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Ç‚Â‰ÂÌËÂ. 

 

í‡ÌÒÔÓÚÌ˚Â ÏÓ‰ÂÎË ¯ËÓÍÓ ÔË-
ÏÂÌfl˛ÚÒfl ‚ ‡ÁÎË˜Ì˚ı ÒÙÂ‡ı ‰ÂflÚÂÎ¸ÌÓÒÚË. Ç
ÚÂÏËÌ‡ı Ú‡ÌÒÔÓÚÌÓÈ Á‡‰‡˜Ë ÙÓÏÛÎËÛÂÚÒfl
·ÓÎ¸¯ÓÂ ÍÓÎË˜ÂÒÚ‚Ó ÒÓ‰ÂÊ‡ÚÂÎ¸Ì˚ı Á‡‰‡˜, Ì‡-
ÔËÏÂ: Á‡‰‡˜‡ Ì‡ÁÌ‡˜ÂÌËfl, ‡ÒÔÂ‰ÂÎËÚÂÎ¸Ì‡fl
Á‡‰‡˜‡, Á‡‰‡˜‡ Ó Ï‡ÍÒËÏ‡Î¸ÌÓÏ ÔÓÚÓÍÂ Ë Ú.‰. á‡‰‡-
˜‡Ï Ú‡ÌÒÔÓÚÌÓ„Ó ÚËÔ‡ ÔÓÒ‚fl˘ÂÌ‡ Ó·¯ËÌ‡fl ÎË-
ÚÂ‡ÚÛ‡, „‰Â ‡Á‡·ÓÚ‡Ì˚ ÏÂÚÓ‰˚ Â¯ÂÌËfl ÛÍ‡-
Á‡ÌÌ˚ı Á‡‰‡˜ ÏÌÓ„Ëı ÚËÔÓ‚ [1–5]. éÒÓ·ÂÌÌÓ ˝Ù-
ÙÂÍÚË‚Ì˚ Ë ÚÓ˜Ì˚ ˝ÚË ÏÂÚÓ‰˚ ‚ ÎËÌÂÈÌÓÏ
ÒÎÛ˜‡Â. Ç ÌÂÎËÌÂÈÌÓÏ Í Ì‡ÒÚÓfl˘ÂÏÛ ‚ÂÏÂÌË ÌÂÚ
Ó·˘Ëı ÚÓ˜Ì˚ı ÏÂÚÓ‰Ó‚ ÓÔÚËÏËÁ‡ˆËË.

Ç ‡ÁÌ˚ı Ó·Î‡ÒÚflı ËÒÒÎÂ‰Ó‚‡ÌËfl ÓÔÂ‡ˆËÈ
‡ÒÒÏ‡ÚË‚‡ÂÚÒfl ÒÏÂ¯‡ÌÌ˚È ˝ÍÒÚÂÏÛÏ-ÏËÌË-
Ï‡ÍÒ [6–11]. Ç Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ ÏËÌËÏ‡ÍÒÌ˚È
ÍËÚÂËÈ ÔËÏÂÌÂÌ Í Ú‡ÌÒÔÓÚÌ˚Ï ÏÓ‰ÂÎflÏ.

çÂÒÍÓÎ¸ÍÓ ‰ÂÒflÚËÎÂÚËÈ Ì‡Á‡‰ ·˚Î‡ ÔÓÒÚ‡‚ÎÂ-
Ì‡ ÍÎ‡ÒÒË˜ÂÒÍ‡fl (ÎËÌÂÈÌ‡fl) Ú‡ÌÒÔÓÚÌ‡fl Á‡‰‡˜‡,
‚ ÍÓÚÓÓÈ ·˚ÎË Á‡‰‡Ì˚ ÔÛÌÍÚ˚ ÔÓËÁ‚Ó‰ÒÚ‚‡
ÔÓ‰ÛÍÚ‡ Ë ÔÛÌÍÚ˚ ÔÓÚÂ·ÎÂÌËfl ˝ÚÓ„Ó ÔÓ‰ÛÍÚ‡.
ê‡ÒÒÏ‡ÚË‚‡Î‡Ò¸ ÔÓ·ÎÂÏ‡ ÔÂÂ‚ÓÁÍË ÔÓ‰ÛÍÚ‡ Ò
ÏËÌËÏ‡Î¸Ì˚ÏË Á‡Ú‡Ú‡ÏË [12]. ùÚ‡ ÔÓÒÚ‡ÌÓ‚Í‡
ÔÓ‚ÎÂÍÎ‡ Á‡ ÒÓ·ÓÈ ÏÌÓ„Ó˜ËÒÎÂÌÌ˚Â ‡ÒÔÓÒÚ‡-
ÌÂÌËfl Ë Ó·Ó·˘ÂÌËfl.

Ç ÓÚÎË˜ËÂ ÓÚ ÛÔÓÏflÌÛÚÓÈ ÔÓÒÚ‡ÌÓ‚ÍË Á‰ÂÒ¸
ÍËÚÂËÈ ÏËÌËÏÛÏ‡ Á‡Ú‡Ú Á‡ÏÂÌflÂÚÒfl Ì‡ ÏËÌË-
Ï‡ÍÒÌ˚È. Ç ̃ ‡ÒÚÌÓÒÚË, Ì‡ ÍÎ‡ÒÒÂ Ï‡ÚËˆ Ò ÌÂÓÚË-
ˆ‡ÚÂÎ¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË Ë Á‡‰‡ÌÌ˚ÏË ÒÛÏÏ‡ÏË
˝ÎÂÏÂÌÚÓ‚ ÒÚÓÍ Ë ÒÚÓÎ·ˆÓ‚ Ë˘ÂÚÒfl Ï‡ÚËˆ‡, Û
ÍÓÚÓÓÈ Ì‡Ë·ÓÎ¸¯ËÈ ˝ÎÂÏÂÌÚ fl‚ÎflÂÚÒfl ÏËÌË-
Ï‡Î¸Ì˚Ï. èÓÒÚÓÚ‡ ÔÓÒÚ‡ÌÓ‚ÍË ÔÂÚÂÌ‰ÛÂÚ Ì‡ ÚÓ,
˜ÚÓ·˚ ˝ÚÛ Á‡‰‡˜Û ÏÓÊÌÓ ·˚ÎÓ Ú‡ÍÊÂ Ò˜ËÚ‡Ú¸
ÍÎ‡ÒÒË˜ÂÒÍÓÈ. ëÏ˚ÒÎ ÏËÌËÏ‡ÍÒÌÓ„Ó ÍËÚÂËfl ‚
˝ÚÓÏ ÒÎÛ˜‡Â ÏÓÊÌÓ, Ì‡ÔËÏÂ, ËÌÚÂÔÂÚËÓ‚‡Ú¸
ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ. èÂ‰ÔÓÎÓÊËÏ, ̃ ÚÓ ‚ÂÏfl Ì‡
ÔÂÂ‚ÓÁÍÛ ÔÓ‰ÛÍÚ‡ ËÁ ÔÛÌÍÚ‡ ‚ ÔÛÌÍÚ ÔÓÔÓˆË-
ÓÌ‡Î¸ÌÓ ÍÓÎË˜ÂÒÚ‚Û ˝ÚÓ„Ó ÔÓ‰ÛÍÚ‡. íÓ„‰‡ ÏËÌË-
Ï‡ÍÒ ÓÁÌ‡˜‡ÂÚ ÏËÌËÏÛÏ ÔÓ ‚ÂÏÂÌË ‚ÒÂı ÔÂÂ‚Ó-
ÁÓÍ ÔÓ‰ÛÍÚ‡ ‚ ‰‡ÌÌÓÈ Ú‡ÌÒÔÓÚÌÓÈ Á‡‰‡˜Â.

éÚÏÂÚËÏ, ̃ ÚÓ ‚ ̋ ÚÓÈ ‡·ÓÚÂ ÔË‚Â‰ÂÌ˚ ÌÂÓ·ıÓ‰Ë-
Ï˚Â Ë ‰ÓÒÚ‡ÚÓ˜Ì˚Â ÛÒÎÓ‚Ëfl Â‰ËÌÒÚ‚ÂÌÌÓÒÚË Â-
¯ÂÌËfl ‚ ÛÍ‡Á‡ÌÌÓÈ Á‡‰‡˜Â Ú‡ÌÒÔÓÚÌÓ„Ó ÚËÔ‡.

ê‡ÒÒÏÓÚÂÌÌ‡fl ‚˚¯Â ÏËÌËÏ‡ÍÒÌ‡fl Ú‡ÌÒÔÓÚ-
Ì‡fl ÔÓÒÚ‡ÌÓ‚Í‡ ËÏÂÂÚ ÏÌÓ„Ó Ó·Ó·˘ÂÌËÈ [13–16].
Ç ÒÚ‡Ú¸Â ÔÓÒÚÓÂÌ fl‰ Á‡ÏÍÌÛÚ˚ı Ú‡ÌÒÔÓÚÌ˚ı
ÏÓ‰ÂÎÂÈ Ò ÏËÌËÏ‡ÍÒÌ˚ÏË ÍËÚÂËflÏË. èÓÒÚÓÂÌ
Ú‡ÍÊÂ ÏÂÚÓ‰ ËÒÒÎÂ‰Ó‚‡ÌËfl Ú‡ÌÒÔÓÚÌ˚ı ÏÌÓ„Ó-
„‡ÌÌËÍÓ‚ [16, 17] (ÏÌÓÊÂÒÚ‚ Ï‡ÚËˆ, Á‡‰‡˛˘Ëı
Ó·Î‡ÒÚË ÓÔÂ‰ÂÎÂÌËfl Ú‡ÌÒÔÓÚÌ˚ı Á‡‰‡˜) ÒÔÂˆË-
‡Î¸Ì˚ÏË Û‡‚ÌÂÌËflÏË, Ì‡Á˚‚‡ÂÏ˚ÏË ı‡‡ÍÚÂË-
ÒÚË˜ÂÒÍËÏË [13–16].

ñÂÌÚ‡Î¸ÌÓÂ ÏÂÒÚÓ ‡·ÓÚ˚ – ‡Î„ÓËÚÏ ‚˚˜ËÒ-
ÎÂÌËfl ˝ÎÂÏÂÌÚÓ‚ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÓÈ Ï‡-
ÚËˆ˚. å‡ÚËˆ‡ Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡
Ì‡Á˚‚‡ÂÚÒfl ÏËÌËÏ‡ÍÒÌÓÈ, ÂÒÎË ÂÂ Ì‡Ë·ÓÎ¸¯ËÈ
˝ÎÂÏÂÌÚ ÏËÌËÏ‡ÎÂÌ. ç‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl
Ï‡ÚËˆ‡ – ˝ÚÓ Ú‡Í‡fl ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡, Û ÍÓ-
ÚÓÓÈ Î˛·‡fl ÔÓ‰Ï‡ÚËˆ‡ fl‚ÎflÂÚÒfl ÏËÌËÏ‡ÍÒÌÓÈ
‰Îfl Ò‚ÓÂ„Ó Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡. èÓÍ‡-
Á‡ÌÓ, ˜ÚÓ Í‡Ê‰˚È Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ„Ó„‡ÌÌËÍ
ÒÓ‰ÂÊËÚ Ó‰ÌÛ Ë ÚÓÎ¸ÍÓ Ó‰ÌÛ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏË-
ÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ Ë Í‡Ê‰‡fl Ï‡ÚËˆ‡ – Â‰ËÌÒÚ-
‚ÂÌÌÓÂ Ó·˘ÂÂ Â¯ÂÌËÂ ‰Îfl ‚ÒÂı Á‡‰‡˜ Ú‡ÌÒÔÓÚ-
ÌÓ„Ó ÚËÔ‡ Ò ÏËÌËÏ‡ÍÒÌ˚Ï ÍËÚÂËÂÏ, ‡ÒÒÏ‡ÚË-
‚‡ÂÏ˚ı ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ [16].

 

1. ê‡‚ÌÓÏÂÌ˚Â Ë ÏËÌËÏ‡ÍÒÌ˚Â Ï‡ÚËˆ˚
Ú‡ÌÒÔÓÚÌ˚ı ÏÌÓ„Ó„‡ÌÌËÍÓ‚.
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ìÒÎÓ‚ËÂ (1.1) Ì‡Á˚‚‡ÂÚÒfl ·‡Î‡ÌÒÓÏ ËÎË Á‡ÏÍÌÛÚÓ-
ÒÚ¸˛ ÒËÒÚÂÏ˚ ËÁ Ô‡˚ ‚ÂÍÚÓÓ‚ 
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ÑÎfl ÏÌÓÊÂÒÚ‚‡ Ô‡ ‚ÂÍÚÓÓ‚, Û‰Ó‚ÎÂÚ‚Ófl˛˘Ëı
(1.1), ÔÓÎÓÊËÏ
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Ú‡ÏË fl‚ÎflÂÚÒfl Ú‡ÌÒÔÓÚÌÓÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ‚ÂÍÚÓ-
Ó‚, ÍÓÓ‰ËÌ‡Ú˚ ÍÓÚÓ˚ı fl‚Îfl˛ÚÒfl ÒÛÏÏ‡ÏË
ÒÚÓÍ Ë ÒÚÓÎ·ˆÓ‚ ˝ÚÓÈ Ï‡ÚËˆ˚.

ëÎÂ‰Û˛˘ËÂ Ò‚ÓÈÒÚ‚‡ Ú‡ÌÒÔÓÚÌ˚ı ÏÌÓ„Ó-
„‡ÌÌËÍÓ‚ Ó˜Â‚Ë‰Ì˚. ÑÎfl Î˛·ÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚
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i

 

 

 

≤

 

 

 

n

 

} 

 

≤
≤

 

 

 

cm

 

 Ë 

 

max

 

{

 

b

 

j

 

: 1 

 

≤

 

 

 

j

 

 

 

≤

 

 

 

m

 

} 

 

≤

 

 

 

cn

 

 fl‚Îfl˛ÚÒfl ÌÂÓ·ıÓ‰Ë-
Ï˚Ï ÛÒÎÓ‚ËÂÏ ‰Îfl 

 

M

 

(

 

A

 

, 

 

B

 

; 

 

c

 

) 

 

≠

 

 

 

∅

 

, „‰Â (

 

A

 

, 

 

B

 

) 

 

∈
∈  

 

.

Ç˚‰ÂÎËÏ ÒÔÂˆË‡Î¸Ì˚È ÍÎ‡ÒÒ Ï‡ÚËˆ ËÁ ÏÌÓ-
ÊÂÒÚ‚ 

 

M

 

(

 

A

 

, 

 

B

 

) Ë 

 

M

 

(

 

A

 

, 

 

B

 

; 

 

c

 

), Ë„‡˛˘Ëı ‚‡ÊÌÛ˛ ÓÎ¸
‚ ÓÔÚËÏËÁ‡ˆËË ‰Îfl ÌÂÍÓÚÓ˚ı Á‡‰‡˜ Ú‡ÒÔÓÚÌÓ„Ó
ÚËÔ‡ Ò ÏËÌËÏ‡ÍÒÌ˚Ï ÍËÚÂËÂÏ [14–16].

é Ô  Â ‰ Â Î Â Ì Ë Â  1. èÛÒÚ¸ (

 

A

 

, 

 

B

 

) 

 

∈

 

 . å‡Ú-
Ëˆ‡ 

 

X

 

(

 

A

 

, B) = (xij) Ì‡Á˚‚‡ÂÚÒfl ‡‚ÌÓÏÂÌÓÈ, ÂÒÎË
‰Îfl ÂÂ ̋ ÎÂÏÂÌÚÓ‚ Ë ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓÓ‚ A, B ÒÔ‡-
‚Â‰ÎË‚˚ ÒÎÂ‰Û˛˘ËÂ ÛÒÎÓ‚Ëfl:

‡) ÂÒÎË ai = ap Ë bj = bq, ÚÓ xij = xpq, 1 ≤ i ≤ n, 1 ≤ j ≤ m;
·) ÂÒÎË ai ≥ ap Ë bj ≥ bq, ÚÓ xij ≥ xpq, 1 ≤ i ≤ n, 1 ≤ j ≤ m.
ÑÎfl ÏÌÓÊÂÒÚ‚ ‡‚ÌÓÏÂÌ˚ı Ú‡ÌÒÔÓÚÌ˚ı Ï‡-

ÚËˆ ‚‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËfl:

(A, B) = {X(A, B) ∈  M(A, B): X(A, B) – ‡‚ÌÓ-
ÏÂÌ‡fl Ï‡ÚËˆ‡},

(A, B; c) = {X(A, B) ∈  (A, B) ∩ M(A, B; c)}.

åÌÓÊÂÒÚ‚Ó (A, B)( (A, B; c)) Ì‡Á˚‚‡ÂÚÒfl
‡‚ÌÓÏÂÌ˚Ï (ÛÒÂ˜ÂÌÌ˚Ï) Ú‡ÌÒÔÓÚÌ˚Ï ÏÌÓ„Ó-

„‡ÌÌËÍÓÏ. é˜Â‚Ë‰ÌÓ, ˜ÚÓ (A, B) ⊆ M(A, B) Ë

(A, B; c) ⊆ M(A, B; c). ëÎÂ‰Û˛˘ËÈ ÔËÏÂ ÔÓÍ‡-

Á˚‚‡ÂÚ, ˜ÚÓ (A, B) ≠ ∅ .

è  Ë Ï Â   1. èÛÒÚ¸ (A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡‡

‚ÂÍÚÓÓ‚ ËÁ  Ë S – ÒÛÏÏ‡ ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓ‡
A (Ë ‚ÂÍÚÓ‡ B). íÓ„‰‡ Ï‡ÚËˆ‡ X(A, B) = (xij), „‰Â

ÔËÌ‡‰ÎÂÊËÚ ‡‚ÌÓÏÂÌÓÏÛ Ú‡ÌÒÔÓÚÌÓÏÛ ÏÌÓ-

„Ó„‡ÌÌËÍÛ (A, B).

ê‡ÒÒÏÓÚËÏ ÔÓËÁ‚ÓÎ¸ÌÓÂ Ï‡ÚË˜ÌÓÂ ÏÌÓÊÂ-
ÒÚ‚Ó M(A, B). é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ
ÁÌ‡˜ÂÌËÂ c(A, B), ÔË ÍÓÚÓÓÏ M(A, B; c(A, B)) ≠ ∅  Ë
M(A, B; c) = ∅ , ÂÒÎË c < c(A, B).

é Ô  Â ‰ Â Î Â Ì Ë Â  2. ÇÂÎË˜ËÌ‡ [13–16]

c(A, B) = min{c: M(A, B; c) ≠ ∅ }

Ì‡Á˚‚‡ÂÚÒfl ÏËÌËÏ‡ÍÒÓÏ (ÏËÌËÏ‡ÍÒÌ˚Ï ÁÌ‡˜ÂÌË-
ÂÏ) Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡ (ËÎË ÏÌÓÊÂÒÚ-
‚‡) M(A, B).

ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ

c(A, B) = { : X(A, B) = (xij)}.

R+ =,
n m,

R+ =,
n m,

R+ =,
n m,

M̃

M̃ M̃

M̃ M̃

M̃

M̃

M̃

R+,  = 
n m

 
,

xij

aib j/S, S 0, 1 i n, 1 j m,≤ ≤≤ ≤>
0, S 0, 1 i n, 1 j m,≤ ≤≤ ≤=




=

M̃

min
X A B,( ) M A B,( )∈

max
i, j
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åàêéçéÇ, ñìêäéÇ

 

é Ô  Â ‰ Â Î Â Ì Ë Â  3. ã˛·‡fl Ï‡ÚËˆ‡ 

 

X

 

(

 

A

 

, 

 

B

 

;

 

c

 

(

 

A

 

, 

 

B

 

)) Ì‡Á˚‚‡ÂÚÒfl ÏËÌËÏ‡ÍÒÌÓÈ (Ú‡ÌÒÔÓÚÌÓ„Ó
ÏÌÓ„Ó„‡ÌÌËÍ‡ 

 

M

 

(

 

A

 

, 

 

B

 

)).
è  Ë Ï Â   2. ‡) èÛÒÚ¸ 

 

n

 

1

 

 Ë 

 

m

 

1

 

 – ÍÓÎË˜ÂÒÚ‚‡ ÔÓ-
ÎÓÊËÚÂÎ¸Ì˚ı ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓÓ‚ 

 

A

 

 Ë 

 

B

 

, „‰Â (

 

A

 

,

 

B

 

) 

 

∈

 

 . ÖÒÎË 

 

min

 

(

 

n

 

1, m1) ≤ 1, ÚÓ Â‰ËÌÒÚ‚ÂÌÌ‡fl
Ï‡ÚËˆ‡ X(A, B) = (xij) ÏÌÓÊÂÒÚ‚‡ M(A, B) fl‚ÎflÂÚÒfl
‡‚ÌÓÏÂÌÓÈ, ÏËÌËÏ‡ÍÒÌÓÈ Ë ÏËÌËÏ‡ÍÒ c(A, B) =
= max{xij: 1 ≤ i ≤ n, 1 ≤ j ≤ m} = min(max{ai: 1 ≤ i ≤ n},
max{bj: 1 ≤ j ≤ m}).

·) çÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ Ú‡ÌÒÔÓÚÌ˚Â Ï‡-
ÚËˆ˚

ÔËÌ‡‰ÎÂÊ‡Ú M(A, B), „‰Â A = (5, 4, 2) ∈  , B = (3,

3, 2, 2, 1, 0) ∈  , Ë X1 = X1(A, B) = X1(A, B; 1), X2 =
= X2(A, B) = X2(A, B; 2). í‡Í Í‡Í ‚ ÔÂ‚ÓÈ Ï‡ÚËˆÂ
ÌÂ‚ÓÁÏÓÊÌÓ ÛÏÂÌ¸¯ËÚ¸ ‚ÒÂ ˝ÎÂÏÂÌÚ˚, ‡‚Ì˚Â
Â‰ËÌËˆÂ, ˜ÚÓ·˚ ÌÂ ‚˚ÈÚË ËÁ ÏÌÓÊÂÒÚ‚‡ M(A, B),
ÚÓ X1 – ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡ Ë c(A, B) = 1 – ÏËÌË-
Ï‡ÍÒÌÓÂ ÁÌ‡˜ÂÌËÂ. í‡ÍÊÂ ÌÂÚÛ‰ÌÓ Û·Â‰ËÚ¸Òfl,
˜ÚÓ Ï‡ÚËˆ‡ X1 fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌÓÈ.

‚) ÑÎfl Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ∈  , „‰Â A = (6,
6, 4, 4) Ë B = (8, 8, 2, 2), ÏÌÓÊÂÒÚ‚Ó ‡‚ÌÓÏÂÌ˚ı

Ï‡ÚËˆ (A, B) ÛÒÚÓÂÌÓ ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ
(ÓÔÂ‰ÂÎÂÌËÂ 1):

ê‡‚ÌÓÏÂÌ˚È Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ„Ó„‡ÌÌËÍ (A,
B) ÒÓ‰ÂÊËÚ ‡‚ÌÓ ‰‚Â ‚Â¯ËÌ˚ – Ï‡ÚËˆ˚, ÒÓÓÚ-
‚ÂÚÒÚ‚Û˛˘ËÂ ÁÌ‡˜ÂÌËflÏ α = 0 Ë α = 1/2, ÔË˜ÂÏ
ÁÌ‡˜ÂÌËÂ α = 0 ÓÔÂ‰ÂÎflÂÚ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ
ÏÌÓÊÂÒÚ‚‡ M(A, B) Ë c(A, B) = 2.

