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I'maBa 2. 3agaua apaausa npeaejJbHBIX BO3MOXHOCTECH
ceTH 1o obecnedyeHHIO TpGﬁOBaHHfI MOJIb30BaTeJICH
§2. O6 omeHKax ypOoBHEM MaKCHMHHHOHN oGeclieYeHHOCTH
B cJydYae HETOYHO M3BECTHBLIX TpeGoBaHUT

IIpenmosoXuM Tenephb, 4To, Kak 1 B §1.2, BekTop TpeboBanuii d u3BeCTEH
JUIIH ¢ TOYHOCTBIO 10 MHOKecTBa I S d. IocKOJAbKY BLIOOP TPHEMIEMOTO
pacipenesenus MOTOKOB BO BCEX PACCMOTPEHHBIX B TJI.1 MOCTaHOBKAX OCYyIIe-
CTBISIETCS 17Tk KOHKPETHOTO BeKTOpa d (ISl TOTO, KOTOPBIN CTaJ M3BECTEH,
win s d™F wam mos d°, peasusyiorero B (1.16) 6¢), To pekoMeHmyeT-
¢sl BLIOMPATH CYNEPKOHKYPEHTHOe MJsA 5Toro d pacupenejaene MOTOKOB 10
TeM Xe mpudrHaM, 4To 1 B §1. 3nauenne 0-ro ypoBHI MaKCUMUHHOK obecITe-
genHocTy Taroreomux map B MII-ceru onenusaercs 65 cBepxy u 8,(d™*)
cau3y (cum. kower pasn. 1.3.3). OmHako, ecam XKeJqaTeThbHO TOJYUATH Ta-
paHTHpOBaHHbIe (HWXKHAE) WM B c1aboM cMbiciae (BepXHWE) OIEHKH 0osee
BBICOKMX YPOBHEH MaKCUMUHHON 06ECeYeHHOCTH TPebOBaHUH, TO HEOOXOI1-
MBI JOTIOJHUTEJNbHbIE HecaenoBanus. /laxke mJs KECTKO TapaHTHPOBAHHON
MOCTAHOBKY (MJIM st TapaHTHpoBaHHOW mpu d™* € D) numarpamva 6(u)
obecrevenrocTn TpeboBanui (cM. puc.d B §1, pasm. 1.4), mocTpoernas s
BekTOpa d™%’, 6ymeT HMeTh, BOOOIIE TOBOPS, JHIIIE 1-10 CTYIEHLKY He BBIIIE,
yeM Y aHaJOTMYHBIX AuarpaMM, mocTpoeHusx Vd € D. Ilo ocTadbHbIM 3Ha-
genusiM 0;(d), | > 0, Berwaunst 6;(d™**) MOryT He TaBaTh MCKOMBIX HUKHUX
OIICHOK..

3aMeTHM, YTO IJIMHBI CTYTIEHEK — [ — PA3JIUIHBI IS pasHbiX d (Kak 1
muOxecTBa M;(d) VI =0,1,...,L(d), nw aucaa L(d)), n 9TO rapanTUpyeTcs
TOJBKO CJeyfolree:

Vio € My(d™) m;,(d™*) < mi(d) Vi€ M, Vde€ D, (10)

IIPK 5TOM CYIeCTBYIOT mpuMepbl, Korma 81 (d™*) > 6;(d) nas HekoTOpHIX
d < dme”.

Heticteurensro, ¢ yaeroMm (1.18), Vd € D, Vi € M srmoanero n;(d) > 0y(d) >
08 = ni, (d™%) Vig € My(d™**) — moayaaem (10), vHo ecam My (d™*®) £ M, To nas
i€ M\ Mo(d™*®) Bosmoxro 0F < Oy(d) < n;(d) = 01(d) < 6, (d™**). Hampumep,
€CIM PacCMOTPETh CeTh “TPeyTroJbHUK’ ¢ PHUC.D, Tae DU3MUYECKHA M JOTHUIECKHR
rpadgbr MII-ceTn coBmamaioT, BEKTOp MpOMycKHOM crnocobrocTn ¢ = (10,15,20), a

A7 BekTOpa d WMeeTcs mBa BapmanTa d™%¢ = (20, 20,20) u d™" = (20, 14, 20), To



My(d) = My(d™**) = {1,2} (1-2 m 2-s1 TATOTEIONIHNE TAPHl AT MEXIY cobol b
CINVMHUII TIPOITYCKHOU clocobHOCTH Ha 2-M pebpe u3 pacuera fio/d; = foo/do, a 3-it
TSATOTEIONIEH Tape ocTaeTcs 3-¢ pebpo mocie TPOXOXKASHUs TOW YacTh MOTOKa 1-i
[apbl, KOTOPYIO MPOMYCKaT “B 06xon” mo 2-My u 3-my pebpy) u 0y (d™**) = 0.625,
01(d™%) = 0.875, Op(d™") > 0.735, 01 (d™") < 0.766.

Puc. 5.

W3 storo npumepa MII-ceTu BUIHO TakXke, 9TO HUXKHss rpafb O;(d) mas [ > 0
MOXeT Ha TapaJejenuiene D He qocTuraThbes. lelic TBUTENBHO, €CJH NOTYCTUTE,
9TO 2-5 KOMIOHeHTa BeKTopa d MeHsiercs oT 10 mo 20, o inf #;(d) = 0.75, Ho

IJIS. BEKTOpa d def (20, 13%, 20), K KOTOPOMY CXOTUTCS MUHAMMU3HPYIOIMIAs MOCTE-
JIOBATEIBHOCTH, UMEEM MQ(CZ) =M, GO(J) = (.75, a ypoBeHb 91(62) He ompefeieH
(B MII-ceTsix Gogee CJIOXKHON CTPYKTYPHI OH MOT OBl PaBHSTHCS NPEIeTy 3HAUYCHUH
2-TO YpOBHS MaKCUMUWHHON 0GeCeueHHOCTH TpeboBanui, mpesbimaioneMy 0.75, —
CM. flajiee TIpUMED B KOHIE §3).

