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�»·¨±«¨²¥«¼»© �¥²° ���, �®±ª¢ 

�®ª §»¢ ¥²±¿ ²¥®°¥¬  ® ¡¨´³°ª ¶¨¨ �®¯´  ±² ¶¨® °®£® °¥¸¥¨¿ ¤«¿ ª« ±±  ¤¨´´¥-
°¥¶¨ «¼»µ ³° ¢¥¨© ± § ¯ §¤»¢ ¾¹¨¬  °£³¬¥²®¬. �®ª § ²¥«¼±²¢® ¯°®¢®¤¨²±¿ ¯® ±«¥¤³-
¾¹¥© ±µ¥¬¥. �±µ®¤ ¿ ¡¥±ª®¥·®¬¥° ¿ § ¤ ·  ±¢®¤¨²±¿ ª ¤¢³µ¬¥°®© ¯°¨ ¯®¬®¹¨ ²¥®°¥¬»
® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨. � ²¥¬ ª ¯®«³·¥®¬³ ¤¢³µ¬¥°®¬³ ®²®¡° ¦¥¨¾ ¯°¨¬¥¿¥²±¿
²¥®°¥¬  �®¯´ , ¨§ ª®²®°®© ±«¥¤³¥², ·²® ¯°¨ ¯®²¥°¥ ³±²®©·¨¢®±²¨ ¢ ±¨±²¥¬¥ °®¦¤ ¥²±¿ ¨«¨
£¨¡¥² ®¤®¬¥°®¥ ¨¢ °¨ ²®¥ ¬®£®®¡° §¨¥. �  § ª«¾·¨²¥«¼®¬ ½² ¯¥, ± ¨±¯®«¼§®¢ ¨¥¬
¯®¿²¨¿ ·¨±«  ¢° ¹¥¨¿ ¤®ª §»¢ ¥²±¿, ·²®  ©¤¥®¬³ ®¤®¬¥°®¬³ ¬®£®®¡° §¨¾ ±®®²¢¥²-
±²¢³¥² ¯¥°¨®¤¨·¥±ª ¿ ²° ¥ª²®°¨¿ ¨±µ®¤®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬.

1 �®±² ®¢ª  § ¤ ·¨

� ¤ ®© ° ¡®²¥ ¨±±«¥¤³¥²±¿ ¡¨´³°ª ¶¨¿ ±² ¶¨® °®£® °¥¸¥¨¿ ¤¨´´¥°¥¶¨ «¼®£®
³° ¢¥¨¿ ± § ¯ §¤»¢ ¾¹¨¬  °£³¬¥²®¬ ¢¨¤ 

dx

dt
= H(x(t); x(t� � )); (1)

£¤¥ � > 0 - ¯®±²®¿®¥ § ¯ §¤»¢ ¨¥.
�²  § ¤ ·  ¢®§¨ª«  ¢ ±¢¿§¨ ± ¥®¡µ®¤¨¬®±²¼¾ ¨±±«¥¤®¢ ²¼ ²¨¯ ¯®²¥°¨ ³±²®©·¨-

¢®±²¨ ° ¢®¢¥±®© ¶¥» ¢ ¬®¤¥«¨ ¶¥®®¡° §®¢ ¨¿ ¢ «¼° ±®¢±ª®£® ²¨¯  ± § ¯ §¤»-
¢ ¨¿¬¨ ¢ °¥ ª¶¨¿µ ¯®²°¥¡¨²¥«¿ ¨ ¯°®¨§¢®¤¨²¥«¿   ¨§¬¥¥¨¥ ¶¥» [1, 2], ª®²®° ¿
¢ ±«³· ¿µ ®¤®£® ¥³«¥¢®£® § ¯ §¤»¢ ¨¿ ¨«¨ ° ¢»µ § ¯ §¤»¢ ¨© ½ª®®¬¨·¥±ª¨µ
 £¥²®¢ ®¯¨±»¢ ¥²±¿ ³° ¢¥¨¥¬ (1). �§³·¥¨¥ ±¢®©±²¢ ½²®© ¬®¤¥«¨ ¿¢«¿¥²±¿ ®¤¨¬
¨§ ½² ¯®¢ °¥¸¥¨¿ ¨§¢¥±²®© ¢ ¬ ²¥¬ ²¨·¥±ª®© ½ª®®¬¨ª¥ ¯°®¡«¥¬» ®¯¨± ¨¿ ¢®§¨ª-
®¢¥¨¿ ½ª®®¬¨·¥±ª¨µ ª°¨§¨±®¢ [1, 2].

� ±±¬®²°¨¬ ³° ¢¥¨¥ (1). �¥ ®£° ¨·¨¢ ¿ ®¡¹®±²¨, ¡³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²®
x(t) � 0 ¿¢«¿¥²±¿ ±² ¶¨® °»¬ °¥¸¥¨¥¬ ³° ¢¥¨¿ (1), ².¥. H(0; 0) = 0. �³¤¥¬
±·¨² ²¼, ·²® ´³ª¶¨¿ H(x; y) ³¤®¢«¥²¢®°¿¥² ±«¥¤³¾¹¨¬ ³±«®¢¨¿¬:

1. H(x; y) ¿¢«¿¥²±¿ n ° § ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®©, £¤¥ n � 9;

2. ¤«¿ «¾¡®© ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®© ´³ª¶¨¨ y(t), £¤¥ t 2 [0; � ], ³° ¢¥¨¥
(1) ¯°¨ x(t� � ) = y(t) ¨¬¥¥² ®£° ¨·¥®¥ °¥¸¥¨¥   ®²°¥§ª¥ [0; � ]2;

3.
@H(x; y)

@x
jx=0;y=0 � 0;

@H(x; y)

@y
jx=0;y=0 < 0: (2)

1� ¡®²  ¢»¯®«¥  ¯°¨ ´¨ ±®¢®©¯®¤¤¥°¦ª¥�®±±¨©±ª®£®´®¤ ´³¤ ¬¥² «¼»µ¨±±«¥¤®¢ ¨©
(ª®¤ ¯°®¥ª²®¢ 99-01-01238, 00-15-96118)

2¤«¿ ½²®£®,  ¯°¨¬¥°, ¤®±² ²®·®, ·²®¡» ±³¹¥±²¢®¢ «® c > 0 ² ª®¥, ·²® ¤«¿ «¾¡»µ x; y 2 R1

¢»¯®«¿¥²±¿ ¥° ¢¥±²¢® jH(x; y)j � c(1 + jxj)
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�»¯®«¥¨¥ ³±«®¢¨© 1) ¨ 2) £ ° ²¨°³¥², ·²® °¥¸¥¨¥ ³° ¢¥¨¿ (1) ±³¹¥±²¢³¥², ¥¤¨-
±²¢¥® ¨ ¿¢«¿¥²±¿ ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬»¬ ¤«¿ «¾¡®© ¥¯°¥°»¢®©  · «¼®©
´³ª¶¨¨ '(t); t 2 [��; 0], ² ª®©, ·²® _'(0 � 0) = H('(0); '(�� )) ([3, ±. 19]), ¯°¨·¥¬, ¢
±®®²¢¥²±²¢¨¨ ± ¬¥²®¤®¬ ¸ £®¢ [3, c. 17], °¥¸¥¨¥ ¯°®¤®«¦ ¥²±¿ ± ±®µ° ¥¨¥¬ ¥¯°¥-
°»¢®© ¤¨´´¥°¥¶¨°³¥¬®±²¨   ¢¥±¼ ®²°¥§®ª [0; t] ¤«¿ «¾¡®£® t > 0 ([3, ±. 18-20]).
�±«®¢¨¥ 3) ¢ ²®·®±²¨ ¢»¯®«¿¥²±¿ ¤«¿ ¬®¤¥«¨ ¶¥®®¡° §®¢ ¨¿ ¢ «¼° ±®¢±ª®£® ²¨¯ 
± § ¯ §¤»¢ ¨¿¬¨ ¨ ±®®²¢¥²±²¢³¥² ¥±²¥±²¢¥»¬ ± ½ª®®¬¨·¥±ª ®© ²®·ª¨ §°¥¨¿ ²°¥-
¡®¢ ¨¿¬ ¥¢®§° ±² ¨¿ ±¯°®±  ¨ ¢®§° ±² ¨¿ ¯°¥¤«®¦¥¨¿ ª ª ´³ª¶¨© ¶¥» (±¬.
[1, 2]).

�³¤¥¬ ° ±±¬ ²°¨¢ ²¼ °¥¸¥¨¿ ³° ¢¥¨¿ (1) ¢ ¯°®±²° ±²¢¥ C1[0; � ] ¥¯°¥°»¢®
¤¨´´¥°¥¶¨°³¥¬»µ   ®²°¥§ª¥ [0; � ] ´³ª¶¨©. � ³° ¢¥¨¨ (1) ¢¢¥¤¥¬ ¬ ±¸² ¡¨°®¢ -
¨¥ ¢°¥¬¥¨ t = t0� , § ¬¥³ ~x(t0) = x(t0� ) ¨ § ²¥¬ ¯¥°¥®¡®§ ·¨¬ t0 ·¥°¥§ t ¨ ~x(t0) ·¥°¥§
x(t). �®£¤  ¯®«³·¨¬ ³° ¢¥¨¥

dx

dt
= �H(x(t); x(t� 1)): (3)

�¡®§ ·¨¬

u = �� @H(x; y)

@x
jx=0;y=0; v = �� @H(x; y)

@y
jx=0;y=0: (4)

�¨¥ °¨§®¢ ®¥ ³° ¢¥¨¥ (3) ¢ ®ª°¥±²®±²¨ ²®·ª¨ (0,0) ¨¬¥¥² ¢¨¤

dx

dt
= �ux(t)� vx(t� 1); (5)

£¤¥, ¢ ±¨«³ ³±«®¢¨¿ (2)   ´³ª¶¨¾ H(x; y), ¨¬¥¥¬ u � 0, v > 0. � [2] ¯°¨ ¯®¬®¹¨ ²¥-
®°¥¬» �¿¯³®¢  ®¡ ³±²®©·¨¢®±²¨ ¯® ¯¥°¢®¬³ ¯°¨¡«¨¦¥¨¾ [3] ¤®ª § ®, ·²® °¥¸¥¨¥
x(t) � 0 ³° ¢¥¨¿ (3)  ±¨¬¯²®²¨·¥±ª¨ ³±²®©·¨¢®, ¥±«¨ § ·¥¨¥ ¯ ° ¬¥²°  v < vgr ¨
¥³±²®©·¨¢®, ¥±«¨ v > vgr3, £¤¥

1. ¯°¨ u = 0 (±¬. [2, ±.18, ¯°¥¤«®¦¥¨¥ 3.1])

vgr =
�

2
; (6)

2. ¯°¨ u > 0 £° ¨¶  ³±²®©·¨¢®±²¨ vgr ®¯°¥¤¥«¿¥²±¿ ¨§ ³° ¢¥¨¿ (±¬. [2, ±.18,
¯°¥¤«®¦¥¨¥ 3.2])

vgr

s
1� u2

v2gr
= arccos(� u

vgr
): (7)

� ¸  § ¤ ·  - ¨±±«¥¤®¢ ²¼ ²¨¯ ¡¨´³°ª ¶¨¨ ¢ ³° ¢¥¨¨ (3), ª®£¤  ¯ ° ¬¥²° v, ¢®§° -
±² ¿, ¯¥°¥µ®¤¨² ·¥°¥§ £° ¨¶³ ³±²®©·¨¢®±²¨ vgr , ®¯°¥¤¥«¿¥¬³¾ ¨§ (6) ¨«¨ (7) ±®®²¢¥²-
±²¢¥® ¯°¨ u = 0 ¨«¨ u > 0. �¨ª±¨°³¥¬ § ·¥¨¥ ¯ ° ¬¥²°  u ¨ ¡³¤¥¬ ¨±±«¥¤®¢ ²¼
¡¨´³°ª ¶¨¾ ¯® ¯ ° ¬¥²°³

� = v � vgr : (8)

�²¥£°¨°³¿ ³° ¢¥¨¥ (3) ¬¥²®¤®¬ ¸ £®¢ [3, c. 17], ¯®«³·¨¬ ±«¥¤³¾¹¥¥ ° ¢¥±²¢®

xn+1(t) � xn(1)�
Z t

0
�H(xn+1(�); xn(�)) d� = 0; t 2 [0; 1]; (9)

3�¨¥ °¨§®¢ ®¥ ³° ¢¥¨¥, ¨±±«¥¤³¥¬®¥ ¢ [2] ([2, ±.11, ´®°¬³«  (7)]) ±®¢¯ ¤ ¥² ± ³° ¢¥¨¥¬ (5)
¯°¨ �1 = 0, �2�c = u, �2�g = v.
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£¤¥ ´³ª¶¨¨ xn(t), ¨ xn+1(t), t 2 [0; 1] - °¥¸¥¨¿ ³° ¢¥¨¿ (3) ±®®²¢¥²±²¢¥®   n-¬ ¨
  (n+1)-¬ ¸ £ µ (xn+1(0) = xn(1)), ¯°¨·¥¬ ¤«¿ «¾¡®£® ®¬¥°  n > 0 xn(t) 2 C1[0; 1],
².¥. ¿¢«¿¥²±¿ ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®©. �¥¢ ¿ · ±²¼ ³° ¢¥¨¿ (9) § ¤ ¥² ®²®-
¡° ¦¥¨¥ �(x; y), £¤¥ x = xn+1, y = xn, ¤¥©±²¢³¾¹¥¥ ¨§ ¯°®±²° ±²¢  C1[0; 1]�C1[0; 1]
¢ C1[0; 1], ¯°¨·¥¬ �(0; 0) = 0.
�¥¬¬  1. �²®¡° ¦¥¨¥ �(x; y) ¯°¨ ¤«¥¦¨² ª« ±±³ C9, ².¥. ¿¢«¿¥²±¿ 9 ° § ¥¯°¥°»¢®
¤¨´´¥°¥¶¨°³¥¬»¬ ¢ ¡  µ®¢®¬ ¯°®±²° ±²¢¥ Z = C1[0; 1]� C1[0; 1].
�®ª § ²¥«¼±²¢® «¥¬¬» 1. �¡®§ ·¨¬ z = (x; y) 2 Z. � ©¤¥¬ ±« ¡³¾ ¯°®¨§¢®¤³¾
®²®¡° ¦¥¨¿ � ¢ ²®·ª¥ z0(�) = (x0(�), y0(�)) 2 Z

�0(z0)z = D�(z0; z) = d
dh�(z0 + hz)jh=0 = d

dh

h
x0(�) + hx(�)� y0(1)� hy(1)�R t

0 �H(x0(�) + hx(�); y0(�) + hy(�)) d�
i
jh=0 =

x(�)� y(1) � R t
0 �

h
@H(x0;y0)

@x x(�) + @H(x0;y0)
@y y(�)

i
d�

(10)

�·¥¢¨¤®, ·²® ±« ¡ ¿ ¯°®¨§¢®¤ ¿ �0(z0) ¿¢«¿¥²±¿ ¥¯°¥°»¢®© ¢ ²®·ª¥ z0, ¯®½²®¬³
®²®¡° ¦¥¨¥ � ¿¢«¿¥²±¿ ¤¨´´¥°¥¶¨°³¥¬»¬ ¨ ¥£® ±¨«¼ ¿ ¯°®¨§¢®¤ ¿ ±®¢¯ ¤ ¥² ±®
±« ¡®© ([4, ±. 484, ²¥®°¥¬  1]), ².¥. ®¯°¥¤¥«¿¥²±¿ ¯® ´®°¬³«¥ (10). � ª¨¬ ®¡° §®¬, ®²®-
¡° ¦¥¨¥ � ¯°¨ ¤«¥¦¨² ª« ±±³ C1, ¯°¨·¥¬ ¯¥°¢ ¿ ¯°®¨§¢®¤ ¿ ½²®£® ®²®¡° ¦¥¨¿
¢ ²®·ª¥ z0 ®¯°¥¤¥«¿¥²±¿ ¨§ (10). � «®£¨·®, ¢»·¨±«¿¿ ±« ¡³¾ ¯°®¨§¢®¤³¾ ®²®¡° -
¦¥¨¿ D�(z0; z) : Z ! L(Z;Z), ®¯°¥¤¥«¿¥¬®£® ¢ (10), £¤¥ L(Z;Z) - ¯°®±²° ±²¢®
«¨¥©»µ ®¯¥° ²®°®¢, ¤¥©±²¢³¾¹¨µ ¨§ Z ¢ Z, ¯®«³·¨¬

�00(z0)(z; ẑ) = d
dh�

0(z0 + hẑ; z)jh=0 = d
dh

h
x(�)� y(1)�R t

0 �
@H(x0+hx̂;y0+hŷ)

@x x(�) d� � R t
0 �

@H(x0+hx̂;y0+hŷ)
@y y(�) d�

i
jh=0 =

�� R t0 h@2H(x0;y0)
@x2 x(�) + @2H(x0;y0)

@x@y y(�)
i
x̂(�) d��

�
R t
0

h
@2H(x0;y0)

@y2 y(�) + @2H(x0;y0)
@x@y x(�)

i
ŷ(�) d�:

(11)

�«¥¤®¢ ²¥«¼®, ³·¨²»¢ ¿ ¤¨´´¥°¥¶¨°³¥¬®±²¼ ´³ª¶¨¨ H(x; y), ±« ¡ ¿ ¯°®¨§¢®¤ ¿
(11) ®²®¡° ¦¥¨¿ �0(z0) : Z ! L(Z;Z) ¥¯°¥°»¢® § ¢¨±¨² ®² z0, ¯®½²®¬³ ®  ±®¢¯ -
¤ ¥² ± ¥£® ±¨«¼®© ¯°®¨§¢®¤®© ¨ ®²®¡° ¦¥¨¥ � ¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³-
¥¬®, ².¥. ¯°¨ ¤«¥¦¨² ª« ±±³ C2. � «®£¨·»¥ ¢»·¨±«¥¨¿ ¯®ª §»¢ ¾², ·²® ®²¡° ¦¥-
¨¥ � ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬  ±²®«¼ª® ° §, ±ª®«¼ª® ¥¯°¥°»¢»µ ¯°®¨§¢®¤»µ
¨¬¥¥² ´³ª¶¨¿ H(x; y),   ® , ¯® ¯°¥¤¯®«®¦¥¨¾, ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬  ª ª
¬¨¨¬³¬ 9 ° §. �¥¬¬  1 ¤®ª §  .
�¥¬¬  2. �³¹¥±²¢³¥² ®ª°¥±²®±²¼ U (0) � C1[0; 1] ²®·ª¨ y = 0 ¨ ¥¤¨±²¢¥®¥ ®²®¡° -
¦¥¨¥ 	� : U (0)! C1[0; 1] ² ª¨¥, ·²® ¢¥°» ±«¥¤³¾¹¨¥ ³²¢¥°¦¤¥¨¿:
1) 	�(0) = 0 ¨ �(	�(y); y) � 0;
2) ®²®¡° ¦¥¨¥ 	� ¨¬¥¥² ¯°®¨§¢®¤³¾ �°¥¸¥ (±¨«¼³¾ ¯°®¨§¢®¤³¾) ¯® ¯¥°¥¬¥®©
y, ° ¢³¾

d	�

dy
(y) = �[�0x(	�(y); y)]

�1�0y(	�(y); y); (12)

£¤¥ �0x ¨ �
0
y - ¯°®¨§¢®¤»¥ �°¥¸¥ ®²®¡° ¦¥¨¿� ¯® ¯¥°¥¬¥»¬ x ¨ y ±®®²¢¥²±²¢¥®;

3) ®²®¡° ¦¥¨¥ 	� ¯°¨ ¤«¥¦¨² ª« ±±³ C9[U (0)], ²® ¥±²¼ ¿¢«¿¥²±¿ 9 ° § ¥¯°¥°»¢®
¤¨´´¥°¥¶¨°³¥¬»¬.

�²¢¥°¦¤¥¨¥ «¥¬¬» 2  ¯°¿¬³¾ ±«¥¤³¥² ¨§ «¥¬¬» 1 ¨ ²¥®°¥¬» ® ¥¿¢®© ´³ª¶¨¨
[5, ±. 56].
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�«¥¤±²¢¨¥ 1. 1) � ¥ª®²®°®© ®ª°¥±²®±²¨ ³«¿ U (0) ¯°®±²° ±²¢  C1[0; 1] ³° ¢¥-
¨¥ (9) ®¤®§ ·® ° §°¥¸¨¬® ®²®±¨²¥«¼® xn+1, ².¥. (9) ½ª¢¨¢ «¥²® ° ¢¥±²¢³

xn+1(t) = 	�(xn(t)); t 2 [0; 1]; (13)

£¤¥ ®²®¡° ¦¥¨¥ 	� : C1[0; 1]! C1[0; 1] ¯°¨ ¤«¥¦¨² ª« ±±³ C9[U (0)].
2) �¨¥ °¨§ ¶¨¿ ®²®¡° ¦¥¨¿	� ¢ ³«¥, ®¯°¥¤¥«¿¥¬ ¿ ¯® ´®°¬³«¥ (12), ¥±²¼ «¨¥©»©
®¯¥° ²®° A� : C1[0; 1] ! C1[0; 1] ¢¨¤ 

A�x(t) = e�ut[x(1)�
Z t

0
eu�vx(�) d�]; t 2 [0; 1]; (14)

£¤¥ u � 0, v > 0 ®¯°¥¤¥«¥» ¢ (4), ¯ ° ¬¥²° � ®¯°¥¤¥«¥ ¢ (8).
�®ª § ²¥«¼±²¢® ±«¥¤±²¢¨¿ 1. 1) �¥°¢®¥ ³²¢¥°¦¤¥¨¥ ±«¥¤³¥² ¥¯®±°¥¤±²¢¥® ¨§
«¥¬¬» 2.
2) �«¿ ¤®ª § ²¥«¼±²¢  ¢²®°®£® ³²¢¥°¦¤¥¨¿  ¤® ¢»·¨±«¨²¼ ¯°®¨§¢®¤»¥ ®²®¡° ¦¥-
¨¿ �(x; y) ¯® ¯¥°¥¬¥»¬ x ¨ y ¢ ³«¥ ¨ ¯®¤±² ¢¨²¼ ¨µ ¢ ´®°¬³«³ (12).