2. åÓ‰ÂÎË Ú‡ÌÒÔÓÚÌÓ„Ó ÚËÔ‡ Ò ÏËÌËÏ‡ÍÒÌ˚Ï
ÍËÚÂËÂÏ. á‡ÏÍÌÛÚ‡fl Ú‡ÌÒÔÓÚÌ‡fl Á‡‰‡˜‡ ÙÓ-
ÏÛÎËÛÂÚÒfl ÒÎÂ‰Û˛˘ËÏ Ó·‡ÁÓÏ [1–5]. èÛÒÚ¸
U(n) = {u1, …, un} Ë V(m) = {v1, …, vm} – ÏÌÓÊÂÒÚ‚‡
ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÔÛÌÍÚÓ‚ ÔÓËÁ‚Ó‰ÒÚ‚ Ë ÔÓÚÂ·ÎÂ-
ÌËfl ÌÂÍÓÚÓÓ„Ó Ó‰ÌÓÓ‰ÌÓ„Ó ÔÓ‰ÛÍÚ‡. á‡‰‡Ì‡

Ô‡‡ ‚ÂÍÚÓÓ‚ (A, B) ∈  . äÓÓ‰ËÌ‡Ú‡ ai ÔÂ‚Ó-
„Ó ‚ÂÍÚÓ‡ A – ̋ ÚÓ ÍÓÎË˜ÂÒÚ‚Ó ÔÓ‰ÛÍÚ‡, ÔÓËÁ‚Â-
‰ÂÌÌÓ„Ó ÔÛÌÍÚÓÏ ui, 1 ≤ i ≤ n, ‡ ÍÓÓ‰ËÌ‡Ú‡ bj ‚ÚÓ-

R+,  = 
n m

 
,

X1

1 1 1 1 1 0

1 1 1 1 0 0

1 1 0 0 0 0 
 
 
 
 

,  X2

2 0 2 0 1 0

0 2 0 2 0 0

1 1 0 0 0 0 
 
 
 
 

= =

R+
3

R+
6

R+ =,
4 4,

M̃

M̃ A B,( )  =

=  

2 α+    2 α +    1 α –    1 α –

2
 

α
 

+    2 α +    1 α –    1 α –

2

 
α

 

–    2 α – α α 
2

 
α

 
–    2 α – α α 

 
 
 
 
 

 

: 0

 

α

 

1/2

 

≤ ≤

 
 
 
 
 
 
 

 

.

M̃

R+ =,
n m,

 

Ó„Ó ‚ÂÍÚÓ‡ 

 

B

 

 – ˝ÚÓ ÍÓÎË˜ÂÒÚ‚Ó ÔÓ‰ÛÍÚ‡, ÔÓ-
ÚÂ·ÎflÂÏÓ„Ó ÔÛÌÍÚÓÏ 

 

v

 

j

 

, 1 

 

≤

 

 

 

j

 

 

 

≤

 

 

 

m

 

. ä‡Ê‰˚È ÔÛÌÍÚ
ÔÓËÁ‚Ó‰ÒÚ‚‡ ËÁ 

 

U

 

(

 

n

 

) ÒÓÂ‰ËÌÂÌ ÌÂÍÓÚÓ˚Ï Ï‡¯-
ÛÚÓÏ Ò Î˛·˚Ï ÔÛÌÍÚÓÏ ÔÓÚÂ·ÎÂÌËfl ËÁ 

 

U

 

(

 

m

 

).
ã˛·‡fl Ï‡ÚËˆ‡-ÔÎ‡Ì 

 

X

 

(

 

A

 

, 

 

B

 

) = (

 

x

 

ij

 

) 

 

∈

 

 

 

M

 

(

 

A

 

, 

 

B

 

), „‰Â

 

x

 

ij

 

 – ÍÓÎË˜ÂÒÚ‚Ó ÔÓ‰ÛÍÚ‡, ‰ÓÒÚ‡‚ÎÂÌÌÓ„Ó ËÁ ÔÛÌÍ-
Ú‡ 

 

u

 

i

 

 ‚ ÔÛÌÍÚ 

 

v

 

j

 

, Ì‡Á˚‚‡ÂÚÒfl Ï‡ÚËˆÂÈ ÔÂÂ‚ÓÁÓÍ.
í‡ÌÒÔÓÚÌ‡fl ÏÓ‰ÂÎ¸ ÔÂ‰Ì‡ÁÌ‡˜ÂÌ‡ ‰Îfl ‚˚-

·Ó‡ Ì‡Ë·ÓÎÂÂ ˝ÍÓÌÓÏÌÓÈ Ï‡ÚËˆ˚ ÔÂÂ‚ÓÁÓÍ

 

X

 

(

 

A

 

, 

 

B

 

), Ë ÍËÚÂËÂÏ Í‡˜ÂÒÚ‚‡ ÏÓÊÂÚ fl‚ÎflÚ¸Òfl
ÒÛÏÏ‡Ì‡fl ÒÚÓËÏÓÒÚ¸ ‚ÒÂı ÔÂÂ‚ÓÁÓÍ, Ó·˘ÂÂ ‚Â-
Ïfl ‚ÒÂı ÔÂÂ‚ÓÁÓÍ, ÒÛÏÏ‡ Ì‡ÎÓ„Ó‚ (ËÎË ¯Ú‡ÙÓ‚)
ÔË ‚ÒÂı ÔÂÂ‚ÓÁÍ‡ı Ë Ú.‰. ÖÒÎË 

 

ϕ

 

ij

 

(

 

x

 

), 1 

 

≤

 

 

 

i

 

 

 

≤

 

 

 

n

 

, 1 

 

≤
≤

 

 

 

j

 

 

 

≤

 

 

 

m

 

 – Á‡‰‡ÌÌ˚Â ÙÛÌÍˆËË ‰ÂÈÒÚ‚ËÚÂÎ¸ÌÓ„Ó ÔÂ-
ÂÏÂÌÌÓ„Ó, ÚÓ Ú‡ÌÒÔÓÚÌÓÈ Á‡‰‡˜ÂÈ fl‚ÎflÂÚÒfl ÏË-
ÌËÏËÁ‡ˆËfl (ËÎË Ï‡ÍÒËÏËÁ‡ˆËfl) ÙÛÌÍˆËÓÌ‡Î‡

Ç ÍÎ‡ÒÒË˜ÂÒÍÓÏ (ÎËÌÂÈÌÓÏ) ÒÎÛ˜‡Â ÏËÌËÏËÁËÛ-
ÂÚÒfl ÙÛÌÍˆËÓÌ‡Î

„‰Â 

 

c

 

ij

 

 – ÒÚÓËÏÓÒÚ¸ ÔÂÂ‚ÓÁÍË Â‰ËÌËˆ˚ ÔÓ‰ÛÍÚ‡
ËÁ ÔÛÌÍÚ‡ 

 

u

 

i

 

 ‚ ÔÛÌÍÚ 

 

v

 

j

 

, 1 

 

≤

 

 

 

i

 

 

 

≤

 

 

 

n

 

, 1 

 

≤

 

 

 

j

 

 

 

≤

 

 

 

m

 

.
ÑÎfl ÔËÏÂ‡ ÔË‚Â‰ÂÏ ÒÎÂ‰Û˛˘Û˛ ËÁ‚ÂÒÚÌÛ˛

Á‡‰‡˜Û Ú‡ÌÒÔÓÚÌÓ„Ó ÚËÔ‡, ‚ ÍÓÚÓÓÈ ÍËÚÂËÂÏ
Í‡˜ÂÒÚ‚‡ fl‚ÎflÂÚÒfl Ï‡ÍÒËÏ‡Î¸ÌÓÂ ËÁ ‚ÂÏÂÌ, Á‡-
Ú‡˜ÂÌÌ˚ı Ì‡ ‚ÒÂ ÔÂÂ‚ÓÁÍË [1, 5]. á‡‰‡Ì‡ Ï‡ÚË-
ˆ‡ (

 

t

 

ij

 

), 1 

 

≤

 

 

 

i

 

 

 

≤

 

 

 

n

 

, 1 

 

≤

 

 

 

j

 

 

 

≤

 

 

 

m

 

, „‰Â 

 

t

 

ij

 

 – ‚ÂÏfl (ÌÂ Á‡‚ËÒfl-
˘ÂÂ ÓÚ ÍÓÎË˜ÂÒÚ‚‡ ÔÂÂ‚ÂÁÂÌÌÓ„Ó ÔÓ‰ÛÍÚ‡ 

 

x

 

ij

 

),
ÌÂÓ·ıÓ‰ËÏÓÂ ‰Îfl ‰ÓÒÚ‡‚ÍË ÔÓ‰ÛÍÚ‡ ËÁ ÔÛÌÍÚ‡ 

 

u

 

i

 

 ‚
ÔÛÌÍÚ 

 

v

 

j

 

. åËÌËÏËÁËÛÂÚÒfl ÙÛÌÍˆËÓÌ‡Î

 = , 
 

X
 

(
 

A
 

, 
 

B
 

) = (
 

x
 

ij  
) 

 
∈ 

 
M

 
(

 
A

 
, 

 
B

 
)

 
.

 

í‡Í‡fl Á‡‰‡˜‡ ‚ÓÁÌËÍ‡ÂÚ, Ì‡ÔËÏÂ, ‚ ÒÎÛ˜‡Â ÔÂÂ-
‚ÓÁÍË ÒÍÓÓÔÓÚfl˘Â„ÓÒfl ÔÓ‰ÛÍÚ‡.

ê‡ÒÒÏÓÚËÏ ÒÎÂ‰Û˛˘ËÂ ÍÓÌÍÂÚÌ˚Â ÏÓ‰ÂÎË Ò
ÏËÌËÏ‡ÍÒÌ˚Ï ÍËÚÂËÂÏ [14–16].

å Ó ‰ Â Î ¸  Ä. Ç ÓÚÎË˜ËÂ ÓÚ ‚˚¯ÂÔË‚Â‰ÂÌÌÓÈ
Á‡‰‡˜Ë ÏËÌËÏËÁ‡ˆËË ‚ÂÏÂÌË ‚ÒÂı ÔÂÂ‚ÓÁÓÍ, ‚
˝ÚÓÈ ÏÓ‰ÂÎË ‚ÂÏfl 

 

t

 

ij

 

 ÔÂÂ‚ÓÁÍË ÔÓ‰ÛÍÚ‡ ‚ ÍÓÎË-
˜ÂÒÚ‚Â 

 

x

 

ij

 

 ÔÓÔÓˆËÓÌ‡Î¸ÌÓ ÍÓÎË˜ÂÒÚ‚Û ÔÓ‰ÛÍÚ‡
Ò Ó·˘ËÏ ÍÓ˝ÙÙËˆËÂÌÚÓÏ ÔÓÔÓˆËÓÌ‡Î¸ÌÓÒÚË:

 

t

 

ij

 

 

 

= 

 

tx

 

ij, 1 ≤ i ≤ n, 1 ≤ j ≤ m, t > 0. å‡ÚËˆ‡, ÏËÌËÏË-
ÁËÛ˛˘‡fl ÙÛÌÍˆËÓÌ‡Î

Φ(X(A, B), t) = t , X(A, B) = (xij) ∈ M(A, B),

fl‚ÎflÂÚÒfl ÏËÌËÏ‡ÍÒÌÓÈ (ÓÔÂ‰ÂÎÂÌËÂ 3), ‡ ÏËÌË-
Ï‡Î¸ÌÓÂ ÁÌ‡˜ÂÌËÂ ˝ÚÓ„Ó ÙÛÌÍˆËÓÌ‡Î‡ ÓÔÂ‰ÂÎfl-

Φ X A B,( )( ) ϕ ij xij( ),
j 1=

m

∑
i 1=

n

∑=

X A B,( ) xij( ) M A B,( ).∈=

Φ X A B,( )( ) cijxij,
j 1=

m

∑
i 1=

n

∑=

X A B,( ) xij( ) M A B,( ),∈=

T X A B,( )( ) max
xij 0>

tij

max
i j,

xij
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ÂÚÒfl ÏËÌËÏ‡ÍÒÌ˚Ï ÁÌ‡˜ÂÌËÂÏ c(A, B) (ÓÔÂ‰ÂÎÂ-
ÌËÂ 2)

Φ(X(A, B), t) = tc(A, B) =

= Φ(X(A, B; c(A, B)), t).

Ç Í‡˜ÂÒÚ‚Â ËÎÎ˛ÒÚ‡ˆËË Á‰ÂÒ¸ ÏÓÊÌÓ ‡ÒÒÏÓ-
ÚÂÚ¸ ÔËÏÂ 2‚). çËÊÂ ÔÓÒÚÓÂÌ˚ ‡Î„ÓËÚÏ˚
‚˚˜ËÒÎÂÌËfl ÏËÌËÏ‡ÍÒ‡ c(A, B) Ë ˝ÎÂÏÂÌÚÓ‚ ÏËÌË-
Ï‡ÍÒÌÓÈ Ï‡ÚËˆ˚ X(A, B; c(A, B)) (ÍÓÚÓ‡fl ‚ Ó·-
˘ÂÏ ÒÎÛ˜‡Â ÓÔÂ‰ÂÎÂÌ‡ ÌÂÓ‰ÌÓÁÌ‡˜ÌÓ).

å Ó ‰ Â Î ¸  Å. èÓ-ÔÂÊÌÂÏÛ ÔÓÎ‡„‡ÂÏ, ˜ÚÓ (A,

B) ∈   Ë X(A, B) = (xij) – Ï‡ÚËˆ‡ ÔÂÂ‚ÓÁÓÍ.
èÛÒÚ¸ ÍÓÌÒÚ‡ÌÚ‡ t > 0. ùÚÛ ÏÓ‰ÂÎ¸ ÒÙÓÏÛÎËÛÂÏ
Ì‡ flÁ˚ÍÂ ÚÂÓËË Ë„ [18]. åÌÓÊÂÒÚ‚‡ ÔÛÌÍÚÓ‚
U(n) Ë V(m) Ó·‡ÁÛ˛Ú ÒËÒÚÂÏÛ ÔÓËÁ‚Ó‰ËÚÂÎÂÈ Ë
ÔÓÚÂ·ËÚÂÎÂÈ. èÓÎÓÊËÏ, ˜ÚÓ ÔË ‚ÒÂı ‰ÓÔÛÒÚË-
Ï˚ı ÁÌ‡˜ÂÌËflı i Ë j ÒÛÏÏ˚ Ì‡ÎÓ„Ó‚ ÔÓËÁ‚Ó‰ËÚÂ-
ÎÂÈ Ë ÔÓÚÂ·ËÚÂÎÂÈ ‚ “ÏÂÒÚÌ˚Â ·˛‰ÊÂÚ˚” ÒÓÓÚ-
‚ÂÚÒÚ‚ÂÌÌÓ ‡‚Ì˚ ÁÌ‡˜ÂÌËflÏ

 = t xij,   = t xij,

‡ ‚ÂÎË˜ËÌ‡ Ì‡ÎÓ„‡ ‚ “Ó·˘ËÈ ·˛‰ÊÂÚ” ÒÓ ‚ÒÂÈ ÒËÒ-
ÚÂÏ˚ ÔÓËÁ‚Ó‰ËÚÂÎÂÈ Ë ÔÓÚÂ·ËÚÂÎÂÈ ‡‚Ì‡

h = t .

íÓ„‰‡ Ó·˘‡fl ‚ÂÎË˜ËÌ‡ Ì‡ÎÓ„Ó‚ ˝ÚÓÈ ÒËÒÚÂÏ˚ ÒÓ-
ÒÚ‡‚ËÚ ÁÌ‡˜ÂÌËÂ

H(X(A, B), t) = t  +  + 

í‡Í Í‡Í Í‡Ê‰ÓÏÛ ÔÓËÁ‚Ó‰ËÚÂÎ˛ Ë ÔÓÚÂ·ËÚÂÎ˛
ÊÂÎ‡ÚÂÎ¸ÌÓ Á‡ÔÎ‡ÚËÚ¸ Ì‡ÎÓ„ ÏÂÌ¸¯ÂÈ ‚ÂÎË˜ËÌ˚,
ÚÓ ÏÂÊ‰Û ‚ÒÂÏË Û˜‡ÒÚÌËÍ‡ÏË ÙËÌ‡ÌÒÓ‚˚ı ÓÚÌÓ-
¯ÂÌËÈ (ÔÓËÁ‚Ó‰ËÚÂÎË, ÔÓÚÂ·ËÚÂÎË, Ì‡ÎÓ„Ó‚‡fl
ËÌÒÔÂÍˆËfl) ‚ÓÁÌËÍ‡ÂÚ ÍÓÌÙÎËÍÚÌ‡fl ÒËÚÛ‡ˆËfl. ÖÒ-
ÎË ÔÓËÁ‚Ó‰ËÚÂÎË Ë ÔÓÚÂ·ËÚÂÎË ÒÏÓ„ÛÚ ‰Ó„Ó‚Ó-
ËÚ¸Òfl Ë Ó·‡ÁÓ‚‡Ú¸ ÍÓ‡ÎËˆË˛ ÔÓÚË‚ Ì‡ÎÓ„Ó‚ÓÈ
ËÌÒÔÂÍˆËË, ÚÓ ÙÛÌÍˆËÓÌ‡Î H(X(A, B), t) ÏÓÊÂÚ
·˚Ú¸ ÏËÌËÏËÁËÓ‚‡Ì.

ã˛·‡fl ÏËÌËÏ‡ÍÒÌ‡fl Ë ‡‚ÌÓÏÂÌ‡fl Ï‡ÚËˆ‡

X(A, B) ∈  (A, B; c(A, B)) ÏËÌËÏËÁËÛÂÚ ÙÛÌÍˆË-
ÓÌ‡Î H(X(A, B), t). Ç ˜‡ÒÚÌÓÒÚË, ÔÓÒÚÓÂÌÌ‡fl ÌËÊÂ
Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡ – Â¯ÂÌËÂ
˝ÚÓÈ Ú‡ÌÒÔÓÚÌÓÈ Á‡‰‡˜Ë.

ÑÎfl Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ÔËÏÂ‡ 2 ‚) ÏËÌË-
ÏÛÏ ÙÛÌÍˆËÓÌ‡Î‡ ˝ÚÓÈ ÏÓ‰ÂÎË ‰ÓÒÚË„‡ÂÚÒfl Ï‡Ú-

ËˆÂÈ ËÁ (A, B), ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ÂÈ ÁÌ‡˜ÂÌË˛
α = 0, Ë

H(X(A, B), t) = t(2 + 8 + 6) = 16t.

á‡ÏÂÚËÏ, ˜ÚÓ ‚ ‡ÒÒÏ‡ÚË‚‡ÂÏÓÈ ÏÓ‰ÂÎË ‚Ó-
ÔÓÒ Ó ˆÂÎÓ˜ËÒÎÂÌÌÓÒÚË ‰ÂÌÂÊÌÓÈ Â‰ËÌËˆ˚ ÌÂ
Û˜ËÚ˚‚‡ÂÚÒfl. éÚÏÂÚËÏ Ú‡ÍÊÂ, ˜ÚÓ ÔË ‡ˆËÓ-

min
X A B,( ) M A B,( )∈

R+ =,
n m,

hi' max
j

hi'' max
i

max
i j,

xij

maxxij
i j,




maxxij
j

i 1=

n

∑ maxxij

j 1=

m

∑ 



.
i

M̃

M̃

min
X A B,( ) M A B,( )∈

Ì‡Î¸ÌÓÒÚË ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓÓ‚ A Ë B ÒÛ˘ÂÒÚ‚ÛÂÚ
ÏËÌËÏËÁËÛ˛˘‡fl ÙÛÌÍˆËÓÌ‡Î H(X(A, B), t) Ï‡Ú-
Ëˆ˚ Ò ‡ˆËÓÌ‡Î¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË (‡ Ò ‚˚˜ËÒÎË-
ÚÂÎ¸ÌÓÈ ÚÓ˜ÍË ÁÂÌËfl ‡ˆËÓÌ‡Î¸Ì˚ı ˜ËÒÂÎ ‚ÔÓÎ-
ÌÂ ‰ÓÒÚ‡ÚÓ˜ÌÓ). ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ÔË ÒÓÓÚ‚ÂÚÒÚ‚Û-
˛˘ÂÏ ‚˚·ÓÂ Â‰ËÌËˆ˚ ˝Ú‡ Ï‡ÚËˆ‡ Ë ‚ÂÍÚÓ˚ A
Ë B ÏÓ„ÛÚ ‡ÒÒÏ‡ÚË‚‡Ú¸Òfl Í‡Í ˆÂÎÓ˜ËÒÎÂÌÌ˚Â.

å Ó ‰ Â Î ¸  Ç. á‰ÂÒ¸ ÔË‚ÎÂ˜ÂÏ ˝ÎÂÏÂÌÚ˚ ÚÂÓ-
ËË ‚ÂÓflÚÌÓÒÚÂÈ. ëÓÒÚ‡‚ÌÓÈ ˜‡ÒÚ¸˛ ˝ÚÓÈ ÏÓ‰Â-
ÎË fl‚ÎflÂÚÒfl ÏÓ‰ÂÎ¸ Ä.

óÂÂÁ }(X) Ó·ÓÁÌ‡˜ËÏ ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı ÔÓ‰Ï‡-
ÚËˆ ÔÓËÁ‚ÓÎ¸ÌÓÈ Ï‡ÚËˆ˚ X = X(A, B) ∈  M(A, B).
àÁ ÍÓÏ·ËÌ‡ÚÓËÍË ËÁ‚ÂÒÚÌÓ, ˜ÚÓ n-˝ÎÂÏÂÌÚÌÓÂ
ÏÌÓÊÂÒÚ‚Ó ÒÓ‰ÂÊËÚ 2n ‚ÒÂı ÔÓ‰ÏÌÓÊÂÒÚ‚, Ó‰ÌÓ
ËÁ ÍÓÚÓ˚ı ÔÛÒÚÓÂ. í‡Í Í‡Í Í‡Ê‰‡fl ÔÓ‰Ï‡ÚËˆ‡
ÓÔÂ‰ÂÎÂÌ‡ ÔÓËÁ‚ÓÎ¸Ì˚ÏË (ÌÂÔÛÒÚ˚ÏË) ÔÓ‰ÏÌÓ-
ÊÂÒÚ‚‡ÏË ÒÚÓÍ Ë ÒÚÓÎ·ˆÓ‚, ÚÓ ÍÓÎË˜ÂÒÚ‚Ó ‚ÒÂı
ÔÓ‰Ï‡ÚËˆ ËÁ ÏÌÓÊÂÒÚ‚‡ }(X) ‡‚ÌÓ |}(X)| = (2n –
− 1)(2m – 1) (˜ÂÂÁ |Q| Ó·ÓÁÌ‡˜ËÏ ÍÓÎË˜ÂÒÚ‚Ó ˝ÎÂ-
ÏÂÌÚÓ‚ ÍÓÌÂ˜ÌÓ„Ó ÏÌÓÊÂÒÚ‚‡ Q).

Ç ˝ÚÓÈ ÏÓ‰ÂÎË ‡‚ÌÓ‚ÂÓflÚÌÓ ‚˚·Ë‡ÂÚÒfl Î˛-
·‡fl ÔÓ‰Ï‡ÚËˆ‡ Y Ï‡ÚËˆ˚ X = X(A, B). äËÚÂËÈ
Í‡˜ÂÒÚ‚‡ ‚˚·Ó‡ ÔÓ‰Ï‡ÚËˆ˚ Y ÓÔÂ‰ÂÎflÂÚÒfl
ÙÛÌÍˆËÓÌ‡ÎÓÏ Φ(Y, t) (ÏÓ‰ÂÎ¸ Ä). ÖÒÎË Ï‡ÚËˆ‡
X(A, B) = (xij), ÚÓ Î˛·‡fl ÂÂ ÔÓ‰Ï‡ÚËˆ‡ Y ÔÓfl‰Í‡
p × q (p ≤ n, q ≤ m) ÔÂ‰ÒÚ‡‚ÎflÂÚÒfl ‚ ‚Ë‰Â Y = ( ),
„‰Â ir, jt – ‚ÓÁ‡ÒÚ‡˛˘ËÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÒÚË ËÌ-
‰ÂÍÒÓ‚, 1 ≤ r ≤ p, 1 ≤ t ≤ q. èÓ˝ÚÓÏÛ Ì‡Ë·ÓÎ¸¯ÂÂ
‚ÂÏfl (‚ÂÏfl ÓÍÓÌ˜‡ÌËfl) ‚ÒÂı ÔÂÂ‚ÓÁÓÍ ‡‚ÌÓ

í‡Í Í‡Í ‡ÒÔÂ‰ÂÎÂÌËÂ ‚ÂÓflÚÌÓÒÚÂÈ Ì‡ ÏÌÓÊÂÒÚ-
‚Â ÔÓ‰Ï‡ÚËˆ ËÁ }(X) fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌ˚Ï, ÚÓ
‚ÂÓflÚÌÓÒÚ¸ ‚˚·Ó‡ ÔÓ‰Ï‡ÚËˆ˚ Y ‡‚Ì‡ 1/((2n –
− 1)(2m – 1)). ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, ‚ÂÎË˜ËÌ‡

– Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓÂ ÓÊË‰‡ÌËÂ Ì‡Ë·ÓÎ¸¯Â„Ó ‚ÂÏÂ-
ÌË ‚ÒÂı ÔÂÂ‚ÓÁÓÍ ‰Îfl ÏÌÓÊÂÒÚ‚‡ ‚ÒÂı ÔÓ‰Ï‡ÚËˆ
ËÁ }(X), „‰Â X = X(A, B) – ÌÂÍÓÚÓ‡fl Ï‡ÚËˆ‡ ÏÌÓ-
ÊÂÒÚ‚‡ M(A, B).