Takum obpaszom, Toabko ecanm My(d™**) = M, TouHas HWXKHSIS OIEH-
Ka nuarpamM 6(p) obecredeHHOCTH TPeGOBAHUH TaeTCs eMUHCTBEHHON MHa-
rpaMMOH, TOCTpOoeHHOR miad d = d™*. B ocTaJbHBIX CIydYasx MOXKET IIO-
HaJOBUTHCS CTOJBKO MHATrpaMM, CKOJTBKO CTyIeHeK (T.e. 0 ™M), W 3HAUHUT,
CTOJBLKO K€ PasHbIX BEKTOPOB d, M3 AUArpaMM [IJsf KOTOPBIX CTPOMUTCS HC-
KOMasi TOYHas HWXKHSSI ONeHKa — HIKHss ormbatormas Beex 6(p) Vd € D.
(Ecam ke He 3a60THTBCS O TOYHOCTH ONeHKH, TO U3 (10) MoXHO OTpaHm-
IUTHCS TOPU3OHTAJNBHON mpsimoit O(p) = 0,(d™?).)

AHaJOTHYHO OGCTOUT IEJI0 W AJs caaboi MOCTaHOBKY, KOTIa HINEM TOY-

uble Bepxuue ouenku mist 0;(d) mpu [ > 0 —

6; M max 6:(d).

deD

; in def .
Xots B caywae D > d™", rme d™™ = min{d;| d € D}, semonmneno



8¢ = 6,(d™™), onmako BIOJSHE MOXeT OKazaThes, uTo OF = 6,(d™®) (cum.
TOT JKe TpUMep Ha PHC.D) WIW MaKCHMyM B OIpeneneHny 6§ He MOCTHUTa-
ercs. s NomTBepXAeHws TOCJENTHETO pe3yabTaTa nocTaTouno mias MIl-cern ¢
puc.5 mosoxuts D = {(30—7,15—7/6,30—7)| 7 € [0, 10]}, Torna 0y(d) BospacTaer
Ha D ot 0.5 10 0.75 u 01 (d) BospacTaer or 2/3 mo moutu 0.75, HO MaKCHUMU3UDY-
IOIIasl MOCJEIOBATENBHOCTE CXOMMTCS K yKasanHoMy Bbime d (7 = 10), na KoTopom
61 nepexonut B 6y 3a cuer pacmupenus My. IlodToMy WMeeT cMBICT TOBOPUTH
He 00 OIleHKaX CJACNYIOIIMX YPOBHEH MaKCMMUHHOH oOecledeHHOCTH Tpebo-
BaHWH, & O TapaHTUPOBAHHBIX, WJIU HAOGOPOT, ONTUMUCTHICCKAX OIEHKAX
sunavennit 7;(d) (9) obecnevennocTu TpeGOBAHUE TATOTEIONINX Map IPH CY-
MePKOHKYPEHTHOM PaCIpeieleHud MOTOKOB, T.e. HCKATh

& minn;(d) w77 £ max 7;(d),

rae 7;(d) def Z(d)/d; (en.(9)). as xommakruex D F 0 onTrMymbl a0-
CTHUTAIOTCS, KaK BBITeKaeT W3 Pe3yJIbTaToB CJeIYIOIIero IyHKTa, T1e TOKa-
3BIBAETCS HEIPEPHIBHOCTE (1 JHIIIHIeBocTs ) Gyukunn 7(d). K coxamnenuro,
HUKaKUX YUCJIEHHBIX METONOB IoMcKa nf wiw 7 mist i+ ¢ M, aBropau He u3-
BecTHO. Elrte pa3 momgdyepkHeM, 4TO /st TAKUX ¢ oneHKH 7);(d) He 065132 TeIbHO
MAI0TCS COOTBETCTBYIOMINME SKCTPeMalbHbBIMU 3HadeHusIME d; (B OTIM4re
or i € My — cm.(1.19)).

§3. YcTONUMBOCTD CYMEPKOHKYPEHTHOTO PEIIeHUs

B psme ceTeBBIX 3amad ¢ HETOYHO M3BECTHBIMHU TPeGOBAHUSIMU MHOXKE-
c¢TBO D siBAsieTCs HOCTATOYHO Y3KUM — I'DAHUILEl HEONPEIeJeHHOCTH [Jst d
MOXHO CUYATATEL MpeHebpeX Mo MaJdbIMu. TeM He MeHee, s TOTO, YTOOHI
B 3TOM cCJyyae paccMaTpUBATh IaHHYIO 3aauy KakK 3agady C TOJHOW WH-
(hOpMUPOBAHHOCTHIO, HEOOXOIUMO 0DOCHOBATH YCTOMUMBOCTH MOJYYaeMOro
perrerusi (KaK 3HAYEHWH TOTOKOB IJIS TATOTEIOIINX Tap, TAaK W IpHeMJe-
MBIX pacIpenesennii TOTOKOB 1o peGpam duzndeckoro rpada MIl-ceTn) mo
OTHOIIIEHUIO K HEGOJIBIITUM M3MEHEHUIM YHCIOBBIX TapameTpos 3anauu. Co-
OTBETCTBYIOIIlee MCCIeNOBaHue IJsi KOHKYPEHTHBIX U CYNEePKOHKYPEHTHbBIX
pacnpeneseHnit TOTOKOB U MYJbTHUIIOTOKOB ITPOBOIUTCS B HACTOLAIIIEM Tapa-
rpade. a5 obmrHoCcTH 3mech 6yaeM TpeAnoaaraThk, YTO U BeKTOpP ¢ TTPOTYCK-
HOW crocobrocTH pebep rpada G MOXKeT MOABEPraThCs MAJIbIM BO3MYIIIEHM-
SIM.

Mot 0BOCHOBaHMS yCTORIMBOCTH CYNEPKOHKYPEHTHOTO peleHus (pac-
ITpeesieHnsl TOTOKOB M MYJBTHIOTOKA) HAM TOHAJ0OHTCS Gojee eTaslh-
HOE M3yYeHue yCTOMUYMBOCTU MHOXKECTBA KOHKYPEHTHBIX paclpeleleHnit, a



MMEHHO, OKa3aTeIhCTBO YCTORIMBOCTH MHOXKECTBA €T0 KPAWHUX TOYeK (10-
CKOJBKY TIOMCK CYTEePKOHKYPEHTHOTO PeIeHus TMPencTaBaseT coboN JeKcH-
korpadudeckyio 3amauy JIII w onTuMyM Ha KaXJIOM YPOBHE JEKCHKOTpadum
NOCTUTaeTCs B KpaWHuX Toukax) [14, 15, 96, 97].