�« ¡ ¿ ¯°®¨§¢®¤ ¿ ®²®¡° ¦¥¨¿ �(x; y) ¯® ¯¥°¥¬¥®© y ¢ ²®·ª¥ (x0; y0) ° ¢ 

�0y(x0; y0)y =
d
dh�(x0; y0 + hy)jh=0 = d

dh

h
x0(�)� y0(1)� hy(1)�R t

0 �H(x0(�); y0(�) + hy(�)) d�
i
jh=0 = �y(1) � R t

0 �
@H(x0(�);y0(�))

@y y(�) d�:

�·¥¢¨¤®, ·²® ±« ¡ ¿ ¯°®¨§¢®¤ ¿ ¯°¥¤±² ¢«¿¥² ±®¡®© ®¯¥° ²®°³¾ ´³ª¶¨¾ ®² (x; y),
¥¯°¥°»¢³¾ ¢ ²®·ª¥ (x0; y0), ¯®½²®¬³ ±¨«¼ ¿ ¯°®¨§¢®¤ ¿ ±®¢¯ ¤ ¥² ±® ±« ¡®© ¨,
³·¨²»¢ ¿ (4), ° ¢  ¢ ²®·ª¥ (0; 0)

�0y(0; 0)y = �y(1) +
Z t

0
vy(�) d�: (15)

� «®£¨·®, ¢»·¨±«¿¿ ¯°®¨§¢®¤³¾ ®²®¡° ¦¥¨¿ � ¯® x ¢ ²®·ª¥ (x0; y0), ¯®«³·¨¬, ·²®
±¨«¼ ¿ ¯°®¨§¢®¤ ¿ ®²®¡° ¦¥¨¿ � ¯® ¯¥°¥¬¥®© x ¢ ²®·ª¥ (0; 0) ° ¢ 

�0x(0; 0)x = x(�) +
Z t

0
ux(�) d�: (16)

�«¿ ¯°¨¬¥¥¨¿ ´®°¬³«» (12) ®±² «®±¼  ©²¨ ®¡° ²»© ®¯¥° ²®° ª (16). �¥¸ ¿ ³° ¢-
¥¨¥

x(t) +

Z t

0
ux(�) d� = z(t)

±  · «¼»¬ ³±«®¢¨¥¬ x(0) = z(0) ¤«¿ «¾¡®© ´³ª¶¨¨ z(t) 2 C1[0; 1], ¯®«³·¨¬, ·²®
®¯¥° ²®° (16) ¨¬¥¥² ¢ ³«¥ ®£° ¨·¥»© ®¡° ²»©, ° ¢»©h

�0x(0; 0)
i�1

z = e�ut
h
z(0) +

Z t

0
eu�z0(�) d�

i
: (17)

�®¤±² ¢«¿¿ (15) ¨ (17) ¢ (12), ¯®«³·¨¬, ·²® «¨¥ °¨§ ¶¨¿ ®²®¡° ¦¥¨¿ 	� ¢ ²®·ª¥ 0
¥±²¼ «¨¥©»© ®¯¥° ²®° A� : C1[0; 1] ! C1[0; 1] ¢¨¤  (14). �«¥¤±²¢¨¥ 1 ¤®ª § ®.
� ¬¥· ¨¥ 1. � ª ª ª 	� ®²®¡° ¦ ¥² °¥¸¥¨¥ ¬¥²®¤®¬ ¸ £®¢ ¤¨´´¥°¥¶¨ «¼®£®
³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (3)   n - ¬ ¸ £¥ ¢ °¥¸¥¨¥   n + 1 - ¬ ¸ £¥, ²® ¨§
³±«®¢¨¿ ¥¯°¥°»¢®±²¨ °¥¸¥¨¿ ¨±µ®¤®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (3) ±«¥¤³¥²,
·²® ®²®¡° ¦¥¨¥ 	� ³¤®¢«¥²¢®°¿¥² ±«¥¤³¾¹¥¬³ ³±«®¢¨¾ ±®£« ±®¢ ®±²¨: ¤«¿ «¾¡®©
´³ª¶¨¨ x(�) 2 C1[0; 1]

(	�x(�))(0) = x(1): (18)
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�¨±²¥¬  (13) ®²®¡° ¦ ¥²´³ª¶¨¾, ®¯°¥¤¥«¥³¾   ®²°¥§ª¥ [0; 1] ¢ ´³ª¶¨¾, ®¯°¥-
¤¥«¥³¾   ®²°¥§ª¥ [0; 1]. � ª¨¬ ®¡° §®¬, ° ¢¥±²¢® (13) § ¤ ¥² ¤¨±ª°¥²³¾ ¤¨ -
¬¨·¥±ª³¾ ±¨±²¥¬³ ¢ ´³ª¶¨® «¼®¬ ¯°®±²° ±²¢¥ C1[0; 1]. �³«¥¢®¬³ ±² ¶¨® °®¬³
°¥¸¥¨¾ ³° ¢¥¨¿ (3) ±®®²¢¥²±²¢³¥² ¥¯®¤¢¨¦ ¿ ²®·ª  x = 0 ¤¨ ¬¨·¥±ª®© ±¨±²¥¬»
(13).

� «¨§ ¯®²¥°¨ ³±²®©·¨¢®±²¨ ³«¥¢®£® ±² ¶¨® °®£® °¥¸¥¨¿ ³° ¢¥¨¿ (3) ±¢¥¤¥
ª   «¨§³ ¯®²¥°¨ ³±²®©·¨¢®±²¨ ¥¯®¤¢¨¦®© ²®·ª¨ x = 0 ¤¨±ª°¥²®£® ®²®¡° ¦¥¨¿
(13), § ¤ ®£® ¢ ´³ª¶¨® «¼®¬ ¯°®±²° ±²¢¥ C1[0; 1].

�§¢¥±²®, ·²® ¥¯®¤¢¨¦ ¿ ²®·ª  ¤¨±ª°¥²®© ¤¨ ¬¨·¥±ª®© ±¨±²¥¬» ¢ ª®¥·®¬¥°-
®¬ ¯°®±²° ±²¢¥  ±¨¬¯²®²¨·¥±ª¨ ³±²®©·¨¢ , ¥±«¨ ¢±¥ ±®¡±²¢¥»¥ § ·¥¨¿ ®¯¥° -
²®°  «¨¥ °¨§®¢ ®© ±¨±²¥¬»  µ®¤¿²±¿ ¢³²°¨ ¥¤¨¨·®© ®ª°³¦®±²¨ ª®¬¯«¥ª±®©
¯«®±ª®±²¨ ¨ ¥³±²®©·¨¢ , ¥±«¨ µ®²¿ ¡» ®¤® ±®¡±²¢¥®¥ § ·¥¨¥  µ®¤¨²±¿ ¢¥ ¥¤¨-
¨·®© ®ª°³¦®±²¨. �° ¨¶» ³±²®©·¨¢®±²¨ (6) ¨ (7) ±² ¶¨® °®£® °¥¸¥¨¿ x(t) � 0
¨±µ®¤®£® ¤¨´´¥°¥¶¨ «¼®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (3) ¯®«³·¥» (±¬. [2]) ¯°¨
¨±±«¥¤®¢ ¨¨ ±¨±²¥¬» ¯¥°¢®£® ¯°¨¡«¨¦¥¨¿ ³° ¢¥¨¿ (3), ¯®½²®¬³ ¯¥°¥µ®¤ v ·¥°¥§
£° ¨¶³ ³±²®©·¨¢®±²¨ vgr ¢ ²®·®±²¨ ±®®²¢¥²±²¢³¥² ¬®¬¥²³ ¢»µ®¤  ±®¡±²¢¥»µ
§ ·¥¨© ®¯¥° ²®°  «¨¥ °¨§®¢ ®© ±¨±²¥¬» ¨§ ¥¤¨¨·®© ®ª°³¦®±²¨ ª®¬¯«¥ª±®©
¯«®±ª®±²¨. �¨¯ ¡¨´³°ª ¶¨¨ § ¢¨±¨² ®² ²®£®, ª ª¨¬ ®¡° §®¬ ±®¡±²¢¥»¥ § ·¥¨¿
®¯¥° ²®°  «¨¥ °¨§®¢ ®© ±¨±²¥¬» ¯®ª¨¤ ¾² ¥¤¨¨·³¾ ®ª°³¦®±²¼ ª®¬¯«¥ª±®©
¯«®±ª®±²¨, ª®£¤  ¯ ° ¬¥²° v, ¢®§° ±² ¿, ¯¥°¥µ®¤¨² ·¥°¥§ £° ¨¶³ ³±²®©·¨¢®±²¨ vgr
(².¥. ¯ ° ¬¥²° �, ¢®§° ±² ¿, ¯°®µ®¤¨² ·¥°¥§ 0).
�±±«¥¤®¢ ¨¥ ¤¨ ¬¨·¥±ª®© ±¨±²¥¬» (13) ¯®§¢®«¨«® ¤®ª § ²¼ ¯°¨¢¥¤¥»© ¨¦¥ °¥-
§³«¼² ².

2 �±±«¥¤®¢ ¨¥ ²¨¯  ¡¨´³°ª ¶¨¨ ¢ ±«³· ¥ u > 0

�¥®°¥¬  1. �³±²¼ ¯ ° ¬¥²° u = �� @H(x;y)
@x jx=0;y=0 ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¿¬ u > 0 ¨

u 6= 2�

3
p
3
: (19)

�®£¤  ¯°¨ ¯®²¥°¥ ³±²®©·¨¢®±²¨ ±² ¶¨® °®£® °¥¸¥¨¿ x(t) � 0 ³° ¢¥¨¿ (1), ².¥. ª®-

£¤  ¯ ° ¬¥²° v = �� @H(x;y)
@y jx=0;y=0, ¢®§° ±² ¿, ¯¥°¥µ®¤¨² ·¥°¥§ £° ¨¶³ ³±²®©·¨¢®±²¨

vgr, ®¯°¥¤¥«¿¥¬³¾ ¨§ ³° ¢¥¨¿

vgr

s
1� u2

v2gr
= arccos(� u

vgr
);

¢ ±¨±²¥¬¥ (1) °®¦¤ ¥²±¿ ¨«¨ £¨¡¥² ¯¥°¨®¤¨·¥±ª ¿ ²° ¥ª²®°¨¿.
�®ª § ²¥«¼±²¢® ²¥®°¥¬» 1. �®ª § ²¥«¼±²¢® ¬» ¡³¤¥¬ ¯°®¢®¤¨²¼ ¯® ±«¥¤³¾-
¹¥© ±µ¥¬¥.

I. �°¨ ¯®¬®¹¨ ²¥®°¥¬» ® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨ [6, 7] ¨±µ®¤ ¿ ¡¥±ª®¥·®-
¬¥° ¿ § ¤ ·  ±¢®¤¨²±¿ ª ¤¢³µ¬¥°®©.

II. � ¯®«³·¥®¬³ ¤¢³µ¬¥°®¬³ ®²®¡° ¦¥¨¾ ¯°¨¬¥¿¥²±¿ ²¥®°¥¬  �®¯´  [6, 8], ¨§
ª®²®°®© ±«¥¤³¥², ·²® ¯°¨ ¯®²¥°¥ ³±²®©·¨¢®±²¨ ¢ ±¨±²¥¬¥ °®¦¤ ¥²±¿ ¨«¨ £¨¡¥²
¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®¥ ®¤®¬¥°®¥ ¨¢ °¨ ²®¥ ¬®£®¡° §¨¥.

III. �®ª §»¢ ¥²±¿, ·²®  ©¤¥®¬³ ®¤®¬¥°®¬³ ¨¢ °¨ ²®¬³ ¬®£®®¡° §¨¾ ±®®²-
¢¥²±²¢³¥² ¯¥°¨®¤¨·¥±ª ¿ ²° ¥ª²®°¨¿ ¨±µ®¤®£® ¤¨´´¥°¥¶¨ «¼®£® ³° ¢¥¨¿ ±
§ ¯ §¤»¢ ¨¥¬ (1).
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I. �¥¬¬  3. 1) �¨¥©»© ®¯¥° ²®° A� : C1[0; 1] ! C1[0; 1], ®¯°¥¤¥«¥»© ¢ (14),
¨¬¥¥² ª®¬¯«¥ª±®-±®¯°¿¦¥»¥ ±®¡±²¢¥»¥ § ·¥¨¿ �k(�), ��k(�), k = 0; 1; 2; � � �, £¤¥
� = v � vgr , (vgr ®¯°¥¤¥«¿¥²±¿ ¨§ ³° ¢¥¨¿ (7)), ³¯®°¿¤®·¥»¥ ±«¥¤³¾¹¨¬ ®¡° §®¬

j�0(�)j > j�1(�)j > � � � :
2) �±«¨ � = 0, ²® �0(0) = ei�, £¤¥ cos � = � u

vgr
¨ ±³¹¥±²¢³¥² � > 0 ² ª®¥, ·²®

j�1(0)j < 1� �.
3) �®¡±²¢¥®¬³ § ·¥¨¾ �0(0) ±®®²¢¥²±²¢³¥² ±®¡±²¢¥»© ¢¥ª²®° ei�t,   ±®¡±²¢¥-
®¬³ § ·¥¨¾ ��0(0) - ±®¡±²¢¥»© ¢¥ª²®° e�i�t.
�®ª § ²¥«¼±²¢® «¥¬¬» 3. �¡®§ ·¨¬ ·¥°¥§ � = rei� ±®¡±²¢¥»¥ § ·¥¨¿ ®¯¥° ²®° 
A�. �¨±«® � ¿¢«¿¥²±¿ ±®¡±²¢¥»¬ § ·¥¨¥¬ ®¯¥° ²®°  A� ²®£¤  ¨ ²®«¼ª® ²®£¤ ,
ª®£¤ 

z(1) �
Z t

0
veu�z(�) d� = rei�eutz(t): (20)

�°¨ t = 0 ¨§ ¯®±«¥¤¥£® ³° ¢¥¨¿ ¯®«³·¨¬

rei�z(0) = z(1): (21)

�¨´´¥°¥¶¨°³¿ (20) ¯® t ¨ °¥¸ ¿ ¯®«³·¥®¥ ³° ¢¥¨¥,  ©¤¥¬, ·²® ¤«¿ ª ¦¤®£®
§ ·¥¨¿ z(0) ¨²¥£° «¼®¥ ³° ¢¥¨¥ (20) ¨¬¥¥² ¥¤¨±²¢¥®¥ °¥¸¥¨¥

z(t) = z(0) exp
n
�(v

r
e�i� + u)t

o
; (22)

².¥. ª ¦¤®¬³ ±®¡±²¢¥®¬³ § ·¥¨¾ � ®¯¥° ²®°  A� ±®®²¢¥²±²¢³¥² ¥¤¨±²¢¥»©
«¨¥©® ¥§ ¢¨±¨¬»© ±®¡±²¢¥»© ¢¥ª²®° z(t). �§ (22) ¨ (21) ¬» ¯®«³· ¥¬, ·²® � =
rei� ¿¢«¿¥²±¿ ±®¡±²¢¥»¬ § ·¥¨¥¬ ®¯¥° ²®°  A�, ¥±«¨ ¨ ²®«¼ª® ¥±«¨�

ln r = �v
r cos�� u

� = v
r sin�+ 2�k;

(23)

£¤¥ k - ¶¥«®¥ ·¨±«®. � ¬¥²¨¬, ·²® ¥±«¨ ¯ °  (�; r), £¤¥ � 2 [0; 2�], ¿¢«¿¥²±¿ °¥¸¥¨¥¬
±¨±²¥¬» (23), ²® °¥¸¥¨¥¬ ½²®© ±¨±²¥¬» ¿¢«¿¥²±¿ ² ª¦¥ ¯ °  (4�k � �; r), ¯®½²®¬³
®¯¥° ²®° A� ¨¬¥¥² ª®¬¯«¥ª±®-±®¯°¿¦¥»¥ ±®¡±²¢¥»¥ § ·¥¨¿. �°®¬¥ ²®£®, ¥±«¨
¯ °» (�1; r) ¨ (�2; r), £¤¥ �1; �2 2 [0; 2�] ¿¢«¿¾²±¿ °¥¸¥¨¿¬¨ ±¨±²¥¬» (23), ²® �1 = �2.
�¥©±²¢¨²¥«¼®, ¨§ ¯¥°¢®£® ³° ¢¥¨¿ (23) ¨¬¥¥¬ cos�1 = cos �2, ²® ¥±²¼ �1 = 2� � �2,
±«¥¤®¢ ²¥«¼® sin�1 = � sin�2. �®£¤ , § ¯¨±»¢ ¿ ¢²®°®¥ ³° ¢¥¨¥ (23) ¤«¿ �1 ¨ �2
¨ ±ª« ¤»¢ ¿ ¨µ, ¯®«³·¨¬ k = �1=2, ²® ¥±²¼ ¯®«³·¨«¨ ¯°®²¨¢®°¥·¨¥ ± ³±«®¢¨¥¬, ·²®
k - ¶¥«®¥. �² ª, ¤«¿ «¾¡®£® § ·¥¨¿ r, ³¤®¢«¥²¢®°¿¾¹¥£® ±¨±²¥¬¥ (23) ±³¹¥±²¢³¥²
¥¤¨±²¢¥®¥ § ·¥¨¥ � 2 [0; 2�], ² ª®¥, ·²® ¯ °  (�; r) ¿¢«¿¥²±¿ °¥¸¥¨¥¬ ±¨±²¥¬»
(23). � ª ¡»«® § ¬¥·¥®, ¥±«¨ ¯ °  (�; r) (� 2 [0; 2�]) ¿¢«¿¥²±¿ °¥¸¥¨¥¬ ±¨±²¥¬»
(23), ²® °¥¸¥¨¥¬ ½²®© ±¨±²¥¬» ¿¢«¿¥²±¿ ² ª¦¥ ¯ °  (4�k � �; r), ¯®½²®¬³ ¬» ¬®¦¥¬
° ±±¬ ²°¨¢ ²¼ «¨¸¼ � 2 [0; �].

�°¨ � 2 [0; �] sin� � 0, ¯®½²®¬³ ¨§ ¢²®°®£® ³° ¢¥¨¿ ±¨±²¥¬» (23) ¯®«³·¨¬, ·²®
½²  ±¨±²¥¬  ¬®¦¥² ¨¬¥²¼ °¥¸¥¨¥ «¨¸¼ ¯°¨ k � 0. �±ª«¾· ¿ � ¨§ ±¨±²¥¬» (23)
(³·¨²»¢ ¿, ·²® sin� � 0), ¯®«³·¨¬ ³° ¢¥¨¥

arccos(�u+ ln r

v
r)� v

r

r
1� (u+ ln r)2

v2
r2 = 2�k; (24)

£¤¥ k � 0 - ¶¥«®¥. �¡®§ ·¨¬ «¥¢³¾ · ±²¼ ½²®£® ³° ¢¥¨¿ ·¥°¥§ f(r). � ©¤¥¬ ®¡« ±²¼
®¯°¥¤¥«¥¨¿ ´³ª¶¨¨ f(r). �«¿ ½²®£® ° ±±¬®²°¨¬ ´³ª¶¨¾ g(r) = u+ln r

v r. �·¥¢¨¤®,
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·²® ®¡« ±²¼¾ ®¯°¥¤¥«¥¨¿ f(r) ¡³¤³² ¢±¥ ²¥ § ·¥¨¿ r > 0, ¯°¨ ª®²®°»µ jg(r)j � 1.
�¥±«®¦® ¯®ª § ²¼, ·²® g(r) ! 0 ¯°¨ r ! 0, ¨ ¥¥ ¯°®¨§¢®¤ ¿ ° ¢  g0(r) = 1+u+ln r

v .
�®½²®¬³ g(r) ¨¬¥¥² ¬¨¨¬³¬ ¯°¨ r = e�(u+1), ° ¢»© g(e�(u+1)) = � 1

ve
�(u+1). �³±²¼

r� ² ª®¥, ·²® g(r�) = 1 (®·¥¢¨¤®, ·²® ®® ±³¹¥±²¢³¥²). �®²°¥¡³¥¬, ·²®¡» g(e�(u+1)) >
�1, ².¥. v > e�(u+1). �®£¤  ¯®«³·¨¬, ·²® ®¡« ±²¼¾ ®¯°¥¤¥«¥¨¿ ´³ª¶¨¨ f(r) ¿¢«¿¥²±¿
¢¥±¼ ¯®«³¨²¥°¢ « (0; r�]. � ª« ¤»¢ ²¼ ®£° ¨·¥¨¥ v > e�(u+1) ¬» ¨¬¥¥¬ ¯° ¢®,
² ª ª ª ¬» ° ±±¬ ²°¨¢ ¥¬ ®¯¥° ²®° A� ¢ ±ª®«¼ ³£®¤® ¬ «®© ®ª°¥±²®±²¨ £° ¨¶»
³±²®©·¨¢®±²¨ vgr(u), ®¯°¥¤¥«¿¥¬®© ¨§ (7),   ½²® ®£° ¨·¥¨¥ § ¢¥¤®¬® ¢»¯®«¥® ¢
½²®© ®ª°¥±²®±²¨.

�°®¨§¢®¤ ¿ ´³ª¶¨¨ f(r) ° ¢ 

f 0(r) =
1

va
(u+ ln r + 1)2 +

va

r2
; £¤¥ a =

r
1� (u+ ln r)2

v2
r2: (25)

�·¥¢¨¤®, ·²® f 0(r) > 0 ¤«¿ ¢±¥µ 0 < r � r�. �² ª, ´³ª¶¨¿ f(r) ¥¯°¥°»¢  ¨
¬®®²®® ¢®§° ±² ¥² ¯°¨ ¢±¥µ r ¨§ ®¡« ±²¨ ®¯°¥¤¥«¥¨¿. � ¬¥²¨¬, ·²®

1. f(r) !�1 ¯°¨ r ! 0,

2. f(r�) = � > 0.

�«¥¤®¢ ²¥«¼®, ¯°¨ ª ¦¤®¬ ¶¥«®¬ k � 0 ³° ¢¥¨¥ (24) ¢±¥£¤  ¨¬¥¥² ¥¤¨±²¢¥»©
ª®°¥¼ rk, ¯°¨·¥¬ r0 > r�1 > r�2 > � � �. �» ¯®ª § «¨, ·²® ¯°¨ ª ¦¤®¬ ¶¥«®¬ k �
0 ±¨±²¥¬  (23) ¨¬¥¥² ¤¢  ª®¬¯«¥ª±®-±®¯°¿¦¥»µ °¥¸¥¨¿ rei� ¨ re�i�, £¤¥ r ¨ �
®¯°¥¤¥«¿¾²±¿ ¥¤¨±²¢¥»¬ ®¡° §®¬ ¨§ (23). � ª¨¬ ®¡° §®¬, ¯¥°¢®¥ ³²¢¥°¦¤¥¨¥
«¥¬¬» ¤®ª § ®.