á‡‰‡˜‡ Á‰ÂÒ¸ – ÏËÌËÏËÁ‡ˆËfl Ï‡ÚÂÏ‡ÚË˜ÂÒÍÓ„Ó
ÓÊË‰‡ÌËfl m(X(A, B), t) Ì‡ Ú‡ÌÒÔÓÚÌÓÏ ÏÌÓ„Ó-
„‡ÌÌËÍÂ M(A, B). ùÚ‡ ÏÓ‰ÂÎ¸ ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌ-
ÌÓÂ Â¯ÂÌËÂ, ÓÔÂ‰ÂÎflÂÏÓÂ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌË-
Ï‡ÍÒÌÓÈ Ï‡ÚËˆÂÈ [16].

åÓÊÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ Ï‡ÚËˆ‡ ËÁ (A, B) ÔË
α = 0 ÔËÏÂ‡ 2 ‚) Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡.
èÓ˝ÚÓÏÛ ˝Ú‡ Ï‡ÚËˆ‡ – Â¯ÂÌËÂ ÏÓ‰ÂÎË B ‰Îfl Ô‡-
˚ ‚ÂÍÚÓÓ‚ ((6, 6, 4, 4), (8, 8, 2, 2)).

éÔÂ‰ÂÎËÏ Á‡‰‡˜Ë Ú‡ÌÒÔÓÚÌÓ„Ó ÚËÔ‡ Ò ÏËÌË-
Ï‡ÍÒÌ˚ÏË ÍËÚÂËflÏË ‚ Ì‡ÒÚÓfl˘ÂÈ ‡·ÓÚÂ.
èÛÒÚ¸ (A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡‡ ‚ÂÍÚÓÓ‚ ËÁ

xir jt

Φ Y t,( ) tmax xir jt
: 1 r p≤ ≤ 1 t q≤ ≤,{ } .=

m X A B,( ) t,( ) 1

2
n

1–( ) 2
m

1–( )
--------------------------------------- Φ Y t,( )

Y } X( )∈
∑=

M̃
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. ëÔËÒÍÓÏ ÙÛÌÍˆËÓÌ‡ÎÓ‚, ÏËÌËÏËÁËÛÂÏ˚ı
Ì‡ Ï‡ÚËˆ‡ı Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡
M(A, B), fl‚ÎflÂÚÒfl ÒÎÂ‰Û˛˘ËÈ:

Φ1(X(A, B)) = , (2.1)

Φ2(X(A, B)) = (2.2)

Φ3(X(A, B)) =  + (2.3)

Φ4(X(A, B)) =  + (2.4)

Φ5(X(A, B)) =  +  + (2.5)

Φ6(X(A, B)) = (2.6)

Φ7(X(A, B)) = (2.7)

Φ8(X(A, B)) = (2.8)

(2.9)

(2.10)

„‰Â X(A, B) = (xij) ∈  M(A, B) Ë }(X(A, B)) – ÏÌÓÊÂ-
ÒÚ‚Ó ‚ÒÂı ÔÓ‰Ï‡ÚËˆ Ï‡ÚËˆ˚ X(A, B). ÑÎfl ÙÛÌÍ-
ˆËÓÌ‡ÎÓ‚ (2.1)–(2.10) Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ

R+ =,
n m,

max
i j,

xij

maxxij,
i

j 1=

m

∑

maxxij
i

j 1=

m

∑ maxxij,
i 1=

n

∑ j

max
i j,

xij maxxij,
i

j 1=

m

∑

max
i j,

xij maxxij
i

j 1=

m

∑ maxxij,
j

i 1=

n

∑

Φ2 Y( ),
Y } X A B,( )( )∈

∑

Φ3 Y( ),
Y } X A B,( )( )∈

∑

Φ1 Y( ),
Y } X A B,( )( )∈

∑

Φ9 X A B,( )( ) Φ1 Y( ) +
Y } X A B,( )( )∈

∑=

+ Φ2 Y( ),
Y } X A B,( )( )∈

∑

Φ10 X A B,( )( ) Φ1 Y( ) +
Y } X A B,( )( )∈

∑=

+ Φ3 Y( ),
Y } X A B,( )( )∈

∑

Φ3 X A B,( )( ) Φ2 X A B,( )( ) Φ2 X B A,( )( ),+=

Φ4 X A B,( )( ) Φ1 X A B,( )( ) Φ2 X A B,( )( ),+=

Φ5 X A B,( )( ) Φ1 X A B,( )( ) Φ3 X A B,( )( ),+=

í‡ÍÊÂ ÎÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ÙÛÌÍˆËÓÌ‡Î˚ (2.1), (2.4)
Ë (2.8) ÔË‚Â‰ÂÌ˚ ‡ÌÂÂ ‚ ÏÓ‰ÂÎflı Ä, Å Ë Ç. éÚÏÂ-
ÚËÏ Ú‡ÍÊÂ: Ú‡Í Í‡Í M(A, B) – ‚˚ÔÛÍÎÓÂ ÏÌÓÊÂÒÚ-
‚Ó (Ï‡ÚËˆ) Ë ÙÛÌÍˆËÓÌ‡Î˚ (2.1)–(2.10) – ‚˚ÔÛÍ-
Î˚Â ÙÛÌÍˆËË, ÚÓ ÏËÌËÏËÁ‡ˆË˛ ÛÍ‡Á‡ÌÌ˚ı ÙÛÌÍ-
ˆËÓÌ‡ÎÓ‚ ÏÓÊÌÓ ÓÚÌÂÒÚË Í ˝ÍÒÚÂÏ‡Î¸Ì˚Ï
‚˚ÔÛÍÎ˚Ï Á‡‰‡˜‡Ï [19].

3. å‡ÚËˆ˚ Ú‡ÌÒÔÓÚÌ˚ı ÏÌÓ„Ó„‡ÌÌËÍÓ‚ Ò
Ó·˘ËÏ Ó„‡ÌË˜ÂÌËÂÏ ‰Îfl ̋ ÎÂÏÂÌÚÓ‚ Ë ı‡‡ÍÚÂË-
ÒÚË˜ÂÒÍËÂ Û‡‚ÌÂÌËfl. èÛÒÚ¸ c ≥ 0 Ë (A, B) – ÔÓËÁ-

‚ÓÎ¸Ì‡fl Ô‡‡ ‚ÂÍÚÓÓ‚ ËÁ , ‰Îfl ÍÓÚÓÓÈ M(A,
B; c) ≠ ∅ . àÁ ÛÒÎÓ‚Ëfl Á‡ÏÍÌÛÚÓÒÚË (1.1) ‰Îfl ‚ÂÍÚÓ-
Ó‚ A Ë B ÒÎÂ‰ÛÂÚ

(3.1)

ÔË Í‡Ê‰ÓÏ k ∈  Z, 1 ≤ k ≤ n. èÂ‰ÒÚ‡‚ËÏ Ô‡‚Û˛
˜‡ÒÚ¸ ‡‚ÂÌÒÚ‚‡ (3.1) ̃ ÂÂÁ ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓ‡ B
Ë ˝ÎÂÏÂÌÚ˚ ÔÓËÁ‚ÓÎ¸ÌÓÈ Ï‡ÚËˆ˚ X(A, B) =
= (xij) ∈  M(A, B; c):

(3.2)

àÁ (3.1) Ë (3.2) ÒÎÂ‰ÛÂÚ

Ú‡Í Í‡Í xij ≤ c ÔË ‚ÒÂı i, j, 1 ≤ i ≤ n, 1 ≤ j ≤ m. èÓ-
˝ÚÓÏÛ

ÑÎfl ÔÓËÁ‚ÓÎ¸Ì˚ı ‚ÂÍÚÓÓ‚ A ∈  , B ∈  
(ÛÒÎÓ‚ËÂ Á‡ÏÍÌÛÚÓÒÚË ÌÂ ÔÂ‰ÔÓÎ‡„‡ÂÚÒfl), ÔÓËÁ-
‚ÓÎ¸ÌÓ„Ó c ≥ 0 Ë Î˛·Ó„Ó k ∈  Z, 0 ≤ k ≤ n, ‚‚Â‰ÂÏ
ÙÛÌÍˆË˛

(3.3)

ÅÛ‰ÂÏ ËÒÔÓÎ¸ÁÓ‚‡Ú¸ ÒÔÂˆË‡Î¸Ì˚Â Ó·ÓÁÌ‡˜Â-
ÌËfl ‰Îfl ˆÂÎÓ˜ËÒÎÂÌÌ˚ı ‚ÂÍÚÓÓ‚, Ô‡ ËÁ ÌËı Ë

Φ7 X A B,( )( ) Φ6 X A B,( )( ) Φ6 X B A,( )( ),+=

Φ9 X A B,( )( ) Φ8 X A B,( )( ) Φ6 X A B,( )( ),+=

Φ10 X A B,( )( ) Φ8 X A B,( )( ) Φ7 X A B,( )( ).+=

R+ =,
n m,

b j

j 1=

m

∑ ai

i 1=

k

∑– ai

i k>
∑=

ai

i k>
∑ xij

j 1=

m

∑
i k>
∑ xij  =

i k>
∑

j 1=

m

∑= =

=  b j xij

i 1=

k

∑–
 
 
 

.
j 1=

m

∑

b j

j 1=

m

∑ ai

i 1=

k

∑– b j xij

i 1=

k

∑–
 
 
 

b j ck–( ),
b j ck≥
∑≥

b j ck≥
∑≥

b j

j 1=

m

∑ b j ck–( )
b j ck≥
∑ ai

i 1=

k

∑–– 0.≥

R+
n

R+
m

δk A B; c,( ) b j

j 1=

m

∑ b j ck–( )
b j ck≥
∑– ai.

i k≤
∑–=
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ˆÂÎÓ˜ËÒÎÂÌÌ˚ı Ï‡ÚËˆ

Ë ÂÒÎË (A, B) ∈  , c ∈  Z, c ≥ 0, ÚÓ MZ (A, B) =
= {X(A, B) ∈  M(A, B): xij ∈  Z, 1 ≤ i ≤ n, 1 ≤ j ≤ m} Ë
MZ (A, B; c) = {X(A, B) ∈  MZ (A, B) ∩ M(A, B; c)}.

Ç˚¯Â ÔÓÎÛ˜ÂÌÓ, ˜ÚÓ ÌÂ‡‚ÂÌÒÚ‚Ó δk(A, B; c) ≥ 0
ÔË ‚ÒÂı k, 1 ≤ k ≤ n, fl‚ÎflÂÚÒfl ÌÂÓ·ıÓ‰ËÏ˚Ï ÛÒÎÓ-
‚ËÂÏ ‰Îfl M(A, B; c), MZ (A, B; c) ≠ ∅ . ëÔ‡‚Â‰ÎË‚Ó
Ë Ó·‡ÚÌÓÂ ÛÚ‚ÂÊ‰ÂÌËÂ ‚ ÔÂ‰ÔÓÎÓÊÂÌËË, ˜ÚÓ
ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓ‡ A ÛÔÓfl‰Ó˜ÂÌ˚ ÔÓ ÌÂ‚ÓÁ‡Ò-
Ú‡ÌË˛. åÌÓÊÂÒÚ‚‡ Ú‡ÍËı ‚ÂÍÚÓÓ‚ Ó·ÓÁÌ‡˜ËÏ

 = {A ∈  : ai ≥ ai + 1, 1 ≤ i ≤ n – 1, ÂÒÎË n ≥ 2} Ë

 = {A ∈  : ai ∈  Z, 1 ≤ i ≤ n}. àÏÂÂÚ ÏÂÒÚÓ ÒÎÂ-
‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ [8, 9, 13–16].

ã Â Ï Ï ‡  1. åÌÓÊÂÒÚ‚‡ M(A, B; c), MZ(A, B; c) ≠
≠ ∅  ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ δk(A, B; c) ≥ 0 ‰Îfl

Í‡Ê‰Ó„Ó k, 1 ≤ k ≤ n, „‰Â A ∈  .
ä‡Í ÛÍ‡Á˚‚‡ÎÓÒ¸ ‚˚¯Â, Ï‡ÚË˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó

M(A, B; c) ÓÚÌÓÒËÚÒfl Í ÍÎ‡ÒÒÛ ÛÒÂ˜ÂÌÌ˚ı Ú‡ÌÒ-
ÔÓÚÌ˚ı ÏÌÓ„Ó„‡ÌÌËÍÓ‚. Ç Ó·˘ÂÏ ÒÎÛ˜‡Â, ÂÒÎË

(A, B) ∈ , ÚÓ Á‡‰‡Ì‡ Ï‡ÚËˆ‡ ÔÓfl‰Í‡ n × m Ò
ÌÂÓÚËˆ‡ÚÂÎ¸Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË Ë Á‰ÂÒ¸ ÛÒÂ˜ÂÌ-
Ì˚Ï Ú‡ÌÒÔÓÚÌ˚Ï ÏÌÓ„Ó„‡ÌÌËÍÓÏ Ì‡Á˚‚‡ÂÚÒfl
ÏÌÓÊÂÒÚ‚Ó Ï‡ÚËˆ

Ç [17, 20] ÔÓÒÚÓÂÌ˚ ÛÒÎÓ‚Ëfl, ÔË ÍÓÚÓ˚ı
M(A, B; (cij)) ≠ ∅ , Ë ÍËÚÂËÈ ‰Îfl M(A, B; c),
MZ (A, B; c) ≠ ∅ , ÒÓ‰ÂÊ‡˘ËÈÒfl ‚ ÎÂÏÏÂ 1, fl‚ÎflÂÚ-
Òfl ÒÎÂ‰ÒÚ‚ËÂÏ ˝ÚËı ÛÒÎÓ‚ËÈ.

èÛÒÚ¸ (A, B) ∈  Ë c ≥ 0. ê‡ÒÍÓÂÏ Ï‡ÚË˜-
Ì˚È ÒÏ˚ÒÎ ÙÛÌÍˆËË (3.3), ÂÒÎË M(A, B; c) ≠ ∅  (ËÎË
MZ (A, B; c) ≠ ∅ ). ÑÎfl ‚ÂÍÚÓ‡ B Ë ÁÌ‡˜ÂÌËfl k ∈  Z,
1 ≤ k ≤ n, Ó·ÓÁÌ‡˜ËÏ lk(B; c) = |{j: bj ≥ ck, 1 ≤ j ≤ m}| –
ÍÓÎË˜ÂÒÚ‚Ó ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓ‡ B, ÌÂÏÂÌ¸¯Ëı ‚Â-
ÎË˜ËÌ˚ ck. íÓ„‰‡ ÙÛÌÍˆËfl (3.3) ÔËÏÂÚ ‚Ë‰

(3.4)

ÑÎfl Î˛·ÓÈ Ï‡ÚËˆ˚ X(A, B) = (xij) ËÁ M(A, B; c)
(ËÎË ËÁ MZ (A, B; c)) ÁÌ‡˜ÂÌËÂ k ∈  Z, 1 ≤ k ≤ n, ‚˚-

‰ÂÎflÂÚ Ó‰ÌÛ ËÎË ‰‚Â ÔÓ‰Ï‡ÚËˆ˚:  = (xij), 1 ≤ i ≤ k,

bj ≥ ck;  = (xij), k < i ≤ n, bj < ck. óÂÂÁ s(X) Ó·ÓÁÌ‡-
˜ËÏ ÒÛÏÏÛ ˝ÎÂÏÂÌÚÓ‚ ÔÓËÁ‚ÓÎ¸ÌÓÈ Ï‡ÚËˆ˚ X.
ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ Ï‡ÚËˆ‡  ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ ÔË

Z+
n A R+

n
: ai Z∈∈ 1 i n≤ ≤,{ } ,=

Z+ =,
n m, A B,( ) R+ =,

n m,
: A Z+

n∈∈ B Z+
m∈,{ } ,=

Z+ =,
n m,

R+
n

R+
n

Z+
n

R+
n

R+
n

R+ =,
n m,

M A B; cij( ),( ) X A B,( )  ={=

=  xij( ) M A B,( ): xij cij≤ 1 i n≤ ≤ 1 j m } .≤ ≤, ,∈

R+ =,
n m,

δk A B; c,( ) b j

b j ck<
∑ cklk B; c( ) ai.

i 1=

k

∑–+=

X

X

X

lk(B; c) = 0, ‡ ÔË lk(B; c) = m ËÎË k = n ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ

Ï‡ÚËˆ‡ . á‡ÏÂÚËÏ, ÂÒÎË k = n, ÚÓ, ‚ÓÁÏÓÊÌÓ, ÌÂ

ÒÛ˘ÂÒÚ‚ÛÂÚ Ï‡ÚËˆ‡ . Ç ÒÎÛ˜‡Â, ÂÒÎË Í‡Í‡fl-ÚÓ
Ï‡ÚËˆ‡ X ÌÂ ÒÛ˘ÂÒÚ‚ÛÂÚ, ÚÓ ÔÓÎÓÊËÏ s(X) = 0. ÖÒ-
ÎË M(A, B; c) ≠ ∅ , ÚÓ ‰Îfl Î˛·ÓÈ Ï‡ÚËˆ˚ X(A, B) =
= (xij) ∈  M(A, B; c) ÒÔ‡‚Â‰ÎË‚˚ ‡‚ÂÌÒÚ‚‡

èÓ˝ÚÓÏÛ ËÁ (3.4) ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ [14–16].

ã Â Ï Ï ‡  2. ÖÒÎË M(A, B; c) ≠ ∅  (ËÎË MZ((A, B;
c) ≠ ∅ ), ÚÓ ‰Îfl Î˛·ÓÈ Ï‡ÚËˆ˚ X(A, B) = (xij) ËÁ
M(A, B; c) (ËÎË ËÁ MZ (A, B; c) ÔË ÔÓËÁ‚ÓÎ¸ÌÓÏ
k ∈  Z, 1 ≤ k ≤ n, ÒÔ‡‚Â‰ÎË‚Ó ÒÓÓÚÌÓ¯ÂÌËÂ

(3.5)

„‰Â  = (xij), 1 ≤ i ≤ k, bj ≥ ck,  = (xij), k < i ≤ n, bj <
< ck.

ëÓÓÚÌÓ¯ÂÌËfl (3.5) ÔË 1 ≤ k ≤ n fl‚Îfl˛ÚÒfl ÚÓÊ-
‰ÂÒÚ‚‡ÏË ‰Îfl ÏÌÓÊÂÒÚ‚‡ Ï‡ÚËˆ ËÁ M(A, B; c) ≠ ∅ .
ÅÛ‰ÂÏ ‡ÒÒÏ‡ÚË‚‡Ú¸ ˝ÚË ÚÓÊ‰ÂÒÚ‚‡ Í‡Í Û‡‚ÌÂ-
ÌËfl ÓÚ ÌÂËÁ‚ÂÒÚÌ˚ı ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚.

é Ô  Â ‰ Â Î Â Ì Ë Â  4. ì‡‚ÌÂÌËÂ (3.5) Ì‡Á˚‚‡-
ÂÚÒfl ı‡‡ÍÚÂËÒÚË˜ÂÒÍËÏ ‰Îfl Ï‡ÚËˆ ÏÌÓÊÂÒÚ‚
M(A, B; c), MZ (A, B; c).

ï‡‡ÍÚÂËÒÚË˜ÂÒÍËÂ Û‡‚ÌÂÌËfl ÓÔÂ‰ÂÎfl˛Ú
Ó·˘ËÂ Ò‚ÓÈÒÚ‚‡ ‚ÒÂı Ï‡ÚËˆ ËÁ M(A, B; c), MZ(A,
B; c), ‡ ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËË (3.3) (ËÎË (3.4)) ÓÔÂ‰Â-
Îfl˛Ú ‚ÓÁÏÓÊÌ˚Â ‡ÁÎË˜Ëfl ÏÂÊ‰Û ˝ÚËÏË Ï‡ÚË-
ˆ‡ÏË. èËÏÂÌÂÌËÂ Û‡‚ÌÂÌËÈ (3.5) ÔÓÁ‚ÓÎflÂÚ
ÒÚÓËÚ¸ Ï‡ÚËˆ˚ ËÁ ÛÍ‡Á‡ÌÌ˚ı ÏÌÓÊÂÒÚ‚ ‚ Á‡‚Ë-

ÒËÏÓÒÚË ÓÚ ÔÂÂÏÂÌÌ˚ı k ∈  Z, s( ) Ë s( ). á‡‰‡-

‚‡fl ÁÌ‡˜ÂÌËfl ÔÂÂÏÂÌÌ˚Ï s( ) Ë s( ) Ë “‡ÒÔÂ-

‰ÂÎflfl” ̋ ÚË ÁÌ‡˜ÂÌËfl ÔÓ ̋ ÎÂÏÂÌÚ‡Ï ÔÓ‰Ï‡ÚËˆ  Ë

, ËÒÒÎÂ‰Ó‚‡ÌËÂ Ï‡ÚË˜ÌÓ„Ó ÏÌÓÊÂÒÚ‚‡ M(A, B; c)
ÏÓÊÌÓ Ò‚ÂÒÚË Í ËÒÒÎÂ‰Ó‚‡ÌË˛ ÏÌÓÊÂÒÚ‚ Ï‡ÚËˆ Ò
ÏÂÌ¸¯ËÏË ÔÓfl‰Í‡ÏË. Ç ˜‡ÒÚÌÓÒÚË, Û‡‚ÌÂÌËfl

X

X

b j

b j ck<
∑ xij,  ai

i 1=

k

∑
i 1=

n

∑
b j ck<
∑ xij,

j 1=

m

∑
i 1=

k

∑= =

b j

b j ck<
∑ ai

i 1=

k

∑– xij

i 1=

k

∑
b j ck<
∑ +=

+ xij

i k>
∑

b j ck<
∑ xij

b j ck≥
∑

i 1=

k

∑ xij  =
b j ck<
∑

i 1=

k

∑––

=  xij

i k<
∑

b j ck<
∑ xij

b j ck≥
∑

i 1=

k

∑– s X( ) s X( ).–=

δk A B; c,( ) cklk B; c( ) s X( ) s X( ),+–=

X X

X X

X X

X

X
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(3.5) ÏÓÊÌÓ ÔËÏÂÌËÚ¸ ‰Îfl ÔÓÒÚÓÂÌËfl ‚ÒÂı Ï‡Ú-
Ëˆ ËÁ MZ (A, B; c).

ÑÎfl Î˛·Ó„Ó ‚ÂÍÚÓ‡ A ËÁ  ̃ ÂÂÁ  = ( , …,

) Ó·ÓÁÌ‡˜ËÏ ‚ÂÍÚÓ, Ó·‡ÁÓ‚‡ÌÌ˚È ËÁ ‚ÂÍÚÓ‡
A ÛÔÓfl‰Ó˜Ë‚‡ÌËÂÏ ‚ÒÂı Â„Ó ÍÓÓ‰ËÌ‡Ú ÔÓ ÌÂ‚ÓÁ-

‡ÒÚ‡ÌË˛ (  ∈  ). àÁ Ó˜Â‚Ë‰ÌÓ„Ó ÌÂ‡‚ÂÌÒÚ‚‡

δk( , B; c) ≤ δk(A, B; c) cÎÂ‰ÛÂÚ, ˜ÚÓ ËÒÒÎÂ‰Ó‚‡ÌËÂ
Ï‡ÚËˆ Ë Ï‡ÚË˜Ì˚ı ÏÌÓÊÂÒÚ‚ ı‡‡ÍÚÂËÒÚË˜ÂÒ-
ÍËÏË Û‡‚ÌÂÌËflÏË Ì‡Ë·ÓÎÂÂ Û‰Ó·ÌÓ ÔÓ‚Ó‰ËÚ¸,

ÍÓ„‰‡ ÔÂ‚˚È ‚ÂÍÚÓ A ∈  .

ëÎÂ‰ÒÚ‚ËÂÏ ÎÂÏÏ˚ 2 fl‚ÎflÂÚÒfl ÛÚ‚ÂÊ‰ÂÌËÂ
[14–16].

ã Â Ï Ï ‡  3. èÛÒÚ¸ M(A, B; c) ≠ ∅ , „‰Â (A, B) ∈

∈   Ë A ∈  . ÖÒÎË ÔË ÌÂÍÓÚÓÓÏ p ∈  Z, 1 ≤
≤ p ≤ n, cp ≤ max{bj: 1 ≤ j ≤ m}, ËÏÂÂÚ ÏÂÒÚÓ δp(A, B;
c) = 0, ÚÓ ‰Îfl ˝ÎÂÏÂÌÚÓ‚ Î˛·ÓÈ Ï‡ÚËˆ˚ X(A, B;
c) = (xij) ËÁ M(A, B; c) ÒÔ‡‚Â‰ÎË‚Ó

Ë

(3.6)

„‰Â ‚Ó ‚ÚÓÓÏ ÒÎÛ˜‡Â ‚ÂÍÚÓ B ∈  .

