

i

= 1, 1 / Λ

i

> 0

and β

i

= 1, 1 / Λ

i

= 0. The former is more lik ely to happ en at smaller ρ and

the latter is more t ypical for greater ρ . The latter corresp onds to the case

when a trader buys from t w o sellers; unlik e the former, it is an equilibrium

at the edge of shortage. A small c hange of other traders’ b eha vior ma y mak e

the trader fall in to shortage. One should men tion that once caugh t in the

shortage trap, the system can not rapidly get out: ev ery trader tries to get

rid of shortage but if all his coun terparts ha v e shortages and pro ducers are

to o far, he simply do es not ha v e time to satisfy all his demand. So what

happ ens is the bursts of shortages that traders slo wly tak e o v er. But then

seeking for equilibrium, whic h for man y traders is lik ely to b e reac hed at

q

i λ

i

= 1, the traders generate another burst etc. (Fig.6). Note that in the

Figure 6: Bursts of shortages at the critical v alue of parameter ρ . The graph

sho ws time series of a v erage 1 − β

i

, i ∈ T .

phase transition q

i λ

i

≥ 1 so that traders buy from eac h other and long c hains

of traders do exist. This leads to an abrupt increase in trade profits as can

b e seen in Fig.5. Note that in this case traders buy from eac h other without

dropping assumptions of Prop osition 1. T rade hierarc hies emerge due to

imp erfect infrastructure rather than due to econom y of scale that wholesale

traders p ossess if the triangle inequalit y is violated or they ha v e lo w er κ

i

.

The effects of clusters and imp erfect information b ecome more significan t

while the degree of imp erfection of the infrastructure increases.

F urther w orsening of infrastructure giv es rise to inabilit y of traders to

serv e all consumers, so consumers with lo w s

i

(p o or consumers) will prefer

to buy directly from pro ducers,

5

and traders can only satisfy the demand of

upp er segmen t of consumers that buy at prices m uc h higher than original

prices of pro ducers. Therefore in some cases the trading profit ma y ev en

decrease with ρ .

5

This is what happ ens in Russia. Man y individuals are going abroad for shopping.

There is an estimate of USD 11 bln. of consumer go o ds imp orted ann ually b y individuals

whic h accoun ts for tens p ercen ts of o v erall Russian imp ort.

Figure 7: A m ulti-lev el structure. T rade distances are equal to Euclidean

2-D distances b et w een agen ts in the diagram.

3.3 Emergence of trade structures and t yp es of b e-

ha vior

Th us the structure of trade links dep ends significan tly on the degree of imp er-

fection of the infrastructure. If the infrastructure is near p erfect, all traders

are far from shortage, and stable structures are as follo ws: some consumers

buy from traders that buy directly from pro ducers, other consumer that

are closer to pro ducers buy from pro ducers themselv es, some traders do not

sell nor buy at all. In case of sup ercritical infrastructure, most traders are

at the edge of shortage, so the stable structure do include long c hains and

hierarc hies of traders, some consumers buy directly from pro ducers.

When the infrastructure is critical, stable structures are not observ ed.

Instead, long c hains of traders emerge and then disapp ear sp on taneously ,

ev en with rev ersing directions of go o d flo ws b et w een traders.

The t w o most in teresting t yp es of b eha vior emerging ma y b e referred to as

stabilizing hierarc h y and destabilizing sp eculation. The former corresp onds

to critical or sup ercritical v alues of ρ (i. e. after the phase transition), the

latter is t ypical for the critical situation. Both t yp es of roles require an

appropriate geometrical la y out of the system.