� ±¨«³ ¤®ª § ®£® ®·¥¢¨¤®, ·²® ¯®²¥°¿ ³±²®©·¨¢®±²¨ ¡³¤¥² ¯°®¨±µ®¤¨²¼ ¯°¨
r0 = 1. �§ ³° ¢¥¨¿ (7) ¤«¿ vgr ±«¥¤³¥², ·²® ¯°¨ r0 = 1 ° ¢¥±²¢® (24) ¢»¯®«¥®
²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  ¯ ° ¬¥²° v ¯¥°¥±¥ª ¥² £° ¨¶³ ³±²®©·¨¢®±²¨, ².¥. v = vgr .
�°¨ r = 1 ¨§ (23) ±«¥¤³¥², ·²® cos � = � u

vgr
. �®ª ¦¥¬, ·²® ¯°¨ r0 = 1 °¥¸¥¨¥ r�1

³° ¢¥¨¿ (24) ¯°¨ k = �1 ®²±²®¨² ®² r0   ¥³«¥¢®¥ ° ±±²®¿¨¥ �. �¥¬ ± ¬»¬ ¢²®°®¥
³²¢¥°¦¤¥¨¥ «¥¬¬» ¡³¤¥² ¤®ª § ®. �°¥¤¯®«®¦¨¬, ·²® ½²® ¥ ² ª, ².¥. r�1 ! 1 ¯°¨
v ! vgr. �®£¤  ¤«¿ «¾¡®£® �1 > 0 ±³¹¥±²¢³¥² �1(�1) > 0 ² ª®¥, ·²® ª ª ²®«¼ª® jv�vgr j <
�1(�1), ²® 1�r�1 < �1. � ª ª ª ´³ª¶¨¿ f 0(r), ®¯°¥¤¥«¥ ¿ ¢ (25), ¥¯°¥°»¢  ¢ ²®·ª¥
r = 1, ²® ¤«¿ «¾¡®£® �2 > 0 ±³¹¥±²¢³¥² �2(�2) > 0 ² ª®¥, ·²® ª ª ²®«¼ª® j1�rj < �2(�2),
²® jf 0(r)�f 0(1)j < �2. �»¡¥°¥¬ �2 = 1=2 ¨ �1 = �2(�2). �®£¤  ±³¹¥±²¢³¥² �1 = �1(�1) > 0
² ª®¥, ·²® ª ª ²®«¼ª® jv � vgr j < �1, ²® j1� rj � j1� r�1j < �2(�2) ¯°¨ ¢±¥µ r 2 [r�1; 1].
�® ²®£¤  ¯°¨ ¢±¥µ r 2 [r�1; 1] ¢¥°® jf 0(r)� f 0(1)j < �2 = 1=2. �«¥¤®¢ ²¥«¼®,

f 0(r) < f 0(1) + 1=2 ¯°¨ ¢±¥µ r�1 � r � 1; jv � vgrj < �1: (26)

�¶¥¨¬ § ·¥¨¥ f 0(1). �§ (25) ¨¬¥¥¬

f 0(1) =
(u+ 1)2

va
+ va; £¤¥ a =

r
1� u2

v2
:

�·¨²»¢ ¿ ³° ¢¥¨¥ ¤«¿ £° ¨¶» ³±²®©·¨¢®±²¨ (7), ¯®«³·¨¬, ·²® ¤«¿ «¾¡®£® � > 0

±³¹¥±²¢³¥² � = �(�) > 0 ² ª®¥, ·²® ª ª ²®«¼ª® jv � vgr j < �, ²® jva � arccos
�
�u

v

�
j < �.

�³±²¼ � = 1=2. �®£¤ , ² ª ª ª �
2 � arccos

�
�u

v

�
� 3�

2 , ²® va < 1+3�
2 ¨ va > ��1

2 . �§
¯®±«¥¤¨µ ¥° ¢¥±²¢ ¯®«³· ¥¬ ±«¥¤³¾¹³¾ ®¶¥ª³

f 0(1) � 2(u+ 1)2

� � 1
+
3� + 1

2
¯°¨ jv � vgr j < �: (27)
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�§ (26) ¨ (27) ¯°¨ jv � vgr j < minf�; �1g ¨¬¥¥¬

2� =

Z 1

r�1

f 0(r) dr �
h2(u+ 1)2

� � 1
+
3� + 1

2

i
(1� r�1):

�§ ¯®±«¥¤¥£® ±®®²®¸¥¨¿ ¯®«³·¨¬

1� r�1 � 2�h
2(u+1)2

��1 + 3�+1
2

i ; (28)

². ¥. (² ª ª ª § ·¥¨¥ u ´¨ª±¨°®¢ ®) 1 � r�1 ¥ ±²°¥¬¨²±¿ ª 0 ¯°¨ v ! vgr ¨ ¬»
¯°¨¸«¨ ª ¯°®²¨¢®°¥·¨¾. �«¥¤®¢ ²¥«¼®, ±³¹¥±²¢³¥² � > 0 ² ª®¥, ·²® 1 � r�1 > �.
�²®°®¥ ³²¢¥°¦¤¥¨¥ «¥¬¬» ¯®«®±²¼¾ ¤®ª § ®.

�³±²¼ r = 1. �®¤±² ¢«¿¿ § ·¥¨¥ cos � = � u
vgr

¢ (22), ¯®«³·¨¬, ·²® ¢»° ¦¥¨¥

¢ ´¨£³°»µ ±ª®¡ª µ ¢ (22) ° ¢® i�t, ¯®½²®¬³ ±®¡±²¢¥»© ¢¥ª²®°, ±®®²¢¥²±²¢³¾¹¨©
±®¡±²¢¥®¬³ § ·¥¨¾ �0(0) = ei� ° ¢¥ ei�t. � ±±¬ ²°¨¢ ¿ ª®¬¯«¥ª±®¥ ±®¯°¿¦¥¨¥,
¯®«³·¨¬, ·²® ±®¡±²¢¥»© ¢¥ª²®°, ±®®²¢¥²±²¢³¾¹¨© ±®¡±²¢¥®¬³ § ·¥¨¾ ��0(0) =
e�i� ° ¢¥ e�i�t. �²¢¥°¦¤¥¨¥ 3) «¥¬¬» ¤®ª § ®. �¥¬¬  3 ¤®ª §  .

�§ «¥¬¬» 3 ±«¥¤³¥², ·²® ª®£¤  �, ¢®§° ±² ¿, ¯°®µ®¤¨² ·¥°¥§ 0, ¯ °  ª®¬¯«¥ª±®-
±®¯°¿¦¥»µ ±®¡±²¢¥»µ § ·¥¨© ®¯¥° ²®°  A� ¯®ª¨¤ ¥² ¥¤¨¨·³¾ ®ª°³¦®±²¼
ª®¬¯«¥ª±®© ¯«®±ª®±²¨, ¯°¨·¥¬ ±®¡±²¢¥»¥ § ·¥¨¿ ¥ ¢»µ®¤¿² ·¥°¥§ ²®·ª¨ �i. �
½²®¬ ±«³· ¥ ª ª®¥·®¬¥°»¬ ¤¨ ¬¨·¥±ª¨¬ ±¨±²¥¬ ¬ ¯°¨¬¥¨¬  ²¥®°¥¬  �®¯´  [6].
�®½²®¬³ ±«¥¤³¾¹¨¬ ½² ¯®¬ ¿¢«¿¥²±¿ ±¢¥¤¥¨¥ ¨±µ®¤®£® ®²®¡° ¦¥¨¿ 	� ª ª®¥·®-
¬¥°®¬³ ®²®¡° ¦¥¨¾. �²® ±¢¥¤¥¨¥ ¬» ¯°®¢¥¤¥¬ ¯°¨ ¯®¬®¹¨ ²¥®°¥¬» ® ¶¥²° «¼®¬
¬®£®®¡° §¨¨ [6].
�¥®°¥¬  (® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨).
�³±²¼ 	 - ®²®¡° ¦¥¨¥, ®¯°¥¤¥«¥®¥ ¢ ®ª°¥±²®±²¨ ³«¿ ¢ ¡  µ®¢®¬ ¯°®±²° ±²¢¥
Z. �³¤¥¬ ¯°¥¤¯®« £ ²¼, ·²® 	 ¯°¨ ¤«¥¦¨² ª« ±±³ Ck+1, k � 1 ¨ 	(0) = 0. �°¥¤-
¯®«®¦¨¬ ² ª¦¥, ·²® «¨¥ °¨§ ¶¨¿ D	(0) ®²®¡° ¦¥¨¿ 	 ¢ ³«¥ ¨¬¥¥² ±¯¥ª²° «¼»©
° ¤¨³± 1 ¨ ·²® ±¯¥ª²° D	(0) ° ±¹¥¯«¿¥²±¿   ¤¢¥ · ±²¨: · ±²¼, «¥¦ ¹³¾   ¥¤¨¨·-
®© ®ª°³¦®±²¨, ¨ ®±² ²®ª, ª®²®°»©  µ®¤¨²±¿   ¥³«¥¢®¬ ° ±±²®¿¨¨ ®² ¥¤¨¨·®©
®ª°³¦®±²¨. �¡®§ ·¨¬ ·¥°¥§ Y ®¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® ®¯¥° ²®° 
D	(0), ¯®°®¦¤¥®¥ · ±²¼¾ ±¯¥ª²° , «¥¦ ¹¥©   ¥¤¨¨·®© ®ª°³¦®±²¨; ¡³¤¥¬ ¯°¥¤-
¯®« £ ²¼, ·²® Y ¨¬¥¥² ° §¬¥°®±²¼ d <1.
�®£¤  ±³¹¥±²¢³¥² ®ª°¥±²®±²¼ ³«¿ V � Z ¨ Ck-¯®¤¬®£®®¡° §¨¥M � V ° §¬¥°®±²¨
d, ¯°®µ®¤¿¹¥¥ ·¥°¥§ 0 ¨ ª ± ¾¹¥¥±¿ Y ¢ ²®·ª¥ 0, ¤«¿ ª®²®°®£® ¢»¯®«¥» ±«¥¤³¾¹¨¥
³±«®¢¨¿:

(a) («®ª «¼ ¿ ¨¢ °¨ ²®±²¼): ¥±«¨ x 2M ¨ 	(x) 2 V , ²® 	(x) 2M ;

(b) («®ª «¼ ¿ ³±²®©·¨¢®±²¼): ¥±«¨ 	n(x) 2 V ¤«¿ ¢±¥µ n = 0; 1; 2; :::, ²® ¯°¨ n ! 1
° ±±²®¿¨¥ ¬¥¦¤³ 	n(x) ¨ M ±²°¥¬¨²±¿ ª ³«¾.

� ¯®¬¨¬ ®¯°¥¤¥«¥¨¥ ®¡®¡¹¥®£® ±®¡±²¢¥®£® ¯®¤¯°®±²° ±²¢  «¨¥©®£® ®¯¥-
° ²®° .
�¯°¥¤¥«¥¨¥ 1. �³±²¼ A : Z ! Z - ®£° ¨·¥»© «¨¥©»© ®¯¥° ²®°, ¤¥©±²¢³¾¹¨©
¢ ¡  µ®¢®¬ ¯°®±²° ±²¢¥ Z, �(A) - ¥£® ±¯¥ª²°. �³±²¼ �(A) = �1 [ �2, £¤¥ ° ±±²®¿¨¥
d(�1; �2) > 0. �®¤¯°®±²° ±²¢® Zi � Z (i = 1; 2)  §»¢ ¥²±¿ ®¡®¡¹¥»¬ ±®¡±²¢¥»¬
¯®¤¯°®±²° ±²¢®¬ ®¯¥° ²®°  A, ¯®°®¦¤¥»¬ · ±²¼¾ ±¯¥ª²°  �i (i = 1; 2), ¥±«¨

1. Z1 � Z2 = Z;

2. Z1, Z2 - A-¨¢ °¨ ²»;
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3. �¯¥ª²° ±³¦¥¨¿ �(AjZi) = �i (i = 1; 2).

� ¬¥· ¨¥ 2. �¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® ±®¡±²¢¥®£® § ·¥¨¿
� ¥ ¢±¥£¤  ±®¢¯ ¤ ¥² ± ±®¡±²¢¥»¬ ¯®¤¯°®±²° ±²¢®¬ �. � ª®¥·®¬¥°®¬ ±«³-
· ¥ ®¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® � ±®¢¯ ¤ ¥² ± ¯®¤¯°®±²° ±²¢®¬, ±®®²-
¢¥²±²¢³¾¹¨¬ ¢±¥¬ ¦®°¤ ®¢»¬ ª«¥²ª ¬, ±®¤¥°¦ ¹¨¬ � ¢ ª ®¨·¥±ª®© ¦®°¤ ®¢®©
´®°¬¥.

�®ª ¦¥¬, ·²® ª ®²®¡° ¦¥¨¾

(	�; �) : C1[0; 1]� R! C1[0; 1]�R;

£¤¥ ®²®¡° ¦¥¨¥ 	� (±¬. (13))®¯°¥¤¥«¥® ¢ ±«¥¤±²¢¨¨ 1 ¨§ «¥¬¬» 2, ¯°¨¬¥¨¬  ²¥®°¥¬ 
® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨. �«¿ ½²®£® ¤®ª ¦¥¬ ¥±ª®«¼ª® ³²¢¥°¦¤¥¨©.
�¥¬¬  4. �¯¥ª²° ®¯¥° ²®°  A�

�(A�) = f�k(�); ��k(�); 0j k = 0; 1; 2; � � �g;
£¤¥ �k(�), ��k(�), k = 0; 1; 2; � � � - ±®¡±²¢¥»¥ § ·¥¨¿ ®¯¥° ²®°  A�.
�®ª § ²¥«¼±²¢® «¥¬¬» 4. �¡®§ ·¨¬

S = f�k(�); ��k(�); 0j k = 0; 1; 2; � � �g:
�®ª ¦¥¬, ·²® ®¯¥° ²®° (A���E) (E - ²®¦¤¥±²¢¥»© ®¯¥° ²®°) ¨¬¥¥² ®£° ¨·¥»©
®¡° ²»©   C1[0; 1] ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  � =2 S. �®£¤  «¥¬¬  4 ¡³¤¥² ¤®ª §  .
�³±²¼ � 6= 0. � ±±¬®²°¨¬ ¨²¥£° «¼®¥ ³° ¢¥¨¥

(A� � �E)x(t) = y(t): (29)

�·¨²»¢ ¿ (14) ¨ °¥¸ ¿ ³° ¢¥¨¥ (29), ¯®«³·¨¬

x(t) = �e��t + e��t
Z t

0

v

�2
e��y(�) d� � 1

�
y(t) +

1

�
e��ty(0); (30)

£¤¥

� = x(0); � =
v

�
+ u: (31)

�°¨·¥¬ ¨§ (29) ¯°¨ t = 0 ¯®«³·¨¬ ³±«®¢¨¥

x(1)� �x(0) = y(0): (32)

�®¤±² ¢«¿¿ ¢»° ¦¥¨¥ (30) ¢ (32), ¯®«³·¨¬:

[x(0)�+ y(0)][e�� � �]� y(1) +

Z 1

0

v

�
e�(��1)y(�) d� = 0: (33)

�§ (33) § ·¥¨¥ x(0) ®¯°¥¤¥«¿¥²±¿ ¥¤¨±²¢¥»¬ ®¡° §®¬ ¤«¿ ª ¦¤®© ´³ª¶¨¨ y(t) 2
C1[0; 1], ¥±«¨ �� e�� 6= 0. � ª¨¬ ®¡° §®¬, ¥±«¨ � 6= 0 ¨ �� e�� 6= 0 ²® ¤«¿ «¾¡®© y(t) 2
C1[0; 1] ±³¹¥±²¢³¥² ¥¤¨±²¢¥ ¿ ´³ª¶¨¿ x(t) 2 C1[0; 1], ª®²®° ¿ ³¤®¢«¥²¢®°¿¥² (29).
�®ª ¦¥¬, ·²® ³±«®¢¨¥ � � e�� 6= 0 ½ª¢¨¢ «¥²® ³±«®¢¨¾ � =2 f�k(�); ��k(�)j k =
0; 1; 2; � � �g. �³±²¼ � = rei�. �®£¤ , ³·¨²»¢ ¿ (31), «¥£ª® ¢¨¤¥²¼, ·²® ³° ¢¥¨¥ ��e�� =
0 ½ª¢¨¢ «¥²® ±¨±²¥¬¥ (23) ¢ ¤®ª § ²¥«¼±²¢¥ «¥¬¬» 3,   °¥¸¥¨¿ ½²®© ±¨±²¥¬» ¨
²®«¼ª® ®¨ ¿¢«¿¾²±¿ ±®¡±²¢¥»¬¨ § ·¥¨¿¬¨ ®¯¥° ²®°  A� (±¬. ¤®ª § ²¥«¼±²¢®
«¥¬¬» 3). �®½²®¬³ ¤«¿ «¾¡®£® � =2 f�k(�); ��k(�)j k = 0; 1; 2; � � �g ®£° ¨·¥»© «¨-
¥©»© ®¯¥° ²®° A� � �E ®±³¹¥±²¢«¿¥² ¢§ ¨¬®-®¤®§ ·®¥ ®²®¡° ¦¥¨¥ ¡  µ®¢ 
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¯°®±²° ±²¢  C1[0; 1]   ±¥¡¿. �®£¤  ¯® ²¥®°¥¬¥ �  µ  ®¡ ®¡° ²®¬ ®¯¥° ²®°¥ [4,
±.225]   ¯°®±²° ±²¢¥ C1[0; 1] ±³¹¥±²¢³¥² ®£° ¨·¥»© (A� � �E)�1. � ª¨¬ ®¡° -
§®¬, ¥±«¨ � =2 S, ²® � ¥ ¯°¨ ¤«¥¦¨² �(A�).
�³±²¼ ²¥¯¥°¼ � = 0. � ±±¬ ²°¨¢ ¿ ³° ¢¥¨¥ A�x(t) = y(t),   «®£¨·»¬ ®¡° §®¬
¯®«³·¨¬, ·²® y(t) ¤®«¦¥ ³¤®¢«¥²¢®°¿²¼ ±«¥¤³¾¹¥¬³ ±®®²®¸¥¨¾

u

v
y(1) +

1

v
y0(1) + y(0) = 0: (34)

�«¥¤®¢ ²¥«¼®, ®£° ¨·¥»© ®¯¥° ²®° A�1
� ±³¹¥±²¢³¥² ²®«¼ª® ¤«¿ ²¥µ y(t) 2 C1[0; 1],

ª®²®°»¥ ³¤®¢«¥²¢®°¿¾² ±®®²®¸¥¨¾ (34). �®½²®¬³ � = 0 ¯® ®¯°¥¤¥«¥¨¾ ¯°¨ ¤«¥-
¦¨² ±¯¥ª²°³ �(A�) ®¯¥° ²®°  A�. � ª¨¬ ®¡° §®¬, ®¯¥° ²®° A� � �E ¨¬¥¥² ®£° ¨-
·¥»© ®¡° ²»© ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  � =2 S. �¥¬¬  4 ¤®ª §  .
�²®¡° ¦¥¨¥ 	� ¡³¤¥² ³¤®¢«¥²¢®°¿²¼ ¢±¥¬ ³±«®¢¨¿¬ ²¥®°¥¬» ® ¶¥²° «¼®¬ ¬®£®-
®¡° §¨¨, ¥±«¨ ®¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® «¨¥ °¨§®¢ ®£® ®¯¥° ²®° 
A�, ±®®²¢¥²±²¢³¾¹¥¥ · ±²¨ ±¯¥ª²°    ¥¤¨¨·®© ®ª°³¦®±²¨, ¨¬¥¥² ª®¥·³¾ ° §-
¬¥°®±²¼. �®·¥¥, ¬» ¯®ª ¦¥¬, ·²® ½²® ®¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® ±®-
¢¯ ¤ ¥² ± ±®¡±²¢¥»¬ ¯®¤¯°®±²° ±²¢®¬, ®²¢¥· ¾¹¨¬ · ±²¨ ±¯¥ª²°    ¥¤¨¨·®©
®ª°³¦®±²¨. �«¿ ¤®ª § ²¥«¼±²¢  ±®®²¢¥²±²¢³¾¹¥£® ³²¢¥°¦¤¥¨¿  ¬ ¯®²°¥¡³¾²±¿
¤¢¥ ¢±¯®¬®£ ²¥«¼»¥ «¥¬¬».
�¥¬¬  5. �³±²¼ A : Z ! Z - ®£° ¨·¥»© «¨¥©»© ®¯¥° ²®°, ¤¥©±²¢³¾¹¨© ¢ ¡ -
 µ®¢®¬ ¯°®±²° ±²¢¥ Z, �1, �2 - ¥£® ¯°®±²»¥ ±®¡±²¢¥»¥ § ·¥¨¿, ¯°¨·¥¬ �1 6= �2.
�³±²¼ u1; u2 2 Z - ±®¡±²¢¥»¥ ¢¥ª²®°», ±®®²¢¥²±²¢³¾¹¨¥ ±®¡±²¢¥»¬ § ·¥¨¿¬ �1
¨ �2. �¡®§ ·¨¬ ·¥°¥§ u�1; u

�
2 2 Z� ±®¡±²¢¥»¥ ¢¥ª²®°» ±®¯°¿¦¥®£® ®¯¥° ²®°  A�,

±®®²¢¥²±²¢³¾¹¨¥ ±®¡±²¢¥»¬ § ·¥¨¿¬ ��1 ¨ ��2. �®£¤ , ¥±«¨ ±³¹¥±²¢³¾² u�1; u
�
2 2 Z�

² ª¨¥, ·²® (u�1; u1) = 1 ¨ (u�2; u2) = 1, ²®
1) «¨¥©»© ®¯¥° ²®° P : Z ! Z

Pu = u1(u; u
�
1) + u2(u; u

�
2) (35)

¿¢«¿¥²±¿ ¯°®¥ª²®°®¬ ¯°®±²° ±²¢  Z   ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® Z1 ®¯¥° ²®° 
A, ±®®²¢¥²±²¢³¾¹¥¥ ±®¡±²¢¥»¬ § ·¥¨¿¬ �1, �2.
2) AP = P A.
�®ª § ²¥«¼±²¢® «¥¬¬» 5. � ¬¥²¨¬, ·²® (u�j ; ui) = 0 ¤«¿ «¾¡»µ i 6= j, i; j = 1; 2, ² ª
ª ª