èË‚Â‰ÂÏ ÔËÏÂ ÔËÏÂÌÂÌËfl ÎÂÏÏ˚ 3 ‰Îfl ËÒ-
ÒÎÂ‰Ó‚‡ÌËfl Ï‡ÚËˆ ÛÒÂ˜ÂÌÌÓ„Ó Ú‡ÌÒÔÓÚÌÓ„Ó
ÏÌÓ„Ó„‡ÌÌËÍ‡ M(A, B; c). ÑÎfl ÏÌÓÊÂÒÚ‚‡ Ô‡
‚ÂÍÚÓÓ‚, ÍÓÓ‰ËÌ‡Ú˚ ÍÓÚÓ˚ı ÛÔÓfl‰Ó˜ÂÌ˚ ÔÓ

ÌÂ‚ÓÁ‡ÒÚ‡ÌË˛, ‚‚Â‰ÂÏ Ó·ÓÁÌ‡˜ÂÌËfl:  = {(A,

B) ∈  : A ∈  , B ∈  } Ë  = {(A, B) ∈

∈   ∩ }.

è  Ë Ï Â   3. ê‡ÒÒÏÓÚËÏ ‚ÂÍÚÓ˚ A = (11, 11,
11, 4, 3) Ë B = (12, 12, 10, 3, 3) Ë ÁÌ‡˜ÂÌËÂ c = 3. ãÂ„-

ÍÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ (A, B) ∈  .

èÓÍ‡ÊÂÏ, ˜ÚÓ MZ (A, B; 3) ≠ ∅ . ÑÎfl ˝ÚÓ„Ó ‚˚-
˜ËÒÎËÏ ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËË (3.4) (ËÎË (3.3)): δ1(A, B;
3) = 4, δ2(A, B; 3) = 2, δ3(A, B; 3) = 0, δ4(A, B; 3) = 3,
δ5(A, B; 3) = 0. í‡Í Í‡Í δk(A, B; 3) ≥ 0 ÔË ‚ÒÂı k,
1 ≤ k ≤ 5, ÚÓ M(A, B; 3), MZ (A, B; 3) ≠ ∅ , ̃ ÚÓ ÒÎÂ‰ÛÂÚ
ËÁ ÎÂÏÏ˚ 1.

èËÏÂÌËÏ ÎÂÏÏÛ 3. á‰ÂÒ¸ p = 3 Ë l3(B; 3) = 3 > 0.

R+
n Ã ã1

ãn

Ã R+
n

Ã

R+
n

R+ =,
n m,

R+
n

xij

c, 1 i p, b j cp,≥≤ ≤
0, p i n, b j cp,<≤<




=

xij

c, 1 i p, 1 j lp B; c( ),≤ ≤≤ ≤
0, p i n, lp B; c( ) j m,≤<≤<




=

R+
m

R+ =,
n m,

R+ =,
n m,

R+
m

R+
m

Z+ =,
n m,

R+ =,
n m,

Z+ =,
n m,

Z+ =,
5 5,

àÁ (3.6) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

(3.7)

„‰Â A1 = (2, 2, 2), B1 = (3, 3), A2 = (4, 3), B2 = (3, 3, 1).
í‡ÍËÏ Ó·‡ÁÓÏ, ËÒÒÎÂ‰Ó‚‡ÌËÂ ÏÌÓÊÂÒÚ‚‡ Ï‡ÚËˆ
Ò ÔÓfl‰ÍÓÏ 5 × 5 Ò‚Ó‰ËÚÒfl Í ‡ÒÒÏÓÚÂÌË˛ ÏÌÓ-
ÊÂÒÚ‚ Ï‡ÚËˆ, ÔÓfl‰ÍË ÍÓÚÓ˚ı 3 × 2 Ë 2 × 3.

ä‡Ê‰ÓÂ ËÁ ÏÌÓÊÂÒÚ‚ MZ(A1, B1; 3) Ë MZ(A2, B2; 3)
ÎÂ„ÍÓ ÔÓÒÚÓËÚ¸, Ú‡Í Í‡Í Î˛·ÓÈ ‚ÓÁÏÓÊÌ˚È
ÒÚÓÎ·Âˆ Ï‡ÚËˆ˚ ÔÂ‚Ó„Ó ÏÌÓÊÂÒÚ‚‡ Ë Î˛·‡fl
‚ÓÁÏÓÊÌ‡fl ÒÚÓÍ‡ ‚ÚÓÓ„Ó ÏÌÓÊÂÒÚ‚‡ ÔÓÎÌÓÒÚ¸˛
ÓÔÂ‰ÂÎfl˛Ú Ò‚ÓË Ï‡ÚËˆ˚

(3.8)

ÖÒÎË ‚ ÙÓÏÛÎÂ (3.7) Ï‡ÚË˜Ì˚Â ÏÌÓÊÂÒÚ‚‡
M(A1, B1; 3) Ë M(A2, B2; 3) Á‡ÏÂÌËÚ¸ Ì‡ ÏÌÓÊÂÒÚ‚‡
MZ (A1, B1; 3) Ë MZ (A2, B2; 3), ÚÓ ÔÓÎÛ˜ËÏ ÔÓÎÌ˚È
ÒÔËÒÓÍ ˆÂÎÓ˜ËÒÎÂÌÌ˚ı Ï‡ÚËˆ ËÁ M(A, B; 3). í‡Í
Í‡Í Ï‡ÚËˆ˚ ‚ ‡ÁÎË˜Ì˚ı ÏÌÓÊÂÒÚ‚‡ı ËÁ (3.8) ÌÂ-
Á‡‚ËÒËÏ˚, ÚÓ ÍÓÎË˜ÂÒÚ‚Ó ‚ÒÂı ˆÂÎÓ˜ËÒÎÂÌÌ˚ı Ï‡-
ÚËˆ ËÁ MZ (A, B; 3) ‡‚ÌÓ

M A B; 3,( )

3 3 3 x14 x15

3 3 3 x24 x25

3 3 3 x34 x35

x41 x42 x43 0 0

x51 x52 x53 0 0 
 
 
 
 
 
 
 
 

: 
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 ∈











=
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x41 x42 x43
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M A2 B2; 3,( )∈,











,

MZ A1 B1; 3,( )
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  1 1
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=

0 2
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  1 1
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  0 2
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  1 1

1 1

1 1 
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,

MZ A2 B2; 3,( ) 0 3 1

3 0 0 
 
  3 0 1

0 3 0 
 
  1 2 1

2 1 0 
 
 

,, ,




=

1 3 0

2 0 1 
 
  2 1 1

1 2 0 
 
  3 1 0
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  2 2 0
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.

MZ A B; 3,( )  =

=  MZ A1 B1; 3,( ) MZ A2 B2; 3,( )× 49.=
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èË‚Â‰ÂÏ Â˘Â Ó‰ËÌ ÔËÏÂ, „‰Â ËÒÔÓÎ¸ÁÛÂÚÒfl
ÎÂÏÏ‡ 2.

è  Ë Ï Â   4. ãÂ„ÍÓ ÔÓ‚ÂËÚ¸ ÌÂÓÚËˆ‡ÚÂÎ¸-
ÌÓÒÚ¸ ÙÛÌÍˆËË (3.3) ‰Îfl Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ∈

∈  , „‰Â A = (14, 14, 13, 10, 8, 4, 3), B = (12, 12,
10, 10, 8, 6, 4, 2, 2) Ë c = 2. èÓ˝ÚÓÏÛ (ÎÂÏÏ‡ 1) M(A,
B; 2), MZ (A, B; 2) ≠ ∅ . èË ‚˚˜ËÒÎÂÌËË ÙÛÌÍˆËË
(3.3) ÏÓÊÌÓ Û·Â‰ËÚ¸Òfl, ˜ÚÓ δ4(A, B; 2) = min{δk(A,
B; 2): 1 ≤ k ≤ 7, lk(B; 2) > 0} = 3. í‡Í Í‡Í l4(B; 2) = 5,
ÚÓ ı‡‡ÍÚÂËÒÚË˜ÂÒÍÓÂ Û‡‚ÌÂÌËÂ (3.5) ÔË k = 4
ËÏÂÂÚ ‚Ë‰

3 = 40 – s( ) + s( ), (3.9)

„‰Â X(A, B) = (xij) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ï‡ÚËˆ‡ ËÁ M(A,

B; 2) Ë  = (xij), 1 ≤ i ≤ 4, 1 ≤ j ≤ 5,  = (xij), 5 ≤ i ≤ 7,
6 ≤ j ≤ 9. èËÏÂÌflfl Û‡‚ÌÂÌËÂ (3.9), ÓˆÂÌËÏ ÒÌËÁÛ
ÍÓÎË˜ÂÒÚ‚Ó Ï‡ÚËˆ ËÁ MZ (A, B; 2).

é·ÓÁÌ‡˜ËÏ  = s( ) Ë  = s( ). í‡Í Í‡Í 40 –  ≥
≥ 0 Ë  ≥ 0, ÚÓ Û‡‚ÌÂÌËÂ (3.9) ËÏÂÂÚ ˜ÂÚ˚Â ˆÂÎÓ-

˜ËÒÎÂÌÌ˚ı Â¯ÂÌËfl , : 40, 3; 39, 2; 38, 1; 37, 0.
éˆÂÌÍÓÈ ÒÌËÁÛ ‰Îfl ÍÓÎË˜ÂÒÚ‚‡ Ï‡ÚËˆ ËÁ MZ (A,
B; 2) fl‚ÎflÂÚÒfl ÍÓÎË˜ÂÒÚ‚Ó Â¯ÂÌËÈ r ˜ÂÚ˚Âı ÒË-
ÒÚÂÏ Û‡‚ÌÂÌËÈ

óÂÂÁ r (q) Ó·ÓÁÌ‡˜ËÏ ÍÓÎË˜ÂÒÚ‚Ó Â¯ÂÌËÈ ÒËÒÚÂ-
Ï˚, ‡ ̃ ÂÂÁ r1(q) Ë r2(q) – ÍÓÎË˜ÂÒÚ‚‡ Â¯ÂÌËÈ ÔÂ-
‚Ó„Ó Ë ‚ÚÓÓ„Ó Û‡‚ÌÂÌËÈ ÒËÒÚÂÏ˚ ÔË q ∈  Z, 0 ≤
≤ q ≤ 3. í‡Í Í‡Í Û‡‚ÌÂÌËfl ÒËÒÚÂÏ˚ ÌÂÁ‡‚ËÒËÏ˚,
ÚÓ r (q) = r1(q)r2(q) Ë r = r1(0)r2(0) + r1(1)r2(1) +
+ r1(2)r2(2) + r1(3)r2(3). äÓÎË˜ÂÒÚ‚‡ ÔÂÂÏÂÌÌ˚ı
ÔÂ‚Ó„Ó Ë ‚ÚÓÓ„Ó Û‡‚ÌÂÌËfl ÒËÒÚÂÏ˚ ÒÓÓÚ‚ÂÚÒÚ-
‚ÂÌÌÓ ‡‚Ì˚ 20 Ë 12 Ë ÁÌ‡˜ÂÌËfl rk(q), 1 ≤ k ≤ 2, 0 ≤
≤ q ≤ 3, ÎÂ„ÍÓ ‚˚˜ËÒÎËÚ¸

èÓÒÎÂ ‡ËÙÏÂÚË˜ÂÒÍËı ‚˚˜ËÒÎÂÌËÈ ÔÓÎÛ˜ËÏ,
˜ÚÓ r = 5952 Ë |MZ (A, B; 2)| ≥ 5952.

Z+ =,
7 9,

X X

X X

s X s X s

s

s s

βij

j 1=

5

∑
i 1=

4

∑ 37 q,+=

βij

j 6=

9

∑
i 5=

7

∑ q,=

q Z ,  0 q 3,  βij Z ,  0 βij 2.≤ ≤∈≤ ≤∈

r1 0( ) C20
3

2C20
2

+ 1520,  r2 0( ) 1,= = =

r1 1( ) C20
2

2C20
1

+ 210,  r2 1( ) C12
1

12,= = = =

r1 2( ) C20
1

20,  r2 2( ) C12
2

C12
1

+ 78,= = = =

r1 3( ) 1,  r2 3( ) C12
3

2C12
2

+ 352.= = =

4. îÓÏÛÎ‡ ‚˚˜ËÒÎÂÌËfl ÏËÌËÏ‡ÍÒÌÓ„Ó ÁÌ‡˜Â-

ÌËfl. èÛÒÚ¸ (A, B) ∈  . åËÌËÏ‡ÍÒ Ï‡ÚË˜ÌÓ„Ó
ÏÌÓÊÂÒÚ‚‡ M(A, B) ÏÓÊÌÓ ‚˚‡ÁËÚ¸ ÙÛÌÍˆËÂÈ
(3.3), Ë ‚ ÎÂÏÏÂ 3 Á‡ÍÎ˛˜ÂÌ˚ ÛÒÎÓ‚Ëfl ‰Îfl ÏËÌË-
Ï‡ÍÒÌÓ„Ó ÁÌ‡˜ÂÌËfl [14–16].

ã Â Ï Ï ‡  4. ÇÂÎË˜ËÌ‡ Ò fl‚ÎflÂÚÒfl ÏËÌËÏ‡ÍÒÌ˚Ï
ÁÌ‡˜ÂÌËÂÏ ÏÌÓÊÂÒÚ‚‡ M(A, B) (Ú.Â. c = c(A, B)), „‰Â

(A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡‡ ‚ÂÍÚÓÓ‚ ËÁ  ÚÓ„-
‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡

‡) δk( , B; c) ≥ 0 ÔË ‚ÒÂı k, 1 ≤ k ≤ n,
·) ÒÛ˘ÂÒÚ‚ÛÂÚ Ú‡ÍÓÂ p ∈  Z, 1 ≤ p ≤ n, ‰Îfl ÍÓÚÓ-

Ó„Ó cp ≤ max{bj: 1 ≤ j ≤ m} Ë δp( , B; c) = 0.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. îÛÌÍˆËfl δk( , B; c) ÌÂ-
ÔÂ˚‚Ì‡ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓÓ‚ A Ë
B Ë ÁÌ‡˜ÂÌËfl Ò. ÖÒÎË ‚ÂÍÚÓ˚ A Ë B ÙËÍÒËÓ‚‡Ì˚,
ÚÓ ÔË Í‡Ê‰ÓÏ k ∈  Z, 1 ≤ k ≤ n, ÙÛÌÍˆËfl (3.3) fl‚Îfl-
ÂÚÒfl ÌÂÛ·˚‚‡˛˘ÂÈ ÓÚÌÓÒËÚÂÎ¸ÌÓ ÔÂÂÏÂÌÌÓÈ Ò,
ÔË˜ÂÏ ˝Ú‡ ÙÛÌÍˆËfl ÒÚÓ„Ó ‚ÓÁ‡ÒÚ‡ÂÚ ÔË 0 ≤ c ≤
≤ max{bj/k, 1 ≤ j ≤ m}. éÚÒ˛‰‡ Ë ËÁ ÎÂÏÏ˚ 1 ÒÎÂ‰Û-
ÂÚ ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ ÎÂÏÏ˚ 4.

è  Ë Ï Â   5. ÑÎfl Ï‡ÚËˆ Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ-
„Ó„‡ÌÌËÍ‡ M(A, B), „‰Â (A, B) – Ô‡‡ ‚ÂÍÚÓÓ‚
ÔËÏÂ‡ 3, ÏËÌËÏ‡ÍÒ c(A, B) = 3, ˜ÚÓ ÒÎÂ‰ÛÂÚ ËÁ
ÎÂÏÏ˚ 4. ÑÎfl ˝ÚÓÈ ÊÂ Ô‡˚ ‚ÂÍÚÓÓ‚ ÙÓÏÛÎ‡
(3.7) ‚˚‡Ê‡ÂÚ ‚ÒÂ ÏËÌËÏ‡ÍÒÌ˚Â Ï‡ÚËˆ˚.

èÓÒÚÓËÏ ‡Î„ÓËÚÏ ‚˚˜ËÒÎÂÌËfl ÏËÌËÏ‡ÍÒ‡
c(A, B) ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ∈
∈   [14–16]. é˜Â‚Ë‰ÌÓ, ˜ÚÓ c(A, B) = c( , ).
èÓ˝ÚÓÏÛ ·ÂÁ Ó„‡ÌË˜ÂÌËfl Ó·˘ÌÓÒÚË ·Û‰ÂÏ ÔÂ‰-

ÔÓÎ‡„‡Ú¸, ̃ ÚÓ (A, B) ∈  . í‡Í Í‡Í c(A, B) = 0, ÂÒ-
ÎË A Ë B – ÌÛÎÂ‚˚Â ‚ÂÍÚÓ˚, ÚÓ ÔÓÎÓÊËÏ b1 > 0
(Ë a1 > 0).

éÚÏÂÚËÏ ËÌ‰ÂÍÒ˚ ÚÂı ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓ‡ B,
ÔË ÍÓÚÓ˚ı ÓÚÏÂ˜ÂÌÌ˚Â ÍÓÓ‰ËÌ‡Ú˚ ·ÓÎ¸¯Â
ÔÓÒÎÂ‰Û˛˘Ëı (ÂÒÎË b1 > bm), Ë ÔÓÎÓÊËÏ m' – ËÌ-
‰ÂÍÒ ÔÓÒÎÂ‰ÌÂÈ ÔÓÎÓÊËÚÂÎ¸ÌÓÈ ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍ-
ÚÓ‡ B: T(B) = {k ∈  Z: 1 ≤ k ≤ m – 1, bk > bk + 1} ∪  {m'} –
ÏÌÓÊÂÒÚ‚Ó ÓÚÏÂ˜ÂÌÌ˚ı ËÌ‰ÂÍÒÓ‚. èÓÎÓÊËÏ t =
= |T(B)| Ë T(B) = {ki: 1 ≤ i ≤ t, ki < ki + 1, 1 ≤ i ≤ t – 1
(ÂÒÎË t > 1)}. ê‡ÒÒÏÓÚËÏ ÒËÒÚÂÏÛ ÒÓÓÚÌÓ¯ÂÌËÈ

(4.1)

Ò Â‰ËÌÒÚ‚ÂÌÌÓÈ ÌÂËÁ‚ÂÒÚÌÓÈ ‚ÂÎË˜ËÌÓÈ c(k, ki). ÖÒ-
ÎË Â¯ÂÌËÂ c(k, ki) ˝ÚÓÈ ÒËÒÚÂÏ˚ ÒÛ˘ÂÒÚ‚ÛÂÚ, ÚÓ
ÓÌÓ Â‰ËÌÒÚ‚ÂÌÌÓ. ÖÒÎË ÔË ÌÂÍÓÚÓ˚ı ÁÌ‡˜ÂÌËfl k
Ë ki ÒËÒÚÂÏ‡ (4.1) ÌÂ ËÏÂÂÚ Â¯ÂÌËÈ, ÚÓ ÔÓÎÓÊËÏ

R+ =,
n m,

R+ =,
n m,

Ã

Ã

Ã

R+ =,
n m, Ã B̃

R+ =,
n m,

b j

j 1=

m

∑ b j c k ki,( )k–( )
j 1=

ki

∑– ai

i 1=

k

∑– 0,=

c k ki,( )k bki
,≤

c k ki,( )k bki 1+ , i t,≠>

1 k n,  1 i t,≤ ≤≤ ≤
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åàêéçéÇ, ñìêäéÇ

c(k, ki) = 0. ç‡Ë·ÓÎ¸¯ÂÂ ËÁ Â¯ÂÌËÈ ÒËÒÚÂÏ ‚ (4.1)
fl‚ÎflÂÚÒfl ÏËÌËÏ‡ÍÒÓÏ [14–16].

í Â Ó  Â Ï ‡  1. åËÌËÏ‡ÍÒÌ˚Ï ÁÌ‡˜ÂÌËÂÏ ÔÓ-
ËÁ‚ÓÎ¸ÌÓ„Ó Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡ M(A,

B), „‰Â (A, B) ∈   fl‚ÎflÂÚÒfl c(A, B) = max{c(k, ki):
1 ≤ k ≤ n, ki ∈  T(B)}.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. èÛÒÚ¸ Ò – Ú‡ÍÓÂ ÁÌ‡˜Â-
ÌËÂ, ˜ÚÓ ÔË ÌÂÍÓÚÓÓÏ k ∈  Z, 1 ≤ k ≤ n, ÒÔ‡‚Â‰ÎË-
‚Ó δk(A, B; c) ≥ 0 (ÁÌ‡˜ÂÌËÂ Ò ÒÛ˘ÂÒÚ‚ÛÂÚ, Ú‡Í Í‡Í
Ï‡ÚË˜ÌÓÂ ÏÌÓÊÂÒÚ‚Ó M(A, B) Ó„‡ÌË˜ÂÌÓ). èÓ-
Í‡ÊÂÏ, ˜ÚÓ c ≥ c(k, ki) ÔË Í‡Ê‰ÓÏ i, 1 ≤ i ≤ t. é˜Â-
‚Ë‰ÌÓ, ˜ÚÓ ÏÓÊÌÓ ÔÂ‰ÔÓÎÓÊËÚ¸ c(k, ki) > 0. í‡Í
Í‡Í c(k, ki) – Â¯ÂÌËÂ ÒËÒÚÂÏ˚ (4.1), ÚÓ

èÓ˝ÚÓÏÛ ËÁ ÔÂ‚Ó„Ó ÒÓÓÚÌÓ¯ÂÌËfl ‚ (4.1) Ë ÌÂ‡-
‚ÂÌÒÚ‚‡

ÒÎÂ‰ÛÂÚ, ˜ÚÓ

èÓÒÎÂ‰ÌÂÂ ÌÂ‡‚ÂÌÒÚ‚Ó ‚ÓÁÏÓÊÌÓ ÚÓÎ¸ÍÓ ‚ ÒÎÛ-
˜‡Â c ≥ c(k, ki).

ÖÒÎË δk(A, B; c) ≥ 0 ÔË ‚ÒÂı k, 1 ≤ k ≤ n, ÚÓ Ó˜Â-
‚Ë‰ÌÓ, ˜ÚÓ c ≥ c(k, ki), 1 ≤ k ≤ n, ki ∈  T(B). ëÎÂ‰Ó‚‡-
ÚÂÎ¸ÌÓ, c ≥ c(A, B) ≥ max{c(k, ki): 1 ≤ k ≤ n, ki ∈
∈  T(B)}. í‡Í Í‡Í δk(A, B; c(A, B)) ≥ 0 ÔË Í‡Ê‰ÓÏ
k, 1 ≤ k ≤ n, Ë ÒÛ˘ÂÒÚ‚ÛÂÚ p ∈  Z, c(A, B)p ≤ b1, δp(A,
B; c(A, B)) = 0 (ÎÂÏÏ‡ 4), ÚÓ c(A, B) = max{c(k, ki):
1 ≤ k ≤ n, ki ∈  T(B)}.

íÂÓÂÏ‡ 1 (‚ÏÂÒÚÂ Ò ÒËÒÚÂÏÓÈ (4.1)) ÒÓ‰ÂÊËÚ
‡Î„ÓËÚÏ ‚˚˜ËÒÎÂÌËfl ÏËÌËÏ‡ÍÒ‡.

è  Ë Ï Â   6. ÑÎfl Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B), „‰Â
A = (18, 18, 10, 6) Ë B = (12, 12, 12, 8, 4, 4), Ó˜Â‚Ë‰-

ÌÓ, ˜ÚÓ (A, B) ∈  . éÔÂ‰ÂÎËÏ ÏËÌËÏ‡ÍÒ
c(A, B) Ë ÔÓÒÚÓËÏ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ ËÁ
M(A, B; c(A, B)).