Beenem ofoznavenne £(+) mis MHOXKeCTBa KpAaWHUX TOYEK MOJMIPA B
cko6Kax, Eopi(+,) — IS MHOXKECTBA ONMTHMAJBHBIX KPaiHUX TOUEK B ac-
comunpyemoit 3anade JII (mpsvoit — MakKCHMU3AUNK — WM JTBONCTBEHHOR
— MWHWMH3AINK) Ha TaHHOM MHOXECTBE W C TaHHBIM ITeJEBBIM BEKTOPOM,
KOTOpbIe YKa3aHbl B CKOOKaX.

3.1. JIunmun-HenpepLIBHOCTL MHOXECTBa KPaWHUX TOYEK pe-
IIIEHUs 3ala4¥ O KOHKYPEHTHOM paclpefieleHuU NOTOKOB. [Ipencra-
BuM 3aznauy (1.13) B Buze

max 6, (11)
(£,2,0)€Y

rzie wepe3 ) obosHadeno MHOXecTBO Beex (f,z,0) Takux, uto (f,2) € X(¢),
-z +6d; < 0Vi =1,...,m. IBoiicrBennass x (11) 3amucoiBaercs (mis
COOTBETCTBYIOIIETO MHOXKecTBa A) Kak
min{c, A), (12)
1, o4eBUIHO, 06e 3amaun (11), (12) paspemrnmer. lias o6o3nadeHus BO3MY-
[IEHHBIX MHOXECTB, GYHKIMHA ¥ 3apad OyIeM IIoMeYaTh IITPUXOM MHOXKe-
CTBO, GYHKIMIO WA HOMEp 3aldady, B KOTOPHIX 3HAYEHHE BO3MYIIIAEMOTO
mapaMeTpa 3aMeHeHO Ha BO3MYIIeHHOe — noMedyeHHoe mTpuxoMm. Crpase-
JWBOCTH CIEMYIONINX YTBepXKIeHui nokasana B [15, 16, 17].
IIpenmogoXuM BHaYaJ e, YTO BO3SMYIIEHUAM MOABEPTACTCA TOJBKO BEK-
TOp TpeboBaHuWil d, T.e. KJacc BO3MYIIICHHH 3a1aeTcs CJAedyonuM 00pa3oM

pd {d' € R}|(11)" paspemmma}. O6osnauny depe3 L MPOM3BOJILHOE TIO-
JM3IpaTbHOE MHOXKeCTBO Takoe, uto u3 (f,2,0) € L ciaenyer, ato § > o > 0.

TroPEMA 1. [lyemb 6 3adaue (11) 6 kauecmee donycmumo2o MHO-
acecmea 632mo Y N L. Tozda omobpascenuve d — E(Y N L) Junwuy-
nenpepvieno na P 6 mouxe d.

Otcioma crenyer, uro orobpaxenue d +— &,(Y' N L, (0,...,0,1))
Jlunmumu-nosynenpepeiBao csepxy ma P¢ B Touke d.

[IpennmosoxuM Temeph, 9TO W TMPaBasd YacTh MOXKET TMOIBEPTATHCI BO3-
MYTIEHUSM, T.€. KJIaCC BOIMYIIIEHUN OTMpENeTuM Kak

P& {(c,d") ¢ R} x RT|(11)" paspemmua}.

TEOPEMA 2. Muozosnaunoe omobpasxcenue (¢',d') — E(N') Junwuy-

nenpepuvieno na P’ 6 mouxe (c,d).



Torma orobpaxenue (¢/,d') +— &yu(A,¢') Junumui-noxayHenpepbBHO
cBepxy Ha P’ B TOuke (c,d).

CRENCTBUE. Mrozo3naunoe omobpascenue (¢',d') — &E,,,(Y', (0,...,0,1))
Junwuy-noaynenpepovisno ceepry na P’ 6 mouxe (c,d).

Honyuennas JIMIIInI-TOMyHEIPEPLIBHOCTL CBEpXY (GOPMaJJbHO O3HAaYa-
eT, uto 36 > 0, K = const, Y(c',d') e P, p{(c,d),(¢c,d)} < §, Bbrmoa-
meno: Vi' € £(Xy(c,d"))

p{(x',eg),g(Xo(c,d) x{6:})} < Kp{(c',d'),(c,d)}, (13)
def

rie 0, = 0y(c',d), a p{-,-} obGozmagaeT paccTosHWe B €BKJIMUIOBOM IIPO-
crpancTBe. OTcoga cpasy motydaeM JIMNIIKI-HENTPEPBIBHOCTH 0TOOpaXKe-
wust (¢',d') — 0y(c’,d') ma P’ B Touke (c,d).

IIpenmogoXuM Tenephb, 4TO, TOCKOJBKY ucxomHo ¢ > 0, d > 0, To Hai-
metcs A > 0, nas xotoporo d; > A Vi € M. O6o3znaunm uepes P kiacc
(c',d") € P', ynoBreTBOPSAIOMINX YKA3AHHOMY YCJIOBHIO, & TaKXKe YCJIOBHIO
koreurocTH ¢'. Torma Y(c¢,d) € P moxeT GbITH BHIOpaHa OOIIas KOHCTAH-
ta Jlunmuna K 8 (13) (cuM. nokasaTeabcTBo Teopemser 2 B [16, 17]). Takum
ob6pasom, GYHKIMS §, OKas3bIBaeTCs JAMIIAIEBOR 10 (¢, d) Ha P u Takxke Te-
opeMa 2 ¥ ee CIENCTBUS OKa3bIBAIOTCS HA P CIPaBENIWBBIMU PABHOMEPHO
no Beem (¢,d) € P.