��j(u
�
j ; ui) = (��ju

�
j ; ui) = (A�u�j ; ui) = (u�j ; Aui) = ��i(u

�
j ; ui):

�® ®¯°¥¤¥«¥¨¾, «¨¥©»© ®¯¥° ²®° P : Z ! Z ¿¢«¿¥²±¿ ¯°®¥ª²®°®¬, ¥±«¨ ¤«¿ «¾¡®£®
u 2 Z ¢»¯®«¿¥²±¿ ° ¢¥±²¢® PPu = Pu. �«¿ ®¯¥° ²®°  (35)

PPu = u1(Pu; u�1) + u2(Pu; u�2) = u1(u1(u; u�1) + u2(u; u�2); u
�
1)+

u2(u1(u; u�1) + u2(u; u�2); u
�
2) = u1(u; u�1) + u2(u; u�2) = Pu;

±«¥¤®¢ ²¥«¼®, ®¯¥° ²®° P ¿¢«¿¥²±¿ ¯°®¥ª²®°®¬. �·¥¢¨¤®, ·²® Pu = u ²®£¤  ¨ ²®«¼ª®
²®£¤ , ª®£¤  u 2 Z1, ¯®½²®¬³ ®¯¥° ²®° P ¯°®¥ª²¨°³¥² ¯°®±²° ±²¢® Z   ±®¡±²¢¥®¥
¯®¤¯°®±²° ±²¢® Z1. �¥°¢®¥ ³²¢¥°¦¤¥¨¥ «¥¬¬» ¤®ª § ®.
�®ª ¦¥¬ ¢²®°®¥ ³²¢¥°¦¤¥¨¥. �«¿ «¾¡®£® u 2 Z ¢¥°®

APu = A(u1(u; u�1) + u2(u; u�2)) = �1u1(u; u�1) + �2u2(u; u�2) =
u1(u;A�u�1) + u2(u;A�u�2) = u1(Au; u�1) + u2(Au; u�2) = PAu:

�¥¬¬  5 ¤®ª §  .
�¥¬¬  6. �³±²¼ ¯ ° ¬¥²° � = 0. �®£¤ 
1) �¥°»

�1(d�) = c1
� ei�

u� i�
�(� � 1) + ei��

�
d�;
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¨

�2(d�) = c2
� e�i�

u+ i�
�(� � 1) + e�i��

�
d�;

£¤¥ c1 ¨ c2 - ª®±² ²», �(�) - ´³ª¶¨¿ �¨° ª , ¿¢«¿¾²±¿ ±®¡±²¢¥»¬¨ ¢¥ª²®° ¬¨
®¯¥° ²®°  A��, ®²¢¥· ¾¹¨¬¨ ±®¡±²¢¥»¬ § ·¥¨¿¬ �1 = ��0(0) = e�i� ¨ �2 = �0(0) =

ei� ®¯¥° ²®°  A�� ±®®²¢¥²±²¢¥®.
2) �±«¨

c1 =
u� i�

u� i�+ 1
¨ c2 =

u+ i�

u+ i�+ 1
;

²® Z 1

0
e�i�t �1(dt) = 1 ¨

Z 1

0
ei�t �2(dt) = 1:

�®ª § ²¥«¼±²¢® «¥¬¬» 6. �³±²¼ � = 0, ²®£¤  ¯® «¥¬¬¥ 3 ±®¡±²¢¥»¥ § ·¥¨¿
®¯¥° ²®°  A� ° ¢» �(0) = ei� ¨ ��(0) = e�i�,   ±®®²¢¥²±²¢³¾¹¨¥ ¨¬ ±®¡±²¢¥»¥
¢¥ª²®°» ° ¢» ei�t ¨ e�i�t, t 2 [0; 1].

� ©¤¥¬ ±®¯°¿¦¥»© ®¯¥° ²®° A�� ª ®¯¥° ²®°³ A� (14). � ª ª ª ®¯¥° ²®° A� :
C1 [0; 1] ! C1 [0; 1], ²® ¯® ®¯°¥¤¥«¥¨¾ ±®¯°¿¦¥»© ®¯¥° ²®° A�� : (C1[0; 1])� !
(C1[0; 1])� , £¤¥ (C1[0; 1])� - ¯°®±²° ±²¢® ¬¥° ¨ ¨µ ¯°®¨§¢®¤»µ4, ¿¢«¿¾¹¥¥±¿ ±®¯°¿-
¦¥»¬ ª ¯°®±²° ±²¢³ C1[0; 1]. �«¿ ¤®ª § ²¥«¼±²¢  «¥¬¬» ¤®±² ²®·®  ©²¨ ±®¯°¿-
¦¥»© ®¯¥° ²®° A��   ¯®¤¯°®±²° ±²¢¥ (C[0; 1])� ¯°®±²° ±²¢  (C1[0; 1])�, ²® ¥±²¼
  ¯°®±²° ±²¢¥ ¬¥°. �«¿ «¾¡»µ z(t) 2 C1[0; 1] ¨ �(dt) 2 (C[0; 1])� ¯® ®¯°¥¤¥«¥¨¾
±®¯°¿¦¥®£® ®¯¥° ²®° 

(A�z(t); �(dt)) = (z(t); A���(dt)):

�·¨²»¢ ¿ (14), ¥±«®¦® ¯®ª § ²¼, ·²® ¢¥°  ±«¥¤³¾¹ ¿ ¶¥¯®·ª  ° ¢¥±²¢:

(A�x(t); �(dt)) =
R 1
0 e

�utx(1)��(dt)� v
R 1
0

R 1
0 e

�u(t��)�(t � �)x(�)��(dt) d� =

x(1)
R 1
0 e

�ut��(dt)� v
R 1
0 [
R 1
� e

�u(t��)��(dt)]x(�) d�;

£¤¥ �(�) - ´³ª¶¨¿ �¥¢¨± ©¤ , ° ¢ ¿ 1, ¥±«¨ � > 0 ¨ 0, ¥±«¨ � � 0. �«¥¤®¢ ²¥«¼®,

A��(�(dt))(�) =
�
�(� � 1)

Z 1

0
e�ut�(dt)� v

Z 1

�
e�u(t��)�(dt)

�
d�:

�®ª ¦¥¬, ·²® ¬¥°» �1(dt) ¨ �2(dt) ¨§ ³²¢¥°¦¤¥¨¿ «¥¬¬» ¿¢«¿¾²±¿ ±®¡±²¢¥»¬¨
¢¥ª²®° ¬¨ ®¯¥° ²®°  A��, ±®®²¢¥²±²¢³¾¹¨¬¨ ±®¡±²¢¥»¬ § ·¥¨¿¬ ��1 = e�i� ¨ ��2 =
ei� ¯°¨ � = 0. �®ª ¦¥¬ ± · « , ·²® �1(dt) ¿¢«¿¥²±¿ ±®¡±²¢¥»¬ ¢¥ª²®°®¬ ®¯¥° ²®° 
A��, ±®®²¢¥²±²¢³¾¹¨¬ ±®¡±²¢¥®¬³ § ·¥¨¾ ��1 = e�i� ¯°¨ � = 0. �¥¯®±°¥¤±²¢¥»¥
¢»·¨±«¥¨¿ ¯®ª §»¢ ¾², ·²®

A��(�1(dt))(�) =
�
�(� � 1)

R 1
0 e

�ut�1(dt)� v
R 1
� e

�u(t��)�1(dt)
�
d� =

e�i�c1
h

ei�

u�i��(� � 1) + vei�

i��ue
i��
i
d�:

�§ ¯®±«¥¤¥£® ° ¢¥±²¢  ®·¥¢¨¤®, ·²® �1(dt) ¿¢«¿¥²±¿ ±®¡±²¢¥»¬ ¢¥ª²®°®¬ ®¯¥° -
²®°  A��, ±®®²¢¥²±²¢³¾¹¨¬ ±®¡±²¢¥®¬³ § ·¥¨¾ ��1 = e�i� ²®£¤  ¨ ²®«¼ª® ²®£¤ ,

ª®£¤  vei�

i��u = 1. �¤ ª®, ª ª ¥²°³¤® ³¡¥¤¨²¼±¿, ¯®±«¥¤¥¥ ° ¢¥±²¢® ¢±¥£¤  ¨¬¥¥²
¬¥±²® ¯°¨ � = 0, ² ª ª ª ½ª¢¨¢ «¥²® ³° ¢¥¨¾ ¤«¿ £° ¨¶» ³±²®©·¨¢®±²¨ vgr

4�®¤°®¡¥¥ ® ±²°³ª²³°¥ ¯°®±²° ±²¢  (C1[0;1])� ±¬. [9].
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(7). �§¿¢ ª®¬¯«¥ª±®¥ ±®¯°¿¦¥¨¥, ¯®«³·¨¬, ·²® ¬¥°  �2(d�) ¿¢«¿¥²±¿ ±®¡±²¢¥»¬
¢¥ª²®°®¬ ®¯¥° ²®°  A��, ±®®²¢¥²±²¢³¾¹¨¬ ±®¡±²¢¥®¬³ § ·¥¨¾ �2 = ei�. �¥°¢®¥
³²¢¥°¦¤¥¨¥ «¥¬¬» ¤®ª § ®. �²®°®¥ ³²¢¥°¦¤¥¨¥ «¥¬¬» ¯°®¢¥°¿¥²±¿ ± ¯®¬®¹¼¾
¥¯®±°¥¤±²¢¥®© ¯®¤±² ®¢ª¨. �¥¬¬  6 ¤®ª §  .
�¥¬¬  7. �³±²¼ ¯ ° ¬¥²° � = 0 ¨ Y - ®¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢® ®¯¥-
° ²®°  A� (14), ±®®²¢¥²±²¢³¾¹¥¥ · ±²¨ ±¯¥ª²°  f�0(0); ��0(0)g   ¥¤¨¨·®© ®ª°³¦-
®±²¨, Y 0- ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢®, ±®®²¢¥²±²¢³¾¹¥¥ ½²®© · ±²¨ ±¯¥ª²° , ².¥.
Y 0 = fy(t) 2 C1[0; 1] : y(t) = �ei�t + �e�i�t; 0 � t � 1; �; � 2 Cg. �®£¤  Y = Y 0.
�®ª § ²¥«¼±²¢® «¥¬¬» 7. �§ «¥¬¬» 6 ±«¥¤³¥², ·²® ¤«¿ ®¯¥° ²®°  A� ¢»¯®«¥»
¢±¥ ³±«®¢¨¿ «¥¬¬» 5. �«¥¤®¢ ²¥«¼®, «¨¥©»© ®¯¥° ²®° P, ®¯°¥¤¥«¥»© ¢ «¥¬¬¥
5, ¿¢«¿¥²±¿ ¯°®¥ª²®°®¬ ¯°®±²° ±²¢  Z = C1[0; 1]   ±®¡±²¢¥®¥ ¯®¤¯°®±²° ±²¢®
Y 0 ®¯¥° ²®°  A�, ².¥. PZ = Y 0. �®ª ¦¥¬, ·²® Y 0 ¿¢«¿¥²±¿ ®¡®¡¹¥»¬ ±®¡±²¢¥-
»¬ ¯®¤¯°®±²° ±²¢®¬ ®¯¥° ²®°  A�, ±®®²¢¥²±²¢³¾¹¨¬ · ±²¨ ±¯¥ª²°    ¥¤¨¨·®©
®ª°³¦®±²¨. �¡®§ ·¨¬ ¯°®±²° ±²¢® (E � P )Z = X (E - ²®¦¤¥±²¢¥»© ®¯¥° ²®°).
�·¥¢¨¤®, ·²® X � Y 0 = Z. �°®±²° ±²¢  X ¨ Y 0 ¨¢ °¨ ²» ®²®±¨²¥«¼® ®¯¥° -
²®°  A�, ² ª ª ª ¯® «¥¬¬¥ 5 PA� = A�P . �®½²®¬³, ¯® ®¯°¥¤¥«¥¨¾, ¯°®±²° ±²¢® Y 0

¡³¤¥² ®¡®¡¹¥»¬ ±®¡±²¢¥»¬ ¯®¤¯°®±²° ±²¢®¬ ®¯¥° ²®°  A�, ±®®²¢¥²±²¢³¾¹¨¬
· ±²¨ ±¯¥ª²°    ¥¤¨¨·®© ®ª°³¦®±²¨, ¥±«¨ ±¯¥ª²°» ±³¦¥¨© ®¯¥° ²®°  A�   Y 0

¨ X ° ¢» ±®®²¢¥²±²¢¥® �(A�jY 0) = f�0(0); ��0(0)g, �(A�jX) = �(A�jZ) n �(A�jY 0).
�³±²¼ ±³¦¥¨¥ A�jY 0 = B, ²®£¤  ®¯¥° ²®° B : Y 0 ! Y 0 ¨ ¤«¿ «¾¡®£® y(t) 2 Y 0

By(t) = �ei�t + �e�i�t;

£¤¥ � ¨ � - ª®¬¯«¥ª±»¥ ·¨±« . �·¥¢¨¤®, ·²® ®¯¥° ²®° B ¤¥©±²¢³¥² ¢ ª®¥·®¬¥°®¬
¯°®±²° ±²¢¥ ¨ ¨¬¥¥² ¤¢  ±®¡±²¢¥»µ § ·¥¨¿ ei�, e�i�. �«¥¤®¢ ²¥«¼®, ®¯¥° ²®°
(B � �E) ¨¬¥¥² ®£° ¨·¥»© ®¡° ²»© ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  � =2 fei�; e�i�g.
�®½²®¬³ ±¯¥ª²° �(A�jY 0) = f�0(0); ��0(0)g. �§ «¥¬¬» 4 ±«¥¤³¥², ·²® ±¯¥ª²° �(A�) =
�(A�jY 0) [ f�k(0); ��k(0); 0j k = 1; 2; � � �g. �·¥¢¨¤®, ·²® �(A�jX) � �(A�). � ª¨¬
®¡° §®¬, ¤«¿ ¤®ª § ²¥«¼±²¢  ²®£®, ·²® �(A�jX) = f�k(0); ��k(0); 0j k = 1; 2; � � �g  ¤®
¤®ª § ²¼, ·²® �(A�jX) \ �(A�jY 0) = �. �³±²¼ � 2 �(A�jY 0). �§ ¯³ª²  3 «¥¬¬»
3 ±«¥¤³¥², ·²® (A� � �E)x(t) 6= 0 ¤«¿ «¾¡®£® x(t) 2 X. �«¥¤®¢ ²¥«¼®, ®¯¥° ²®°
(A� � �E) ¿¢«¿¥²±¿ ¢§ ¨¬®®¤®§ ·»¬ ¢ ¯°®±²° ±²¢¥ X. �³±²¼ � = ei�, � 2 [0; 2�].
� ±±¬®²°¨¬ ³° ¢¥¨¥

(A� � ei�E)x1(t) = x2(t); £¤¥ xi(t) 2 X; i = 1; 2: (36)

�®£¤  ¨§ (30) ± ³·¥²®¬ ²®£®, ·²® ¯°¨ � = 0 ¢ ´®°¬³«¥ (30) � = �i� (² ª ª ª ¢»¯®«¥®
(7)), ¯®«³·¨¬

x1(t) = x1(0)e
i�t + ei�t

Z t

0
ve�2i�e�i��x2(�) d� � e�i�x2(t) + e�i�ei�tx2(0): (37)

� ¬¥²¨¬, ·²® ¨§ ¢¨¤  ¬®¦¥±²¢  X ±«¥¤³¥², ·²® x2(t) 2 X ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤ Z 1

0
x2(t)�i(dt) = 0; i = 1; 2; (38)

£¤¥ �i(dt) (i = 1; 2) - ±®¡±²¢¥»¥ ¢¥ª²®°» ±®¯°¿¦¥®£® ®¯¥° ²®°  A��, ®¯°¥¤¥«¥»¥
¢ «¥¬¬¥ 6. � ©¤¥¬, ¯°¨ ª ª®¬ ³±«®¢¨¨ x1(t) 2 X, ².¥.  ©¤¥¬ ³±«®¢¨¥, ¯°¨ ª®²®°®¬Z 1

0
x1(t)�i(dt) = 0; i = 1; 2: (39)
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�®¤±² ¢¨¬ (37) ¢ ° ¢¥±²¢® Z 1

0
x1(t)�2(dt) = 0:

�®«³·¨¬R 1
0 x1(t)�2(dt) =

R 1
0 x1(0)e

i�t�2(dt) +
R 1
0 e

i�t
R t
0 ve

�2i�e�i��x2(�) d��2(dt)�R 1
0 e

�i�x2(t)�2(dt) +
R 1
0 e

�i�ei�tx2(0)�2(dt):

�§ «¥¬¬» 6 ±«¥¤³¥², ·²® ¯¥°¢»© ¨²¥£° « ¢ ¯®±«¥¤¥¬ ¢»° ¦¥¨¨ ° ¢¥ x1(0),   ·¥-
²¢¥°²»© ° ¢¥ e�i�x2(0). �°¥²¨© ¨²¥£° « ° ¢¥ 0 ¢ ±¨«³ (38). �¡®§ ·¨¬ ¢²®°®©
¨²¥£° « ¢ ¯®±«¥¤¥¬ ¢»° ¦¥¨¨ ·¥°¥§ I. �®£¤ Z 1

0
x1(t)�2(dt) = x1(0) + I + e�i�x2(0):

� ©¤¥¬ I. �®¤±² ¢«¿¿ ¢»° ¦¥¨¥ ¤«¿ �2(dt) ¨§ «¥¬¬» 6, ¯®«³·¨¬

I = (ve�2i�)

Z 1

0
e�i��x2(�) d� � vc2e

�2i�
Z 1

0
�e�i��x2(�) d�: (40)

�§ (38), ³·¨²»¢ ¿ ¿¢»© ¢¨¤ ±®¡±²¢¥®£® ¢¥ª²®°  �2(dt), ¥±«®¦® ¯®ª § ²¼, ·²®Z 1

0
x2(t)e

�i�t dt = � e�i�

u+ i�
x2(1):

�®¤±² ¢«¿¿ ½²® ° ¢¥±²¢® ¨ ¢»° ¦¥¨¥ ¤«¿ c2 ¨§ «¥¬¬» 6 ¢ (40), ¯®«³·¨¬, ·²®

I = �ve
�3i�

u+ i�
x2(1)� ve�2i�(u+ i�)

u+ i� + 1

Z 1

0
�e�i��x2(�) d�: (41)

� ª¨¬ ®¡° §®¬,
x1(0) = �e�i�x2(0)� I; (42)

£¤¥ I ®¯°¥¤¥«¥® ¢ (41). �®ª ¦¥¬ ·²®, ¥±«¨ ¢»¯®«¥® (39) ¤«¿ i = 2, ²® (39) ¢»¯®«¥®

¨ ¤«¿ i = 1. � ±±¬®²°¨¬ x3(t) = x1(t) � e�i�t
R 1
0 x1(t)�1(dt). �³ª¶¨¿ x3(t) 2 X, ² ª

ª ª, ¯®«¼§³¿±¼ «¥¬¬®© 6 ¨ ²¥¬, ·²®
R 1
0 xi(t)�j(dt) = 0 ¯°¨ i 6= j, i; j = 1; 2 (±¬. ¤®ª -

§ ²¥«¼±²¢® «¥¬¬» 5), ¥±«®¦® ¯°®¢¥°¨²¼, ·²®
R 1
0 x3(t)�i(dt) = 0, i = 1; 2. �»¯¨¸¥¬

A�x3(t):

A�x3(t) = x2 � e�i�
hZ 1

0
x1(t)�1(dt)

i
e�i�t + ei�x1(t):

� ª ª ª ®¯¥° ²®° A� ¨¢ °¨ ²¥   X, ²® A�x3(t) � ei�x3(t) 2 X. � ¬¥²¨¬, ·²®

A�x3(t)� ei�x3(t) = x2(t) � (e�i� � ei�)
hZ 1

0
x1(t)�1(dt)

i
e�i�t:

� ª ª ª A�x3(t) � ei�x3(t) 2 X, x2(t) 2 X,   e�i�t =2 X, ²® ¨§ ¯®±«¥¤¥£® ° ¢¥±²¢ 

±«¥¤³¥², ·²®
R 1
0 x1(t)�1(dt) = 0. � ª¨¬ ®¡° §®¬, (39) ¢»¯®«¥®, ². ¥. x1(t) 2 X, ²®£¤ 

¨ ²®«¼ª® ²®£¤ , ª®£¤  ¢»¯®«¥® (42).
�®¤±² ¢«¿¿ (42) ¢ (37) ¯®«³·¨¬, ·²® ¤«¿ «¾¡®© x2(t) 2 X ±³¹¥±²¢³¥² ´³ª¶¨¿

x1(t) 2 X ² ª ¿, ·²® ¢»¯®«¥® (36). �®½²®¬³ «¨¥©»© ®¯¥° ²®° A�jX � ei�E ¢§ -
¨¬® ®¤®§ ·® ®²®¡° ¦ ¥² ¡  µ®¢® ¯°®±²° ±²¢® X   ±¥¡¿. �®£¤  ¯® ²¥®°¥¬¥
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�  µ  ®¡ ®¡° ²®¬ ®¯¥° ²®°¥   ¯°®±²° ±²¢¥ X ®¯¥° ²®° (A�jX � ei�E)�1 - ®£° -
¨·¥. �®½²®¬³ ei� =2 �(A�jX). � ±±¬ ²°¨¢ ¿ ª®¬¯«¥ª±®¥ ±®¯°¿¦¥¨¥, ¯®«³·¨¬, ·²®
e�i� =2 �(A�jX). � ª¨¬ ®¡° §®¬, ¬» ¤®ª § «¨, ·²® �(A�jX) \ �(A�jY 0) = �. �«¥¤®-
¢ ²¥«¼®, ¯®¤¯°®±²° ±²¢® Y 0 ¿¢«¿¥²±¿ ®¡®¡¹¥»¬ ±®¡±²¢¥»¬ ¯®¤¯°®±²° ±²¢®¬
®¯¥° ²®° A�, ±®®²¢¥²±²¢³¾¹¨¬ · ±²¨ ±¯¥ª²°    ¥¤¨¨·®© ®ª°³¦®±²¨, ².¥. Y 0 = Y .
�¥¬¬  7 ¤®ª §  .