ÇÓÒÔÓÎ¸ÁÛÂÏÒfl ÚÂÓÂÏÓÈ 1, ÒÓ‰ÂÊ‡˘ÂÈ ÙÓ-
ÏÛÎÛ ‚˚˜ËÒÎÂÌËfl ÏËÌËÏ‡ÍÒ‡. ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ
T(B) = {3, 4, 6} Ë t = 3. í‡Í Í‡Í A ∈  R4, ÚÓ Ó·‡ÚËÏÒfl
12 ‡Á Í ÒËÒÚÂÏÂ (4.1): ‚˚˜ËÒÎËÏ ÁÌ‡˜ÂÌËfl c(k, ki),
„‰Â 1 ≤ k ≤ 4 Ë ki ∈  {3, 4, 6}. èÓ‰Ó·ÌÓ ÓÒÚ‡ÌÓ‚ËÏÒfl

R+ =,
n m,

b j c k ki,( )k–( )
j 1=

ki

∑ b j c k ki,( )k–( ).
b j c k ki,( )k≥

∑=

δk A B; c,( ) b j

j 1=

m

∑ b j ck–( )
b j ck≥
∑– ai 0≥

i 1=

k

∑–=

b j ck–( )
b j ck≥
∑ b j c k ki,( )k–( ).

b j c k ki,( )k≥
∑≤

Z+ =,
4 5,

Ì‡ ‚˚˜ËÒÎÂÌËË ÁÌ‡˜ÂÌËÈ c(2, 3), c(2, 4), c(3, 3),
c(3, 4)

ç‡ÔÓÏÌËÏ, ˜ÚÓ c(k, ki) = 0, ÂÒÎË ÒËÒÚÂÏ‡ (4.1) ÌÂ
ËÏÂÂÚ Â¯ÂÌËÈ. ÄÌ‡ÎÓ„Ë˜ÌÓ ‚˚˜ËÒÎfl˛ÚÒfl ÓÒ-
Ú‡Î¸Ì˚Â ÁÌ‡˜ÂÌËfl: c(1, 3) = 0, c(1, 4) = 0, c(1, 6) = 3,
c(2, 6) = 0, c(3, 6) = 0, c(4, 3) = 3; c(4, 4) = 0, c(4, 6) = 0.
àÁ ÚÂÓÂÏ˚ 1 ÒÎÂ‰ÛÂÚ, ˜ÚÓ c(A, B) = 7/2.

í‡Í Í‡Í c(A, B) = c(2, 4), ÚÓ δ2(A, B; 7/2) = 0 Ë
l2(B; 7/2) = 4. èËÏÂÌflfl ÎÂÏÏÛ 3, ÔÓÎÛ˜ËÏ

– ÏÌÓÊÂÒÚ‚Ó ÏËÌËÏ‡ÍÒÌ˚ı Ï‡ÚËˆ Ú‡ÌÒÔÓÚÌÓ-
„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡ M(A, B), „‰Â A1 = (4, 4), B1 = (4, 4),
A2 = (10, 6), B2 = (5, 5, 5, 1) Ë, ‚ ˜‡ÒÚÌÓÒÚË,

52 3 12 2c 2 3,( )–( )– 36– 0,=

8 2c 2 3,( ) 12,≤<



c 2 3,( ) 0=

52 3 12 2c 2 3,( )–( ) 8 2c 2 4,( )–( )–– 36– 0,=

4 2c 2 4,( ) 8,≤<



c 2 4,( ) 7/2;=

52 3 12 3c 3 3,( )–( )– 46– 0,=

8 3c 3 3,( ) 12,≤<



c 3 3,( ) 10/3;=

52 3 12 3c 3 4,( )–( ) 8 3c 3 4,( )–( )–– 46– 0,=

4 3c 3 4,( ) 8,≤<



c 3 4,( ) 0.=

M A B; 3 5,,( )  =

=  

3.5 3.5 3.5 3.5 x15 x16

3.5 3.5 3.5 3.5 x25 x26

x31 x32 x33 x34 0 0

x41 x42 x43 x44 0 0 
 
 
 
 
 
 

: 
x15 x16

x25 x26 
 
 

 ∈









∈ M A1 B1; 3 5,,( ),

x31 x32 x33 x34

x41 x42 x43 x44 
 
 

M A2 B2; 3 5,,( )∈









2 2

2 2 
 
 

M A1 B1; 3 5,,( ),∈
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Ç ˝ÚÓÏ ÔËÏÂÂ Î˛·‡fl Ï‡ÚËˆ‡ ËÁ M(A, B; 3, 5)
ÏËÌËÏËÁËÛÂÚ ÙÛÌÍˆËÓÌ‡Î (2.1) Ì‡ ÏÌÓÊÂÒÚ‚Â
Ï‡ÚËˆ ËÁ M(A, B) Ë minΦ1(X(A, B)) = 3, 5.

ã Â Ï Ï ‡  5. ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓ„Ó Ú‡ÌÒÔÓÚÌÓ„Ó
ÏÌÓ„Ó„‡ÌÌËÍ‡ M(A, B) ÒÔ‡‚Â‰ÎË‚Ó

Φ1(X(A, B)) =

= Φ1(X(A, B; c(A, B))) = c(A, B).

çËÊÂ ÔÓÒÚÓÂÌ‡ Ó‰Ì‡ ËÁ ÏËÌËÏ‡ÍÒÌ˚ı Ï‡ÚËˆ –
Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl, ÏËÌËÏËÁËÛ˛˘‡fl
ÙÛÌÍˆËÓÌ‡Î (2.1) Ë fl‚Îfl˛˘‡flÒfl Â¯ÂÌËÂÏ ÏÓ‰Â-
ÎË A.

5. äËÚÂËÈ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË ÏËÌËÏ‡ÍÒÌÓÈ Ï‡-
ÚËˆ˚ Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡. Ç˚flÒÌËÏ

ÛÒÎÓ‚Ëfl ‰Îfl Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ∈  , ÔË ÍÓ-
ÚÓ˚ı ÏÌÓÊÂÒÚ‚Ó ÏËÌËÏ‡ÍÒÌ˚ı Ï‡ÚËˆ M(A, B;
c(A, B)) ÒÓÒÚÓËÚ ËÁ Â‰ËÌÒÚ‚ÂÌÌÓÈ Ï‡ÚËˆ˚. ÑÎfl
˝ÚÓ„Ó ÛÔÓfl‰Ó˜ËÏ ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓÓ‚ A Ë B ÔÓ
ÌÂ‚ÓÁ‡ÒÚ‡ÌË˛, Ú.Â. ÔÂÂÈ‰ÂÏ Í Ô‡Â ‚ÂÍÚÓÓ‚

( , ) ∈  . àÁ ‡ÒÒÏÓÚÂÌËfl ËÒÍÎ˛˜ËÏ ÚË-
‚Ë‡Î¸Ì˚È ÒÎÛ˜‡È, ÍÓ„‰‡ ÏÌÓÊÂÒÚ‚Ó M(A, B) ÒÓÒÚÓ-
ËÚ ËÁ Ó‰ÌÓÈ Ï‡ÚËˆ˚.

èÛÒÚ¸ (A, B) ∈  , „‰Â n, m ≥ 2 Ë a2, b2 > 0. Ç
˝ÚÓÏ ÒÎÛ˜‡Â M(A, B) ÒÓ‰ÂÊËÚ ·ÂÒÍÓÌÂ˜ÌÓÂ ÍÓÎË-
˜ÂÒÚ‚Ó Ï‡ÚËˆ. èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ ËÁ‚ÂÒÚÂÌ ÏË-
ÌËÏ‡ÍÒ c(A, B). íÓ„‰‡ ÒÛ˘ÂÒÚ‚ÛÂÚ p ∈  Z, 1 ≤ p ≤ n,
c(A, B)p ≤ b1 Ë δp(A, B; c(A, B)) = 0 (ÎÂÏÏ‡ 4). èÂ‰-
ÔÓÎÓÊËÏ Ú‡ÍÊÂ, ˜ÚÓ p + 1 ≤ n Ë δp + 1(A, B; c(A, B)) =
= 0. ê‡ÒÒÏÓÚËÏ ÒÎÛ˜‡È c(A, B)(p + 1) ≤ b1. ÇÓÒ-
ÔÓÎ¸ÁÛÂÏÒfl ÎÂÏÏÓÈ 3, ÍÓÚÓ‡fl ÔÓÎÌÓÒÚ¸˛ ÓÔÂ‰Â-
ÎflÂÚ ÌÂÍÓÚÓ˚Â ˝ÎÂÏÂÌÚ˚ Î˛·ÓÈ ÏËÌËÏ‡ÍÒÌÓÈ
Ï‡ÚËˆ˚ X(A, B; c(A, B)) = (xij) ∈  M(A, B; c(A, B)).

ç‡ÔÓÏÌËÏ, ̃ ÚÓ Ú‡Í Í‡Í B ∈  , ÚÓ lk(B; c) = max{j:
1 ≤ j ≤ m, bj ≥ ck} ÔË b1 ≥ ck. èË c = c(A, B), ËÁ ÎÂÏ-
Ï˚ 3 ÒÎÂ‰ÛÂÚ

‰Îfl Î˛·ÓÈ Ï‡ÚËˆ˚ (xij) ∈  M(A, B; c(A, B)). íÂÏ Ò‡-
Ï˚Ï ÓÔÂ‰ÂÎÂÌ‡ p + 1-fl ÒÚÓÍ‡ ÔÓËÁ‚ÓÎ¸ÌÓÈ

3 3 3 1

2 2 2 0 
 
 

M A2 B2; 3 5,,( ).∈

min
X A B,( ) M A B,( )∈

R+ =,
n m,

Ã B̃ R+ =,
n m,

R+ =,
n m,

R+
m

xij

c, 1 i p, 1 j lp B; c( ),≤ ≤≤ ≤
0, p i n, lp B; c( ) j m,≤<≤<




=

xij

c, 1 i p 1+ , 1 j lp 1+ B; c( ),≤ ≤≤ ≤
0, p 1+ i n, lp 1+ B; c( ) j m≤<≤<




=

Ï‡ÚËˆ˚ ËÁ ‡ÒÒÏ‡ÚË‚‡ÂÏ˚ı

èÓÒÎÂ‰Ìflfl ÙÓÏÛÎ‡ ‚˚˜ËÒÎÂÌËfl ˝ÎÂÏÂÌÚÓ‚ Ï‡Ú-
Ëˆ˚ ÒÔ‡‚Â‰ÎË‚‡ Ë ÔË p = 0, Ú‡Í Í‡Í ‚ ˝ÚÓÏ ÒÎÛ-
˜‡Â b1 > 0 Ë δ0(A, B; c(A, B)) = 0.

ê‡ÒÒÏÓÚËÏ ÒÎÛ˜‡È c(A, B)(p + 1) > b1. í‡Í Í‡Í
δp + 1(A, B; c(A, B)) = 0, ÚÓ ËÁ (3.3) ÒÎÂ‰ÛÂÚ

íÓ„‰‡ Á‡ÏÍÌÛÚÓÒÚ¸ ÒËÒÚÂÏ˚ ËÁ ‚ÂÍÚÓÓ‚ A Ë B ÔÓ-
Í‡Á˚‚‡ÂÚ, ˜ÚÓ ai = 0, p + 1 < i ≤ n. èÓ˝ÚÓÏÛ ËÁ ÒÓÓÚ-
ÌÓ¯ÂÌËÈ c(A, B)p ≤ b1 Ë δp(A, B; c(A, B)) = 0 ÒÎÂ‰Û-
ÂÚ, ˜ÚÓ

„‰Â c = c(A, B). íÂÏ Ò‡Ï˚Ï ‰ÓÍ‡Á‡ÌÓ ÒÎÂ‰Û˛˘ÂÂ
ÛÚ‚ÂÊ‰ÂÌËÂ [15].

í Â Ó  Â Ï ‡  2. èÛÒÚ¸ (A, B) ∈  , „‰Â n, m ≥ 2
Ë ÍÓÎË˜ÂÒÚ‚Ó ÔÓÎÓÊËÚÂÎ¸Ì˚ı ÍÓÓ‰ËÌ‡Ú Í‡Ê‰Ó-

„Ó ‚ÂÍÚÓ‡ A Ë B ÔÂ‚ÓÒıÓ‰ËÚ Â‰ËÌËˆÛ. ÖÒÎË δk( ,
B; c(A, B)) = 0 ÔË ‚ÒÂı k, 1 ≤ k ≤ n, ÚÓ ÏÌÓÊÂÒÚ‚Ó
ÏËÌËÏ‡ÍÒÌ˚ı Ï‡ÚËˆ M(A, B; c(A, B)) ÒÓÒÚÓËÚ
ÚÓÎ¸ÍÓ ËÁ Ó‰ÌÓÈ Ï‡ÚËˆ˚.

ÖÒÎË Ô‡‡ ‚ÂÍÚÓÓ‚ (A, B) Û‰Ó‚ÎÂÚ‚ÓflÂÚ ÛÒÎÓ-
‚ËflÏ ÚÂÓÂÏ˚ 2, ÚÓ ‰Îfl ÔÓÒÚÓÂÌËfl Â‰ËÌÒÚ‚ÂÌÌÓÈ
ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚ X(A, B) ÒÎÂ‰ÛÂÚ ÛÔÓfl‰Ó-
˜ËÚ¸ ÍÓÓ‰ËÌ‡Ú˚ ‚ÂÍÚÓÓ‚ A Ë B ÔÓ ÌÂ‚ÓÁ‡ÒÚ‡-
ÌË˛, ÔËÏÂÌflfl ÎÂÏÏÛ 3, ÔÓÒÚÓËÚ¸ Â‰ËÌÒÚ‚ÂÌÌÛ˛

ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ ( , ) ∈  M( , ; c(A,
B)), ‡ Á‡ÚÂÏ ÔÂÂÒÚ‡ÌÓ‚ÍÓÈ ÒÚÓÍ Ë ÒÚÓÎ·ˆÓ‚ Ï‡Ú-

Ëˆ˚ X( , ) ÔÓÎÛ˜ËÚ¸ Ï‡ÚËˆÛ X(A, B) ∈  M(A, B;
c(A, B)).

è  Ë Ï Â   7. ÑÎfl ‚ÂÍÚÓÓ‚ A = (37, 22, 12) Ë
B = (12, 12, 11, 9, 7, 6, 5, 3, 3, 2, 1) ÎÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ

(A, B) ∈  . ÖÒÎË (A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡‡

‚ÂÍÚÓÓ‚ ËÁ , ÚÓ ‰Îfl ÏËÌËÏ‡ÍÒ‡ Ó˜Â‚Ë‰ÌÓ
c(A, B) ≥ max(a1/m, b1/n). Ç Ì‡¯ÂÏ ÒÎÛ˜‡Â c(A, B) ≥
≥ max(37/11, 12/3) = 4. åÓÊÌÓ ÔÓ‚ÂËÚ¸, ̃ ÚÓ δk(A,
B; 4) = 0 ÔË ‚ÒÂı k, 1 ≤ k ≤ 3. ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,
c(A, B) = 4 (ÎÂÏÏ‡ 4) Ë ÏÌÓÊÂÒÚ‚Ó M(A, B) ÒÓ‰Â-
ÊËÚ ÚÓÎ¸ÍÓ Ó‰ÌÛ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ (ÚÂÓ-
ÂÏ‡ 2).

xp 1 j+

c, 1 j lp 1+ B; c( ),≤ ≤
b j cp, lp 1+ B; c( ) j lp B; c( ),< <–

0, lp B; c( ) j m.≤<





=

b j

j 1=

m

∑ ai

i 1=

p 1+

∑– 0.=

xij

b j cp, i p 1, 1 j lp B; c( ),≤ ≤+=–

0, i p 1, lp B; c( ) j m,≤<+=

0, p 1+ i n, 1 j m,≤ ≤≤<





=

R+ =,
n m,

Ã

X̃ Ã B̃ Ã B̃

Ã B̃

Z+ =,
3 11,

R+ =,
n m,

8
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èËÏÂÌËÏ ÚË ‡Á‡ (n = 3) ÎÂÏÏÛ 3. Ç ÒÚÓfl-
˘ÂÈÒfl Ï‡ÚËˆÂ X(A, B) = X(A, B; 4) ÓÚÏÂÚËÏ ‚ÒÂ
˝ÎÂÏÂÌÚ˚, ‡‚Ì˚Â 4 ËÎË 0, ‡ ÓÒÚ‡Î¸Ì˚Â ˝ÎÂÏÂÌÚ˚
ÓÒÚ‡‚ËÏ ÌÂÓÔÂ‰ÂÎÂÌÌ˚ÏË. èË ˝ÚÓÏ ‚˚ÔË¯ÂÏ
Ì‡‰ ÒÚÓÎ·ˆ‡ÏË Ë ÒÎÂ‚‡ Û ÒÚÓÍ ÒÛÏÏ˚ ˝ÎÂÏÂÌÚÓ‚
ÒÚÓÎ·ˆÓ‚ Ë ÒÚÓÍ 

àÁ ˝ÚÓ„Ó ‡‚ÂÌÒÚ‚‡ ÌÂÓÔÂ‰ÂÎÂÌÌ˚Â ˝ÎÂÏÂÌÚ˚
‚˚˜ËÒÎfl˛ÚÒfl ‡‚ÚÓÏ‡ÚË˜ÂÒÍË

– Â‰ËÌÒÚ‚ÂÌÌ‡fl Ï‡ÚËˆ‡ ÏÌÓÊÂÒÚ‚‡ M(A, B; 4)
˝ÚÓ„Ó ÔËÏÂ‡.

ìÒÎÓ‚Ëfl ÚÂÓÂÏ˚ 2 ÒÓ‰ÂÊ‡ÚÒfl ‚ ÛÒÎÓ‚Ëflı ÒÎÂ-
‰Û˛˘ÂÈ ÚÂÓÂÏ˚, ÍÓÚÓ‡fl ÓÔÂ‰ÂÎflÂÚ ÍËÚÂËÈ
Â‰ËÌÒÚ‚ÂÌÌÓÒÚË ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚. ÖÒÎË ‚
ÚÂÓÂÏÂ 2 ‡‚ÚÓÏ‡ÚË˜ÂÒÍË ‚˚˜ËÒÎfl˛ÚÒfl ˝ÎÂÏÂÌÚ˚
ÒÚÓÍ, ÌÂ ÓÔÂ‰ÂÎflÂÏ˚Â ÎÂÏÏÓÈ 3, ÚÓ ‚ ÚÂÓÂÏÂ 3
‡‚ÚÓÏ‡ÚË˜ÂÒÍË ‚˚˜ËÒÎfl˛ÚÒfl ˝ÎÂÏÂÌÚ˚ Ë ÒÚÓÍ, Ë
ÒÚÓÎ·ˆÓ‚, ÌÂ ÓÔÂ‰ÂÎflÂÏ˚Â ÛÍ‡Á‡ÌÌÓÈ ÎÂÏÏÓÈ.

ÑÎfl ‚ÂÍÚÓÓ‚ B ∈   ÔË‚Â‰ÂÏ ÌÓ‚ÓÂ Ó·ÓÁÌ‡-
˜ÂÌËÂ, Ò‡‚ÌË‚ Â„Ó Ò ËÁ‚ÂÒÚÌ˚Ï:

èÛÒÚ¸ (A, B) – Ú‡Í‡fl Ô‡‡ ‚ÂÍÚÓÓ‚ ËÁ , ̃ ÚÓ
M(A, B; c) ≠ ∅  Ë δp(A, B; c) = 0, δq(A, B; c) = 0, „‰Â
1 ≤ p < q ≤ n, cq ≤ b1 Ë q – p ≥ 2. íÓ„‰‡ c = c(A, B)
(ÎÂÏÏ‡ 4). èÂ‰ÔÓÎÓÊËÏ, ˜ÚÓ δk(A, B; c) > 0 ÔË
‚ÒÂı k, p < k < q, Ë l(B; c, p) – lq(B; c) ≤ 1. éÚÏÂÚËÏ
Ó˜Â‚Ë‰ÌÓÒÚ¸ ÌÂ‡‚ÂÌÒÚ‚‡ l(B; c, p) ≥ lq(B; c). ãÂÏÏ‡
3 Ë ÔË‚Â‰ÂÌÌ˚Â ‚˚¯Â ÛÒÎÓ‚Ëfl ÔÓÎÌÓÒÚ¸˛ ÓÔÂ-
‰ÂÎfl˛Ú ˝ÎÂÏÂÌÚ˚ Î˛·ÓÈ Ï‡ÚËˆ˚ X(A, B) = (xij) ∈
∈  M(A, B; c(A, B)) ÔË p < i ≤ q, 1 ≤ j ≤ m

4 4 4 4 4 4 4 x18 x19 x1 10, x1 11,

4 4 4 4 x25 x26 x27 0 0 0 0

4 4 x33 x34 0 0 0 0 0 0 0 
 
 
 
 

 =

12

22

37
1212 11 9 7 6 5 3 3 2 1

=  X A B; 4,( ).

X A B,( )
4 4 4 4 4 4 4 3 3 2 1

4 4 4 4 3 2 1 0 0 0 0

4 4 3 1 0 0 0 0 0 0 0 
 
 
 
 

=

R+
m

l B; c k,( )
max j: b j ck> 1 j m≤ ≤,{ } , b1 ck,>
0, b1 ck,≤




=

lk B; c( )
max j: b j ck≥ 1 j m≤ ≤,{ } , b1 ck,≥
0, b1 ck.<




=

R+ =,
n m,

xij

c, p i q, 1 j lq B; c( ),≤ ≤≤<
ai clq B; c( ), p i q,≤ ≤–

lq B; c( ) j l B; c p,( ),< <
0, p i q, l B; c p,( ) j m,≤<≤ ≤

=

„‰Â c = c(A, B). ëÂ‰Ìflfl ÒÚÓ˜Í‡ ÔÓÒÚÓÂÌÌÓÈ
ÙÓÏÛÎ˚ ÒÛ˘ÂÒÚ‚ÂÌÌ‡ ÚÓÎ¸ÍÓ ‚ ÒÎÛ˜‡Â l(B; c, p) –
− lq(B; c) = 1.

èË‚Â‰ÂÌÌ‡fl ÍÓÌÒÚÛÍˆËfl ‡Ò¯ËflÂÚ ÛÒÎÓ‚Ëfl
ÚÂÓÂÏ˚ 2, ÔË ÍÓÚÓ˚ı ÏÌÓÊÂÒÚ‚Ó M(A, B; c(A,
B)) ÒÓÒÚÓËÚ ËÁ Â‰ËÌÒÚ‚ÂÌÌÓÈ Ï‡ÚËˆ˚. Ç ÒÎÂ‰Û˛-
˘ÂÈ ÚÂÓÂÏÂ Á‡ÍÎ˛˜ÂÌ ÍËÚÂËÈ Â‰ËÌÒÚ‚ÂÌÌÓÒÚË
ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚ (‰ÓÒÚ‡ÚÓ˜ÌÓÒÚ¸ fl‚ÎflÂÚÒfl
ÒÎÂ‰ÒÚ‚ËÂÏ ÛÍ‡Á‡ÌÌÓÈ ÍÓÌÒÚÛÍˆËË Ë ‰ÓÍ‡Á‡ÚÂÎ¸-
ÒÚ‚‡ ÚÂÓÂÏ˚ 2; ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÌÂÓ·ıÓ‰ËÏÓÒÚË
ÛÒÎÓ‚ËÈ ÓÔÛÒÍ‡ÂÚÒfl ËÁ-Á‡ Ó„‡ÌË˜ÂÌÌÓÒÚË Ó·˙ÂÏ‡
ÒÚ‡Ú¸Ë).

í Â Ó  Â Ï ‡  3. èÛÒÚ¸ (A, B) ∈  , „‰Â n, m ≥ 2
Ë ÍÓÎË˜ÂÒÚ‚Ó ÔÓÎÓÊËÚÂÎ¸Ì˚ı ÍÓÓ‰ËÌ‡Ú Í‡Ê‰Ó„Ó
‚ÂÍÚÓ‡ A Ë B ·ÓÎ¸¯Â Â‰ËÌËˆ˚. èÓÎÓÊËÏ p0 = 0 Ë
pi ∈  Z, 0 ≤ i ≤ t, – ‚ÒÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸Ì˚Â ÁÌ‡˜ÂÌËfl,

ÔË ÍÓÚÓ˚ı c( , B)pi ≤ b1 Ë ( , B; c(A, B)) = 0

(‚ÂÍÚÓ˚  = ( , …, ) Ë  = ( , …, ) ÔÓÒÚ-
ÓÂÌ˚ ËÁ ‚ÂÍÚÓÓ‚ A Ë B ÛÔÓfl‰Ó˜Ë‚‡ÌËÂÏ ÔÓ ÌÂ-
‚ÓÁ‡ÒÚ‡ÌË˛ Ëı ÍÓÓ‰ËÌ‡Ú). å‡ÚË˜ÌÓÂ ÏÌÓÊÂ-
ÒÚ‚Ó M(A, B; c(A, B)) ÒÓÒÚÓËÚ ËÁ Â‰ËÌÒÚ‚ÂÌÌÓÈ ÏË-
ÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚ ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡

t ≥ 1 Ë l( ; c(A, B), pi – 1) – ( ; c(A, B)) ≤ 1 ‚ ÒÎÛ-
˜‡Â pi – pi – 1 > 1, 1 ≤ i ≤ t, Ë pt + 1 = max{i: ai > 0, 1 ≤
≤ i ≤ n} ‚ ÒÎÛ˜‡Â l( ; c(A, B), pt) > 1.