The former case corresp onds to the m ulti-lev el system as in Fig.7. Con-

sumers are lo cated at the lo w est lev el D. They buy from the sellers at the

Figure 8: Price destabilizing sp eculator: a fragmen t of long-run price oscil-

lations. The graph sho ws time series of the sp eculator’s price (b old line, left

scale) and a v erage price of other traders (righ t scale). Av erage time of price

re-ev aluation is 5 units of time.

lev el C while they prefer to buy from the wholesale seller B b ecause of ha ving

shortage. The seller B is buying from the pro ducer A. F or μ

i sufficien tly high

it will b e a p ersisten t oscillations in the demand for the traders’ C1 and C2

go o d, as w e ha v e sho wn ab o v e. Ho w ev er, the demand for the seller B’s go o d

is not oscillating, or at least is not oscillating as m uc h as the demand at the

lo w er lev els, b ecause at ev ery momen t of time either C1 or C2 has shortage

so he is lik ely to buy from B. On the other hand if there w ere no oscillations

at the lo w er lev el, trader B w ould ha v e no demand from the C lev el and

therefore no profit (this is observ ed when infrastructure is to o go o d ρ → 0).

Th us one can sa y , that emergence of wholesale trader is observ ed, the t yp e

of trader that mak es profit out of stabilizing lo w er lev el oscillations.

The other case requires the distribution of consumers to b e singular and

an inefficien t trader in the system to presen t. This trader p oten tially can’t

obtain non-zero profit in the static case, i.e. it tak es for him to o m uc h time to

serv e ev en minim um v alue of the p ossible demand (note that it is discrete).

Initially this trader can’t help to lose all his buy ers . Then, according to

the rules w e ha v e set, he is decreasing his price in order to ha v e non-zero

demand. After he gains some buy ers his demand is increasing b ecause of lo w

price and not v ery high lev el of shortage. Ev en tually his attractiv eness for buy ers falls b ecause a) the lev el of shortage b ecomes to b e to o bad and b) his

price is to o high as he is forced to increase his price in order to o v ercome it.

He loses all the demand he ha v e initially obtained. All this lost demand no w

ha v e to b e distributed among the rest of the traders. As they ha v e already

adjusted to lo w er demand they face sudden shortage. Then the inefficien t

trader b egins to decrease price in order to gain some buy ers etc.

So the inefficien t trader generates long-run oscillations in the system.

It is w orth while noting that the p erio d of the oscillations is m uc h greater

than the traders’ planning and observ ation horizons. Ho w ev er, the inefficien t

trader who generates the oscillations actually b enefits from the oscillation;

his a v erage profit for the p erio d ma y b e ev en higher than that of more efficien t

traders. Therefore w e can sa y that his b eha vior is rational in the long-run,

although his instructions are set up only for short-term.

4 Concluding remarks

W e ha v e considered a mo del that can b e applied for study of self-organization

pro cesses in trade net w orks in an econom y with imp erfect infrastructure.

Suc h mo del ma y b e applied for analysis of mark et for imp orted consumer

go o ds in Russia with in ternational suppliers b eing denoted as pro ducers.

The b eha vior of w orld mark et do es not dep end up on pro cesses in Russian

econom y , so pro ducers’ prices are exogenous. In addition to analysis of self-

organization pro cesses, the mo del can b e used for analysis of the trade net-

w orks’ resp onse to exc hange rate sho c ks or in tro duction of new imp ort tariffs

etc. Also, the mo del can b e applied to analysis of dev elopmen t of trade in Eu-

rop e b efore the Industrial Rev olution, as the mo del pro vides a study of trade

structure that emerge under differen t degrees of infrastructure dev elopmen t.

The main result of b oth analytical and computational in v estigation of

the mo del is that ev olution of trade net w orks do es dep end significan tly on

the degree of imp erfection of infrastructure ρ . In the case of near-p erfect in-

frastructure trade net w ork quic kly con v erges to near-comp etitiv e equilibrium

whic h do es not differ qualitativ ely from equilibrium with p erfect infrastruc-

ture. Ho w ev er, if infrastructure is w orsening a phase transition tak es place:

long c hains of traders emerge, their profits increase considerably , regular

bursts of shortages can b e observ ed. After critical v alue of parameter ρ the

traders lose p o orer part of consumers who start buying directly from producers. The factors that influence stabilit y of the system are heterogeneit y

of consumers, agen ts’ adaptation rates and geometry of the trade net w ork.