�«¥¤±²¢¨¥ 2 (¨§ «¥¬¬» 7). �³±²¼ ¯ ° ¬¥²° � = 0. �¡®¡¹¥®¥ ±®¡±²¢¥®¥ ¯®¤¯°®-
±²° ±²¢® Y ®¯¥° ²®°  A�, ±®®²¢¥²±²¢³¾¹¥¥ · ±²¨ ±¯¥ª²°    ¥¤¨¨·®© ®ª°³¦®±²¨,
¨¬¥¥² ° §¬¥°®±²¼ d = 2.

� ª¨¬ ®¡° §®¬, ®²®¡° ¦¥¨¥

(	�; �) : C1[0; 1]� R! C1[0; 1]�R;

³¤®¢«¥²¢®°¿¥² ¢±¥¬ ³±«®¢¨¿¬ ²¥®°¥¬» ® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨. �® ½²®© ²¥®°¥¬¥
±³¹¥±²¢³¥² ®ª°¥±²®±²¼ ³«¿

~V = V � U � C1[0; 1]�R (43)

¨ ¤¨´´¥°¥¶¨°³¥¬®¥ ¯®¤¬®£®®¡° §¨¥ M � ~V ° §¬¥°®±²¨ 3, ¯°®µ®¤¿¹¥¥ ·¥°¥§ 0 ¨
ª ± ¾¹¥¥±¿ Y �R ¢ ²®·ª¥ 0, ¤«¿ ª®²®°®£® ¢»¯®«¥» ±«¥¤³¾¹¨¥ ³±«®¢¨¿:
(a) ¥±«¨ z 2M ¨ (	�(z); �) 2 ~V , ²® (	�(z); �) 2M («®ª «¼ ¿ ¨¢ °¨ ²®±²¼);
(b) ¥±«¨ (	n

�(z); �) 2 ~V ¤«¿ ¢±¥µ n = 0; 1; 2; :::, ²® ¯°¨ n ! 1 ° ±±²®¿¨¥ ¬¥¦¤³
(	n

�(z); �) ¨ M ±²°¥¬¨²±¿ ª ³«¾5 («®ª «¼ ¿ ³±²®©·¨¢®±²¼).
�®¤¬®£®®¡° §¨¿ � = const ½²®£® ¨¢ °¨ ²®£® ¬®£®®¡° §¨¿ ®¡° §³¾² ®¤®¯ ° ¬¥-
²°¨·¥±ª®¥ ±¥¬¥©±²¢® ¨¢ °¨ ²»µ ¬®£®®¡° §¨© M�, ° §¬¥°®±²¼ ª ¦¤®£® ¨§ ª®²®-
°»µ ° ¢  ¤¢³¬. �¤¥« ¥¬ § ¬¥³ ª®®°¤¨ ² ¨ ¯¥°¥©¤¥¬ ª ¤¢³µ¬¥°®¬³ ¬®£®®¡° §¨¾
M0. � ª¨¬ ®¡° §®¬, ¨±µ®¤ ¿ ¡¥±ª®¥·®¬¥° ¿ § ¤ ·  ±¢¥¤¥  ª ±«¥¤³¾¹¥© ¤¢³µ¬¥°-
®© § ¤ ·¥ (®¯³±ª ¿ ¢®¯°®± ® £«®¡ «¼®© ³±²®©·¨¢®±²¨): ¨¬¥¥²±¿ ¤¨´´¥°¥¶¨°³¥¬®¥
(ª« ±±  C8)6 ®²®¡° ¦¥¨¥ F� : R2 ! R2, ³¤®¢«¥²¢®°¿¾¹¥¥ ±«¥¤³¾¹¨¬ ³±«®¢¨¿¬:
(a) F�(0; 0) = (0; 0),
(b) dF�(0; 0) ¨¬¥¥² ¤¢  ª®¬¯«¥ª±®-±®¯°¿¦¥»µ ±®¡±²¢¥»µ § ·¥¨¿ �(�), ��(�) ² -
ª¨µ, ·²® j�(0)j = 1,

(c) dj�(�)j
d� j�=0> 0.

�²¥°¥±® ¡»«® ¡» ¨±±«¥¤®¢ ²¼ ¢®¯°®± ® £«®¡ «¼®© ³±²®©·¨¢®±²¨  ©¤¥®£® ¤¢³µ-
¬¥°®£® ¨¢ °¨ ²®£® ¬®£®®¡° §¨¿ M0. �«¿ ½²®£®, ³·¨²»¢ ¿ ³²¢¥°¦¤¥¨¥ (b) ²¥-
®°¥¬» ® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨,  ¤® ¤®ª § ²¼ ±³¹¥±²¢®¢ ¨¥ ®ª°¥±²®±²¨ ³«¿
W � C1 [0; 1] ² ª®©, ·²® M0 � W � V 7 ¨ ®¡« ¤ ¾¹¥© ±«¥¤³¾¹¨¬ ±¢®©±²¢®¬: ¤«¿
«¾¡®£® z 2W 	n

�(z) 2W ¤«¿ ¢±¥µ n = 0; 1; 2; ::: .
�¯°¥¤¥«¥¨¥ 2. �³¤¥¬ £®¢®°¨²¼, ·²® «¥¢ ¿ · ±²¼ ° ±±¬ ²°¨¢ ¥¬®£®  ¬¨ ¤¨´´¥°¥¶¨-
 «¼®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (1) (².¥. ´³ª¶¨¿ H(x; y)) ®¡« ¤ ¥² S-±¢®©±²¢®¬,
¥±«¨ ±³¹¥±²¢³¥² ®ª°¥±²®±²¼ ³«¿ W � C1 [0; 1] ² ª ¿, ·²® ±®®²¢¥²±²¢³¾¹¥¥ ´³ª-
¶¨¨ H(x; y) ¤¢³µ¬¥°®¥ ¨¢ °¨ ²®¥ ¬®£®®¡° §¨¥ M0 � W ¨ ¤«¿ «¾¡®£® z 2 W
	n
�(z) 2 W ¤«¿ ¢±¥µ n = 0; 1; 2; ::: .

� ª¨¬ ®¡° §®¬, ¬» ¬®¦¥¬ ±´®°¬³«¨°®¢ ²¼ ±«¥¤³¾¹¥¥ ³²¢¥°¦¤¥¨¥.

5	n
� ®¡®§ · ¥² ±³¯¥°¯®§¨¶¨¾ ®²®¡° ¦¥¨¿ 	�, ¢§¿²³¾ n ° §.

6� ª ¡»«® ³ª § ® ° ¥¥ (±¬. «¥¬¬³ 2), ¨±µ®¤®¥ ¡¥±ª®¥·®¬¥°®¥ ®²®¡° ¦¥¨¥ 	� ¯°¨-
 ¤«¥¦¨² ª« ±±³ C

9, ².¥. ¿¢«¿¥²±¿ 9 ° § ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬»¬, ¯®½²®¬³ ¯®±«¥
¯°¨¬¥¥¨¿ ²¥®°¥¬» ® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨ ¬» ¬®¦¥¬ £ ° ²¨°®¢ ²¼, ·²® ±®®²¢¥²-
±²¢³¾¹¥¥ ¥¬³ ®²®¡° ¦¥¨¥ F�    ©¤¥®¬ ¤¢³µ¬¥°®¬ ¬®£®®¡° §¨¨ ¯°¨ ¤«¥¦¨² ª« ±±³
C

8.
7V ¥±²¼ ®ª°¥±²®±²¼ ³«¿ ¯°®±²° ±²¢  C1 [0;1], ®¯°¥¤¥«¥ ¿ ¢ (43), ±³¹¥±²¢®¢ ¨¥ ª®²®°®©

£ ° ²¨°³¥² ²¥®°¥¬  ® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨.
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�²¢¥°¦¤¥¨¥ 1. �±«¨ ´³ª¶¨¿ H(x; y) ®¡« ¤ ¥² S-±¢®©±²¢®¬, ²®  ©¤¥®¥ ¤¢³µ¬¥°-
®¥ ¨¢ °¨ ²®¥ ¬®£®®¡° §¨¥M0 ¡³¤¥² £«®¡ «¼® ³±²®©·¨¢»¬ ¢ ®¡« ±²¨W , ².¥. ¤«¿
«¾¡®£® z 2W ° ±±²®¿¨¥ ¬¥¦¤³ 	n

�(z) ¨ M0 ±²°¥¬¨²±¿ ª ³«¾ ¯°¨ n!1.
II. � ±±¬®²°¨¬ ®²®¡° ¦¥¨¥ F�, ³¤®¢«¥²¢®°¿¾¹¥¥ (a) - (c) ¨ ¯³±²¼

�(0)k 6= 1; k = 1; 2; 3; 4; 58: (44)

�¥¬¬  8. �³±²¼ �(0)k 6= 1 ¯°¨ k = 1; 2; 3; 4. �®£¤  ±³¹¥±²¢³¥² £« ¤ª ¿ § ¢¨±¿¹ ¿ ®² �
§ ¬¥  ¯¥°¥¬¥»µ, ¯°¨¢®¤¿¹ ¿ ®²®¡° ¦¥¨¥ F� ª ¢¨¤³

F�(z) = �(�)z + �(�)z2�z + �(�)�z4 +O(jzj5); z � ª®¬¯«¥ª±®¥: (45)

�®«¥¥ ²®£®, ¥±«¨ �5 6= 1, ²® ¬®¦® ¤®¡¨²¼±¿, ·²®¡» �(�) � 0.
�®ª § ²¥«¼±²¢® «¥¬¬» 8 ¯°¨¢¥¤¥® ¢ [8, ±. 196-197].

� ¬¥· ¨¥ 3. �¥«¨·¨ 
l1 = Re

h
�(0)��(0)

i
(46)

 §»¢ ¥²±¿ ¯¥°¢®© «¿¯³®¢±ª®© ¢¥«¨·¨®© ®²®¡° ¦¥¨¿ F�.
� ¯®¬¨¬, ·²® ®²®¡° ¦¥¨¥ F� ±®¢¯ ¤ ¥² ± ®²®¡° ¦¥¨¥¬ 	�   ¯®«³·¥®¬ ¤¢³µ-

¬¥°®¬ ¨¢ °¨ ²®¬ ¬®£®®¡° §¨¨. �®®²¢¥²±²¢¥®, dF�(0; 0) = A�, £¤¥ A� - «¨-
¥©»© ®¯¥° ²®° (14), �(0) = �0(0) = ei�, £¤¥ cos� = � u

vgr
¨ ±®¡±²¢¥»¬ § ·¥¨¿¬

�0(0); ��0(0) ±®®²¢¥²±²¢³¾² ±®¡±²¢¥»¥ ¢¥ª²®°» x1 = ei�t ¨ x2 = �x1 = e�i�t (±¬. «¥¬¬³
3). �®½²®¬³ ¬» ¬®¦¥¬ ¨±ª ²¼ ¨¢ °¨ ²®¥ ¤¢³µ¬¥°®¥ ¬®£®®¡° §¨¥ ¢ ¢¨¤¥

h(z; �z) = zx1 + �z�x1 + z2x2;0 + z�zx1;1 + �z2x0;2 + z3x3;0+
z2�zx2;1 + z�z2x1;2 + �z3x0;3 + o(jzj3); (47)

£¤¥ x1; �x1 - ±®¡±²¢¥»¥ ¢¥ª²®°» ®¯¥° ²®°  A0, xi;j 2 C1[0; 1], i; j = 0; 1; 2; 3.
� ±±¬®²°¨¬ ®²®¡° ¦¥¨¥ 	0(h)   ¤¢³µ¬¥°®¬ ¬®£®®¡° §¨¨. � §«®¦¨¬ 	0(h) ¢

°¿¤ �½©«®°  ¢ ®ª°¥±²®±²¨ ³«¿

	0(h) = Ah+ B(h; h) + C(h; h; h)+ o(khk3); (48)

£¤¥ ®¯¥° ²®° A = A0, B = 1
2	0

00(0), C = 1
6	0

000(0).
�·¨²»¢ ¿ ¢¢¥¤¥»¥ ®¡®§ ·¥¨¿, ±¯° ¢¥¤«¨¢® ±«¥¤³¾¹¥¥ ³²¢¥°¦¤¥¨¥.

�¥¬¬  9. �³±²¼ � = 0. � ° ¬¥²° �(0) ¢ ° §«®¦¥¨¨ (45) ° ¢¥

�(0) = (�1(dt); 2B(x1; x1;1) + 2B(�x1; x2;0) + 3C(�x1; x1; x1)); (49)

£¤¥ �1(dt) - ±®¡±²¢¥»© ¢¥ª²®° ±®¯°¿¦¥®£® ®¯¥° ²®°  A� (®¯°¥¤¥«¥»© ¢ «¥¬¬¥
6), ±®®²¢¥²±²¢³¾¹¨© ±®¡±²¢¥®¬³ § ·¥¨¾ ��0(0) = e�i� ¨ ³¤®¢«¥²¢®°¿¾¹¨© ³±«®¢¨¾
®°¬¨°®¢ª¨

(�1; x1) =

Z 1

0
x1(t)��1(dt) = 1:

�®ª § ²¥«¼±²¢® «¥¬¬» 9. �  ¨¢ °¨ ²®¬ ¤¢³µ¬¥°®¬ ¬®£®®¡° §¨¨

	0(h(z; �z)) = h(!; �!): (50)

�§ «¥¬¬» 8 ±«¥¤³¥², ·²®
! = ei�z + �z2�z + o(jzj3);
�! = e�i�z + ���z2z + o(jzj3);

8�°¥¡®¢ ¨¥ �(0)5 6= 1 ¿¢«¿¥²±¿ ²¥µ¨·¥±ª¨¬ ¨ ®² ¥£® ¬®¦® ®²ª § ²¼±¿ ([8]).
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£¤¥ � = �(0). �®¤±² ¢«¿¿ ¢ (50) ° §«®¦¥¨¥ (48) ¨ ¯°¨° ¢¨¢ ¿ «¨¥©»¥ ¨ ª¢ ¤° -
²¨·»¥ ·«¥», ¯®«³·¨¬

z2e2i�x2;0 + z�zx1;1 + e�2i��z2x0;2 = z2Ax2;0 + z�zAx1;1 + �z2Ax0;2 + z2B(x1; x1)+
z�z(B(x1; �x1) +B(�x1; x1)) + �z2B(�x1; �x1):

�§ ¯®±«¥¤¥£® ³° ¢¥¨¿ ¨¬¥¥¬ ±¨±²¥¬³ ¤«¿ ®¯°¥¤¥«¥¨¿ x2;0, x1;1 ¨ x0;2

e2i�x2;0 � Ax2;0 = B(x1; x1);
x1;1 �Ax1;1 = B(x1; �x1) +B(�x1; x1);
e�2i�x0;2 � Ax0;2 = B(�x1; �x1):

(51)

�²¨ ³° ¢¥¨¿ ¨¬¥¾² ¥¤¨±²¢¥®¥ °¥¸¥¨¥, ¯®±ª®«¼ª³ e2i�, 1 ¨ e�2i� ¥ ¯°¨ ¤«¥¦ ²
±¯¥ª²°³ ®¯¥° ²®°  A (±¬. «¥¬¬³ 4). �§ ¯®±«¥¤¥© ±¨±²¥¬» ®·¥¢¨¤®, ·²® x2;0 = �x0;2 ¨
x1;1 - ¢¥¹¥±²¢¥®.

� «®£¨·®, ¯®¤±² ¢«¿¿ ¢ (50) ° §«®¦¥¨¥ (48) ¨ ¯°¨° ¢¨¢ ¿ ª³¡¨·¥±ª¨¥ ·«¥»,
¯®«³·¨¬

z3Ax3;0 + z2�zAx2;1 + z�z2Ax1;2 + �z3Ax0;3+
2B(x1; x2;0)z3 + 2(B(x1; x1;1) +B(�x1; x2;0))z2�z+
2(B(�x1; x1;1) +B(x1; x0;2))z�z2 + 2B(�x1; x0;2)�z3 +C(x1; x1; x1)z3+
(C(�x1; x1; x1) +C(x1; �x1; x1) + C(x1; x1; �x1))z2�z+
(C(�x1; �x1; x1) +C(�x1; x1; �x1) + C(x1; �x1; �x1))z�z2+
C(�x1; �x1; �x1)�z3 = �z2�zx1 + ���z2z�x1+
e3i�z3x3;0 + ei�z2�zx2;1 + e�i�z�z2x1;2 + e�3i��z3x0;3:

�°¨° ¢¨¢ ¿ ¢ ¯®±«¥¤¥¬ ° ¢¥±²¢¥ ª®½´´¨¶¨¥²» ¯°¨ ®¤¨ ª®¢»µ ±²¥¯¥¿µ z ¨ �z,
¯®«³·¨¬ ³° ¢¥¨¿ ¤«¿ ®¯°¥¤¥«¥¨¿ x0;3, x3;0, x2;1, x1;2

e3i�x3;0 �Ax3;0 = 2B(x1; x2;0) +C(x1; x1; x1);
e�3i�x0;3 �Ax0;3 = 2B(�x1; x0;2) +C(�x1; �x1; �x1);
ei�x2;1 � Ax2;1 = 2B(x1; x1;1) + 2B(�x1; x2;0) + 3C(�x1; x1; x1) � �x1;
e�i�x1;2 � Ax1;2 = 2B(�x1; x1;1) + 2B(x1; x0;2) + 3C(�x1; �x1; x1)� ���x1:

�®±ª®«¼ª³ e3i� ¨ e�3i� ¥ ¯°¨ ¤«¥¦ ² ±¯¥ª²°³ ®¯¥° ²®°  A, ²® ¯¥°¢»¥ ¤¢  ³° ¢¥¨¿
¨¬¥¾² ¥¤¨±²¢¥®¥ °¥¸¥¨¥. �°¨ ½²®¬ x3;0 = �x0;3. � ¯°®²¨¢, ei� ¨ e�i� ¯°¨ ¤«¥¦ ²
±¯¥ª²°³ ®¯¥° ²®°  A, ¯®½²®¬³ ²°¥²¼¥ ¨ ·¥²¢¥°²®¥ ³° ¢¥¨¥ ¨¬¥¾² °¥¸¥¨¿, ¥±«¨
²®«¼ª® ¨µ ¯° ¢»¥ · ±²¨ ®°²®£  «¼» ±®¡±²¢¥»¬ ¢¥ª²®° ¬ ±®¯°¿¦¥®£® ®¯¥° ²®° 
A�, ®²¢¥· ¾¹¨¬ ±®¡±²¢¥»¬ § ·¥¨¿¬ e�i� ¨ ei� ±®®²¢¥²±²¢¥®. �·¨²»¢ ¿ «¥¬¬³
6, ½²¨ ³° ¢¥¨¿ ¨¬¥¾² °¥¸¥¨¥ ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤ 

(x�1; 2B(x1; x1;1) + 2B(�x1; x2;0) + 3C(�x1; x1; x1)) = �; (52)

£¤¥ x�1 - ±®¡±²¢¥»© ¢¥ª²®° ±®¯°¿¦¥®£® ®¯¥° ²®°  A�, ®²¢¥· ¾¹¨© ±®¡±²¢¥®¬³
§ ·¥¨¾ e�i�, ².¥. A�x�1 = e�i�x�1, ¨ ³¤®¢«¥²¢®°¿¾¹¨© ®°¬¨°®¢ª¥ (x

�
1; x1) = 1. � ª¨¬

®¡° §®¬, x�1 = �1(dt), £¤¥ �1(dt) ®¯°¥¤¥«¥® ¢ «¥¬¬¥ 6. �§ (52) ¯®«³· ¥¬ ³²¢¥°¦¤¥¨¥
«¥¬¬». �¥¬¬  9 ¤®ª §  .