è  Ë Ï Â   8. ê‡ÒÒÏÓÚËÏ (A, B) ∈  , „‰Â
A = (24, 17, 17, 16, 12, 8, 8, 2, 2) Ë B = (25, 21, 19, 14,
13, 8, 2, 2, 1, 1). èËÏÂÌflfl ÎÂÏÏÛ 4 ÏÓÊÌÓ Û·Â‰ËÚ¸-
Òfl, ˜ÚÓ c(A, B) = 3. Ç˚˜ËÒÎË‚ ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËË
(3.3) ÔË ‚ÒÂı k ∈  Z, c(A, B)k ≤ b1 = 25, ÓÔÂ‰ÂÎËÏ
‚ÒÂ ÁÌ‡˜ÂÌËfl pi, ÍÓ„‰‡ (A, B; 3) = 0: p0 = 0, p1 = 1,
p2 = 4, p3 = 5, p4 = 7.

Ç˚˜ËÒÎËÏ ‡ÁÌÓÒÚË pi – pi – 1 Ë l(B; 3, pi – 1) –
− (B; 3), „‰Â 1 ≤ i ≤ 4 = t

ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ pi – pi – 1 > 1 ÚÓÎ¸ÍÓ ‚ ÒÎÛ˜‡flı i = 2
Ë i = 4. çÓ ÔË ˝ÚËı ÁÌ‡˜ÂÌËflı ËÌ‰ÂÍÒ‡ ËÏÂÂÚ ÏÂÒ-
ÚÓ l(B; 3, pi – 1) – (B; 3) = 1. í‡Í Í‡Í ‚ Ì‡¯ÂÏ ÒÎÛ-
˜‡Â l(B; 3, pt) = l(B; 3, p4) = l(B; 3, 7) = 1, ÚÓ ÏÌÓÊÂ-
ÒÚ‚Ó M(A, B; 3) ÒÓÒÚÓËÚ ËÁ Â‰ËÌÒÚ‚ÂÌÌÓÈ ÏËÌË-

R+ =,
n m,

Ã δpi
Ã

Ã ã1 ãn B̃ b̃1 b̃m

B̃ lpi
B̃

B̃

Z+ =,
9 10,

δpi

lpi

pi pi 1–

1 0– 1, i 1,= =

4 1– 3, i 2,= =

5 4– 1, i 3,= =

7 5– 2, i 4,= =

–

l B; 3 pi 1–,( ) lpi
B; 3( )–

10 6– 4, i 1,= =

6 5– 1, i 2,= =

5 3– 2, i 3,= =

3 2– 1, i 4.= =

=

lpi
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Ï‡ÍÒÌÓÈ Ï‡ÚËˆ˚ X(A, B; 3) = (xij). ëÎÂ‰Û˛˘ËÂ
˝ÎÂÏÂÌÚ˚ ˝ÚÓÈ Ï‡ÚËˆ˚ ÓÔÂ‰ÂÎflÂÚ ÎÂÏÏ‡ 3 ÔË
p = 1, 4, 5, 7:

Ç Ï‡ÚËˆÛ X(A, B; 3) = (xij) ‚ÔË¯ÂÏ ‚ÒÂ ‚˚˜ËÒÎÂÌ-
Ì˚Â ˝ÎÂÏÂÌÚ˚. ÇÒÂ ÓÒÚ‡Î¸Ì˚Â ÌÂÓÔÂ‰ÂÎÂÌÌ˚Â
˝ÎÂÏÂÌÚ˚ ‡Á·Ë‚‡˛ÚÒfl Ì‡ „ÛÔÔ˚, ‡ÒÔÓÎ‡„‡˛-
˘ËÂÒfl ‚ ‡ÁÎË˜Ì˚ı ÒÚÓÍ‡ı Ë ÒÚÓÎ·ˆ‡ı, Ë ‡‚ÚÓÏ‡-
ÚË˜ÂÒÍË ‚˚˜ËÒÎfl˛ÚÒfl Ò ÔÓÏÓ˘¸˛ ÍÓÓ‰ËÌ‡Ú ‚ÂÍ-
ÚÓÓ‚ A Ë B

– Â‰ËÌÒÚ‚ÂÌÌ‡fl ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡ Ú‡ÌÒÔÓÚ-
ÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡ M(A, B).

Ç ÚÂÓÂÏÂ 3 Á‡ÍÎ˛˜ÂÌ˚ ÛÒÎÓ‚Ëfl Â‰ËÌÒÚ‚ÂÌÌÓ-
ÒÚË Â¯ÂÌËfl ‚ ÏÓ‰ÂÎË A.

xij

3, i 1, 1 j 6,≤ ≤=

0, 2 i 9,  7 j 10,≤ ≤≤ ≤



=

xij

3, 1 i 4, 1 j 5,≤ ≤≤ ≤
0, 5 i 9,  6 j 10,≤ ≤≤ ≤




=

xij

3, 1 i 5, 1 j 3,≤ ≤≤ ≤
0, 6 i 9,  4 j 10,≤ ≤≤ ≤




=

xij

3, 1 i 7, 1 j 2,≤ ≤≤ ≤
0, 8 i 9,  3 j 10.≤ ≤≤ ≤




=

3 3 3 3 3 3 x17 x18 x19 x1 10,

3 3 3 3 3 x26 0 0 0 0

3 3 3 3 3 x36 0 0 0 0

3 3 3 3 3 x46 0 0 0 0

3 3 3 x54 x55 0 0 0 0 0

3 3 x63 0 0 0 0 0 0 0

3 3 x73 0 0 0 0 0 0 0

x81 x82 0 0 0 0 0 0 0 0

x91 x92 0 0 0 0 0 0 0 0 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 =

25 21 19 14 13 8 2 2 1 1

24

17

17

16

12

8

8

2

2

=  

3 3 3 3 3 3 2 2 1 1

3 3 3 3 3 2 0 0 0 0

3 3 3 3 3 2 0 0 0 0

3 3 3 3 3 1 0 0 0 0

3 3 3 2 1 0 0 0 0 0

3 3 2 0 0 0 0 0 0 0

3 3 2 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0

2 0 0 0 0 0 0 0 0 0 
 
 
 
 
 
 
 
 
 
 
 
 
 

X A B; 3,( )=

í Â Ó  Â Ï ‡  4. á‡‰‡˜‡ ÏËÌËÏËÁ‡ˆËË ÙÛÌÍˆËÓ-
Ì‡Î‡ (2.1) Ì‡ Ï‡ÚË˜ÌÓÏ ÏÌÓÊÂÒÚ‚Â M(A, B), „‰Â

(A, B) ∈  , n, m ≥ 2 Ë |{i: ai > 0, 1 ≤ i ≤ n}|,
|{j: bj > 0, 1 ≤ j ≤ m}| ≥ 2, ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯Â-
ÌËÂ ÚÓ„‰‡ Ë ÚÓÎ¸ÍÓ ÚÓ„‰‡, ÍÓ„‰‡ ‰Îfl ÍÓÓ‰ËÌ‡Ú
‚ÂÍÚÓÓ‚ A Ë B ÒÔ‡‚Â‰ÎË‚˚ ÒÓÓÚÌÓ¯ÂÌËfl, ÒÓ‰Â-
Ê‡˘ËÂÒfl ‚ ÚÂÓÂÏÂ 3.

6. ñÂÎÓ˜ËÒÎÂÌÌ˚È ÏËÌËÏ‡ÍÒ. ê‡ÒÒÏÓÚËÏ Ô‡Û

‚ÂÍÚÓÓ‚ (A, B) ∈   Ë ÁÌ‡˜ÂÌËÂ c ∈  Z, c ≥ 0.

é Ô  Â ‰ Â Î Â Ì Ë Â  5. ÇÂÎË˜ËÌ‡ [13–16]

Ì‡Á˚‚‡ÂÚÒfl ˆÂÎÓ˜ËÒÎÂÌÌ˚Ï ÏËÌËÏ‡ÍÒÓÏ ÏÌÓÊÂ-
ÒÚ‚‡ Ú‡ÌÒÔÓÚÌ˚ı Ï‡ÚËˆ MZ (A, B).

ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ

cZ (A, B) = { : X(A, B) = (xij)}.

é Ô  Â ‰ Â Î Â Ì Ë Â  6. ã˛·‡fl Ï‡ÚËˆ‡ ÏÌÓÊÂÒÚ-
‚‡ MZ (A, B; cZ(A, B)) Ì‡Á˚‚‡ÂÚÒfl ˆÂÎÓ˜ËÒÎÂÌÌÓÈ
ÏËÌËÏ‡ÍÒÌÓÈ.

è  Ë Ï Â   9. ‡) Ç ÔËÏÂÂ 2 ·) Ï‡ÚËˆ‡ X1 – ̂ Â-
ÎÓ˜ËÒÎÂÌÌ‡fl ÏËÌËÏ‡ÍÒÌ‡fl ÏÌÓÊÂÒÚ‚‡ MZ (A, B) Ë
cZ (A, B) = 1.

·) å‡ÚËˆ‡ ËÁ (A, B) ÔË α = 0 ÔËÏÂ‡ 2 ‚)
fl‚ÎflÂÚÒfl ˆÂÎÓ˜ËÒÎÂÌÌÓÈ ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚË˜ÌÓ-
„Ó ÏÌÓÊÂÒÚ‚‡ MZ (A, B) Ë cZ (A, B) = 2.

‚) ÑÎfl Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ÔËÏÂ‡ 3 ÎÂ„ÍÓ
ÔÓ‚ÂËÚ¸, ˜ÚÓ M(A, B; 2) = ∅  (ÎÂÏÏ‡ 1). èÓ˝ÚÓÏÛ
cZ (A, B) = 3 Ë ÙÓÏÛÎ˚ (3.7), (3.8) ‚˚‡Ê‡˛Ú ‚ÒÂ
ˆÂÎÓ˜ËÒÎÂÌÌ˚Â ÏËÌËÏ‡ÍÒÌ˚Â Ï‡ÚËˆ˚.

„) ä‡Ê‰ÓÂ ËÁ ÏÌÓÊÂÒÚ‚ M(A, B; 4) Ë M(A, B; 3)
ÔËÏÂÓ‚ 7 Ë 8 ÒÓÒÚÓËÚ ËÁ Ó‰ÌÓÈ Ï‡ÚËˆ˚, fl‚Îfl˛-
˘ÂÈÒfl ˆÂÎÓ˜ËÒÎÂÌÌÓÈ ÏËÌËÏ‡ÍÒÌÓÈ.

àÁ ÎÂÏÏ˚ 1 Ë ‰ÓÍ‡Á‡ÚÂÎ¸ÒÚ‚‡ ÎÂÏÏ˚ 4 ÒÎÂ‰ÛÂÚ
ÛÚ‚ÂÊ‰ÂÌËÂ [14–16].

ã Â Ï Ï ‡  6. èÛÒÚ¸ (A, B) ∈  . ÑÎfl ˆÂÎÓ˜ËÒ-
ÎÂÌÌÓ„Ó ÏËÌËÏ‡ÍÒ‡ ËÏÂÂÚ ÏÂÒÚÓ

ãÂ„ÍÓ ‚Ë‰ÂÚ¸, ˜ÚÓ ‚ ÚÂÓÂÏÂ 1 Á‡ÍÎ˛˜ÂÌ ‡Î„Ó-
ËÚÏ ‚˚˜ËÒÎÂÌËfl ˆÂÎÓ˜ËÒÎÂÌÌÓ„Ó ÏËÌËÏ‡ÍÒ‡.

í Â Ó  Â Ï ‡  1'. ñÂÎÓ˜ËÒÎÂÌÌ˚Ï ÏËÌËÏ‡ÍÒÓÏ
ÔÓËÁ‚ÓÎ¸ÌÓ„Ó ÏÌÓÊÂÒÚ‚‡ Ú‡ÌÒÔÓÚÌ˚ı Ï‡ÚËˆ
MZ (A, B) fl‚ÎflÂÚÒfl cZ (A, B) = ]c(A, B)[, „‰Â ]a[ – Ì‡-
ËÏÂÌ¸¯ÂÂ ˆÂÎÓÂ ˜ËÒÎÓ, ÌÂ ÏÂÌ¸¯ÂÂ a.

7. åËÌËÏËÁ‡ˆËfl ‡‚ÌÓÏÂÌ˚ÏË Ï‡ÚËˆ‡ÏË.
ê‡ÒÒÏÓÚËÏ ÙÛÌÍˆËÓÌ‡Î˚ (2.1) Ë (2.2). èÛÒÚ¸

(A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡‡ ‚ÂÍÚÓÓ‚ ËÁ  Ë
X(A, B) = (xij) – Î˛·‡fl Ï‡ÚËˆ‡ ËÁ M(A, B). ÑÎfl

R+ =,
n m,

Z+ =,
n m,

cz A B,( ) min c: c Z∈ MZ A B; c,( ) ∅≠,{ }=

min
X A B,( ) MZ A B,( )∈

max
i j,

xij

M̃

Z+ =,
n m,

cZ A B,( ) min c: c Z ,∈{=

min δk Ã B; c,( ): 1 k n≤ ≤{ } 0 } .≥

R+ =,
n m,

8*
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åàêéçéÇ, ñìêäéÇ

ÔÓËÁ‚ÓÎ¸ÌÓ„Ó p, q ∈  Z, 1 ≤ p ≤ n, 1 ≤ q ≤ m, ÎÂ„ÍÓ
‚Ë‰ÂÚ¸, ˜ÚÓ

 ≥ 

 +  ≥ (7.1)

≥ 

èÓ˝ÚÓÏÛ Φ2(X(A, B)) ≥  Ë Φ3(X(A, B)) ≥  + ,

„‰Â  = max{ai: 1 ≤ i ≤ n} Ë  = max{bj: 1 ≤ j ≤ m}

(  = ( , …, ) ∈  ,  = ( , …, ) ∈  ). çÓ

ÂÒÎË X(A, B) ∈  (A, B) (X(A, B) – ‡‚ÌÓÏÂÌ‡fl Ï‡-
ÚËˆ‡), ÚÓ ËÁ ÓÔÂ‰ÂÎÂÌËfl 1 ÒÎÂ‰ÛÂÚ, ˜ÚÓ Φ2(X(A,

B)) =  Ë Φ3(X(A, B)) =  + . ëÎÂ‰ÒÚ‚ËÂÏ ˝ÚÓ„Ó
Ë (7.1) fl‚ÎflÂÚÒfl ÛÚ‚ÂÊ‰ÂÌËÂ [14–16].

ã Â Ï Ï ‡  7. ã˛·‡fl ‡‚ÌÓÏÂÌ‡fl Ï‡ÚËˆ‡ (A,

B) ∈  (A, B) ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚

(A, B) ∈   ÏËÌËÏËÁËÛÂÚ ÙÛÌÍˆËÓÌ‡Î˚ (2.2) Ë
(2.3), ÔË˜ÂÏ

Φ2(X(A, B)) = Φ2( (A, B)) = ,

Φ3(X(A, B)) = Φ3( (A, B)) =  + .

ë‚ÓÈÒÚ‚Ó Ï‡ÚËˆ˚ ·˚Ú¸ ‡‚ÌÓÏÂÌÓÈ ÏÓÊÌÓ
‡ÒÒÏ‡ÚË‚‡Ú¸ Í‡Í ‚ÌÛÚÂÌÌÂÂ Ò‚ÓÈÒÚ‚Ó Ï‡ÚË-
ˆ˚: ÂÒÎË X – ÔÓËÁ‚ÓÎ¸Ì‡fl (Ú‡ÌÒÔÓÚÌ‡fl) Ï‡ÚË-
ˆ‡, ÚÓ ÂÂ ˝ÎÂÏÂÌÚ˚ Ò‡ÏË ÙÓÏËÛ˛Ú Â‰ËÌÒÚ‚ÂÌ-
ÌÛ˛ Ô‡Û ‚ÂÍÚÓÓ‚ (A, B), ÓÚÌÓÒËÚÂÎ¸ÌÓ ÍÓÚÓÓÈ
X ∈  M(A, B) Ë Ï‡ÚËˆ‡ X, ‚ÓÁÏÓÊÌÓ, ‡‚ÌÓÏÂÌ‡.

êÂ¯ÂÌËÂ Á‡‰‡˜Ë ÏËÌËÏËÁ‡ˆËË ÙÛÌÍˆËÓÌ‡ÎÓ‚
(2.6) Ë (2.7) ÓÒÌÓ‚‡ÌÓ Ì‡ ÚÓÏ, ˜ÚÓ Ò‚ÓÈÒÚ‚Ó Ï‡ÚË-
ˆ˚ ·˚Ú¸ ‡‚ÌÓÏÂÌÓÈ ÂÒÚ¸ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓÂ Ò‚ÓÈ-
ÒÚ‚Ó. çÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ËÁ ÓÔÂ‰ÂÎÂÌËfl 1 ÒÎÂ‰ÛÂÚ
ÎÂÏÏ‡.

ã Â Ï Ï ‡  8. èÛÒÚ¸ X = (xij) – ÔÓËÁ‚ÓÎ¸Ì‡fl ‡‚-
ÌÓÏÂÌ‡fl Ï‡ÚËˆ‡ ÔÓfl‰Í‡ n × m. íÓ„‰‡ Î˛·‡fl ÂÂ
ÔÓ‰Ï‡ÚËˆ‡ Y = ( ) ÔÓfl‰Í‡ p × q (1 ≤ p ≤ n, 1 ≤
≤ q ≤ m), „‰Â ir, jt – ‚ÓÁ‡ÒÚ‡˛˘ËÂ ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸-
ÌÓÒÚË ËÌ‰ÂÍÒÓ‚, 1 ≤ r ≤ p, 1 ≤ t ≤ q, Ú‡ÍÊÂ fl‚ÎflÂÚÒfl
‡‚ÌÓÏÂÌÓÈ.

ê‡ÒÒÏÓÚËÏ Ô‡Û ‚ÂÍÚÓÓ‚, ÍÓÓ‰ËÌ‡Ú˚ ÍÓÚÓ-
˚ı ÛÔÓfl‰Ó˜ÂÌ˚ ÔÓ ÌÂ‚ÓÁ‡ÒÚ‡ÌË˛ (˜ÚÓ ÌÂ Ó„‡-
ÌË˜Ë‚‡ÂÚ Ó·˘ÌÓÒÚË ÔË ÏËÌËÏËÁ‡ˆËË ÙÛÌÍˆËÓ-

Ì‡ÎÓ‚ (2.1)–(2.10)). èÛÒÚ¸ (A, B) ∈   Ë  =

= (A, B) = ( ), X = X(A, B) = (xij) – ‰‚Â ÔÓËÁ-

Φ2 X A B,( )( ) maxxij
i

j 1=

m

∑= xpj

j 1=

m

∑ ap,=

Φ3 X A B,( )( ) maxxij
i

j 1=

m

∑= maxxij
j

i 1=

n

∑

xpj

j 1=

m

∑ xiq

i 1=

n

∑+ ap bq.+=

ã1 ã1 b̃1

ã1 b̃1

Ã ã1 ãn R+
n

B̃ b̃1 b̃m R+
m

M̃

ã1 ã1 b̃1

X̃

M̃

R+ =,
n m,

min
X A B,( ) M A B,( )∈

X̃ ã1

min
X A B,( ) M A B,( )∈

X̃ ã1 b̃1

xir jt

R+ =,
n m,

X̃

X̃ x̃ij

‚ÓÎ¸Ì˚Â Ï‡ÚËˆ˚, ÔÂ‚‡fl ËÁ ÍÓÚÓ˚ı ‡‚ÌÓÏÂ-

Ì‡ (  ∈  (A, B), X ∈  M(A, B)). ç‡ Ó‰ÌÓÚËÔÌ˚ı

ÔÓ‰Ï‡ÚËˆ‡ı  Ë Y Ï‡ÚËˆ  Ë X (˝ÎÂÏÂÌÚ˚ ÔÓ‰-

Ï‡ÚËˆ  Ë Y ËÏÂ˛Ú ÒÓ‚Ô‡‰‡˛˘ËÂ ËÌ‰ÂÍÒ˚) ËÒ-

ÒÎÂ‰ÛÂÏ ÙÛÌÍˆËÓÌ‡Î (2.2). ÖÒÎË  = ( ) Ë Y =

= ( ), 1 ≤ p ≤ n, 1 ≤ q ≤ m, 1 ≤ r ≤ p, 1 ≤ t ≤ q, ÚÓ ‰Îfl

ÁÌ‡˜ÂÌËÈ Φ2( ) Ë Φ2(Y), Û˜ËÚ˚‚‡fl (7.1) Ë ‡‚ÌÓ-

ÏÂÌÓÒÚ¸ Ï‡ÚËˆ˚ , ËÏÂÂÏ

(7.2)

àÁ ÏÌÓÊÂÒÚ‚‡ ‚ÒÂı ÔÓ‰Ï‡ÚËˆ }(X) Ï‡ÚËˆ˚ X =
= (xij) (ÔÓfl‰Í‡ n × m) ‚˚‰ÂÎËÏ ÔÓ‰ÏÌÓÊÂÒÚ‚Ó ‚ÒÂı
ÚÂı ÔÓ‰Ï‡ÚËˆ }k(X), 1 ≤ k ≤ n, Û ÍÓÚÓ˚ı ÔÂ‚‡fl
ÒÚÓÍ‡ Ó·‡ÁÓ‚‡Ì‡ k-È ÒÚÓÍÓÈ Ï‡ÚËˆ˚ X:

}k(X) = {Y = ( ): Y ∈  }(X), i1 = k}.

èËÏÂÌflfl ÔÓÒÎÂ‰ÌÂÂ Ó·ÓÁÌ‡˜ÂÌËÂ, ÁÌ‡˜ÂÌËfl

ÙÛÌÍˆËÓÌ‡Î‡ (2.6) ÓÚ Ï‡ÚËˆ (A, B) Ë X(A, B)
ÏÓÊÌÓ ‚˚‡ÁËÚ¸ ˜ÂÂÁ ÙÛÌÍˆËÓÌ‡Î (2.2) ÒÎÂ‰Û˛-
˘ËÏ Ó·‡ÁÓÏ:

(7.3)

Ç ÒÓÓÚÌÓ¯ÂÌËflı (7.2), ÓÔÂ‰ÂÎfl˛˘Ëı ËÎË Ó„-
‡ÌË˜Ë‚‡˛˘Ëı ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËÓÌ‡Î‡ (2.2), Û˜‡-
ÒÚ‚Û˛Ú ÔÓ Ó‰ÌÓÏÛ ‡ÁÛ ‚ÒÂ ˝ÎÂÏÂÌÚ˚ ÔÂ‚˚ı

ÒÚÓÍ ÔÓ‰Ï‡ÚËˆ  Ë Y. àÁ (7.2) ‰Îfl ‚ÌÛÚÂÌÌËı
ÒÛÏÏ ‚ (7.3) ÒÎÂ‰ÛÂÚ, ˜ÚÓ

(7.4)

X̃ M̃

Ỹ X̃

Ỹ

Ỹ x̃ir jt

xir jt

Ỹ

Ỹ

Φ2 Ỹ( ) max x̃ir jt

t 1=

q

∑ x̃i1 jt
,

r
t 1=

q

∑= =

Φ2 Y( ) maxxir jt

t 1=

q

∑ xi1 jt
.

r
t 1=

q

∑≥=

xir jt

X̃

Φ6 X̃ A B,( )( ) Φ2 Ỹ( ),
Ỹ }k X̃ A B,( )( )∈

∑
k 1=

n

∑=

Φ6 X A B,( )( ) Φ2 Y( ).
Y }k X A B,( )( )∈

∑
k 1=

n

∑=

Ỹ

Φ2 Ỹ( )
Ỹ }k X̃ A B,( )( )∈

∑ Φ2 x̃ir jt
( )( )  =

x̃ir jt
( ) }k X̃ A B,( )( )∈

∑=

=  x̃k jt
,

t 1=

q

∑
Ỹ }k X̃ A B,( )( )∈

∑

Φ2 Y( )
Y }k X A B,( )( )∈

∑ Φ2 xir jt
( )( )  ≥ 

x

 

ir jt

 

( )

 

}k X A B,( )( )∈
∑=



 

àáÇÖëíàü ÄäÄÑÖåàà çÄìä. íÖéêàü à ëàëíÖåõ ìèêÄÇãÖçàü      ‹ 6      1998

 

çÄëãÖÑëíÇÖççé åàçàåÄäëçõÖ åÄíêàñõ

 

117

 

í‡Í Í‡Í ‚ÒÂ ˝ÎÂÏÂÌÚ˚ 

 

k

 

-ı ÒÚÓÍ ‡ÒÒÏ‡ÚË‚‡ÂÏ˚ı
Ï‡ÚËˆ ‡‚ÌÓÁÌ‡˜Ì˚ ‚ (7.4), ÚÓ ÔÓËÁ‚ÓÎ¸Ì˚Â
˝ÎÂÏÂÌÚ˚  Ë 

 

x

 

kj

 

, 1 

 

≤

 

 

 

j

 

 

 

≤

 

 

 

m

 

, ‚ÒÚÂ˜‡˛ÚÒfl ‚ Ô‡‚˚ı
˜‡ÒÚflı ËÁ (7.4) ÔÓ 2

 

n

 

 – 

 

k

 

2

 

m

 

 – 1 = 2n + m – k – 1 ‡Á. èÓ˝ÚÓ-
ÏÛ

(7.5)

àÁ ÒÓÓÚÌÓ¯ÂÌËÈ (7.3)–(7.5) Ë ‡‚ÂÌÒÚ‚

ÒÎÂ‰ÛÂÚ ÚÂÓÂÏ‡ Ó ÏËÌËÏËÁ‡ˆËË ÙÛÌÍˆËÓÌ‡ÎÓ‚
(2.6) Ë (2.7) [16].