Note that the quic k con v ergence to an efficien t equilibrium at ρ → 0 pro v es

adequacy of agen ts’ decision-making pro cedures for an econom y with near-

p erfect infrastructure, although these pro cedures are far less successful under

more imp erfect infrastructure.

Computer sim ulations ha v e sho wn existence of m ultiple equilibria includ-

ing inefficien t ones. In further w orks w e will study factors that determine

efficiency and stabilit y of final equilibrium states or limit cycles. W e also

plan to enhance the mo del b y in tro ducing natural selection of traders with

differen t (and ev olving o v er time due to learning) forecasting and pricing pro-

cedures, or b y giving traders p ossibilities to c hange their lo cation i.e. r

ij and

r

k i

. There ma y also b e w orth while considering mec hanisms of co op eration

for co ordinating traders’ pricing p olicies or for in v estmen t of part of profit

in to infrastructure.

All phenomena c haracteristic for critical and sup ercritical state of the

system ha v e b een observ ed in Russian econom y since 1992. The results of

the pap er suggest that dev elopmen t of infrastructure can dramaticly reduce

trade profits and therefore impro v e consumer w elfare.

5 App endices

5.1 Consumer’s fast con trols

Lea ving out index i , denote b y P

w

, P

c

, P

j the probabilit y distribution in the

steady state of the con trollable Mark o vian pro cess. T o calculate these, w e

write equations of balance of probabilit y inflo ws and outflo ws in ev ery state:

P

c

/τ

i

=

∑

P

j β

j

/r

ij

,

P

w

Λ

i

= P

c

/τ

i

+

∑

P

j

(1 − β

j

) /r

ij

,

P

j

/r

ij

= P

w

Λ

i α

ij

.

By definition, P

w

+ P

c

+

∑

P

j

= 1. W e solv e this system of equations and

find

P

w

= { 1 + Λ

i

∑

α

ij

( r

ij

+ τ

i β

j

) }

− 1

,

P

c

= { 1 + Λ

i

∑

α

ij

( r

ij

+ τ

i β

j

) }

− 1

Λ

i τ

i

∑

α

ij β

j

,

P

j

= { 1 + Λ

i

∑

α

ij

( r

ij

+ τ

i β

j

) }

− 1

Λ

i α

ij r

ij

.

No w w e write exp ected c hange of the consumer’s w ealth o v er time (the dif-

ference b et w een consumer’s income and exp enses):

P

w s

i

− P

w

Λ

i

∑

α

ij β

j p

j

− κ

i

∑

P

j

.

In order to mak e the ab o v e equal to zero and k eep financial balance, the

consumer sets his fast v ariable Λ

i that determines ho w m uc h time to w ork

and therefore ho w m uc h money to sp end on consumption:

Λ

i

=

{

∑

α

ij

( β

j p

j

+ κ

i r

ij

) /s

i

}

− 1

.

Then w e can find exp ected flo w of consumption in the steady state:

U

i

= P

c

/τ

i

=

∑

α

ij β

j

∑

α

ij

( β

j τ

i

+ β

j p

j

/s

i

+ r

ij

+ κ

i r

ij

/s

i

)

.

5.2 Maximization of fraction-linear functional o v er

simplex

L emma. Let J b e a finite set, and B

j

≥ 0 for all j ∈ J , while

∑

j ∈ J

B

2

j

> 0.

Then the solution of the problem of maximization of the functional

∑

j ∈ J α

j

A

j

/

∑

j ∈ J α

j

B

j

(2)

o v er simplex A = { ⃗α : α

j

≥ 0 ,

∑

j ∈ J α

j

= 1 } is a set of all ⃗α ∈ A suc h that

α

j

= 0 if A

j

/B

j

<

¯

A = max

k ∈ J

A

k

/B

k

.