Uro kacaercs MHOXecTBa Xo(c¢,d) KoHKypeHTHBIX pemrenuin (f°,2°%),
To u3 (13) BBITEKaeT, YTO TP BO3MYIIEHWH BEKTOPOB ¢ W d — IpO-
MYCKHOH CHOCOGHOCTH W TpeGOBaHWi — He BO3HUKHET KPaWHUX TOYeK
KOHKYPEHTHOTO MHOXeCTBa, HAJeKMX OT KPaWHHX TOYEK KOHKYPEHTHOTO
MHOXKECTBa MCXOMHOW 3amadyu. Kpome ToTo, M3 JHIIIMIEBOCTH 65 MOX-
HO BbIBecTH Takxke Jlummun-unenpepsisaocts Muoxecrsa £(Xo(c,d)), T.e.
JIMnuui- oy HenpepEIBHOCTE CBEPXY M CHU3Y Huist oTobpaxkenus (¢',d') —
E(Xo(d,d")), Tem caMbIM TOKa3bIBas, ITO ¥ BOIU3H JIOGOTO KPaWHETO KOHKY-
perTHoro petenus (f°,2°) ucxonuoit 3amaun HaiineTcs KpaiHss TOYKA KOH-
KYPEHTHOTO MHOXeCTBa BO3MYIIIEHHOM. [leficTBuTennno, MuoxecTBo Xo(c, d)
moxHo npenctaputk B Buige {(f,2) € X(c)| z > Ou(c,d)d;i, 1 = 1,...,m}, ko-
I'ma BOBMYIIEHUAM IIOOABEPTraeTCad TOJBKO IIpaBasd 4YacCTh JUHEAHON CUCTEMBI. C yue-
TOM JUNMHIEBOCTH 1O (¢, d) MpaBodl YacTH modydaeM JIMOIIHI-HENPEPHIBHOCTE
o (¢,d) MHOXKecTBa KpaWHUX DPeIIeHUH CHCTEMBl Ha OCHOBAHWH ero JIMmImmi-
HETPEPHIBHOCTH 10 IpaBod dacTu (cM., HanpuMep, B [157, 17]). B cayvae orpa-
HugenHocTH X (c¢), T.e. mpy ¢ < 00, MOJydeHHas JIMIUINI-HETPEPBIBHOCTE
E(Xo(c,d)) Baeuer 3a coboit Jlunmun-nenpepslBHOCTL MHOXecTBa Xo(c,d)
KOHKYPEHTHBIX pelrenuit. Tak 4To 3TO MHOXKECTBO SABJIACTCS YCTONYIUBBHIM
BO BCEX CMBICTaX.



3.2. ®opMaau3anus IMOHATHUS YCTOMUYMBOCTH 3aladyd aHaJIU3a
MII-ceTu. PaccmMoTpuM Telleph cBepX- W CYNEPKOHKYPEHTHBIE pellleHus. B
[35] mccaenyeTcs o6IIas JuHeHHAS JeKCHKOT paduIecKas 3a/1ada ¥ BBOTUTCS
olpesiesieHre YCTORYMBOCTH STOH 3a1aur o BeKTopy kpuTepues. OHo o3Ha-
4aeT, YTO ONTUMAJhHBIEC 3HAYCHHS BCEX YACTHLIX KPUTEPHUEB MPH MAJTBIX
BO3MYIIIEHUSX MCXOMHBIX HAaHHBIX OYIyT MEHAThCA MaJo. B Tolt xe pabore
[OKa3aHo, 4TO 3ajada yCTOWYMBA TOTHa ¥ TOJBKO TOTAa, KOTIa YCTONYM-
Ba 3ajladya MaKCHMHU3AIUK MEPBOTO KPUTEPHs U BCe MHOXKECTBA ONTHUMYMOB,
COOTBETCTBYIOIIHE MOCTEAYIONIMM KPUTEPUSIM, COBIIATAIOT.

Coraacuo §1 ananus MII-ceTn npenmogaraeT mocjefoBaTeqbHOE pellie-
ume 3amaq (1.11),(1),(2) u (5)~«(7) ¢ { = 0,1,...,L — 1, uau xe (5)~(7) ¢
[ =-1,0,1,...,L — 1, ecam popmassro momoxutb X_;(c,d) def X(c), a
o0beUHEHHEe O TTYCTOMY MHOXECTBY WHIEKCOB cUMTATh MycThiM. C momo-
mbio (8) nocaenosarenasuocTs 3anad (5)(7),l = —1,0,..., L—1, cBonures k
JeKCUKoTr pahudeckoit nocaenopaTesbrocTy 3agad JITI. Takum obpasom, ode-
BUITHO, UTO ycJaoBHe W3 [35] sBisieTcs Mo KpafiHedl Mepe MOCTATOYHBIM LIS
yeroiuusoctu (B emuicae [35]) 3anau (5)(7),l = —1,0,...,L — 1. Ognako,
B kourTekcre 3amad (5)—(7) sro ycaosue osnavaer pasencrso My = M u
IpOCTeHIIe TPUMEPhI TTOKa3hIBAIOT HEPEATUCTUHIHOCTH TAKOTO IIPEIOJ0-
KEHUS.

B [54, 55] nast ob1tieit JeKCHKOT padhuIecKoi 3a1aut ¢ KyCOTHO-THHEXHBIME
KPUTEPUSMHU TpelaraeTcs MeTON PeryJaspu3alui, HO ¢ BBIYKCAUTENLHOR
TOYKH 3PEHHUs DTa MPoleaypa AOBOJBHO TpymoeMKa. Tak 4To yecTONYMBOCTH
(5)(7),! = —1,0,...,L — 1, ipu L > 0 TpebGyeT OTHEIBHOTO HCCIENO-
BaHWsl, YUYUTHIBAIOIIETO CHENUPUKY 3afadd. JDTa ClelnudUKa, B YaCTHOCTH,
CBA3aHa C APUOPHBIMM OTPAHWUYCHUSIMM, HAJATA€MBIMH Ha KJIACC BO3MY-
e, B TO BpeMs Kak yTBepkieHue [35] 06 yCTONIMBOCTH BEPHO, KOTHA
KaXXIBIH DJEMEHT MaTPHUIBI OTPaHWUEHUH, ITPaBOM YacTH U BEKTOPa KPUTe-
pHeB IoIBepraeTcs MPOU3BOILIBIM Bo3MYyIIeHusIM. B kaxnoit sanade (5)—(7)
BO3MYIIIEHUSIM MOTYT MOABEPTATHCS JHUIIL BEKTOPHI ¢, d; OCTAJbHBIE DJIeMeH-
o1 — {0,+1,—1} — omnpenensiior ee 00IIYI0 CTPYKTYPY (CTPYKTYPY CeTH
S), KoTopas mpenanogaraeTcs Hem3MeHHOR. 1[03TOMY MOXHO HaIesThCs, 4TO
ycaoBue u3 [35] He OyIeT B pacCMaTpPUBAEMOM CIydYae HEOOXOMUMBIM.