�°¥¤¯®«®¦¨¬, ·²® ¯¥°¢ ¿ «¿¯³®¢±ª ¿ ¢¥«¨·¨  (±¬. § ¬¥· ¨¥ 3) l1 ®²®¡° ¦¥¨¿
F0 ¯°¨ � = 0 ®²«¨·  ®² ³«¿. � ¬¥²¨¬, ·²® ³±«®¢¨¿ �(0)k 6= 1, £¤¥ k = 1; 2; 4 ¢  ¸¥¬
±«³· ¥ ¢»¯®«¿¾²±¿  ¢²®¬ ²¨·¥±ª¨,   ³±«®¢¨¥ (19) ¢ ²¥®°¥¬¥ 1 ½ª¢¨¢ «¥²® ®£° ¨·¥-
¨¾ �(0)3 6= 1. �°¨ ½²®¬ ®£° ¨·¥¨¨ ¤«¿ ¤¢³µ¬¥°®£® ®²®¡° ¦¥¨¿ F� ¢»¯®«¿¾²±¿
¢±¥ ³±«®¢¨¿ ²¥®°¥¬» �®¯´  [6].
�¥®°¥¬  (�®¯´ ). �³±²¼ ¤«¿ ®²®¡° ¦¥¨¿ F� : R2 ! R2, F� 2 C8(U ), £¤¥ U-¥ª®²®° ¿
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®ª°¥±²®±²¼ ³«¿ ¢ R2, ¢»¯®«¥» ³±«®¢¨¿ (a), (b), (c), ².¥
(a) F�(0; 0) = (0; 0),
(b) dF�(0; 0) ¨¬¥¥² ¤¢  ª®¬¯«¥ª±®-±®¯°¿¦¥»µ ±®¡±²¢¥»µ § ·¥¨¿ �(�), ��(�) ² -
ª¨µ, ·²® j�(0)j = 1,

(c) dj�(�)j
d� j�=0> 0,

¯°¨·¥¬ �(0)k 6= 1, £¤¥ k = 1; 2; 3; 4. �®£¤ 
1) ±³¹¥±²¢³¥² £« ¤ª ¿ § ¢¨±¿¹ ¿ ®² � § ¬¥  ª®®°¤¨ ², ¯°¨¢®¤¿¹ ¿ F� ª ¢¨¤³

F�(X) = G�(X) + O(jXj5); X 2 R2;

£¤¥ ¢ ¯®«¿°»µ ª®®°¤¨ ² µ (r; �) ´³ª¶¨¿ G�(r; �) ¨¬¥¥² ¢¨¤

G�(r; �) =
�
j�(�)jr � a(�)r3; �+�(�) + b(�)r2

�
;

a(�); b(�);�(�) - £« ¤ª¨¥ ´³ª¶¨¨ ®² �, a(0) = l1 - ¯¥°¢ ¿ «¿¯³®¢±ª ¿ ¢¥«¨·¨  (®¯°¥-
¤¥«¥ ¿ ¢ § ¬¥· ¨¨ 3);
2) ¥±«¨ a(0) > 0 (a(0) < 0), ²® ®²®¡° ¦¥¨¥ F� ¨¬¥¥² ³±²®©·¨¢³¾ (¥³±²®©·¨¢³¾) ¨-
¢ °¨ ²³¾ § ¬ª³²³¾ ª°¨¢³¾ ª« ±±  C2 ¤«¿ ¢±¥µ ¤®±² ²®·® ¬ «»µ � > 0 (� < 0).
Cµ¥¬  ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» �®¯´ .
�´®°¬³«¨°®¢  ¿ ²¥®°¥¬  ±®¢¯ ¤ ¥² ± ²¥®°¥¬®© �®¯´ , ¤®ª § ®© ¢ [6] §  ¨±ª«¾·¥-
¨¥¬ ²®£® ´ ª² , ·²® ¯®«³·¥ ¿ ®¤®¬¥° ¿ ¨¢ °¨ ² ¿ ª°¨¢ ¿ ¿¢«¿¥²±¿ ¤¢ ¦¤»
¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®©. �®½²®¬³ ¤®ª § ²¥«¼±²¢  ½²¨µ ²¥®°¥¬ ¯° ª²¨·¥±ª¨
±®¢¯ ¤ ¾² ¨ ¬» ®±² ®¢¨¬±¿ ¯®¤°®¡® «¨¸¼   ¥ª®²®°»µ ¯³ª² µ ¤®ª § ²¥«¼±²¢ .
�¥°¢®¥ ³²¢¥°¦¤¥¨¥ ²¥®°¥¬» ¯®«®±²¼¾ ¤®ª § ® ¢ [6]. �±² ®¢¨¬±¿ ¯®¤°®¡¥¥  
¤®ª § ²¥«¼±²¢¥ ¢²®°®£® ³²¢¥°¦¤¥¨¿. �°¥¤¯®«®¦¨¬, ·²® a(0) > 0 (¢ ±«³· ¥, ª®£¤ 
a(0) < 0 ¤®ª § ²¥«¼±²¢®   «®£¨·®). �§ ¯¥°¢®£® ³²¢¥°¦¤¥¨¿ ²¥®°¥¬» ±«¥¤³¥², ·²®
®²®¡° ¦¥¨¥ F� ¢ ¯®«¿°»µ ª®®°¤¨ ² µ ¨¬¥¥² ¢¨¤

R = (1 + �)r � a(�)r3 +O(r5)
� = �+ �(�) + b(�)r2 +O(r4):

�²¡° ±»¢ ¿ O(r5) ¢ ¯¥°¢®¬ ³° ¢¥¨¨ ¨ O(r4) ¢® ¢²®°®¬ ³° ¢¥¨¨, ¬» ¯®«³·¨¬ ³±¥-

·¥®¥ ®²®¡° ¦¥¨¥, ª®²®°®¥ ¨¬¥¥² ¨¢ °¨ ²³¾ ®ª°³¦®±²¼ ° ¤¨³±  r0 =
q

�
a(�)

¤«¿ ¬ «»µ � > 0. � ª ª ª ¯®«®¥ ®²®¡° ¦¥¨¥ ¿¢«¿¥²±¿ ¥¡®«¼¸¨¬ ¢®§¬³¹¥¨¥¬
³±¥·¥®£® ®²®¡° ¦¥¨¿, ²® ¥±²¥±²¢¥® ¨±ª ²¼ ¨¢ °¨ ²³¾ ª°¨¢³¾ ¯®«®£® ®²®-
¡° ¦¥¨¿ ¢¡«¨§¨ ®ª°³¦®±²¨ ° ¤¨³±  r0, ¨¢ °¨ ²®© ¤«¿ ³±¥·¥®£® ®²®¡° ¦¥¨¿.
� «®£¨·® [8, ±. 198] ±¤¥« ¥¬ § ¬¥³ ª®®°¤¨ ², °¥§³«¼² ²®¬ ª®²®°®© ¡³¤¥² ®¢ ¿
ª®®°¤¨ ² 

x =
1p
�
(

s
a(�)

�
r � 1): (53)

�®£¤    ¯«®±ª®±²¨ (x; �) ®²®¡° ¦¥¨¥ ¡³¤¥² ¨¬¥²¼ ¢¨¤

X = (1� 2�)x+ �
3
2X1(x; �; �);

� = �+�1(�) + �
3
2�1(x; �; �);

£¤¥
�1(�) = �(�) + b(�)

a(�)�;

X1(x; �; �) = �x3� 1
2 � 3x2 +O(x5);

�1(x; �; �) = 2x b(�)
a(�) +

b(�)
a(�)x

2�
1
2 + O(x4):
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�·¥¢¨¤®, ·²® ´³ª¶¨¨ X1 ¨ �1 ¯°¨ ¤«¥¦ ² ª« ±±³ C3 ¯® x, � ¨ � ¯°¨ jxj � 1,
� 2 [0; 2�] ¨ ¬ «»µ ¯®«®¦¨²¥«¼»µ �, ² ª ª ª ¨±µ®¤®¥ ®²®¡° ¦¥¨¥ ¯® ³±«®¢¨¾ ¯°¨-
 ¤«¥¦¨² ª« ±±³ C8 ¨ ¢±¥ § ¬¥» £« ¤ª¨¥.
� ¬¥· ¨¥ 4. �¡« ±²¼ �1 � x � 1, 0 � � � 2� ±®®²¢¥²±¢³¥² ª®«¼¶³ ¸¨°¨» O(�)
¢®ª°³£ ¨¢ °¨ ²®© ®ª°³¦®±²¨ ®²®¡° ¦¥¨¿ G�, ª®²®° ¿ ¨¬¥¥² ° ¤¨³± ¯®°¿¤ª 
O(
p
�):
�³¤¥¬ ¨±ª ²¼ ¨¢ °¨ ²®¥ ®£®®¡° §¨¥ M ¢ ¢¨¤¥ £° ´¨ª  ´³ª¶¨¨ x = u(�), £¤¥

(i) u(�) 2 C2[0; 2�],

(ii) u(�) ¯¥°¨®¤¨·¥±ª ¿ ¯® � ± ¯¥°¨®¤®¬ 2�,

(iii) ju(j)(�)j � 1, ¤«¿ j = 0; 1; 2 ¨ «¾¡®£® �,

(iv) u(2)(�) ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ �¨¯¸¨¶  ± ª®±² ²®© 1, ².¥. ¤«¿ «¾¡»µ �1; �2
ju(2)(�1)� u(2)(�2)j � j�1 � �2j.

�¡®§ ·¨¬ ¬®¦¥±²¢® ´³ª¶¨©, ³¤®¢«¥²¢®°¿¾¹¨µ (i)-(iv) ·¥°¥§ U. � «¼¥©¸¥¥ ¤®ª -
§ ²¥«¼±²¢® ®±®¢ ®   ¯°¨¶¨¯¥ ±¦¨¬ ¾¹¨µ ®²®¡° ¦¥¨©. �» ¯®±²³¯¨¬ ±«¥¤³¾¹¨¬
®¡° §®¬:  ·¥¬ ± ¬®£®®¡° §¨¿ M = fx = u(�)g, u 2 U ¨ ° ±±¬®²°¨¬ ®¢®¥ ¬®£®-
®¡° §¨¥ F�(M ), ¯®«³·¥®¥ ¤¥©±²¢¨¥¬ F�   M. �®ª ¦¥¬, ·²® ¯°¨ ¤®±² ²®·® ¬ «»µ
� ¬®£®®¡° §¨¥ F�(M ) ®¯¿²¼ ¨¬¥¥² ¢¨¤ x = û(�) ± ¥ª®²®°®© û 2 U . � ª¨¬ ®¡° §®¬,
¬» ±²°®¨¬ ¥«¨¥©®¥ ®²®¡° ¦¥¨¥ f ¯°®±²° ±²¢  U ¢ ±¥¡¿ ² ª®¥, ·²® fu = û. � ²¥¬
¤®ª ¦¥¬, ·²® ¯°¨ ¬ «»µ � > 0 ®²®¡° ¦¥¨¥ f ¿¢«¿¥²±¿ ±¦ ²¨¥¬   U. �®£¤ , ±®£« ±®
¯°¨¶¨¯³ ±¦¨¬ ¾¹¨µ ®²®¡° ¦¥¨©, ®® ¨¬¥¥² ¥¤¨±²¢¥³¾ ¥¯®¤¢¨¦³¾ ²®·ª³ u�.
�®£®®¡° §¨¥ fx = u�(�)g ¿¢«¿¥²±¿ ¨±ª®¬®© ¨¢ °¨ ²®© ª°¨¢®©.

� §®¡¼¥¬ ¤®ª § ²¥«¼±²¢®   ±«¥¤³¾¹¨¥ ¸ £¨:
� £ 1: ¢»¢¥¤¥¬ (½¢°¨±²¨·¥±ª¨) ´®°¬³«³ ¤«¿ f ;
� £ 2: ¯®ª ¦¥¬, ·²® ´®°¬³« , ¯®«³·¥ ¿   ¸ £¥ 1, ª®°°¥ª²® ®¯°¥¤¥«¿¥² ®²®¡° -
¦¥¨¥ ´³ª¶¨® «¼®£® ¯°®±²° ±²¢  U ¢ ±¥¡¿;
� £ 3: ¤®ª ¦¥¬, ·²® f ¿¢«¿¥²±¿ ±¦¨¬ ¾¹¨¬   U ¨, ±«¥¤®¢ ²¥«¼®, ¨¬¥¥² ¥¤¨±²¢¥-
³¾ ¥¯®¤¢¨¦³¾ ²®·ª³;
� £ 4: ¤®ª ¦¥¬ ³±²®©·¨¢®±²¼ ¨¢ °¨ ²®£® ¬®£®®¡° §¨¿ fx = u�(�)g.
� £ 1. �«¿  µ®¦¤¥¨¿ fu(�) ¯®±²³¯¨¬ ±«¥¤³¾¹¨¬ ®¡° §®¬.
(A) �®ª ¦¥¬, ·²® ±³¹¥±²¢³¥² ¥¤¨±²¢¥®¥ ~�, ¤«¿ ª®²®°®£® �-ª®¬¯®¥²  F�(u(~�); ~�)
° ¢  �, ².¥. ² ª®¥, ·²®

� = ~�+�1(�) + �3=2�1(u(~�); ~�; �) (mod2�): (54)

(B) �®«®¦¨¬ fu(�) ° ¢»¬ X-ª®¬¯®¥²¥ F�(u(~�); ~�), ².¥.

f(u(�)) = (1� 2�)u(~�) + �3=2X1(u(~�); ~�; �): (55)

�«¿ ®¶¥®ª, ª®²®°»¥ ²°¥¡³¥²±¿ ¯°®¢¥±²¨, ¢¢¥¤¥¬ ±«¥¤³¾¹¥¥ ®¡®§ ·¥¨¥

c = sup
n
jX1(x; �; �)j; j�1(x; �; �)j; j@iX1

@xi j; j@
i�1

@xi j;
j@iX1

@�i j; j@
i�1

@�i j; j@
2X1

@x@� j; j @
2�1

@x@� j; i = 1; 2j� 2 [0; 2�]; �1 � x � 1
o
:

� ª ®¯°¥¤¥«¥®¥ c § ¢¨±¨² ®² �, ® ®±² ¥²±¿ ®£° ¨·¥»¬ ¯°¨ �! 0.
�®ª ¦¥¬ (A), ².¥. ·²® ³° ¢¥¨¥ (54) ¨¬¥¥² ¥¤¨±²¢¥®¥ °¥¸¥¨¥. �¡®§ ·¨¬ ¯° ¢³¾
· ±²¼ (54) ·¥°¥§ z(~�). �®ª ¦¥¬, ·²® ª®£¤  � ¨§¬¥¿¥²±¿ ®² 0 ¤® 2�, z(~�) ¯°®¡¥£ ¥²
¢ ²®·®±²¨ ®¤¨ ° § ¨²¥°¢ « ¤«¨®© 2�. �§ ¯¥°¨®¤¨·®±²¨ u(~�) ¨ �1(x; ~�; �) ¯® ~�
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±«¥¤³¥², ·²® z(2�) = z(0) + 2�. �®½²®¬³ ¤®±² ²®·® ¯®ª § ²¼, ·²® z - ±²°®£® ¢®§° -
±² ¾¹ ¿ ´³ª¶¨¿. �³±²¼ ~�1 < ~�2. �®£¤ 

z(~�2)� z(~�1) = ~�2 � ~�1 + �3=2
h
�1(u(~�2); ~�2; �)��1(u(~�1); ~�1; �)

i
:

� «¥¥, ² ª ª ª ju0(�)j � 1, ²®

j�1(u(~�2); ~�2; �)� �1(u(~�1); ~�1; �)j � c
h
ju(~�2)� u(~�1)j+ j~�2 � ~�1j

i
� 2c(~�2 � ~�1):

� ª¨¬ ®¡° §®¬,
z(~�2)� z(~�1) � (1� 2c�3=2)(~�2 � ~�1): (56)

�«¥¤®¢ ²¥«¼®, ¯°¨ ³±«®¢¨¨
1� 2c�3=2 > 0

z ±²°®£® ¢®§° ±² ¥² ¨ (54) ¨¬¥¥² ¥¤¨±²¢¥®¥ °¥¸¥¨¥. �®½²®¬³, ~�(�) ¿¢«¿¥²±¿ ´³ª-
¶¨¥© � ¨, ª ª ±«¥¤³¥² ¨§ ®¶¥®ª, «¨¯¸¨¶¥¢®©, ².¥.

j~�(�1)� ~�(�2)j � (1� 2c�3=2)�1j�2 � �1j: (57)

�²¬¥²¨¬, ·²® ¨§ (54) ±«¥¤³¥², ·²® z(~�) ¿¢«¿¥²±¿ ¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥-
¬®© ¯°¨ ~� 2 [0; 2�]. �®½²®¬³, ¯® ²¥®°¥¬¥ ® ¥¿¢®© ´³ª¶¨¨, ¬®¦® ³²¢¥°¦¤ ²¼, ·²®
~�(�) 2 C2[0; 2�]. �² ª, ¬» ¯®±²°®¨«¨ ®²®¡° ¦¥¨¥ f ¨ ®® ¨¬¥¥² ±¬»±«.
� £ 2. �°®¢¥°¨¬, ·²® fu 2 U . �±«®¢¨¿ (i) ¨ (ii) ®·¥¢¨¤® ±«¥¤³¾² ¨§ (55). �®ª ¦¥¬
³±«®¢¨¥ (iii)

jfu(�)j � (1� 2�)ju(~�)j+ �3=2jX1(u(~�); ~�; �)j � 1� 2�+ c�3=2:

�«¥¤®¢ ²¥«¼®,
jfu(�)j � 1; ¥±«¨ 2�� c�3=2 � 0:

�¶¥¨¬ ¯¥°¢³¾ ¯°®¨§¢®¤³¾ fu. �¨´´¥°¥¶¨°³¿ (55) ¨ ¤¥« ¿ ®¶¥ª¨ ¯°®¨§¢®¤»µ,
¯®«³·¨¬

jdfu(�)
d�

j � jd
~�

d�
j[1� 2�+ 2�3=2c]:

�·¨²»¢ ¿ (57), ¡³¤¥¬ ¨¬¥²¼

jdfu(�)
d�

j � (1� 2c�3=2)�1[1� 2�+ 2�3=2c] � 1

¯°¨ � � 2�3=2c > 0. �¶¥¨¬ ¢²®°³¾ ¯°®¨§¢®¤³¾ fu. �«¿ ½²®£® ¯°®¤¨´´¥°¥¶¨°³¥¬

(54) ¤¢  ° §  ¯® � ¨ ®¶¥¨¬ d2 ~�
d� . �¨´´¥°¥¶¨°³¿ (54) ¯¥°¢»© ° § ¯® � ¨ ¤¥« ¿ ®¶¥ª¨,

  «®£¨·»¥ ¯°¥¤»¤³¹¨¬, ¯®«³·¨¬

1

1 + 2c�3=2
� d~�

d�
� 1

1� 2c�3=2
:

�·¨²»¢ ¿ ¯®«³·¥³¾ ®¶¥ª³ ¨ ¤¨´´¥°¥¶¨°³¿ (54) ¢²®°®© ° § ¯® �, ¬®¦® ¯®ª § ²¼,
·²®

jd
2~�

d�2
j � (1� 2c�3=2)�35c�3=2:

� ¯®¬®¹¼¾ ¯®«³·¥»µ ®¶¥®ª, ¤¨´´¥°¥¶¨°³¿ (55) ¤¢  ° §  ¯® �, ¯®«³·¨¬

jd2fu(�)d�2 j � (1� 2c�3=2)�3[1� 2�+ 2�3=2c]5c�3=2+ (1� 2c�3=2)�2[1� 2�+ 4c�3=2] � 1
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¯°¨ ¤®±² ²®·® ¬ «®¬ � > 0. �±«®¢¨¥ (iii) ¤®ª § ®.
� «®£¨·®, ³·¨²»¢ ¿ ¯°¥¤»¤³¹¨¥ ®¶¥ª¨, ¯®«³·¨¬, ·²® ¬®¤³«¼ ° §®±²¨

jf (2)u(�2)� f (2)u(�1)j ®¶¥¨¢ ¥²±¿ ±¢¥°µ³ ¢¥«¨·¨®©
((1 � 2�)(1� 2c�3=2)�2 +C0(�)�

3=2)j�1 � �2j;
£¤¥ C0(�) ®£° ¨·¥® ¯°¨ ¬ «»µ � > 0, ².¥. ¢²®° ¿ ¯°®¨§¢®¤ ¿ fu ³¤®¢«¥²¢®°¿¥²
³±«®¢¨¾ �¨¯¸¨¶  ± ª®±² ²®© 1 ¯°¨ ¤®±² ²®·® ¬ «»µ � > 0.
� £ 3. � ¯°¨¶¨¯¥ ¬» ¤®ª §»¢ ¥¬, ·²® f- ±¦¨¬ ¾¹¨© ®¯¥° ²®° ¨ ¯°¨¬¥¿¥¬ ¯°¨-
¶¨¯ ±¦¨¬ ¾¹¨µ ®²®¡° ¦¥¨©. � ¤¥©±²¢¨²¥«¼®±²¨ ¤¥«® ®¡±²®¨² ¥¬®£® ±«®¦¥¥.
(a) �» ¯®ª ¦¥¬, ·²® f - ±¦¨¬ ¾¹¨© ¢ ±³¯°¥¬³¬- ®°¬¥9. �¤ ª®, ¬®¦¥±²¢® U ¥
¿¢«¿¥²±¿ ¯®«»¬ ¢ ±³¯°¥¬³¬-®°¬¥, ¯®½²®¬³ ¯°¨¶¨¯ ±¦¨¬ ¾¹¨µ ®²®¡° ¦¥¨© ¬®¦®
¯°¨¬¥¨²¼ «¨¸¼ ª ¯®¯®«¥¨¾ U ®²®±¨²¥«¼® ½²®© ®°¬». �«¥¤®¢ ²¥«¼®, ¬» ¬®-
¦¥¬ £ ° ²¨°®¢ ²¼ ±³¹¥±²¢®¢ ¨¥ ¥¯®¤¢¨¦®© ²®·ª¨ ¢ ¯®¯®«¥¨¨ U,   ¥ ¢ ± ¬®¬
¬®¦¥±²¢¥ U.
(b) �» ¯®ª ¦¥¬, ·²® ¯®¯®«¥¨¥ U ®²®±¨²¥«¼® ±³¯°¥¬³¬-®°¬» ±®¤¥°¦¨²±¿ ¢ ¬®-
¦¥±²¢¥ ´³ª¶¨© U, ª®²®°»¥ ¿¢«¿¾²±¿ ¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬»¬¨. � -
ª¨¬ ®¡° §®¬, ¬» ¯®ª ¦¥¬, ·²® ¥¯®¤¢¨¦ ¿ ²®·ª  u�(�) ( , ±«¥¤®¢ ²¥«¼®, ¨ ¨±ª®¬ ¿
¨¢ °¨ ² ¿ ª°¨¢ ¿) ¯°¨ ¤«¥¦¨² ª« ±±³ C2 ¨ ²¥¬ ± ¬»¬ ²¥®°¥¬  ¡³¤¥² ¤®ª §  .

(a) �®ª § ²¥«¼±²¢® ²®£®, ·²® f - ±¦¨¬ ¾¹¨© ®¯¥° ²®° ¢ ±³¯°¥¬³¬- ®°¬¥, ¯°¨¢¥¤¥®
¢ [7, ±. 170-171].

(b) �²¢¥°¦¤¥¨¥ [b] ®·¥¢¨¤® ±«¥¤³¥² ¨§ ±«¥¤³¾¹¥£® ³²¢¥°¦¤¥¨¿ [7, ±. 39-40].
�¥¬¬ . �³±²¼ un - ¯®±«¥¤®¢ ²¥«¼®±²¼ ´³ª¶¨©   ¡  µ®¢®¬ ¯°®±²° ±²¢¥ Y ±
§ ·¥¨¿¬¨ ¢ ¡  µ®¢®¬ ¯°®±²° ±²¢¥ X. �°¥¤¯®«®¦¨¬, ·²® ¤«¿ ¢±¥µ n ¨ y 2 Y

jjDjun(y)jj � 1; j = 0; 1; 2; � � �; k;
¨ ª ¦¤ ¿ Dkun ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ �¨¯¸¨¶  ± ª®±² ²®© ¥¤¨¨¶ . �°¥¤¯®-
«®¦¨¬ ² ª¦¥, ·²® ¤«¿ ª ¦¤®£® y ¯®±«¥¤®¢ ²¥«¼®±²¼ un(y) ±µ®¤¨²±¿ ±« ¡® (².¥.
¢ ±« ¡®© ²®¯®«®£¨¨   X) ª ½«¥¬¥²³ u(y). �®£¤ 

(a) u(y) k ° § ¤¨´´¥°¥¶¨°³¥¬  ¨ k-¿ ¯°®¨§¢®¤ ¿ ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ �¨¯-
¸¨¶  ± ª®±² ²®© 1.