Pr o of. Denote J

∗

= Arg max

k ∈ J

A

k

/B

k

. F or all ⃗α suc h that α

j

= 0 for

j ∉ J

∗

, the functional’s v alue is equal to

¯

A , since in this case

∑

j ∈ J α

j

A

j

∑

j ∈ J α

j

B

j

=

∑

j ∈ J

∗ α

j

A

j

∑

j ∈ J

∗ α

j

B

j

=

¯

A

∑

j ∈ J

∗ α

j

B

j

∑

j ∈ J

∗ α

j

B

j

=

¯

A .

F or an y other ⃗α the v alue of the functional is less then

¯

A , b ecause

∑

j ∈ J α

j

A

j

∑

j ∈ J α

j

B

j

=

∑

j ∉ J

∗ α

j

A

j

+

¯

A

∑

j ∈ J

∗ α

j

B

j

∑

j ∉ J

∗ α

j

B

j

+

∑

j ∈ J

∗ α

j

B

j

<

¯

A

∑

j ∈ J α

j

B

j

∑

j ∈ J α

j

B

j

=

¯

A .

5.3 Pro ducer’s fast con trols

Denote b y P

i

, P

j probabilit y distribution in the steady state of the Mark o vian

pro cess. Then w e write the balance of probabilit y inflo ws and outflo ws in

ev ery state:

P

i

Λ

i

=

∑

P

j

/r

ij

,

P

j

/r

ij

= P

i

Λ

i α

ij

.

Using P

i

+

∑

P

j

= 1 w e find

P

i

= { 1 + Λ

i

∑

α

ij r

ij

}

− 1

,

P

j

= { 1 + Λ

i

∑

α

ij r

ij

}

− 1

Λ

i α

ij r

ij

.

Let us no w write the condition of material balance. Exp ected c hange of

trader’s sto c k of the go o d equals to the difference of purc hases and sales p er

unit of time, that is:

P

i

Λ

i

∑

α

ij β

j

− β

i λ

i

.

Substituting for P

i and making equal to zero w e obtain the relationship

b et w een trader’s fast v ariables Λ

i and β

i

:

1 / Λ

i

=

∑

α

ij

( β

j

/ ( β

i λ

i

) − r

ij

) .

No w w e shall find the trader’s exp ected profit. In the steady state the net

cash flo w equals to

Π

i

= p

i β

i λ

i

− P

i

Λ

i

∑

α

ij β

j p

j

− P

j κ

i

= β

i λ

i

(

p

i

−

∑

α

ij

( β

j p

j

+ κ

i r

ij

)

∑

α

ij β

j

)

.

5.4 Maximization of (11) o v er simplex

Let us denote A

j

= β

j

( p

i

− p

j

) − κ

i r

ij

, B

j

= β

j

/λ

i

, C

j

= r

ij

. Then the

functional (11) turns to

∑

α

ij

A

j

max {

∑

α

ij

B

j

,

∑

α

ij

C

j

}

,

where B

j

> 0 and C

j

> 0 for all j . T o solv e the problem of maximization

of this functional o v er the simplex A = { ⃗α

i

: α

ij

≥ 0 ,

∑

α

ij

= 1 } w e should

consider three cases.

1. There exists k suc h that B

k

≥ C

k and A

k

/B

k

≥ A

j

/B

j for all j . Then

the solution is ⃗α

∗

i

= ⃗ e

k

. If there are sev eral suc h k , then an y con v ex

com bination of v ectors ⃗ e

k is a solution, as for an y con v ex com bination

the v alue of functional is the same and equal to A

k

/B

k

. F or an y other

v ector ⃗α

i w e ha v e

∑

α

ij

A

j

max {

∑

α

ij

B

j

,

∑

α

ij

C

j

}

≤

A

k

B

k

1

max { 1 , (

∑

α

ij

C

j

) / (

∑

α

ij

B

j

) }

≤

A

k

B

k

.