Hast Beex (¢/,d’) € P’ Bosumymennyio sanauy (5)—(7) (¢ mapameTrpamu
¢,d") 6ymem obosznauats (5)' (7). Uudopmarus, morydaemas B mporecce
petrernst (5)—(7)', Takxke OymeT 3aBHCETH OT KOHKPETHOTO BO3MYIIIEHWS.
Mostomy Bmecro X(c¢), X;(e,d), M;, 6, Vi = 0,1,...,L, nias Bo3my-
HWIEHHBIX 3amad BBemeMm obosmawenws X', Xi, Mj, 6. Vj = 0,1,..., L,



rae pas L' Bemoaneno: M) U ... U M;, = M. CooTBeTcTByIOIINe BeJH-
YHHBL CYIePKOHKYDEHTHOH ofecledeHHOCTH TpeboBanuii ofo3nauuM depe3
= mi(c,d') = Z" (d&)/d}, i € M.

ONPENENEHUE 1. Jlekcukorpadudueckas MOCTeIOBATEILHOCTE 3aMay
(5)(7),l = -1,0,...,L — 1, ycToiiunBa 10 KPUTEPUAM, €CJIU BEJIUINHBI 7],
obecrieyeHHOCTH TpeboBanuil Taroreorux map MII-cetu npu cynepKOHKY-
PEHTHOM pacipeieleHui TOTOKOB JIMIIIMI-HenpepbiBHBL Ha P.

B cuiy samanus kaacca P onpenenenne | DKBUBaJEHTHO JHUITIIHAIEBOCTH
Ha P BekTOpa 2% CyNepKOHKYPEHTHOTO MYJIbTHIOTOKA.

ONPENENEHUE 2. JlekcuKorpadudeckas MOCTEIOBATEILHOCTE 3aMay
(5)(7),{ = —-1,0,...,L — 1, ycToHYnBa TO PEIIEHNIO, €CJIU MHOTO3HATHOE
oTobpaxeHune

(') e E(X))
Junumnn-renpepsrBro Ha P’ B Touke (¢,d) (n HA P paBHOMEpHO).

Kax # /st KOHKYpeHTHBIX pelieHud (cM. pasz. 1), ©3 yCTOHIMBOCTH TIO
KPUTEPUSM cJedyeT YCTOHYMBOCTH 1O peliennio. s moKasaTelbeTBa J10-
CTATOYHO MPENCTaBUTh MHOKECTBO CYNEPKOHKYPEHTHBIX PEIleHU# B BUIE

{(f,2) € X(¢)| z > ni(c,d)d; Yi=1,...,m},

T.e. KaK JWHeHHble orpanuyenus ¢ JIMIIui-HernpepbiBHON TPaBOil 4acThIo,
r7ie BO3MYIIIaeMble TapaMeTPhl BXOIAT JHIIb B MPaByIO 4acTh; U3 Y€ro BbI-
BOIOUM JIHIIIKIEBOCTH MHOXECTBA CYNEPKOHKYPEHTHBIX KPaWHUX TOYEK Ha
P’ (n na P paBHOMEPHO).

ONPENENEHUE 3. JlekcuKorpaduueckas MOCTEIOBATEILHOCTE 3aMay
(5)(7),l =-1,0,...,L — 1, ycToiunBa, ecTd MHOTO3HAYHOE OTOOpPAKEHHE
(¢,d")— X},

Junumnn-renpepsrBro Ha P’ B Touke (¢,d) (n HA P paBHOMEpHO).

Jlerko moka3aTh, UTO, €CTH MHOXKECTBA X}, OTpaHUIEHBI B COBOKYITHOCTH
Ha P’, TO yCTORIMBOCTE TIO pelenuto (B CMbICTE OIpPeneseHus 2) BIedeT 3a
coboif yCTOWYWBOCTE B cMBIcTe ompenedenus 3. Takum o6Gpa3zoM, yCTONIH-
BOCThH CYNEePKOHKYPEHTHBIX PEIIeHUH BO BCEX CMbICIaX OGOCHOBHIBAET

TEOPEMA 3. Jlekcukozpaduueckads nocaedosameabrocmy 3a0a4
(5)-(7), 1l =-1,0,...,L — 1, ycmotiuuea no kpumepudm.

st moKasaTeIbCTBa TEOpeMbl 3 HaM TOHAIOOUTCS PAN MOCTPOCHUH U
YTBEPXKICHUH, MPEICTABIAIONIMX TaKXKe CaMOCTOATETbHBIH HHTepec.

3.3. O6GocHoBaHME YCTOMYMBOCTH CYNEPKOHKYPEHTHOrO perie-
HusA. PaccMoTpuM 1Tpon3BodbHOe pasbuenne MHOXecTB Mo, ..., M Ha He-



ycThle Hellepecekatoruecs mogMaoXKecTBa N; C M

o no+ni Nno+...+ng
My=|JN, M= |J Ny ..o, Mp = U N,.
t=0 t=no+1 t=no+...+np_1+1

Brinmuirem nocaenoBareasrocTs 3agad JIII:

00 €' max 6 (= 6,), (14)

(f,z)eX
rre Xd:ef{(f,z) € X(o)] —z+6d,<0,i=1,2,...,m},

0, d:ef (fI,Izl)%);(\_’D (9 (: 0, nin 01), (15)

rie X d:d{(f,z) € X(¢)] Opd; — 2, =0, i€ Ny, 0d; — 2z; <0, i & No},

def
= (=46 0 e 6 1
O (fI,Izlfae)E\.’t (= 0y nam 6, wim i 044), (16)

roe X, d:ef{(f,z) € X(¢)| —2z+0;d;, =0, i€ N;, j=0,1,...,1,
—2;+60d; <0, i g NoU...UN,},
1=1,2,.... Tt — 1.
U3 popmymmposku 3amau (5)—(7), (14)—(16) serko BoiTekaer
YTBEPXKIEHUE 1. Feau ¢ € N,, mo 3nauenue cynepkonxypenmnot
obecneuennocmu mpebosanut i-U mazomeowed napvt 7; pasro O, Vi € M.
U3 yrBepxienus 1 ciemyeT, 4TO MHOXECTBO ONTHMAJBHLIX DEIICHUH
nonzanaun (16) npu ¢ = T’ cosnanaer ¢ Xp(c,d), T.e.