(b) Djun(y) ±« ¡® ±µ®¤¨²±¿ ª Dju(y) ¤«¿ ¢±¥µ y ¨ j = 0; 1; 2; � � � ; k.
� £ 4. �®ª § ²¥«¼±²¢® ³±²®©·¨¢®±²¨  ©¤¥®© ¨¢ °¨ ²®© ª°¨¢®© ¤ ® ¢ [6].
� ª¨¬ ®¡° §®¬, ²¥®°¥¬  �®¯´  ¤®ª §  .
�«¥¤±²¢¨¥ 3. �°¨¬¥¿¿ ²¥®°¥¬³ �®¯´  ª  ¸¥¬³ ®²®¡° ¦¥¨¾ F� ¯®«³·¨¬, ·²® ¯°¨
¯®²¥°¥ ³±²®©·¨¢®±²¨ (².¥. ª®£¤  ¯ ° ¬¥²° �, ¢®§° ±² ¿, ¯°®µ®¤¨² ·¥°¥§ 0) ¢ ±¨±²¥¬¥
°®¦¤ ¥²±¿ ¨«¨ £¨¡¥² ¤¢ ¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®¥ ®¤®¬¥°®¥ ¨¢ °¨ ²-
®¥ ¬®£®®¡° §¨¥.
� ¬¥· ¨¥ 5. �§ ³²¢¥°¦¤¥¨¿ 1 ±«¥¤³¥², ·²® ¥±«¨ ´³ª¶¨¿ H(x; y) ¢ ¨±µ®¤®¬ ³° ¢-
¥¨¨ (1) ®¡« ¤ ¥² S - ±¢®©±²¢®¬ (±¬. ®¯°¥¤¥«¥¨¥ 2), ²®  ©¤¥®¥ ®¤®¬¥°®¥ ¨¢ -
°¨ ²®¥ ¬®£®®¡° §¨¥ ¡³¤¥² ³±²®©·¨¢»¬ (¥³±²®©·¨¢»¬), ¥±«¨ ¯¥°¢ ¿ «¿¯³®¢±ª ¿
¢¥«¨·¨  ®²®¡° ¦¥¨¿ F� l1 > 0 (l1 < 0).

III �«¿ § ¢¥°¸¥¨¿ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» 1 ®±² «®±¼ ¯®ª § ²¼, ·²®  ©¤¥®¬³
®¤®¬¥°®¬³ ¨¢ °¨ ²®¬³ ¬®£®®¡° §¨¾ M ±®®²¢¥²±²¢³¥² ¯¥°¨®¤¨·¥±ª ¿ ²° ¥ª-
²®°¨¿ ¨±µ®¤®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (3). � ©¤¥®¥ ®¤®¬¥°®¥ ¨¢ °¨ ²-
®¥ ¬®£®®¡° §¨¥ M ª« ±±  C2 ¥±²¼ ±¥¬¥©±²¢® ´³ª¶¨© x(t; �), § ¢¨±¿¹¨µ ®² ®¤-
®£® ¯ ° ¬¥²°  � 2 [0; 1] ¨ ¥¯°¥°»¢»µ   ¤¥ª °²®¢®¬ ¯°®¨§¢¥¤¥¨¨ [0; 1] � [0; 1],

9�®¤ ±³¯°¥¬³¬-®°¬®© ¬» ¯®¨¬ ¥¬ ®°¬³ ¢ ¯°®±²° ±²¢¥ C0[a; b] ¥¯°¥°»¢»µ   ®²°¥§ª¥ [a; b]
´³ª¶¨© jjgjj = sup

t2[a;b]
g(t).
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x(�; y) 2 C1[0; 1], � 2 [0; 1]. �¤¥« ¥¬ § ¬¥³ ¯ ° ¬¥²°  � 2 [0; 1]   ¯ ° ¬¥²° y 2 S1,
£¤¥ S1 - ®ª°³¦®±²¼ ¥¤¨¨·®© ¤«¨», ¯® ±«¥¤³¾¹¥¬³ ¯° ¢¨«³: ª ¦¤®¬³ § ·¥¨¾
¯ ° ¬¥²°  � 2 [0; 1] ¯®±² ¢¨¬ ¢ ±®®²¢¥²±²¢¨¥ y = e2�i� 2 S1. �®£¤  ¬®£®®¡° §¨¥ M
ª« ±±  C2 ¥±²¼ ±¥¬¥©±²¢® ´³ª¶¨© x(t; y), ¥¯°¥°»¢»µ   ¤¥ª °²®¢®¬ ¯°®¨§¢¥¤¥¨¨
[0; 1]� S1, x(�; y) 2 C1[0; 1], y 2 S1. �°¨·¥¬

	�x(t; y) = x(t; b(y)); t 2 [0; 1]; (58)

£¤¥ b(y) : S1 ! S1.
� «¼¥©¸¥¥ ¤®ª § ²¥«¼±²¢® ¯°®¢®¤¨²±¿ ± ¨±¯®«¼§®¢ ¨¥¬ ¯®¿²¨¿ ·¨±«  ¢° ¹¥¨¿, ¯®-
½²®¬³ ¨¦¥ ¤   ª° ²ª ¿ ±¢®¤ª  °¥§³«¼² ²®¢ ¨§ ²¥®°¨¨ £®¬¥®¬®°´¨§¬®¢ ®ª°³¦®±²¨,
¯°¨¢¥¤¥»µ ¢ [10, ±. 39-52].

�¥ª®²®°»¥ ±¢¥¤¥¨¿ ¨§ ²¥®°¨¨ £®¬¥®¬®°´¨§¬®¢ ®ª°³¦®±²¨

�³±²¼ f : S1 ! S1 - ±®µ° ¿¾¹¨© ®°¨¥² ¶¨¾ £®¬¥®¬®°´¨§¬ ¥¤¨¨·®© ®ª°³¦®±²¨
S1.

�¯°¥¤¥«¥¨¥ 3. �®¤¿²¨¥¬ £®¬¥®¬®°´¨§¬  f : S1 ! S1  §»¢ ¥²±¿ ®²®¡° ¦¥¨¥
F : R1 ! R1, ² ª®¥, ·²® ¤«¿ «¾¡®£® t 2 [0; 1] ¢»¯®«¥® ° ¢¥±²¢® e2�if(t)=F (e

2�it).
�²¢¥°¦¤¥¨¥ 2. �®¤¿²¨¥ F : R1 ! R1 ±®µ° ¿¾¹¥£® ®°¨¥² ¶¨¾ £®¬¥®¬®°´¨§¬ 

®ª°³¦®±²¨ f : S1 ! S1 ®¡« ¤ ¥² ±«¥¤³¾¹¨¬¨ ±¢®©±²¢ ¬¨

(1) F - ¬®®²®® ¢®§° ±² ¾¹ ¿ ´³ª¶¨¿;

(2) F � id - ¯¥°¨®¤¨·¥±ª ¿ ´³ª¶¨¿ ± ¯¥°¨®¤®¬ 1 (id - ²®¦¤¥±²¢¥®¥ ®²®¡° ¦¥¨¥);

(3) ¤«¿ ª ¦¤®£® t 2 R1 ±³¹¥±²¢³¥² ¯°¥¤¥«10

lim
jnj!1

Fn(t)

n
;

¥ § ¢¨±¿¹¨© ®² t.

�¯°¥¤¥«¥¨¥ 4. �¨±«®¬ ¢° ¹¥¨¿ ¯®¤¿²¨¿ F  §»¢ ¥²±¿

!(F ) = lim
jnj!1

Fn(t)

n
:

�²¢¥°¦¤¥¨¥ 3. �³±²¼ !(F ) + Z ®¡®§ · ¥² ª« ±± ¢»·¥²®¢ ·¨±«  !(F ) ¯® ¬®¤³«¾
£°³¯¯» ¶¥«»µ ·¨±¥«. �®£¤ 

(1) ª« ±± !(F )+Z ¥ § ¢¨±¨² ®² ¯®¤¿²¨¿, ².¥. ¥±«¨ F ¨ ~F - ¤¢  ° §«¨·»µ ¯®¤¿²¨¿
£®¬¥®¬®°´¨§¬  f : S1 ! S1, ²®

!(F ) � !( ~F ) (modZ);

(2) ª« ±± !(F ) + Z ¨¢ °¨ ²¥ ®²®±¨²¥«¼® ±®µ° ¿¾¹¥© ®°¨¥² ¶¨¾ ²®¯®«®£¨-
·¥±ª®© ±®¯°¿¦¥®±²¨: ¥±«¨ g = h � f � h�1, £¤¥ h - ±®µ° ¿¾¹¨© ®°¨¥² ¶¨¾
£®¬¥®¬®°´¨§¬, ²® ¤«¿ «¾¡»µ ¯®¤¿²¨© F ¨ G £®¬¥®¬®°´¨§¬®¢ f ¨ g

!(F ) + Z = !(G) + Z:

10Fn = F � � � � � F| {z }
n ° §

.
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� ¬¥· ¨¥. �§ ³²¢¥°¦¤¥¨¿ 3 ±«¥¤³¥², ·²® ¬®¦® ¢¢¥±²¨ ®¡®§ ·¥¨¥

!(f) = !(F ) + Z:

�®£¤  ·¨±«® !(f), ®¯°¥¤¥«¥®¥ ± ²®·®±²¼¾ ¤® ¶¥«®·¨±«¥®£® ±¤¢¨£ ,  §®¢¥¬ ·¨±«®¬
¢° ¹¥¨¿ £®¬¥®¬®°´¨§¬  f .

�²¢¥°¦¤¥¨¥ 4. �¨±«® ¢° ¹¥¨¿ !(f) ¨°° ¶¨® «¼® ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤ 
£®¬¥®¬®°´¨§¬ f ¥ ¨¬¥¥² ¯°¥¨®¤¨·¥±ª¨µ ²®·¥ª.

�¡®§ ·¨¬ ¤«¿ ²®·ª¨ x 2 S1 ·¥°¥§ %(x) ¬®¦¥±²¢® ¯°¥¤¥«¼»µ ²®·¥ª ¯®±«¥¤®¢ -
²¥«¼®±²¨ ffnxgn2Z+ ,   ·¥°¥§ 
(f) - ¬®¦¥±²¢® ¢±¥µ ¥¡«³¦¤ ¾¹¨µ ²®·¥ª £®¬¥®¬®°-
´¨§¬  f ([10, ±. 30]).

�²¢¥°¦¤¥¨¥ 5. �°¥¤¯®«®¦¨¬, ·²® ·¨±«® ¢° ¹¥¨¿ !(f) - ¨°° ¶¨® «¼®. �®£¤ 

( ) ¬®¦¥±²¢® %(x) ¥ § ¢¨±¨² ®² ²®·ª¨ x;

(¡) § ¬ª³²®¥ ¨¢ °¨ ²®¥ ¬®¦¥±²¢® E = %(x) (±®£« ±® ( ), x 2 S1 §¤¥±¼ «¾¡®¥)
«¨¡® ±®¢¥°¸¥® ¨ ¨£¤¥ ¥ ¯«®²®, «¨¡® ±®¢¯ ¤ ¥² ±® ¢±¥© ®ª°³¦®±²¼¾.

�¯°¥¤¥«¥¨¥ 5.�®¬¥®¬®°´¨§¬ f  §»¢ ¥²±¿ ²° §¨²¨¢»¬, ¥±«¨ E = S1 ¨ ¥²° -
§¨²¨¢»¬ ¢ ¯°®²¨¢®¬ ±«³· ¥.

�²¢¥°¦¤¥¨¥ 6.

( ) �±«¨ !(f) = M=N , ¯°¨·¥¬ M=N - ¥±®ª° ²¨¬ ¿ ¤°®¡¼, ²® 
(f) ±®¢¯ ¤ ¥² ±
¬®¦¥±²¢®¬ ¯¥°¨®¤¨·¥±ª¨µ ²®·¥ª ¨  ¨¬¥¼¸¨© ¯¥°¨®¤ ª ¦¤®© ¯¥°¨®¤¨·¥±ª®©
²®·ª¨ ° ¢¥ N .

(¡) �±«¨ !(f) - ¨°° ¶¨® «¼®, ²® 
(f) = E.

�¡®§ ·¨¬ ·¥°¥§ �! ¯®¢®°®² ®ª°³¦®±²¨   ³£®« !, ª®²®°»© ¯®«³· ¥²±¿ ¨§ ±¤¢¨£ 
¯°¿¬®© R1   ! ¯°¨ ¯°®¥ª²¨°®¢ ¨¨ R1   S1. �·¥¢¨¤®, ·²® ¯®¢®°®² �! ®¤®§ ·®
®¯°¥¤¥«¿¥²±¿ ª« ±±®¬ ! + Z ¨ ¥£® ·¨±«® ¢° ¹¥¨¿ ° ¢® ! + Z. � ±²¨·®¥ ®¡° ¹¥¨¥
½²®£® ´ ª²  ¤ ¥²±¿ ±«¥¤³¾¹¨¬ ¯°¥¤«®¦¥¨¥¬.

�²¢¥°¦¤¥¨¥ 7. �±«¨ £®¬¥®¬®°´¨§¬ f ²° §¨²¨¢¥, ²® ® ²®¯®«®£¨·¥±ª¨ ±®¯°¿¦¥
± �!.

�¥®°¥¬  (� ¦³ ). �³±²¼ f - ¤¨´´¥®¬®°´¨§¬ ®ª°³¦®±²¨, ¯°¨·¥¬ ¯°®¨§¢®¤ ¿
f 0 ¥¯°¥°»¢  ¨ ¨¬¥¥² ®£° ¨·¥³¾ ¢ °¨ ¶¨¾,   ·¨±«® ¢° ¹¥¨¿ !(f) - ¨°° ¶¨®-
 «¼®. �®£¤  f ²° §¨²¨¢¥.

�°®¤®«¦¨¬ ¤®ª § ²¥«¼±²¢® ²¥®°¥¬» 1.
�¥¬¬  10. 1) �²®¡° ¦¥¨¥ b(y) : S1 ! S1, ®¯°¥¤¥«¥®¥ ¢ (58), ¥±²¼ £®¬¥®¬®°´¨§¬
®ª°³¦®±²¨, ¯°¨·¥¬ b(y) 2 C2(S1).
2) � ©¤¥®¥ ®¤®¬¥°®¥ ¨¢ °¨ ²®¥ ¬®£®®¡° §¨¥ M ¥ ¨¬¥¥² ²®·¥ª ± ¬®¯¥°¥±¥-
·¥¨¿, ².¥. ¤«¿ «¾¡»µ y0; y00 2 S1 ² ª¨µ, ·²® y0 6= y00 ¢¥°®

sup
t2[0;1]

jx(t; y0)� x(t; y00)j > 0: (59)

�®ª § ²¥«¼±²¢® «¥¬¬» 10. 1) �§ ¤®ª § ²¥«¼±²¢  ²¥®°¥¬» �®¯´  ±«¥¤³¥², ·²® ®¤-
®¬¥°®¬³ ¨¢ °¨ ²®¬³ ¬®£®¡° §¨¾ M ±®®²¢¥²±²¢³¥² ¥¯®¤¢¨¦ ¿ ²®·ª  u�(�)
¬®¦¥±²¢  ´³ª¶¨© U , ®¯°¥¤¥«¿¥¬®£® ³±«®¢¨¿¬¨ (i)-(vi) (±¬. ±µ¥¬³ ¤®ª § ²¥«¼±²¢ 
²¥®°¥¬» �®¯´ ) ¯°¨ ®²®¡° ¦¥¨¨ f , ³¤®¢«¥²¢®°¿¾¹¥¬ (A) ¨ (B) (±¬. � £ 1 ¢ ¤®ª -
§ ²¥«¼±²¢¥ ²¥®°¥¬» �®¯´ ). �®£« ±® ®¯°¥¤¥«¥¨¾ ®²®¡° ¦¥¨¿ f   ¬®¦¥±²¢¥ U ,
¬» ¯ ° ¬¥²°¨§®¢ «¨ u�(�), ².¥. ¬®£®®¡° §¨¥M ¯®«¿°»¬ ³£«®¬ � 2 [0; 2�] (±¬. (54),
(55)). �«¿ ´³ª¶¨¨ �(~�) (54) ¤®ª § ®, ·²® ®  ¿¢«¿¥²±¿ ±²°®£® ¢®§° ±² ¾¹¥© ¨ ¤¢ -
¦¤» ¥¯°¥°»¢® ¤¨´´¥°¥¶¨°³¥¬®©. � ¬¥²¨¬, ·²® ´³ª¶¨¿ �(~�) ¯°¨ u(�) = u�(�)
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±®®²¢¥²±²¢³¥² c ²®·®±²¼¾ ¤® ¬ ±¸² ¡  ®²®¡° ¦¥¨¾ b(y). �®£¤ , ³·¨²»¢ ¿ ±¢®©-
±²¢  ´³ª¶¨¨ �(~�), ¯®«³· ¥¬, ·²® b(y) ¥±²¼ £®¬¥®¬®°´¨§¬ ¥¤¨¨·®© ®ª°³¦®±²¨ ¨
b(y) 2 C2[S1]. �¥°¢®¥ ³²¢¥°¦¤¥¨¥ «¥¬¬» ¤®ª § ®.
2) �«¿ ¤®ª § ²¥«¼±²¢  ¢²®°®£® ³²¢¥°¦¤¥¨¿ § ¬¥²¨¬, ·²® ¬¥¦¤³ ´³ª¶¨¿¬¨ ®¤®-
¬¥°®£® ¨¢ °¨ ²®£® ¬®£®®¡° §¨¿ M ¨ ²®·ª ¬¨ ¬®£®®¡° §¨¿ fu�(�)g ¢ ¯®«¿°»µ
ª®®°¤¨ ² µ ±³¹¥±²¢³¥² ¢§ ¨¬®®¤®§ ·®¥ ±®®²¢¥²±²¢¨¥. �®½²®¬³ ¬®£®®¡° §¨¥M
¥ ¨¬¥¥² ²®·¥ª ± ¬®¯°¥±¥·¥¨¿, ¥±«¨ ²®«¼ª® ¥ ¨¬¥¥² ± ¬®¯¥°¥±¥·¥¨© ª°¨¢ ¿ u�(�)
  ¯«®±ª®±²¨ (x; �), £¤¥ x ®¯°¥¤¥«¥ ¢ (53). � ª ª ª ¬®£®®¡° §¨¥ fu�(�)g ¯ ° ¬¥-
²°¨§®¢ ® ¯®«¿°»¬ ³£«®¬, ²® ®® ¥ ¬®¦¥² ¨¬¥²¼ ²®·¥ª ± ¬®¯¥°¥±¥·¥¨¿ ¨ ¢ ª ª®©
²®·ª¥, ª°®¬¥ ³«¿. �¥©±²¢¨²¥«¼®, ± ¬®¯¥°¥±¥·¥¨¿ ¢¥ ²®·ª¨ 0 ¬®£³² ¡»²¼ ²®«¼ª®
¢ ²®¬ ±«³· ¥, ¥±«¨ ´³ª¶¨¿ �(~�), ®¯°¥¤¥«¥ ¿ ¢ (54), ¨§¬¥¿¥²±¿ ®² 0 ¤® 2�, ª®£¤ 
¥¥  °£³¬¥² ~� ¨§¬¥¿¥²±¿   ¬¥¼¸³¾ ¢¥«¨·¨³. �® ½²® ¥¢®§¬®¦®, ² ª ª ª ¢ ±¨«³
(56) ´³ª¶¨¿ �(~�) ¿¢«¿¥²±¿ «¨¯¸¨¶¥¢®© ± ª®² ²®©, ¡«¨§ª®© ª ¥¤¨¨¶¥. �¥°¥§ ²®·ª³
0 u�(�) ¯°®µ®¤¨²¼ ¥ ¬®¦¥², ² ª ª ª ¨§ § ¬¥· ¨¿ 4 (±¬. ¤®ª § ²¥«¼±²¢® ²¥®°¥¬»
�®¯´ ) ±«¥¤³¥², ·²® u�(�) «¥¦¨²   ¯«®±ª®±²¨ (x; �) ¢ �-®ª°¥±²®±²¨ ®ª°³¦®±²¨,
¨¬¥¾¹¥© ° ¤¨³± ¯®°¿¤ª 

p
� ¯°¨ ¬ «»µ �.