This first case corresp onds to situation when the trader can satisfy all

his demand. Substituting for A

j and B

j w e find that in this case the

trader selects a seller to buy from in order to maximize profit p er unit

of go o d:

k ∈ Arg max

j

( p

i

− p

j

− κ

i r

ij

/β

j

) .

2. There exists k suc h that B

k

< C

k and A

k

/C

k

≥ A

j

/C

j for all j . Then

the solution is ⃗α

∗

i

= ⃗ e

k

. If there exist sev eral suc h k then an y con v ex

com bination of v ectors ⃗ e

k is a solution. The pro of is similar to the

ab o v e.

This case corresp onds to the situation when the demand λ

i is, on the

con trary , to o large, and the trader has shortage: β

i

< 1. Substituting

for A

j and C

j w e find that in this case the trader selects a seller to buy

from in order to maximize profit p er unit of time. No w, ev en in the

absence of transp ortation costs the trader tak es in to accoun t seller’s

shortage and the distance to the seller:

k ∈ Arg max

j

( ( p

i

− p

j

) β

j

/r

ij

− κ

i

) .

It is easy to sho w that conditions of the cases 1 and 2 are inconsisten t.

Indeed, let k

1 and k

2 exist, that meet the conditions of the cases 1 and

2, corresp ondingly , then B

k

1

≥ C

k

1

, B

k

2

< C

k

2

, B

k

1

/B

k

2

≤ A

k

1

/ A

k

2

≤

C

k

1

/C

k

2

. These inequalities are eviden tly inconsisten t.

3. Th us cases 1 and 2 exclude eac h other but they do not co v er all the

set. If neither 1 nor 2 is the case then w e claim that the solution lies

in h yp er-plane Γ = { ⃗α

i

:

∑

α

ij

B

j

=

∑

α

ij

C

j

} , and in generic case

the solution is a con v ex com bination x

k l

⃗ e

k

+ (1 − x

k l

⃗ e

l

) of two unit v ectors ⃗ e

k and ⃗ e

l that lie in the opp osite half-spaces of h yp er-plane Γ:

B

k

− C

k

≥ 0, B

l

− C

l

< 0. As the solution b elongs to the simplex, x

k l

can b e found easily:

x

k l

=

C

l

− B

l

B

k

− C

k

+ C

l

− B

l

, (3)

and the v alue of the ob jectiv e function equals

Π

k l

=

A

k

( C

l

− B

l

) + A

l

( B

k

− C

k

)

B

k

C

l

− B

l

C

k

. (4)

T o find the real solution one should lo ok up all the pairs of v ectors ⃗ e

k

and ⃗ e

l that lie in the opp osite half-spaces of Γ and find the pair k

∗

, l

∗

that maximizes Π

k l

.

No w w e will pro v e that ⃗α

∗

i

= x

k

∗

l

∗ ⃗ e

k

∗ + (1 − x

k

∗

l

∗ ) ⃗ e

l

∗ giv en b y this

pro cedure is the solution sough t. First, w e shall sho w that the solution

m ust lie in Γ, i.e.

∑

α

∗

ij

B

j

=

∑

α

∗

ij

C

j

. F or an y v ector ⃗α

i suc h that

∑

α

ij

B

j

>

∑

α

ij

C

j consider a con v ex com bination ⃗α = ξ ⃗α

i

+ (1 − ξ ) ⃗ e

j

B

,

where j

B

∈ Arg max A

j

/B

j

. By definition of the third case B

j

B

< C

j

B

,

i.e. ⃗α

i and ⃗ e

j

B lie in the opp osite half-spaces of Γ, and there exists ξ ∈

(0 , 1) suc h that ⃗α

i

∈ Γ. One can easily see that the v alue of functional

is greater at ⃗α

i than at ⃗α

i

. Hence the situation

∑

α

∗

ij

B

j

>

∑

α

∗

ij

C

j is

not p ossible.