Xi(e,d) = Arg max 6,

(f,2)eXr

roe Xr def {(f,z) € X(¢)] —%+0;d; =0,¢¢€ N;, j =0,1,...,7T,
—z; +0d; < 0,1 ¢ NoyU...U Np}. CaenoBatensno, 3amada (14)-(16) ¢
t=1,2,...,T sksuBaxenrna (1.13), (8) ¢ { =0,1,..., L — 1, mmam (5)(7) ¢
[=-1,0,1,...,[ —1.

B nagsmeinem, ao6oi Takoli waGop { N, }L | 6ymem naswBaTh donycmu-
Mmutm pasbuenuven B 3amade (14)-(16).

B wacTHOCTH, paccMOTpUM B KadecTBe Ny TPOU3BOJILHOE HENMYCTOE TOM-
MHOXecTBO Ny MHIEKCOB Tex orpanndenuit —z; +60d; < 0, KOTOPLIM COOTBET-
CTBYIOT MOJOXKHUTEIHHBIE KOMIOHEHTH HEKOTOPOTO BEKTOPa ONTUMAILHOTO



pellIeHus 3a1a9H, TBORCTBEHHOM K (14) (5TOT BeKTOp MOXeT OBITH MOy deH B
pesyabTaTe paboOTH CTAHIAPTHON IPOIELYPhl CHMILIeKe-MeTona). U3 yeio-
B JIONOJHSTOIIEH HEXKECTKOCTH CJAEIyeT, YTO HJs BCAKOH TaKoh KOMIIOHEH-
THI COOTBETCTBYIOICE OTPaHUYeHEe OYIeT BHITOTHITHCS KaK PABEHCTBO s
JTr060T0 onTEMaThHOTO peterust (14). U3 cTpyKTyphl MaTpHIBl OTpaHude-
wuit (14) caenyer, uro Ny # 0. Ecin ©1 > Og, ro Ny = My, unave Ny C M,.
Onpenesaum MuOX)ecTBO N] KaK MPOU3BOJILHOE HEIYCTOE TOIMHOXKECTBO HH-
IIeKCOB Tex orpanndenuii —z; + 0d; < 0, 1 € Ny, KOTOPBIM COOTBETCTBYIOT
MOJOXKUTETHHBIE KOMIOHEHTHI HEKOTOPOTO BEKTOPa ONTHMAJBLHOTO PelleH st
3amaud, gBoicTBeHHOM K (15), n momoxum B (16) Ny = N,. [laznee ompene-
JUM MHOXKeCTBO Ny KaK MPOU3BOJBHOE HEIyCTOe MOIMHOXECTBO WHIEKCOB
Tex orpanndenuit —z; + 0d; < 0, i € Ny U Nj, KOTOPBIM COOTBETCTBYIOT
MOJOXKUTETHHBIE KOMIOHEHTHI HEKOTOPOTO BEKTOPa ONTHMAJBLHOTO PelleH st
3amaun, nBoicTBerHOR K (16) ¢ ¢ = 1, momoxum B (16) Ny = Ny u 1.1 s
IIepBOTO HOMepa ¢, Takoro 4to O, > O, noxyunm My = Ny U...UN,_; u
0O, = ;. Ocraabusie M; nepecauToiBatoTcs anagsoruyno. Takum o6pasou,

nocaenoBaTenbrocTh Ny, N1, ... SBIgeTCS TOIMYCTHMBIM pastrueHreM.
Hccnenyem obiyio 3agady MOMCKA

def
le 0 1
£ o max 6, (17)

B koTopoit W sanaercs orpanudenusmu (f,2) € X(c) u

25 = 5]dl7 ZEQ]7J:0717717
—zi+0d; < 0, ig€QoU...UQy,

rie ()j — HEKOTOpHIE HellepeceKaloliuecs MoAMHOXecTBa u3 M, {; — HeoTpuua-
TesbHBIE Yncaa, Takue uTo W # @ m (17) mmeeT pernenme. 3aMeTuM, 9T0 B MaTpPUIIE
orpanmvenui 3ana9u (17) BO3MYIIEHMIO MOABEPTAETCS EAMHCTBEHHLI CTOJOEI, CO-
OTBETCTBYIOIIUHA TTepeMeHHon §.

B naapreitmenm samgaqan (14)-(16), (17), orparwdenns (1.2), mHOX)ecTBO W H 1O-
Iy CTHMOE MHOXKEeCTBO A 3amaum, nBoticTBenHo# K (17), KOTOpBIE 3aBUCST OT BO3MY-
mennbix napamerpos ¢, d', {7, obosnauaiores, coorsercrsenno, (14)'—(16), (17)',
(1.2), W', A’ mau ¢ TeM XXe BEPXHMM WHIEKCOM, UTO W BO3MYIIECHHBIE TTapame-
Tpel. BylleM Takke CYATATh, UTO KOMIOHEHTHLI BEKTOPOB IBOMCTBEHHEIX PEIICHMUI
YIOPSIOUEHEl TAKAM 06pPa30M, UTO MEePBLIE 71 KOMIIOHEHT COOTBETCTBYIOT MOCJHEI-
HEHl TpyNme orpaHWYenwil, onpeaessionmx W (mam W'), npuduem muas mHAEKCOB
i € M, He BXOIAIMX B 5Ty IPYIILY, COOTBETCTBYIOIINE NBOACTBEHHBIEC IePEMEHHbIE

noJaracM paBHBIMHU HYJIIO.



BBGI[GM B pacCMOTpeEHHUEC BCIIOMOT aTeJLHBIA KJIacc BOSMyH_[eHI/H;I Pl B 3aJa4e

(17), camras, uro wmcaa €, j = 0,1,..., 1, TakiKe MOTY T IOABEPTaTHCS BO3MY II[EHA-

am, Py def (c,d, (&, ..., &) e RExXRY ><Rf|_| (17") paspemuma}l. OTHOCHTENBHO

¢ ¥ d yCTH BBITOJHEHO MPEANONOKEHHE CTPOTOR TTOJOKUTETHHOCTH.

JemMma 1 (15, 16]. Jaa zadauw (17) svinoameno docmamounoe Ycaosue
Junwuy-wenpepvishocmu € u Junwuy-noiynenpepois HOCMU CEEPTY MHOZO3HAUHO-
20 omobpaxcenud

(¢, d, (&, -1 €1)) = Eop (A, )

na kaacce sosmyuwenut Pp 8 mouxe (¢, d, (Eo,...,&)), uan ne xaacce PrNP.

HOKaSaTeﬂBCTBO TeopeMbl 3.