�¥¬¬  10 ¤®ª §  .
�¥¬¬  11. �¤®¬¥°®¬³ ¨¢ °¨ ²®¬³ ¬®£®®¡° §¨¾ M ±®®²¢¥²±²¢³¥² ¯¥°¨®¤¨·¥-
±ª ¿ ²° ¥ª²®°¨¿ ¨±µ®¤®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (3).
�®ª § ²¥«¼±²¢® «¥¬¬» 11. �¥¬¬  11 ¡³¤¥² ¤®ª §  , ¥±«¨ ¯®ª § ²¼, ·²® ±³¹¥±²¢³¾²
´³ª¶¨¿ X(t) : R1 ! R1 ¨ ·¨±«® T ² ª¨¥, ·²® ¤«¿ «¾¡®£® t 2 R1

X(t + T ) = X(t); (60)

	�X(t) = X(t + 1): (61)

� ±±¬®²°¨¬ ·¨±«® ¢° ¹¥¨¿ !(b) ®²®¡° ¦¥¨¿ b(y) : S1 ! S1, ª®²®°®¥, ±®£« ±®
¯³ª²³ (3) ³²¢¥°¦¤¥¨¿ 2, ¥ § ¢¨±¨² ®² y. � «¥¥ ¢®§¬®¦» ¤¢  ±«³· ¿.
1. �¨±«® ¢° ¹¥¨¿ !(b)-° ¶¨® «¼®, ².¥. !(b) = m=n, £¤¥ m=n - ¥±®ª° ²¨¬ ¿ ¤°®¡¼.
�®£¤  ¨§ ³²¢¥°¦¤¥¨© 4 ¨ 6 ±«¥¤³¥², ·²® ®²®¡° ¦¥¨¥ b(y) ¨¬¥¥² ¯¥°¨®¤¨·¥±ª³¾ ²®·ª³
c  ¨¬¥¼¸¨¬ ¯¥°¨®¤®¬, ° ¢»¬ n. �» ¯®«³·¨«¨ ¯¥°¨®¤¨·¥±ª³¾ ²° ¥ª²®°¨¾ ¤¨±-
ª°¥²®£® ®²®¡° ¦¥¨¿ 	� ± ¯¥°¨®¤®¬ ° ¢»¬ n, ª®²®°®© ±®®²¢¥²±²¢³¥² ¯¥°¨®¤¨·¥-
±ª ¿ ²° ¥ª²®°¨¿ ¨±µ®¤®£® ¤¨´´¥°¥¶¨ «¼®£® ³° ¢¥¨¿ (3) ± ¯¥°¨®¤®¬ T = n, ·²®
¨ ²°¥¡®¢ «®±¼ ¤®ª § ²¼.
2. �¨±«® ¢° ¹¥¨¿ !(b)-¨°° ¶¨® «¼®. � ª ª ª ®²®¡° ¦¥¨¥ ®ª°³¦®±²¨ b(y) 2 C2

(«¥¬¬  10), ²® ¯® ²¥®°¥¬¥ � ¦³  ®® ²° §¨²¨¢®. �®½²®¬³, ¯°¨¬¥¿¿ ª ®²®¡° ¦¥-
¨¾ b ³²¢¥°¦¤¥¨¥ 7, ¯®«³·¨¬, ·²® b(y) ²®¯®«®£¨·¥±ª¨ ±®¯°¿¦¥® ± ¤¥©±²¢¨¥¬ ¯®¢®-
°®²    ³£®« !(b), ².¥. ±³¹¥±²¢³¥² § ¬¥  ¯¥°¥¬¥»µ, ¯°¨¢®¤¿¹ ¿ ®²®¡° ¦¥¨¥ b(y)
ª ¢¨¤³

b(y) = y + !(b);

�®§¼¬¥¬ T = 1
!(b) ¨ ®¯°¥¤¥«¨¬ ´³ª¶¨¾ X(t) ±«¥¤³¾¹¨¬ ®¡° §®¬

X(t) = x(t; 0) ¯°¨ t 2 [0; 1];
X(t) = x(t � [t]; b[t](0)) ¯°¨ t � 1;

(62)

£¤¥ [t] - ¶¥« ¿ · ±²¼ t. �®ª ¦¥¬, ·²® ² ª ®¯°¥¤¥«¥ ¿ ´³ª¶¨¿X(t) ³¤®¢«¥²¢®°¿¥² (60)
¨ (61). � ¢¥±²¢® (61) ¢»¯®«¿¥²±¿ ®·¥¢¨¤®. � ¬¥²¨¬, ·²® (60) ¤®±² ²®·® ¤®ª § ²¼
¤«¿ t 2 [0; 1]. �¥©±²¢¨²¥«¼®, ¯³±²¼ (60) ¢»¯®«¿¥²±¿ ¤«¿ t 2 [0; 1]. �®£¤  ¤«¿ «¾¡®£®
t > 1 t = [t] + ftg (£¤¥ [t] - ¶¥« ¿ · ±²¼ t, ftg - ¤°®¡ ¿ · ±²¼ t) ¨ ±®£« ±® (60) ¤«¿
t 2 [0; 1] ¨ (61) ¨¬¥¥¬

X(t + T ) = X(ftg + T + [t]) = 	[t]
� X(ftg + T ) = 	[t]

� X(ftg) = X(t);
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².¥. (60) ¢»¯®«¿¥²±¿ ¤«¿ «¾¡®£® t 2 R1. �«¥¤®¢ ²¥«¼®, ³·¨²»¢ ¿, ·²® x(t; 0) = x(t; 1)
(²®·ª¨ 0 ¨ 1   ¥¤¨¨·®© ®ª°³¦®±²¨ ®²®¦¤¥±²¢«¥»), ¤«¿ § ¢¥°¸¥¨¿ ¤®ª § ²¥«¼-
±²¢  ®±² «®±¼ ¯®ª § ²¼, ·²®

X(t + T ) = x(t; 1) ¯°¨ t 2 [0; 1]: (63)

� ¯®¬¨¬, ·²® ®²®¡° ¦¥¨¥ 	� ³¤®¢«¥²¢®°¿¥² ³±«®¢¨¾ ±®£« ±®¢ ®±²¨ (18) (±¬. § -
¬¥· ¨¥ 1), ².¥. ¤«¿ «¾¡®© ´³ª¶¨¨ x(�) 2 C1[0; 1] ¢¥°®

(	�x(�))(0) = x(1):

�§ ³±«®¢¨¿ ±®£« ±®¢ ®±²¨ ±«¥¤³¥², ·²®

x(t; y) = x(t� 1; b(y)) = x(t� 1; y +
1

T
): (64)

� ¢¥±²¢® (64) ¢»¯®«¿¥²±¿ ¤«¿ ¢±¥µ t, ¯®½²®¬³ ± ¥£® ¯®¬®¹¼¾ ¬®¦® ¤®®¯°¥¤¥«¨²¼
´³ª¶¨¾ x(t; y) ¤«¿ «¾¡®£® t 2 R1. �§ (62), ³·¨²»¢ ¿ ¯¥°¢®¥ ° ¢¥±²¢® ¢ (64), ¨¬¥¥¬

X(t + T ) = x
�
t+ fTg � [t+ fTg]; b[T ]+[t+fTg](0)

�
; t 2 [0; 1]: (65)

� «¥¥ ° ±±¬®²°¨¬ ¤¢  ±«³· ¿: [t + fTg] ° ¢® 0 ¨«¨ 1. �·¨²»¢ ¿ (64), ¨§ ¯®±«¥¤¥£®
° ¢¥±²¢  ¯®«³·¨¬, ·²® ¢ ®¡®¨µ ±«³· ¿µ

X(t + T ) = x
�
t+ fTg; 1� fTg

T

�
; t 2 [0; 1]: (66)

� ª ª ª ¬®£®®¡° §¨¥ M ¯°¨ ¤«¥¦¨² ª« ±±³ C2, ²® ¯® ²¥®°¥¬¥ � ¦³  ®® ¿¢«¿¥²±¿
²° §¨²¨¢»¬, ¯®½²®¬³ ¤«¿ «¾¡®£® t0 2 R1 ¢¥°®

x(t+ t0; y) = x(t; y + �(t0; y)); t 2 [0; 1]; (67)

£¤¥ y 2 S1 ¨ ° ¢¥±²¢® (67) ¯®¨¬ ¥²±¿ ª ª ° ¢¥±²¢® ´³ª¶¨©, § ¢¨±¿¹¨µ ®² t,  
�(t0; y) - ¥ª®²®° ¿ ´³ª¶¨¿. �«¿ § ¢¥°¸¥¨¿ ¤®ª § ²¥«¼±²¢  «¥¬¬» 11  ¬ ¯®²°¥¡³-
¥²±¿ ±«¥¤³¾¹¥¥ ³²¢¥°¦¤¥¨¥.
�²¢¥°¦¤¥¨¥ 8. �³ª¶¨¿ �(t0; y) ¥¯°¥°»¢  ¯® ª ¦¤®© ¯¥°¥¬¥®©.
�®ª § ²¥«¼±²¢® ³²¢¥°¦¤¥¨¿ 8. �®ª ¦¥¬, ·²® �(t0; y) ¥¯°¥°»¢  ¯® t0. �¨ª±¨°³¥¬
«¾¡»¥ y 2 S1, t 2 [0; 1] ¨ t0 2 R. � ±±¬®²°¨¬ ¯®±«¥¤®¢ ²¥«¼®±²¼ t0n ! t0. �®£¤ ,
³·¨²»¢ ¿ ¥¯°¥°»¢®±²¼ ´³ª¶¨¨ x(t; y) ¯® t ¨ ° ¢¥±²¢® (67), ¨¬¥¥¬

lim
t0n!t0

x(t; y + �(t0n; y)) = lim
t0n!t0

x(t+ t0n; y) =

x(t+ t0; y) = x(t; y + �(t0; y)):
(68)

�³±²¼ �(t0n; y) ¥ ±²°¥¬¨²±¿ ª �(t
0; y) ¯°¨ t0n ! t0. � ª ª ª ¯®±«¥¤®¢ ²¥«¼®±²¼ �(t0n; y) 2

S1, ².¥. ®£° ¨·¥ , ²® ±³¹¥±²¢³¥² ¯®¤¯®±«¥¤®¢ ²¥«¼®±²¼ t0nk ! t0 ¯°¨ nk !1 ² ª ¿,
·²®

lim
t0nk!t0

�(t0nk; y) = y0 6= �(t0; y):

�®£¤  ¨§ (68) ¤«¿ «¾¡®£® t 2 [0; 1] ¨¬¥¥¬

x(t; y + �(t0; y)) = x(t; y + y0); £¤¥ y0 6= �(t0; y);

·²® ¯°®²¨¢®°¥·¨² ¢²®°®¬³ ³²¢¥°¦¤¥¨¾ «¥¬¬» 10 (±¬. (59)). � ª¨¬ ®¡° §®¬, ¢ ±¨«³
¯°®¨§¢®«¼®±²¨ t0 ´³ª¶¨¿ �(t0; y) ¥¯°¥°»¢  ¯® t0. �®ª § ²¥«¼±²¢® ¥¯°¥°»¢®±²¨
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�(t0; y) ¯® y ¯°®¢®¤¨²±¿   «®£¨·®. �¥©±²¢¨²¥«¼®, ´¨ª±¨°³¥¬ «¾¡»¥ y 2 S1, t 2 [0; 1]
¨ t0 2 R ¨ ° ±±¬®²°¨¬ ¯®±«¥¤®¢ ²¥«¼®±²¼ yn ! 0. �®£¤ , ³·¨²»¢ ¿ ¥¯°¥°»¢®±²¼
´³ª¶¨¨ x(t; y) ¯® y ¨ ° ¢¥±²¢® (67), ¨¬¥¥¬

lim
yn!0

x(t; y + yn + �(t0; y + yn)) = lim
yn!0

x(t+ t0; y + yn) =

x(t+ t0; y) = x(t; y + �(t0; y)):
(69)

�³±²¼ �(t0; y + yn) ¥ ±²°¥¬¨²±¿ ª �(t0; y) ¯°¨ yn ! 0. � ª ª ª ¯®±«¥¤®¢ ²¥«¼®±²¼
�(t0; y + yn) 2 S1, ².¥. ®£° ¨·¥ , ²® ±³¹¥±²¢³¥² ¯®¤¯®±«¥¤®¢ ²¥«¼®±²¼ ynk ! 0 ¯°¨
nk !1 ² ª ¿, ·²®

lim
ynk!0

�(t0; y + ynk) = y0 6= �(t0; y):

�®£¤  ¨§ (69) ¤«¿ «¾¡®£® t 2 [0; 1] ¨¬¥¥¬

x(t; y + �(t0; y)) = x(t; y + y0); £¤¥ y0 6= �(t0; y);

·²® ¯°®²¨¢®°¥·¨² ¢²®°®¬³ ³²¢¥°¦¤¥¨¾ «¥¬¬» 10 (±¬. (59)). � ª¨¬ ®¡° §®¬, ¢ ±¨«³
¯°®¨§¢®«¼®±²¨ y ´³ª¶¨¿ �(t0; y) ¥¯°¥°»¢  ¯® y. �² ª, �(t0; y) ¿¢«¿¥²±¿ ¥¯°¥°»¢-
®© ¯® t0 ¨ y. �²¢¥°¦¤¥¨¥ 8 ¤®ª § ®.

� ¢¥±²¢® (63) ¡³¤¥² ¤®ª § ®, ¥±«¨ ¬» ¤®ª ¦¥¬, ·²®

�(t0; y) =
t0

T
: (70)

�«¿ ¶¥«»µ t0 ° ¢¥±²¢® (70) ®·¥¢¨¤® ±«¥¤³¥² ¨§ (64), (65), (67). �·¨²»¢ ¿ ¥¯°¥-
°»¢®±²¼ ´³ª¶¨¨ �(t0; y), ¤®±² ²®·® ¤®ª § ²¼ (70) ¤«¿ ° ¶¨® «¼»µ t0, ¡®«¥¥ ²®£®,
²®«¼ª® ¤«¿ t0 = 1=m ¤«¿ «¾¡®£® ¤®±² ²®·® ¡®«¼¸®£®  ²³° «¼®£® m.

�®ª ¦¥¬, ·²® �( 1
m ; y) ¥ § ¢¨±¨² ®² y. �¥©±²¢¨²¥«¼®, ³·¨²»¢ ¿ (65) ¨ (67), ¯®«³-

· ¥¬ ±«¥¤³¾¹³¾ ¶¥¯®·ª³ ° ¢¥±²¢

x(t; y + �(
1

m
; y)) = x(t+

1

m
; y) = x(t� 1 +

1

m
; y +

1

T
) = x(t; y + �(

1

m
; y +

1

T
)):

� ª¨¬ ®¡° §®¬,

�(
1

m
; y) = �(

1

m
; y +

1

T
): (71)

� ª ª ª T-¨°° ¶¨® «¼®, ²® ²®·ª¨ f kT j k 2 Ng ¢±¾¤³ ¯«®²»   ®ª°³¦®±²¨. �®-
½²®¬³, ¨§ (71) ¨ ¨§ ¥¯°¥°»¢®±²¨ �(t0; y) ¯® ¯¥°¥¬¥®© y 2 S1 ±«¥¤³¥², ·²® �(t0; y)
¥ § ¢¨±¨² ®² y.

�¡®§ ·¨¬ «¥¢³¾ · ±²¼ (70) ·¥°¥§ �̂(t0). �§ (64) ±«¥¤³¥², ·²®

x(t+ 1; y) = x(t; y +
1

T
) = x(t; y +m�̂(

1

m
)):

�®½²®¬³

�̂(
1

m
) =

1

mT
+
k( 1

m )

m
;

£¤¥ k( 1
m ) - ´³ª¶¨¿, ¯°¨¨¬ ¾¹ ¿ ¶¥«»¥ § ·¥¨¿. �®£¤  ¨¬¥¥¬

�̂(
l

m
) =

l

mT
+
lk( 1

m )

m
(72)

¤«¿ «¾¡®£® ¶¥«®£® l. � ¬¥²¨¬, ·²® ¯® ¤®ª § ®¬³ k(1) = 0. � ¯¨±»¢ ¿ ° ¢¥±²¢® (72)
¤«¿ l = m � 1, ¯¥°¥µ®¤¿ ª ¯°¥¤¥«³ ¯°¨ m!1 ¨ ³·¨²»¢ ¿ ¥¯°¥°»¢®±²¼ ´³ª¶¨¨ �,
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¯®«³·¨¬, ·²® k(1=m) = 0 ¤«¿ «¾¡®£® ¤®±² ²®·® ¡®«¼¸®£®  ²³° «¼®£® m. �¥¬¬  11
¤®ª §  . �¥®°¥¬  1 ¯®«®±²¼¾ ¤®ª §  .
� ¬¥· ¨¥ 6. �±«¨ ´³ª¶¨¿ H(x; y) ®¡« ¤ ¥² S - ±¢®©±²¢®¬ (±¬. ®¯°¥¤¥«¥¨¥ 2), ²®,
±®£« ±® § ¬¥· ¨¾ 5  ©¤¥ ¿ ¯¥°¨®¤¨·¥±ª ¿ ²° ¥ª²®°¨¿ ¤¨´´¥°¥¶¨ «¼®£® ³° ¢-
¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (1) ¡³¤¥² ³±²®©·¨¢®© ¯°¨ l1 > 0 ¨ ¥³±²®©·¨¢®© ¯°¨ l1 < 0, £¤¥
l1 - ¯¥°¢ ¿ «¿¯³®¢±ª ¿ ¢¥«¨·¨  ®²®¡° ¦¥¨¿ F� (±¬. § ¬¥· ¨¥ 3).
� ¬¥· ¨¥ 7. � «®£¨·»© ²¥®°¥¬¥ 1 °¥§³«¼² ² (¤«¿ ¡®«¥¥ ¸¨°®ª®£® ª« ±± 
´³ª¶¨® «¼®-¤¨´´¥°¥¶¨ «¼»µ ³° ¢¥¨© § ¯ §¤»¢ ¾¹¥£® ²¨¯ ) ±®¤¥°¦¨²±¿ ¢
ª¨£¥ �¦. �¥©«  [11]. �¤ ª®, ¤®ª § ²¥«¼±²¢®, ¤ ®¥ �¦. �¥©«®¬, ¯°¨¶¨¯¨ «¼®
®²«¨· ¥²±¿ ®² ¯°¨¢¥¤¥®£® ¢»¸¥ ¨ ®±®¢ ®   ¯°¨¬¥¥¨¨ ²¥®°¥¬» ® ¥¿¢®© ´³ª-
¶¨¨, ·²® ¥ ¯®§¢®«¿¥² ¯°®  «¨§¨°®¢ ²¼ ¢®¯°®± ®¡ ³±²®©·¨¢®±²¨ ¢®§¨ª ¾¹¥© ¯¥-
°¨®¤¨·¥±ª®© ²° ¥ª²®°¨¨. �°¨¢¥¤¥»© ¢ ¤ ®© ° ¡®²¥ ±¯®±®¡ ¤®ª § ²¥«¼±²¢  ¤ ¥²
¢®§¬®¦®±²¼ ¨±±«¥¤®¢ ²¼ ³±²®©·¨¢®±²¼  ©¤¥®© ¯¥°¨®¤¨·¥±ª®© ²° ¥ª²®°¨¨ ¤¨´´¥-
°¥¶¨ «¼®£® ³° ¢¥¨¿ ± § ¯ §¤»¢ ¨¥¬ (1) (±¬. § ¬¥· ¨¥ 6).

3 �¨¯ ¡¨´³°ª ¶¨¨ ¢ ±«³· ¥ u = 0

�°¥¤«®¦¥¨¥ 1. �³±²¼ u = 0. �®£¤  ¯°¨ ¯®²¥°¥ ³±²®©·¨¢®±²¨ ³«¥¢®£® ±² ¶¨® °®£®
°¥¸¥¨¿ ³° ¢¥¨¿ (1), ².¥. ª®£¤  ¯ ° ¬¥²° v, ¢®§° ±² ¿, ¯¥°¥µ®¤¨² ·¥°¥§ £° ¨¶³
³±²®©·¨¢®±²¨ vgr (®¯°¥¤¥«¥³¾ ¢ (6)), ¢ ±¨±²¥¬¥ (1) ¯°®¨±µ®¤¨² ±¨«¼»© °¥§® ±11.
�µ¥¬  ¤®ª § ²¥«¼±²¢  ¯°¥¤«®¦¥¨¿ 1. �§ (14) ¯°¨ u = 0 ¯®«³· ¥¬, ·²® «¨¥ °¨§ ¶¨¿
®²®¡° ¦¥¨¿ 	� ¢ ²®·ª¥ 0 ¥±²¼ «¨¥©»© ®¯¥° ²®° A : C1[0; 1] ! C1[0; 1] ¢¨¤ 

Ax(t) = x(1)�
Z t

0
vx(�) d�; t 2 [0; 1]; (73)

£¤¥ v > 0 ®¯°¥¤¥«¿¥²±¿ ¢ (4). � ª ¨ ¯°¨ ¤®ª § ²¥«¼±²¢¥ ²¥®°¥¬» 1, ¯°¨ ¯®¬®¹¨ ²¥®-
°¥¬» ® ¶¥²° «¼®¬ ¬®£®®¡° §¨¨ ¨±µ®¤ ¿ ¡¥±ª®¥·®¬¥° ¿ § ¤ ·  ®¡ ¨±±«¥¤®¢ ¨¨
²¨¯  ¡¨´³°ª ¶¨¨ ¥¯®¤¢¨¦®© ²®·ª¨ 0 ¡¥±ª®¥·®¬¥°®£® ®²®¡° ¦¥¨¿ 	� ±¢®¤¨²±¿
ª   «¨§³ ²¨¯  ¡¨´³°ª ¶¨¨ ¤«¿ ª®¥·®¬¥°®© ¤¨ ¬¨·¥±ª®© ±¨±²¥¬». �¤ ª®, ¢ ¤ -
®¬ ±«³· ¥ ±®¡±²¢¥»¥ § ·¥¨¿ «¨¥ °¨§®¢ ®£® ®¯¥° ²®°  (73), ±®®²¢¥²±²¢³¾¹¥£®
¥«¨¥©®¬³ ®²®¡° ¦¥¨¾, ¢»µ®¤¿² ¨§ ¥¤¨¨·®© ®ª°³¦®±²¨ ª®¬¯«¥ª±®© ¯«®±ª®±²¨
·¥°¥§ ²®·ª¨ �i. �¥©±²¢¨²¥«¼®, � = rei� (� 2 [0; 2�]) ¿¢«¿¥²±¿ ±®¡±²¢¥»¬ § ·¥¨¥¬
®¯¥° ²®°  A (73) ²®£¤  ¨ ²®«¼ª® ²®£¤ , ª®£¤  ¢»¯®«¥® (23) ¯°¨ u = 0 (±¬. ¤®ª § -
²¥«¼±²¢® «¥¬¬» 3), ².¥. �

ln r = �v
r cos(�);

� = v
r sin(�) + 2�k; k � ¶¥«®¥:

�«¥¤®¢ ²¥«¼®, ¯°¨ r = 1 cos� = 0, ².¥. � = �
2 ¨ � = 3�

2 . �«¥¤®¢ ²¥«¼®, ±®¡±²¢¥-
»¥ § ·¥¨¿ ¯®ª¨¤ ¾² ¥¤¨¨·³¾ ®ª°³¦®±²¼ ·¥°¥§ ²®·ª¨ �i. � ª®© ²¨¯ ¯®²¥°¨
³±²®©·¨¢®±²¨  §»¢ ¥²±¿ ±¨«¼»¬ °¥§® ±®¬. �°¥¤«®¦¥¨¥ 1 ¤®ª § ®.

THE ANDRONOV-HOPF'S BIFURCATION IN DIFFERENTIAL
EQUATIONS WITH DELAY

c Obrosova N.K.
Computational Center of RAS, Moscow

11�® ¯®¢®¤³ ¯®¿²¨¿ ±¨«¼®£® °¥§® ± ¨ ¢®§¬®¦®£® ¯®¢¥¤¥¨¿²° ¥ª²®°¨©±¨±²¥¬» ¢ ½²®¬ ±«³· ¥
±¬. [8].
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The Hopf's bifurcation theorem in the class of di�erential equations with delay is proved. The
proof contents of three main steps. In�nity-dimensional problem is reduced to the two dimensional
problem by the theorem of the central manifold. Then to the two-dimensional manifold obtained the
Hopf's theorem is applicated. From the Hopf's theorem emerging or dying of the one-dimensional
invariant manifold in origin problem when the bifurcation parameter cross the critical value is
obtained. Finally, it is proved that the periodic orbit of the origin equation is corredponds to
obtained one-dimensional invariant manifold by using of the circle homeomorphisms theory.
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