Similarly , considering the con v ex com bination with the v ector ⃗ e

j

C

,

where j

C

∈ Arg max A

j

/C

j

, w e can sho w that the case

∑

α

∗

ij

B

j

<

∑

α

∗

ij

C

j should b e excluded as w ell. The only remaining p ossibilit y is

∑

α

∗

ij

B

j

=

∑

α

∗

ij

C

j

, i.e. α

∗

∈ Γ ∩ A . Γ ∩ A is a con v ex p olyhedron

with extreme p oin ts x

k l

⃗ e

k

+ (1 − x

k l

) ⃗ e

l

, where k ∈ K = { j : B

j

≥ C

j

} ,

l ∈ L = { j : B

j

< C

j

} , and x

k l is giv en b y (3). Ev ery p oin t ⃗α of a

con v ex p olyhedron ma y b e represen ted as a con v ex com bination of its

extreme p oin ts so that there are a

k l

≥ 0,

∑

k ∈ K

∑

l ∈ L a

k l

= 1 suc h that:

⃗α =

∑

k ∈ K

∑

l ∈ L a

k l

( x

k l

⃗ e

k

+ (1 − x

k l

) ⃗ e

l

) .

Substituting in to the functional w e find that the maxim um is reac hed

when and only when a

k l

= 0 if Π

k l

< Π

k

∗

l

∗ . In generic case when all Π

k l

are differen t, the maxim um is reac hed at a

k

∗

l

∗ = 1. If there are sev eral pairs ( k

∗

, l

∗

) suc h that Π

k

∗

l

∗ = max

k l

Π

k l

, an y con v ex com bination of

v ectors x

k

∗

l

∗ ⃗ e

k

∗ + (1 − x

k

∗

l

∗ ) ⃗ e

l

∗ is a solution.

Using the form ula 4 w e can pro v e the follo wing imp ortan t

Pr op osition. Assume that there exist suc h j that A

j

> 0 . Then the

follo wing is true: if α

∗

k

> 0 then A

k

> 0 .

Pr o of. If the maxim um falls in to cases 1 or 2 the statemen t is quite

ob vious: α

∗

k

= e

k

∗ and b y definition the case A

k

∗ ≤ 0 < A

j is imp ossible.

If case 3 is the case, the maxim um will b e reac hed only on suc h k and

l that A

k

> 0 and A

l

> 0. Assume the opp osite. Let A

k

≤ 0. Then using

C

l

> B

l w e obtain

Π

k l

≤ A

l

B

k

− C

k

B

k

C

l

− B

l

C

k

=

A

l

C

l

B

k

C

l

− C

l

C

k

B

k

C

l

− B

l

C

k

<

A

l

max { B

l

, C

l

}

This means ⃗α = e

l pro vides b etter v alue of functional than x

k l

⃗ e

k

+ (1 −

x

k l

⃗ e

l

) .

This prop osition actually sa ys that the trader i will nev er tend to buy

from a seller j with p

j

+ κ

i r

ij

/β

j

≤ p

i if there exists at least one seller with

p

j

+ κ

i r

ij

/β

j

< p

i

. If the latter seller do es not exist then profitabilit y condition

(8) requires that under trader i should not buy (and therefore sell) an ything

at all.

References

[1] Nagurney A. Net w ork Economics: A V ariational Inequalit y Approac h. -

Dordrec h t etc.: Klu w er, 1993.

[2] Evstigneev I.V. and T aksar M. ”Sto c hastic equilibria on graphs, I I”.

Journal of Mathematical Economics, Marc h 1995, V ol.24, No.4, pp.371-

381.

[3] Rubinstein, Ariel and W olinsky , Asher. ”Equilibrium in a Mark et with

Sequen tial Bargaining”. Econometrica, Septem b er 1985, V ol.53, No.5,

pp.1133-50.

[4] W olinsky , Asher. ”Information Rev elation in a Mark et with P airwise

Meetings”. Econometrica, Jan uary 1990, V ol.58, No.1, pp.1-24.