Paccmorpum nogzamaqy (14). Ona seaseTcs dacTHbIM caydaeM (17) mpu Qo =
...=@Q; = 0. HosTomy kaacc BosMmymenuit P’ apasgeTcd yacTHEIM caydaeM Pp. O6o-
3HAUMM 4depe3 Ag ¥ Aj IOy CTUMBIE MHOXECTBA 3aj1ad, TBoHCcTBeHHbIX K (14) n (14),
coorBeTcTBenHO. Ilo Jgemme 1 nmasg kaacca Bosmymmenui P/, moaydaem Jlmmmmn-
MOJIYHENPEPLIBHOCTH CBEPXY MHOTO3HAYHOTO OTOOPaKEHW s

(¢, d) > Eopi(Ag, )

ua P’ B Touke (¢, d) (1 Ha P paBHOMepHO), Tae Eopt(Af, ¢') — MHOXeCTBO OITHMAJE-
HBIX KpalHWX To4eK 3aj1aun, npoicTiennoi K (14)'. Torma mas moboro ocTaTodHo
magoro 6 > 0, mus mobeix (¢, d') € P, p{(c,d"),(c,d)} < 8, m nna Besikoro
A € Eopt(Al, ¢) matineTca A w3 Eqpt (Ao, ¢) Takoe, 9TO

I = Al < K6, (18)

[omoxum OJs 3TOro A (BOHpOC O €TI0 KOHCTPYKTUBHOM BbI60pe IIOKa HE BO3HI/IK&6T)
def .
NOZ{Z:1727"'7m|Ai>O}¢07

N 19 m N> 0} £ 0.

W3 (18) caenyeT, uTo mas moboro aoctaTouno magoro § > 0 6ymer Ny C N. Kpome
ToTO, Mo Jemme | Gyukuus Of Jlunumui-HenpepriBHa Ha P’ B Touke (¢, d) n Ha P
pasHomepHo. O6oznaumm Ny = Ny u nepeitgem k monzanade (15).

[IpenmosoxumM, YTO MPOMEJAHO § IMArOB, MOCTPOEHA IOCAENOBATENBHOCTD
Ny, ..., N; HemycTHIX HemepeceKamomuxcs moaMuoxecTs 3 M, NoU...UN; £ M, a
TaKXe OlNpeleseHEl BEKTOPH 3HaueHud = = (0f,...,0)u =, = (Oy, ..., 0,) nox-
sagad (14)'—(16) u (14)—(16), coorBercrrento (npu ¢ < s — 1), Takue 9TO BEKTOP-

dyukums Ef Jlunmmui-HenpeprisHa Ha Ps_; B Touke (¢, d,Z,_1) u HA P;_1 NP

pPaBHOMEDHO.

Paccmorpum nomzanady suga (16) (nmpw ¢ = ), coBmapawomyio ¢ (17) npu
Q; = N;, § =0, 5 =0,1,....1, | = s. llockonpky 3Hauenns O} coorser-
cTBYIOT pernenuio 3anad (16) ¢ ¢ = [ — 1, To dopMasbHO MOXKHO CUHTATH, YTO
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Tpoiiku (¢, d',E.) aBasioTcs sieMeHTaMu KJjacca BosMmyrneHu# P,. Tem caMbim
NpUMeHnMa JeMMa 1, KoTopas naeT Ha Kaacce Bozmymenunin Ps NP (Ps) Junmmm-
MOJIYHEMTPEPBIBHOCTE cBePXY (B Touke (¢, d, Z4)) MHOTO3HAYHOTO OTOOPaKEHUS

(617 dl7 E;) = Opt(A;7 C,)7

rae A, 1 Eqpi (A, ¢) — momycTuMOe MHOXECTBO M MHOXECTBO ONTHMAJLHBIX Kpaii-
HWX TOYeK 3aaaum, nBoficTBerHod K (16)'. Kak u mus momsanaun (14), B HeKTOpOR
OKPECTHOCTH TOUKH (¢, d,Es) CTPOUM MHOXECTBa (UHCTO YMO3PUTEILHO)

Nopt g NyU L UN N > 0),

L g NoU LU, > o),

BEIOUpas 1 BeeX A € Egpe(Ay, ¢) amementsr A € Eqpe (A}, ¢') ymoBaeTBopsionue
(18), Tak uT0bBI Nyp1 C Nsl-l—17 u noayvaeM (o semme | s Kylacca BO3MYIIEHUH
P,), aro dymknua O, Jlunmmn-wenpeprpra va P, B Touke (¢, d, E,) u na P; NP
pasrOMepHO. O6o3nauns N1 — Njy1, TPOTOMKMM MPONENyPy € § := § + 1, ecam
NoU...UN, # M.

IocTpoennas Tponenypa KOHEYHa, M IIyCTh S — HOMEp €€ TOCJEAHEro Ia-
ra. Torma No U ...U Ng = M, nocaenoBaTe bHOCTE Ny, ..., Ng OyneT mAomycTu-
MEBEIM pasbuenueM (cM. yTBepxkiaeHue 1) kak B 3amaue (14)—(16), Tak u B 3amave
(14)'~(16)'. Ozcona Vi € M 3j: ¢ € N; u, moan3ysch yTBepXKAeHHeM |, BLIBO-
maM, uTo n; = O;, 7 = O}, T.e. U3 IOKA3AHHOTO BEIIE OTHOCUTELHO O} dyHKIMs
n; JIummun-wenpepbiia Ha P’ B Touke (¢, d) wiu Ha P pasHoMepHo. Ilepexon o
KJacca BosMmymienuit Ps k P’ ocymecTBien B pesybTaTe MPOeK TUPOBAHUS Ha MHO-
®ecTBO BekTOpoB (¢, d’) (3aBucumMocTh ot €y, &1, ...,&s HAC yXe He WHTepecyeT).
Teopema 3 mokazana.