í Â Ó  Â Ï ‡  5. ã˛·‡fl ‡‚ÌÓÏÂÌ‡fl Ï‡ÚËˆ‡

(A, B) ∈  (A, B) ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓ-

Ó‚ (A, B) ∈   ÏËÌËÏËÁËÛÂÚ ÙÛÌÍˆËÓÌ‡Î˚
(2.6) Ë (2.7), ÔË˜ÂÏ

Φ6(X(A, B)) = Φ6( (A, B)) =

(7.6)

= 

„‰Â ‚ÂÍÚÓ˚ ( , …, ) Ë ( , …, ) ÔÓÒÚÓÂÌ˚
ËÁ ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓÓ‚ A Ë B ÛÔÓfl‰Ó˜Ë‚‡ÌËÂÏ ÔÓ
ÌÂ‚ÓÁ‡ÒÚ‡ÌË˛.

8. åËÌËÏËÁ‡ˆËfl ‡‚ÌÓÏÂÌ˚ÏË ÏËÌËÏ‡ÍÒÌ˚-
ÏË Ï‡ÚËˆ‡ÏË. Ç˚¯Â ‚ÒÂ ÔÓ‰„ÓÚÓ‚ÎÂÌÓ ‰Îfl ÏËÌË-
ÏËÁ‡ˆËË ÙÛÌÍˆËÓÌ‡ÎÓ‚ (2.4), (2.5) Ë Â¯ÂÌËfl
Ú‡ÌÒÔÓÚÌÓÈ ÏÓ‰ÂÎË Å. ëÎÂ‰Û˛˘‡fl ÚÂÓÂÏ‡ fl‚-
ÎflÂÚÒfl ÒÎÂ‰ÒÚ‚ËÂÏ ÎÂÏÏ 5 Ë 7 [16].

í Â Ó  Â Ï ‡  6. ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓ-

Ó‚ (A, B) ∈   Í‡Ê‰‡fl ÏËÌËÏ‡ÍÒÌ‡fl ‡‚ÌÓÏÂ-

Ì‡fl Ï‡ÚËˆ‡ (A, B; c(A, B)) ËÁ (A, B; c(A, B))
ÏËÌËÏËÁËÛÂÚ ÙÛÌÍˆËÓÌ‡Î˚ (2.4) Ë (2.5), ÔË˜ÂÏ

Φ4(X(A, B)) = Φ4( (A, B; c(A, B)) =

≥   x k j 
t

 . 

t

 

1=

 

q

 ∑  

Y

 

}

 

k

 

X

 

A B

 

,( )( )∈

 ∑

x̃kj

x̃k jt

t 1=

q

∑
Ỹ }k X̃ A B,( )( )∈

∑ 2
n m k– 1–+

x̃kj

j 1=

m

∑ 2
n m k– 1–+

ak,= =

xk jt

t 1=

q

∑
Y }k X A B,( )( )∈

∑ 2
n m k– 1–+

xkj

j 1=

m

∑ 2
n m k– 1–+

ak.= =

Φ3 X A B,( )( ) Φ2 X A B,( )( ) Φ2 X B A,( )( ),+=

Φ7 X A B,( )( ) Φ6 X A B,( )( ) Φ6 X B A,( )( )+=

X̃ M̃

R+ =,
n m,

min
X A B,( ) M A B,( )∈

X̃

  = 2
n m k– 1–+

ãk,
k 1=

n

∑
min  Φ7 X A B,( )( )

X A B,( ) M A B,( )∈
Φ7 X̃ A B,( )( )  ==

2
n m k– 1–+

ãk

k 1=

n

∑ 2
n m k– 1–+

b̃k,
k 1=

m

∑+

ã1 ãn b̃1 b̃m

R+ =,
n m,

X̃ M̃

min
X A B,( ) M A B,( )∈

X̃

= c(A, B) + ,

Φ5(X(A, B)) = Φ5( (A, B; c(A, B)) =

= c(A, B) +  + .

ç‡ÔÓÏÌËÏ, ˜ÚÓ ÏËÌËÏ‡ÍÒÌÓÂ ÁÌ‡˜ÂÌËÂ c(A, B) =

= c( , ) ‚˚˜ËÒÎÂÌÓ ‚ ÚÂÓÂÏÂ 1, ‡ ‚ ÒÎÂ‰Û˛˘ÂÏ
ÔÛÌÍÚÂ ÔÓÒÚÓÂÌ‡ Ó‰Ì‡ ËÁ Ï‡ÚËˆ ÏÌÓÊÂÒÚ‚‡

(A, B; c(A, B)).
9. ç‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡ Ú‡ÌÒ-

ÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡. èÓËÁ‚ÓÎ¸Ì‡fl Ú‡ÌÒ-
ÔÓÚÌ‡fl Ï‡ÚËˆ‡ X Ó‰ÌÓÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎflÂÚ Ú‡ÍËÂ
Ô‡Û ‚ÂÍÚÓÓ‚ (AX, BX) Ë Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ„Ó-
„‡ÌÌËÍ M(AX, BX), ˜ÚÓ X = X(AX, BX) ∈  M(AX, BX).
ÇÓÁÏÓÊÌÓ, X(AX, BX) ∈  M(AX, BX; c(AX, BX)) Ë Ò‚ÓÈ-
ÒÚ‚Ó Ï‡ÚËˆ˚ fl‚ÎflÚ¸Òfl ÏËÌËÏ‡ÍÒÌÓÈ ÏÓÊÌÓ ‡Ò-
ÒÏ‡ÚË‚‡Ú¸ Í‡Í ‚ÌÛÚÂÌÌÂÂ Ò‚ÓÈÒÚ‚Ó Ï‡ÚËˆ˚.

é Ô  Â ‰ Â Î Â Ì Ë Â  6. í‡ÌÒÔÓÚÌ‡fl Ï‡ÚËˆ‡ X
Ì‡Á˚‚‡ÂÚÒfl Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÓÈ, ÂÒÎË
Í‡Ê‰‡fl ÂÂ ÔÓ‰Ï‡ÚËˆ‡ Y (‚ ˜‡ÒÚÌÓÒÚË, Y = X) fl‚Îfl-
ÂÚÒfl ÏËÌËÏ‡ÍÒÌÓÈ, Ú.Â. Y ∈  M(AY, BY; c(AY, BY)).

é˜Â‚Ë‰ÌÓ, ÂÒÎË ÏÌÓÊÂÒÚ‚Ó M(A, B) ÒÓ‰ÂÊËÚ
ÚÓÎ¸ÍÓ Ó‰ÌÛ Ï‡ÚËˆÛ, ÚÓ ˝Ú‡ Ï‡ÚËˆ‡ Ì‡ÒÎÂ‰ÒÚ-
‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡.

èË‚Â‰ÂÏ ‡Î„ÓËÚÏ ‚˚˜ËÒÎÂÌËfl ˝ÎÂÏÂÌÚÓ‚
Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚ ÔÓËÁ‚ÓÎ¸-
ÌÓ„Ó Ú‡ÌÒÔÓÚÌÓ„Ó ÏÌÓ„Ó„‡ÌÌËÍ‡ M(A, B). ÅÛ-
‰ÂÏ ÔÂ‰ÔÓÎ‡„‡Ú¸ ÛÔÓfl‰Ó˜ÂÌÌÓÒÚ¸ ÍÓÓ‰ËÌ‡Ú
‚ÂÍÚÓÓ‚ A, B ÔÓ ÌÂ‚ÓÁ‡ÒÚ‡ÌË˛, ˜ÚÓ ÌÂ Ó„‡ÌË-
˜Ë‚‡ÂÚ Ó·˘ÌÓÒÚË. ùÚÓÚ ‡Î„ÓËÚÏ ÓÒÌÓ‚‡Ì Ì‡ ÔÓ-
ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓÏ ‚˚˜ËÒÎÂÌËË ÏËÌËÏ‡ÍÒÓ‚ (ÚÂÓÂ-
Ï‡ 1) Ë ÛÍ‡Á‡ÌËfl ˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚, ‡‚Ì˚ı ÒÓ-
ÓÚ‚ÂÚÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÛ ËÎË ÌÛÎ˛ (ÎÂÏÏ‡ 3).
éÚÏÂÚËÏ, ˜ÚÓ ÛÍ‡Á‡ÌÌ‡fl ÎÂÏÏ‡ Ó·‡ÁÛÂÚ ˜ÂÚ˚Â
(‚ÓÁÏÓÊÌÓ, ÏÂÌÂÂ ˜ÂÚ˚Âı) ÔÓ‰Ï‡ÚËˆ˚ Ï‡ÚË-
ˆ˚ X(A, B) ∈  M(A, B; c(A, B)), ‰‚Â ËÁ ÍÓÚÓ˚ı ÔÓÎ-
ÌÓÒÚ¸˛ ÓÔÂ‰ÂÎÂÌ˚, ‡ ˝ÎÂÏÂÌÚ˚ ÓÒÚ‡Î¸Ì˚ı
ÔÓ‰Ï‡ÚËˆ, ÔËÌ‡‰ÎÂÊ‡˘Ëı ÍÓÌÍÂÚÌ˚Ï Ú‡ÌÒ-
ÔÓÚÌ˚Ï ÏÌÓ„Ó„‡ÌÌËÍ‡Ï, ÌÂ ÓÔÂ‰ÂÎÂÌ˚. èÂÂ-

Ó·ÓÁÌ‡˜ËÏ ËÒıÓ‰ÌÛ˛ Ô‡Û ‚ÂÍÚÓÓ‚ (A, B) ∈  :

(A, B) = ( , ) Ë  = ( , ) ∈  M(A, B).
ÄÎ„ÓËÚÏ, ÔÓÒÚÓÂÌÌ˚È ÌËÊÂ, ÔÓÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ
Á‡ÔÓÎÌflÂÚ ˝ÎÂÏÂÌÚ‡ÏË ËÒÍÓÏÛ˛ Ï‡ÚËˆÛ X(A, B),
ˆËÍÎË˜ÂÒÍË ÔËÏÂÌflfl ÒÎÂ‰Û˛˘ËÈ ¯‡„ [14–16].

ò ‡ „  Ä. èËÏÂÌÂÌËÂ ÚÂÓÂÏ˚ 1 Ë ÎÂÏÏ˚ 3.
èÛÒÚ¸ (D, E) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡‡ ‚ÂÍÚÓÓ‚ ËÁ

, „‰Â D = (d1, …, dr) Ë E = (e1, …, et).

ò ‡ „  1. ÑÎfl Ô‡˚ ‚ÂÍÚÓÓ‚ (D, E) ÒÓÒÚ‡‚ËÚ¸
ÒËÒÚÂÏÛ ÎËÌÂÈÌ˚ı Ó„‡ÌË˜ÂÌËÈ (4.1) Ë ‚˚˜ËÒÎËÚ¸
ÏËÌËÏ‡ÍÒ c(D, E) (ÚÂÓÂÏ‡ 1).

ò ‡ „  2. Ç˚·‡Ú¸ Î˛·ÓÂ (ÏÓÊÌÓ Ì‡ËÏÂÌ¸¯ÂÂ)
ÁÌ‡˜ÂÌËÂ p ∈  Z, 1 ≤ p ≤ r, ÔË ÍÓÚÓÓÏ c(D, E)p ≤ e1
Ë δp(D, E; c(D, E)) = 0 (ÎÂÏÏ‡ 4).

ã1

min
X A B,( ) M A B,( )∈

X̃

ã1 b̃1

Ã B̃

M̃

R+ =,
n m,

A1
1 B1

1
X1

1
X1

1 A1
1 B1

1

R+ =,
r t,
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ò ‡ „  3. èËÏÂÌÂÌËÂÏ ÎÂÏÏ˚ 3 ‰Îfl ÌÂÍÓÚÓ˚ı
˝ÎÂÏÂÌÚÓ‚ Ï‡ÚËˆ˚ Y(D, E) = (yij) ËÁ M(D, E; c(D,
E)) ÔÓÎÓÊËÚ¸

Ç˚˜ËÒÎÂÌÌ˚Â ˝ÎÂÏÂÌÚ˚ Ó·‡ÁÛ˛Ú ‰‚Â ÔÓ‰Ï‡ÚË-

ˆ˚ Ï‡ÚËˆ˚ Y(D, E): (c(D, E)) = (yij), yij = c(D, E),

1 ≤ i ≤ p, 1 ≤ j ≤ lp(E; c(D, E)), Ë (c(D, E)) = (yij),
yij = 0, p < i ≤ r, lp(E; c(D, E)) < j ≤ t (ÂÒÎË p = r ËÎË

lp(E; c(D, E)) = t, ÚÓ Ï‡ÚËˆ‡ (c(D, E)) ÌÂ ÒÛ˘ÂÒÚ-
‚ÛÂÚ).

ò ‡ „  4. Ç˚‰ÂÎËÚ¸ ‚ Ï‡ÚËˆÂ Y(D, E) ÒÎÂ‰Û˛-
˘ËÂ ËÁ ÒÛ˘ÂÒÚ‚Û˛˘Ëı ÔÓ‰Ï‡ÚËˆ Ò ÌÂÓÔÂ‰ÂÎÂÌ-
Ì˚ÏË ˝ÎÂÏÂÌÚ‡ÏË: Y ' = (yij), 1 ≤ i ≤ p, lp(E; c(D, E)) <
< j ≤ m, Ë Y '' = (yij), p < i ≤ r, 1 ≤ j ≤ lp(E; c(D, E)) (ÔË
lp(E; c(D, E)) = m Ë p = r ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ï‡ÚËˆ˚
Y ' Ë Y '' ÌÂ ÒÛ˘ÂÒÚ‚Û˛Ú).

ò ‡ „  5. ÑÎfl ‚ÒÂı ËÁ ÒÛ˘ÂÒÚ‚Û˛˘Ëı ÔÓ‰Ï‡ÚËˆ
Y ' Ë Y '' ÓÔÂ‰ÂÎËÚ¸ Ô‡˚ ‚ÂÍÚÓÓ‚ (D', E') Ë (D'',
E''), Ú‡ÍËÂ, ˜ÚÓ Y ' = Y '(D', E') ∈  M(D', E') Ë Y '' =
= Y ''(D'', E'') ∈  M(D'', E''). èË ̋ ÚÓÏ ‚ÓÒÔÓÎ¸ÁÓ‚‡Ú¸-
Òfl ÙÓÏÛÎ‡ÏË

D' = (d1 – c(D, E)lp(B; c(D, E)), …,

dp – c(D, E)lp(B; c(D, E))),

E'' = ,

D'' = (dp + 1, …, dr),

E ' = (e1 – c(D, E)p, …,  – c(D, E)p).

é˜Â‚Ë‰ÌÓ, ˜ÚÓ (D', E') ∈   Ë (D'', E'') ∈

∈  . éÚÏÂÚËÏ, Ú‡Í Í‡Í Ï‡ÚËˆ‡ Y(D,
E) ∈  M(D, E; c(D, E)), ÚÓ ‰Îfl ÔÓÒÚÓÂÌÌ˚ı Ë ÒÛ˘Â-
ÒÚ‚Û˛˘Ëı Ô‡ ‚ÂÍÚÓÓ‚ ËÏÂÂÚ ÏÂÒÚÓ c(D', E'),
c(D'', E'') ≤ c(D, E). ò‡„ Ä Á‡‚Â¯ÂÌ.

Ä Î „ Ó  Ë Ú Ï. èÓÒÚÓÂÌËÂ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏË-
ÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚ [16].

ê‡ÒÒÏÓÚËÏ ÔÓËÁ‚ÓÎ¸ÌÛ˛ Ô‡Û ‚ÂÍÚÓÓ‚

(A, B) ∈  . èÛÒÚ¸ X(A, B) = (xij) – ËÒÍÓÏ‡fl Ï‡Ú-
Ëˆ‡, ÔÂ‚ÓÌ‡˜‡Î¸ÌÓ Ò ÌÂÓÔÂ‰ÂÎÂÌÌ˚ÏË ˝ÎÂÏÂÌ-
Ú‡ÏË Û‰Ó‚ÎÂÚ‚Ófl˛˘‡fl ÓÔÂ‰ÂÎÂÌË˛ 6. èË ÔÓ-
ÒÚÓÂÌËË Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆ˚
·Û‰ÂÏ ˆËÍÎË˜ÂÒÍË ÔËÏÂÌflÚ¸ ¯‡„ Ä, Á‡ÏÂÌflfl ‚˚-
˜ËÒÎÂÌÌ˚ÏË ˝ÎÂÏÂÌÚ‡ÏË ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÌÂ-
ÓÔÂ‰ÂÎÂÌÌ˚Â ˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ˚ X(A, B). ç‡-

ÔÓÏÌËÏ, ˜ÚÓ (A, B) = ( , ) Ë X(A, B) = ( ,

) = . çËÊÌËÈ ËÌ‰ÂÍÒ ‡ÒÒÏ‡ÚË‚‡ÂÏ˚ı Ô‡
‚ÂÍÚÓÓ‚ Ë Ï‡ÚËˆ ÓÁÌ‡˜‡ÂÚ ÌÓÏÂ Ó·‡˘ÂÌËfl Í
¯‡„Û Ä. ÇÂıÌËÈ ËÌ‰ÂÍÒ ÌÂÓ·ıÓ‰ËÏ, ̃ ÚÓ·˚ ‡ÁÎË-

yij

c D E,( ), 1 i p, 1 j lp E; c D E,( )( ),≤ ≤≤ ≤
0, p i r, lp E; c D E,( )( ) j t.≤<≤<




=

Y

Y

Y

elp E; c D E,( )( ) 1+ … et, ,( )

elp E; c D E,( )( )

R+ =,
p t, lp E; c D E,( )( )–

R+ =,
r p– lp E; c D E,( )( ),

R+ =,
n m,

A1
1 B1

1
X1

1 A1
1

B1
1

X1
1

˜ËÚ¸ Ô‡˚ ‚ÂÍÚÓÓ‚ Ë Ï‡ÚËˆ, Ó·‡ÁÓ‚‡‚¯ËÂÒfl
ÔËÏÂÌÂÌËÂÏ ¯‡„‡ Ä.

ò ‡ „  1. èÓÎÓÊËÚ¸ k = 1.
ò ‡ „  2. ÑÎfl ‚ÒÂı ÒÛ˘ÂÒÚ‚Û˛˘Ëı Ô‡ ‚ÂÍÚÓÓ‚

( , ) ÔËÏÂÌËÚ¸ ¯‡„ Ä. é˜Â‚Ë‰ÌÓ, ˜ÚÓ ÍÓÎË-
˜ÂÒÚ‚Ó ‡ÒÒÏ‡ÚË‚‡ÂÏ˚ı Ô‡ ‚ÂÍÚÓÓ‚ ÌÂ ÔÂ‚ÓÒ-
ıÓ‰ËÚ 2k – 1, Ú.Â. 1 ≤ q ≤ 2k – 1. èË˜ÂÏ ˝ÚÓ ÍÓÎË˜ÂÒÚ-
‚Ó ‡‚ÌÓ 2k – 1, ÂÒÎË ËÁ Í‡Ê‰ÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚ ÔË
ÔÂ‰˚‰Û˘Ëı ÔËÏÂÌÂÌËflı ¯‡„‡ Ä (‚ ÒÎÛ˜‡Â k > 1)
‚˚‰ÂÎflÎËÒ¸ ÔÓ ‰‚Â Ô‡˚ ‚ÂÍÚÓÓ‚. Ç ÂÁÛÎ¸Ú‡ÚÂ

˝ÚÓ„Ó ‰Îfl Í‡Ê‰ÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚ ( , ) ÔÓÎÛ-
˜ËÏ ÒÎÂ‰Û˛˘ÂÂ.

1. Ñ‚Â Ï‡ÚËˆ˚, (c( , )) Ë (c( ,

)), „‰Â Í‡Ê‰˚È ˝ÎÂÏÂÌÚ ÔÂ‚ÓÈ ‡‚ÂÌ c( ,

), ‡ ‚ÚÓ‡fl Ï‡ÚËˆ‡ – ÌÛÎÂ‚‡fl (ÂÒÎË ÓÌ‡ ÒÛ˘ÂÒÚ-
‚ÛÂÚ).

2. Ñ‚Â Ô‡˚ ‚ÂÍÚÓÓ‚ (ÂÒÎË ̋ ÚË Ô‡˚ ÒÛ˘ÂÒÚ‚Û-

˛Ú) (( )', ( )'), (( )'', ( )''), Û‰Ó‚ÎÂÚ‚Ófl˛-
˘Ëı ÛÒÎÓ‚Ë˛ Á‡ÏÍÌÛÚÓÒÚË, Ò ÍÓÓ‰ËÌ‡Ú‡ÏË, ÛÔÓ-
fl‰Ó˜ÂÌÌ˚ÏË ÔÓ ÌÂ‚ÓÁ‡ÒÚ‡ÌË˛. å‡ÚËˆ˚ Ò

ÌÂÓÔÂ‰ÂÎÂÌÌ˚ÏË ˝ÎÂÏÂÌÚ‡ÏË ( )', ( )'' ÔË-
Ì‡‰ÎÂÊËÚ ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ú‡ÌÒÔÓÚÌ˚Ï ÏÌÓ„Ó-

„‡ÌÌËÍ‡Ï M(( )', ( )') Ë M(( )'', ( )'') (¯‡„ 4
¯‡„‡ Ä).

ò ‡ „  3. á‡ÏÂÌËÚ¸ ˝ÎÂÏÂÌÚ‡ÏË ÔÓ‰Ï‡ÚËˆ

(c( , )) Ë (c( , )) ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ
ÌÂÓÔÂ‰ÂÎÂÌÌ˚Â ˝ÎÂÏÂÌÚ˚ ÒÚÓfl˘ÂÈÒfl Ï‡ÚËˆ˚
X(A, B).

ò ‡ „  4. èÂÂÓ·ÓÁÌ‡˜ËÚ¸ ÔÓÒÚÓÂÌÌ˚Â (Ë ÒÛ-
˘ÂÒÚ‚Û˛˘ËÂ) Ô‡˚ ‚ÂÍÚÓÓ‚ Ë Ï‡ÚËˆ˚ Ò ÌÂ-
ÓÔÂ‰ÂÎÂÌÌ˚ÏË ˝ÎÂÏÂÌÚ‡ÏË

ò ‡ „  5. ÖÒÎË ÌÓ‚ÓÂ ÏÌÓÊÂÒÚ‚Ó Ô‡ ‚ÂÍÚÓÓ‚
ÌÂÔÛÒÚÓ, ÚÓ ÔÂÂÈÚË Í ¯‡„Û 2; ‚ ÔÓÚË‚ÌÓÏ
ÒÎÛ˜‡Â – ÒÎÂ‰Û˛˘ËÈ ¯‡„.

ò ‡ „  6. àÒÍÓÏ‡fl Ï‡ÚËˆ‡ X(A, B) ∈  M(A, B;
c(A, B)) ÔÓÒÚÓÂÌ‡.