[5] Sto dder, James. ”The Ev olution of Complexit y in Primitiv e Exc hange:

Theory” and ”The Ev olution of Complexit y in Primitiv e Exc hange: The

Emprical T ests” Journal of Comparativ e Economics. 20, pp.1-31, 190-

210, 1995.

[6] Baesemann, R.C. ”The F ormation of Small Mark et Places in a Comp et-

itiv e Economic Pro cess - the Dynamics of Agglomeration”. Economet-

rica, Marc h 1977, V ol.45, No.2, pp.361-376.

[7] v an Raalte, Chris L. and Gilles, Rob ert P . ”Endogenous F ormation of

T rade Cen ter: An Ev olutionary Approac h”. Departmen t of Economics

and Cen tER, Tilburg Univ ersit y , June 1994.

[8] Ma ynard Smith, John. Ev olution and the Theory of Games. Cam bridge:

Cam bridge Univ ersit y Press, 1982.

[9] F orrest, Stephanie. ”Emergen t Computation: Self-Organizing, Collec-

tiv e, and Co op erativ e Phenomena in Natural and Artificial Computing

Net w orks”. Ph ysica D, 1990, V ol. 42, No. 1-3, pp.1-11.

[10] Langton, C.G. ”Computation at the Edge of Chaos: Phase T ransitions

and Emergen t Computation”. Ph ysica D, 1990, V ol. 42, No. 1-3, pp.

12-37.

[11] Y oussefmir, Mic hael, Hub erman, Bernardo A. and Hogg, T ad ”Bubbles

and Mark et Crashes”. Dynamics of Computation Group. Xero x P alo

Alto Researc h Cen ter. P alo Alto CA 1994.

[12] Glance, Natalie S. and Hub erman, Bernardo A. ”Div ersit y and Collec-

tiv e Action”. In terdisciplinary Approac hes to Nonlinear Complex Sys-

tems. Springer V erlag 1993.

[13] Bak, P er, Chen, Kan, Sc heinkman, Jose and W o o dford, Mic hael. ”Ag-

gregate fluctuations from indep enden t sectoral sho c ks: self-organized

criticalit y in a mo del of pro duction and in v en tory dynamics”. Ricerc he

Economic he, 1993, V ol. 47, No. 1, pp. 3-32.

[14] T esfatsion, Leigh. ”A T rade Net w ork Game with Endogenous P artner

Selection”. Departmen t of Economics & Departmen t of Mathematics,

Io w a State Univ ersit y , Ames, IA. Economic Rep ort Series No. 36, 1995.

[15] V riend, Nicolaas J. ”Self-Organization of Mark ets: An Example of

a Computational Approac h”. Computational Economics. 8: 205-231,

1995.

[16] Simon, Herb ert A. Rationalit y as Pro cess and as Pro duct of Economic

Though t. American Economic Review, Ma y 1978, V ol.68, No.2, pp.1-16.

[17] P osp elo v I.G. V ariational Principle in Mo delling Economic Beha vior.

Mathematical Mo delling: Pro cesses in complex economic and ecologic

systems. Mosco w: Nauk a, 1986 [in Russian].

[18] Bertrand, Joseph. ”Review of ’Theorie mathematique de la ric hesse so-

ciale’ and ’Rec herc hes sur les princip es mathematiques de la theorie de

la ric hess”’, Journal des Sa v an ts, 1883, 499-508.

[19] Nash, John F., Jr. ”Non-co op erativ e games”. Annals of Mathematics,

1951, 45:286-295.

[20] Ho w ard R. Dynamic Programming and Mark o v Pro cesses. MIT Press,

NY-London, 1960.

[21] Hub erman, Bernardo A. and Y oussefmir, Mic hael. Clustered V olatilit y

in Multiagen t Dynamics. Dynamics of Computation Group. Xero x P alo

Alto Researc h Cen ter. P alo Alto CA 1995.