3.4. 06 ycTOWUYNBOCTH CBEPXKOHKYPEHTHOTO pACIpeNeJeHus mo-
TOKOB. W3 nmokasarenbcTBa Teopemsbl 3 (BbiOpaB 0 < s < S) Jerko BUmeTh,
9TO oToOpaXeHne YUCIOBHIX MapaMeTpoB MIl-ceTw B MHOXecTBO KpalHUX
TOUEK CBEPXKOHKYPEHTHBIX PEIleHu# sBIseTCs JIUTIIITHI-TIoNTyHeTT pepLIBHBIM
cBepxy Ha P’ B Touke (¢, d), nam Ha P paBHOMepHO. TeMm He MeHee, KOT a MHO-
XKECTBO [-CBEPXKOHKYPEHTHHIX perrernit X;(c,d) He sSBIsSeTCS MHOXECTBOM
KOHKYPEHTHBIX WM CYNEepPKOHKYpeHTHHIX perrennit (0 < [ < L), oHo He
005432 TebHO OyIeT MOJNYHEPEPHIBHLIM CHU3Y U HENMPEPBIBHOCTH MHOXKECTBA

CBEPXKOHKYPEHTHBIX KpalHWX TOYEK He TapaHTHUpyeTcs.

DTO MIPOUCXOIUT W3-3a HE3ABEPIIEHHOCTH JEKCUKOT PAPUIECKON TTPOIENYPHI “mHo-
xuManus” BoazMoxHocTed MII-ceTu pu cBEpXKOHKYPEHTHOM pPACIPENESEeHUH TIOTO-
KoB. JIefiCTBUTENBHO, PACCMOTPHUM CHOBA TIPMMED, H300paXeHHBIH Ha puc.5 (§2), u
no6aBUM K 3TOW CeTH ellle ABa OTICJIbHO CTOAINMUX pebpa GU3MUecKoro M Joruye-
ckoro rpadoB, T.e. IBe Iapbl HOBBEIX BEPIIWH, COeNMHIIONIME nX pusndeckue pebpa
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T4, s ¥ CBS3BIBAIOIIME WX TATOTEONINE TAPH Pq, Ps (cM. puc. 6). IlycTs npormyck-
Hasg CIOCODHOCTDL HOBEIX pebep ca = 20, ¢5 = 25, a TpeboBaHUs Ha HOBHIX WHOOP-
MAIMOHHBIX HalpaBJeHusX d4, ds paBHBEL 2. 3aMeTwM, YTO MaHHBIE HAIPABJICHUS
SIBJISTFOTCS] HE3aBUCUMBIMY U WX TPeboBaHMs MOTYT obecnieunBaThes 6e3 yiepba mirst
apyrux (HO M3 BCeX KOHKYPEHTHBIX PACTpENeJeHnil TTOTOKOB — [Tl PaccMOTPEH-
HBIX paHee BapUaHTOB TPebOBaHWl OCTAJILHBIX TSITOTEIONUX Map — TpeboBaHUs
5-i obecTieumBalOTCs JHITH TPH CYNepKOHKYPeHTHOM pemenwnn). Teneps BozbMeM
BekTOp d = (20, 13%, 20, 25, 25), coorBeTcTBYIONWHA d, paccMoTperHoMY B §2. Torma
MHOX€ECTBO CBEPXKOHKYPEHTHBIX MYJIbTHTOTOKOB it 510l MIl-ceTw pasHO

1 1 1

1 1
Lot gt X d 2—122—222—3:9:. 2—4:9:. Z—5>.
{Z |( , 2 )E 1(C, ), dr d ds 0 0.75, ds 1 0.8, ds _08},

a BO3MYIIEHHOE MHOXecTBO Tpu ¢’ = ¢, dy > dy, di = d; Vi # 2, 6yner {z'l:
(f’l,zll) c le(clydl)7

Z/l Z/l Z/l Z/l Z/l
=2 =05(< 0.75), = =0y (>0.75), 08> = >0, = >0},
dl 2 d3 d4 d5

T.€. CYIIECTBEHHO IMIHUPE (1/13—3& OTCYTCTBUA HEIPEPBLIBHOCTU MHIACKCHBIX MHOXKECTB
M;). B sToMm — onpeneleHHbIE HeIOCTaTOK CBEPXKOHKYDEHTHBIX pellleHui.

Puc. 6.

OnHako, eci ONMepUPOBATH C CBEPXKOHKYPEHTHBIMYU PellleHUsIMU, He OPH-
eHTUPYACH Ha HOMEP YPOBHS, a JWINH Ha MOCTUTHYTHIE 3HAUEHUWS MOTOKOB
IJIsT TATOTEIOIIHX Tap, TO YKA3aHHOTO HemoCcTaTKa MOXHO m3bexaTh. Taxk,
B cIydYae OIpeneseHus TOCTeTHETO YPOBHS JEKCUKOTpaduu depes TOCTHKe-
HYe eINHATHON 06eCIedeHHOCTH TpeboBanuil (Mian JI06G0H IPYTOH 3amanHOR
BeJINIUHBI 0% )

L d:efmin{l| 6, >0 wim MyU...UM, =M}

nosyynm Junmnrun-renpepeiBEOCTE X+ (¢ a)(c,d) HA P’
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TeiicrBuTennno, MHOXKECTBO X« (. (¢, d) MOXeT GBITH IPeNCTABICHO B BUIE
{(f,2) € X(c)| z > min[0",ni(c,d)d;] Yi=1,...,m},

rie HapaMeTpLl BXOAAT JHUIIEL B IpaByo 4acTh, a (QyHKIKI MUHUMYMa HellpepLIBHA.
Yro kacaeTcs MHOXKeCTB M;, TO CIIpaBelIuB CJACIYIOIINA Pe3yabTaT.
dukcupyem nocienoBaTenbHOCTh (¢*,d") — (¢,d), kK € K, rme K — 6ec-

KOHEYHOe WHIEeKCHOe MHOXKeCTBO, 1 paccMorTpuM M{, ..., Mf — mocrenosa-
TeJBHOCTH MOIMHOXeCTB W3 M, onpeneiseMbIx o anaJjgoruu ¢ My, ..., My
Kak

; . . . — x def

= Arg max min %}, j=0,1,...,L,,

(f,z)eXJ'.‘_1 igMFU...UM?S

dopmarsho monaras M* =0, X*, = X(c*). 3pecs 7 — snauenue 3amaun
puna (5)  mpu l=j5— l;a MFU...UM; =M.
YTBEPXKIEHUE 2 [15]. Hauunas ¢ docmamouno 6oavwuz k € K, nocae-

dosamenvrnocmo M§, ..., M} geagemca donycmumoin pazbuenuem 6 3ada-

ue (14)-(16).
Ionyuennoe cBoicTBO 0600IIAET aHAJOTHIHBIA Pe3yabTaT HJS 3aladn
onpenesenus 0, (yrBepxknenue 5 u3 [45]).
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