èÓÍ‡ÊÂÏ, ˜ÚÓ Ï‡ÚËˆ‡ X(A, B), ÔÓÒÚÓÂÌÌ‡fl
ÔË‚Â‰ÂÌÌ˚Ï ‡Î„ÓËÚÏÓÏ, fl‚ÎflÂÚÒfl Ì‡ÒÎÂ‰ÒÚ‚ÂÌ-
ÌÓ ÏËÌËÏ‡ÍÒÌÓÈ. éÚÏÂÚËÏ ÒÔ‡‚Â‰ÎË‚ÓÒÚ¸ ÒÎÂ‰Û-
˛˘Â„Ó ÛÚ‚ÂÊ‰ÂÌËfl ‰Îfl ÛÍ‡Á‡ÌÌÓÈ Ï‡ÚËˆ˚
X(A, B).

ã Â Ï Ï ‡  9. èÛÒÚ¸ ( , ) – Ô‡‡ ‚ÂÍÚÓÓ‚, ÔÓ-
ÎÛ˜ÂÌÌ‡fl ËÁ ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ∈
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∈   ÛÔÓfl‰Ó˜Ë‚‡ÌËÂÏ ÍÓÓ‰ËÌ‡Ú ÔÓ ÌÂ‚ÓÁ‡Ò-

Ú‡ÌË˛. ÖÒÎË ( , ) – Ï‡ÚËˆ‡, ÔÓÒÚÓÂÌÌ‡fl ‡Î-
„ÓËÚÏÓÏ, ÚÓ Ï‡ÚËˆ‡ X(A, B), Ó·‡ÁÓ‚‡ÌÌ‡fl ÔÂ-

ÂÒÚ‡ÌÓ‚ÍÓÈ ÒÚÓÍ Ë ÒÚÓÎ·ˆÓ‚ Ï‡ÚËˆ˚ ( , ),
fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌÓÈ. Ç ˜‡ÒÚÌÓÒÚË, ÂÒÎË (A, B) ∈

∈  , ÚÓ ‡‚ÌÓÏÂÌ‡ Ï‡ÚËˆ‡ X(A, B).
ÑÓÍ‡Á‡ÚÂÎ¸ÒÚ‚Ó ÒÓ‰ÂÊËÚÒfl ‚ ÎÂÏÏÂ 3 Ë ̄ ‡„Â Ä.
ëÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ ‰ÓÔÓÎÌflÂÚ ÎÂÏÏÛ 3.

ã Â Ï Ï ‡  10. èÛÒÚ¸ (A, B) ∈   Ë ‰Îfl ÌÂÍÓÚÓ-
Ó„Ó p ∈  Z, 1 ≤ p ≤ n, ËÏÂÂÚ ÏÂÒÚÓ c(A, B)p ≤ b1 Ë
δp(A, B; c(A, B)) = 0. ê‡ÒÒÏÓÚËÏ ÁÌ‡˜ÂÌËfl k, q ∈  Z,
„‰Â 1 ≤ k ≤ p, 1 ≤ q ≤ lp(B; c(A, B)):

‡) ÂÒÎË X(A, B) = (xij) – Ú‡Í‡fl Ú‡ÌÒÔÓÚÌ‡fl Ï‡-
ÚËˆ‡, ˜ÚÓ xkq < c(A, B), ÚÓ max{xij: 1 ≤ i ≤ n, 1 ≤ j ≤
≤ m} > c(A, B), Ú.Â. Ï‡ÚËˆ‡ X(A, B) ÌÂ fl‚ÎflÂÚÒfl ÏË-
ÌËÏ‡ÍÒÌÓÈ (X(A, B) ∉  M(A, B; c(A, B));

·) ÂÒÎË X(A, B) = (xij) – ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡ Ë
X' – Î˛·‡fl ÂÂ ÔÓ‰Ï‡ÚËˆ‡, ÒÓ‰ÂÊ‡˘‡fl ˝ÎÂÏÂÌÚ Ò
ËÌ‰ÂÍÒ‡ÏË k Ë q, ÚÓ X' – ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. èÛÌÍÚ ‡) fl‚ÎflÂÚÒfl ÒÎÂ‰-
ÒÚ‚ËÂÏ ÎÂÏÏ˚ 3. í‡Í Í‡Í ‰Îfl ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚË-
ˆ˚ X(A, B) ÒÔ‡‚Â‰ÎË‚Ó max{xij: 1 ≤ i ≤ n, 1 ≤ j ≤ m} =
= xkq = c(A, B), ÚÓ ËÁ ÔÛÌÍÚ‡ ‡) ÒÎÂ‰ÛÂÚ ÔÛÌÍÚ ·).

èÂÂÈ‰ÂÏ Í Ï‡ÚËˆÂ, ÔÓÒÚÓÂÌÌÓÈ ‡Î„ÓËÚ-
ÏÓÏ.

ã Â Ï Ï ‡  11. ÖÒÎË ‰Îfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍ-

ÚÓÓ‚ (A, B) ∈   ˝ÎÂÏÂÌÚ˚ Ï‡ÚËˆ˚ X(A, B) =
= (xij) ‚˚˜ËÒÎÂÌ˚ ‡Î„ÓËÚÏÓÏ, ÚÓ X(A, B) – Ì‡-
ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. ê‡ÒÒÏÓÚËÏ Î˛·Û˛

ÔÓ‰Ï‡ÚËˆÛ Y = ( ) Ï‡ÚËˆ˚ X(A, B) = ( ,

). ÖÒÎË Y – ÌÛÎÂ‚‡fl Ï‡ÚËˆ‡, ÚÓ ÓÌ‡ ÏËÌËÏ‡ÍÒ-
Ì‡. èÛÒÚ¸ Ï‡ÚËˆ‡ Y ÒÓ‰ÂÊËÚ ÔÓÎÓÊËÚÂÎ¸Ì˚Â
˝ÎÂÏÂÌÚ˚. í‡Í Í‡Í Ï‡ÚËˆ‡ X(A, B) ‡‚ÌÓÏÂÌ‡
(ÎÂÏÏ‡ 9), ÚÓ Ë ÔÓ‰Ï‡ÚËˆ‡ Y – ‡‚ÌÓÏÂÌ‡fl Ï‡Ú-

Ëˆ‡ (ÎÂÏÏ‡ 8). èÓ˝ÚÓÏÛ ËÁ ÛÒÎÓ‚ËÈ A ∈   Ë B ∈

∈   ÒÎÂ‰ÛÂÚ, ˜ÚÓ  – Ì‡Ë·ÓÎ¸¯ËÈ ˝ÎÂÏÂÌÚ

ÔÓ‰Ï‡ÚËˆ˚ Y, ÔË˜ÂÏ  > 0.

é·‡ÚËÏÒfl Í ‡Î„ÓËÚÏÛ: ÔË ‚ÒÂı ÁÌ‡˜ÂÌËflı k

Ë q Ï‡ÚËˆ˚  = ( , ) fl‚Îfl˛ÚÒfl ÏËÌË-
Ï‡ÍÒÌ˚ÏË. èÛÒÚ¸ k – Ì‡Ë·ÓÎ¸¯ËÈ ÌÓÏÂ, ÔË ÍÓ-

ÚÓÓÏ ÒÛ˘ÂÒÚ‚ÛÂÚ Ï‡ÚËˆ‡ , ÒÓ‰ÂÊ‡˘‡fl ˝ÎÂ-

ÏÂÌÚ Ò ËÌ‰ÂÍÒ‡ÏË i1 Ë j1, Ë, ÒÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ,  =

= c( , ) (ÁÌ‡˜ÂÌËÂ k ÏÓÊÌÓ ÓÔÂ‰ÂÎËÚ¸ Ë ˜Â-
ÂÁ ÛÍ‡Á‡ÌÌÓÂ ‡‚ÂÌÒÚ‚Ó). ì‰‡ÎËÏ ËÁ ÔÓ‰Ï‡ÚËˆ˚
Y ‚ÒÂ ÌÛÎÂ‚˚Â ÒÚÓÍË Ë ÒÚÓÎ·ˆ˚ (ÂÒÎË Ú‡ÍËÂ ÂÒÚ¸).
íÓ„‰‡, Í‡Í ÒÎÂ‰ÛÂÚ ËÁ ‡Î„ÓËÚÏ‡, ÔÓÎÛ˜ÂÌÌ‡fl ÔÓ‰-

R+ =,
n m,

X̃ Ã B̃

X̃ Ã B̃

R+ =,
n m,

R+ =,
n m,

R+ =,
n m,

xit jt
X1

1 A1
1

B1
1

R+
n

R+
m

xi1 j1

xi1 j1

Xk
q

Xk
q Ak

q Bk
q

Xk
q

xi1 j1

Ak
q Bk

q

Ï‡ÚËˆ‡ fl‚ÎflÂÚÒfl ÔÓ‰Ï‡ÚËˆÂÈ Ï‡ÚËˆ˚ .
èËÏÂÌflfl ÎÂÏÏÛ 10, ÔÓÎÛ˜ËÏ, ˜ÚÓ Y – ÏËÌËÏ‡ÍÒ-
Ì‡fl Ï‡ÚËˆ‡. ãÂÏÏ‡ ‰ÓÍ‡Á‡Ì‡.

àÁ ÔÓÒÎÂ‰ÌÂÈ ÎÂÏÏ˚ ÒÎÂ‰ÛÂÚ ÛÚ‚ÂÊ‰ÂÌËÂ.
ã Â Ï Ï ‡  12. ã˛·ÓÈ Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ„Ó„‡Ì-

ÌËÍ M(A, B) ÒÓ‰ÂÊËÚ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒ-
ÌÛ˛ Ï‡ÚËˆÛ.

Ç ‡Î„ÓËÚÏÂ ÔÓÒÚÓÂÌËfl Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌË-
Ï‡ÍÒÌÓÈ Ï‡ÚËˆ˚ ËÏÂÂÚÒfl ÌÂÓÔÂ‰ÂÎÂÌÌÓÒÚ¸ ‚
‚˚·ÓÂ ÁÌ‡˜ÂÌËfl k ∈  Z, ÔË ÍÓÚÓÓÏ δk(A, B; c(A,
B)) = 0. çÓ ‚ÒÂ ÊÂ ̋ ÚÓÚ ‡Î„ÓËÚÏ ÔË‚Ó‰ËÚ Í Ó‰ÌÓ-
ÁÌ‡˜ÌÓ ÓÔÂ‰ÂÎÂÌÌÓÈ Ï‡ÚËˆÂ. ÅÓÎÂÂ ÚÓ„Ó, ÒÔ‡-
‚Â‰ÎË‚‡ ÎÂÏÏ‡.

ã Â Ï Ï ‡  13. ä‡Ê‰˚È Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ„Ó-
„‡ÌÌËÍ M(A, B) ÒÓ‰ÂÊËÚ ÚÓÎ¸ÍÓ Ó‰ÌÛ Ì‡ÒÎÂ‰ÒÚ-
‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ.

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. çÂ Ó„‡ÌË˜Ë‚‡fl Ó·˘ÌÓ-

ÒÚË, ÔÓÎÓÊËÏ, ˜ÚÓ (A, B) ∈  . èÛÒÚ¸ X(A, B) =

= ( , ) = (xij) Ë X'(A, B) = ( ) – Ì‡ÒÎÂ‰ÒÚ-
‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ˚Â Ï‡ÚËˆ˚, ÔÂ‚‡fl ËÁ ÍÓÚÓ˚ı
ÔÓÒÚÓÂÌ‡ ÔË‚Â‰ÂÌÌ˚Ï ‚˚¯Â ‡Î„ÓËÚÏÓÏ. ÖÒÎË
n = 1, ÚÓ Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ X(A, B) = X'(A, B). èÂ‰ÔÓ-
ÎÓÊËÏ, ˜ÚÓ ‡‚ÂÌÒÚ‚Ó Ï‡ÚËˆ ÒÔ‡‚Â‰ÎË‚Ó, ÂÒÎË
ÍÓÎË˜ÂÒÚ‚Ó ÍÓÓ‰ËÌ‡Ú ‚ÂÍÚÓ‡ A ÌÂ ÔÂ‚ÓÒıÓ‰ËÚ

n, Ë ÔÓÎÓÊËÏ A ∈  . éÚÏÂÚËÏ, ˜ÚÓ Ó·Â Ï‡ÚË-
ˆ˚ X(A, B), X'(A, B) ÏËÌËÏ‡ÍÒÌ˚ Ë X(A, B), X'(A,
B) ∈  M(A, B; c(A, B)).

èÛÒÚ¸ ÔË ÔÂ‚ÓÏ ÔËÏÂÌÂÌËË ¯‡„‡ A ‚ ÔÓÒÚ-
ÓÂÌËË Ï‡ÚËˆ˚ X(A, B) ‚˚·‡ÌÓ ÁÌ‡˜ÂÌËÂ p ∈  Z,
c(A, B)p ≤ b1 Ë δp(A, B; c(A, B)) = 0. àÁ ÎÂÏÏ˚ 3 ÒÎÂ-

‰ÛÂÚ, ˜ÚÓ ÔÓ‰Ï‡ÚËˆ˚ (xij), ( ), 1 ≤ i ≤ p, lp(B;

c(A, B)) < j ≤ m, Ë (xij), ( ), p < i ≤ n + 1, 1 ≤ j ≤ lp(B;
c(A, B)), ÔËÌ‡‰ÎÂÊ‡Ú ÒÓÓÚ‚ÂÚÒÚ‚ÂÌÌÓ Ú‡ÌÒÔÓÚ-

Ì˚Ï ÏÌÓ„Ó„‡ÌÌËÍ‡Ï M( , ) Ë M( , ). àÁ
Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓÈ ÏËÌËÏ‡ÍÒÌÓÒÚË ‚˚·‡ÌÌ˚ı ÔÓ‰-
Ï‡ÚËˆ Ë ËÌ‰ÛÍÚË‚ÌÓ„Ó ÔÂ‰ÔÓÎÓÊÂÌËfl ÒÎÂ‰Û˛Ú
ÒÓÓÚ‚ÂÚÒÚ‚Û˛˘ËÂ ÒÓ‚Ô‡‰ÂÌËfl ˝ÚËı ÔÓ‰Ï‡ÚËˆ.
èÓ˝ÚÓÏÛ X(A, B) = X'(A, B).

íÂÏ Ò‡Ï˚Ï ÔÓÎÌÓÒÚ¸˛ Á‡‚Â¯ÂÌÓ ‰ÓÍ‡Á‡ÚÂÎ¸-
ÒÚ‚Ó ÒÎÂ‰Û˛˘ÂÈ ÚÂÓÂÏ˚ [16].

í Â Ó  Â Ï ‡  7: ‡) Í‡Ê‰˚È Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ-
„Ó„‡ÌÌËÍ ÒÓ‰ÂÊËÚ Ó‰ÌÛ Ë ÚÓÎ¸ÍÓ Ó‰ÌÛ Ì‡ÒÎÂ‰ÒÚ-
‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ;

·) Ï‡ÚËˆ‡ X(A, B), ÔÓÒÚÓÂÌÌ‡fl ‡Î„ÓËÚÏÓÏ,
fl‚ÎflÂÚÒfl Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÓÈ;

‚) Î˛·‡fl Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡
‡‚ÌÓÏÂÌ‡.

ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓÓ‚ (A, B) ∈

∈   Ó·ÓÁÌ‡˜ËÏ (Â‰ËÌÒÚ‚ÂÌÌÛ˛) Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ
ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ X*(A, B). å‡ÚËˆ‡ X*(A,
B) (ÍÓÚÓÛ˛ ÏÓÊÌÓ ÔÓÒÚÓËÚ¸ ‡Î„ÓËÚÏÓÏ) ÏË-
ÌËÏ‡ÍÒÌ‡ Ë ‡‚ÌÓÏÂÌ‡. èÓ˝ÚÓÏÛ ÓÌ‡ ÏËÌËÏËÁË-

Xk
q

R+ =,
n m,

X1
1 A1

1 B1
1

xij'

R+
n 1+

xij'

xij'

A2
1 B2

1 A2
2 B2

2

R+ =,
n m,
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ÛÂÚ ÙÛÌÍˆËÓÌ‡Î˚ (2.1)–(2.7). éÚÏÂÚËÏ Ú‡ÍÊÂ,
ÂÒÎË Ú‡ÌÒÔÓÚÌ˚È ÏÌÓ„Ó„‡ÌÌËÍ M(A, B) ÒÓ‰Â-
ÊËÚ Â‰ËÌÒÚ‚ÂÌÌÛ˛ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ X(A, B;
c(A, B)) (ÚÂÓÂÏ˚ 2 Ë 3), ÚÓ ˝Ú‡ Ï‡ÚËˆ‡ Ì‡ÒÎÂ‰ÒÚ-
‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡ Ë X(A, B; c(A, B)) = X*(A, B).

è  Ë Ï Â   10. èËÏÂÌÂÌËÂÏ ‡Î„ÓËÚÏ‡ ÔÓÒÚ-
ÓËÏ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÛ˛ Ï‡ÚËˆÛ X*(A,
B), „‰Â A = (31, 26, 13, 8) Ë B = (21, 21, 15, 8, 8, 3, 2).

ò‡„ Ä ‰Îfl Ô‡˚ ‚ÂÍÚÓÓ‚ ( , ) = (A, B) ÓÔ-
Â‰ÂÎËÚ ÒÎÂ‰Û˛˘ÂÂ: ÏËÌËÏ‡ÍÒÌÓÂ ÁÌ‡˜ÂÌËÂ
c(A, B) = 6, ÔË˜ÂÏ p = 2, l2(B; 6) = 3, δ2(A, B; 6) = 0;
Ï‡ÚËˆÛ

‚ ÍÓÚÓÓÈ ÔÓ‰Ï‡ÚËˆ˚  Ë  ËÏÂ˛Ú ÌÂÓÔÂ‰Â-

ÎÂÌÌ˚Â ˝ÎÂÏÂÌÚ˚, ÔË˜ÂÏ  ∈  M( , ),  ∈

∈  M( , ), „‰Â  = (13, 8),  = (8, 8, 3, 2),

 = (13, 8),  = (9, 9, 3).

èËÏÂÌËÏ ¯‡„ Ä ‰Îfl Ô‡ ‚ÂÍÚÓÓ‚ ( , ) Ë

( , ). èÓÎÛ˜ËÏ, ˜ÚÓ c( , ) = 4, c( , ) =
= 5 Ë

íÂÚËÈ ‡Á ¯‡„ Ä ÏÓÊÌÓ ÌÂ ÔËÏÂÌflÚ¸, Ú‡Í
Í‡Í ÔÓ‰Ï‡ÚËˆ˚ Ò ÌÂÓÔÂ‰ÂÎÂÌÌ˚ÏË ˝ÎÂÏÂÌÚ‡ÏË

Ï‡ÚËˆ  Ë  fl‚Îfl˛ÚÒfl 1-ÒÚÓ˜Ì˚ÏË: x16 = 3,
x17 = 2, x33 = 3, x41 = x42 = 4. ç‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌË-
Ï‡ÍÒÌ‡fl Ï‡ÚËˆ‡ ÔÓÒÚÓÂÌ‡

10. åËÌËÏËÁ‡ˆËfl Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ˚-
ÏË Ï‡ÚËˆ‡ÏË. ê‡ÒÒÏÓÚËÏ ÙÛÌÍˆËÓÌ‡Î (2.8).
é˜Â‚Ë‰ÌÓ, ˜ÚÓ Á‡‰‡˜‡ ÏËÌËÏËÁ‡ˆËË ˝ÚÓ„Ó ÙÛÌÍ-
ˆËÓÌ‡Î‡ Ì‡ ÏÌÓÊÂÒÚ‚Â Ï‡ÚËˆ Ú‡ÌÒÔÓÚÌÓ„Ó
ÏÌÓ„Ó„‡ÌÌËÍ‡ ËÏÂÂÚ Â¯ÂÌËÂ.

é·‡ÚËÏÒfl Í Ï‡ÚË˜ÌÓÏÛ ÔÓÌflÚË˛ ‡‚ÌÓÏÂ-
ÌÓÒÚË. çÂÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ËÁ ÓÔÂ‰ÂÎÂÌËfl 1 ÒÎÂ‰ÛÂÚ
ÎÂÏÏ‡.

A1
1 B1

1

X1
1 A B,( )

6 6 6 x14 x15 x16 x17

6 6 6 x24 x25 x26 x27

x31 x32 x33 0 0 0 0

x41 x41 x43 0 0 0 0 
 
 
 
 
 
 

,=

X2
1

X2
2

X2
1 A2

1 B2
1

X2
2

A2
2 B2

2 A2
1 B2

1

A2
2 B2

2

A2
1 B2

1

A2
2 B2

2 A2
1 B2

1 A2
2 B2

2

X2
1 4 4 x16 x17

4 4 0 0 
 
 

,  X2
2 5 5 x33

x41 x42 0 
 
 

.= =

X2
1

X2
2

X A B,( )

6 6 6 4 4 3 2

6 6 6 4 4 0 0

5 5 3 0 0 0 0

4 4 0 0 0 0 0 
 
 
 
 
 

.=

ã Â Ï Ï ‡  14. ã˛·‡fl Ú‡ÌÒÔÓÚÌ‡fl Ï‡ÚËˆ‡, ÌÂ
fl‚Îfl˛˘‡flÒfl ‡‚ÌÓÏÂÌÓÈ, ËÏÂÂÚ ÔÓ‰Ï‡ÚËˆÛ ËÁ
˜ÂÚ˚Âı ˝ÎÂÏÂÌÚÓ‚, ÍÓÚÓ‡fl Ú‡ÍÊÂ ÌÂ fl‚ÎflÂÚÒfl
‡‚ÌÓÏÂÌÓÈ.

ëÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ, ÓÒÌÓ‚‡ÌÌÓÂ Ì‡ ÎÂÏ-
ÏÂ 14, ÒÓ‰ÂÊËÚ ÛÒÎÓ‚ËÂ, ÔË ÍÓÚÓÓÏ ‚ÓÁÏÓÊÌÓ
ÛÏÂÌ¸¯ËÚ¸ ÁÌ‡˜ÂÌËÂ ÙÛÌÍˆËÓÌ‡Î‡ (2.8).

ã Â Ï Ï ‡  15. èÛÒÚ¸ X(A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl
Ú‡ÌÒÔÓÚÌ‡fl Ï‡ÚËˆ‡, ÌÂ fl‚Îfl˛˘‡flÒfl ‡‚ÌÓÏÂ-
ÌÓÈ. íÓ„‰‡ ÓÌ‡ ËÏÂÂÚ ÔÓ‰Ï‡ÚËˆÛ ËÁ ˜ÂÚ˚Âı ˝ÎÂ-
ÏÂÌÚÓ‚ Y = Y(AY, BY), ‰Îfl ÍÓÚÓÓÈ ÏÓÊÌÓ ÔÓÒÚÓ-
ËÚ¸ ‡‚ÌÓÏÂÌÛ˛ Ï‡ÚËˆÛ Y' = Y'(AY, BY) (Y, Y' ∈
∈  M(AY, BY)), Ú‡ÍÛ˛, ˜ÚÓ ÒÔ‡‚Â‰ÎË‚Ó ÒÎÂ‰Û˛˘ÂÂ.
ÖÒÎË X'(A, B) – Ï‡ÚËˆ‡, Ó·‡ÁÓ‚‡ÌÌ‡fl ËÁ Ï‡ÚË-
ˆ˚ X(A, B) Á‡ÏÂÌÓÈ ÔÓ‰Ï‡ÚËˆ˚ Y Ì‡ ÔÓ‰Ï‡ÚËˆÛ
Y', ÚÓ ‰Îfl ÙÛÌÍˆËÓÌ‡Î‡ (2.8) ËÏÂÂÚ ÏÂÒÚÓ Φ8(X'(A,
B)) < Φ8(X(A, B)).

Ñ Ó Í ‡ Á ‡ Ú Â Î ¸ Ò Ú ‚ Ó. èÛÒÚ¸ ÔÓ‰Ï‡ÚËˆ‡ Y ÌÂ
fl‚ÎflÂÚÒfl ‡‚ÌÓÏÂÌÓÈ. åÌÓÊÂÒÚ‚‡ ‚ÒÂı ÔÓ‰Ï‡Ú-
Ëˆ }(X), }(X') Ï‡ÚËˆ X = X(A, B), X' = X'(A, B)
‡ÁÓ·¸ÂÏ Ì‡ ÔÓ‰ÏÌÓÊÂÒÚ‚‡ ‚ Á‡‚ËÒËÏÓÒÚË ÓÚ ÍÓ-
ÎË˜ÂÒÚ‚ ˝ÎÂÏÂÌÚÓ‚ ÔÓ‰Ï‡ÚËˆ Y Ë Y', ÒÓ‰ÂÊ‡-
˘ËıÒfl ‚ ˝ÚËı ÔÓ‰Ï‡ÚËˆ‡ı:

}(X) = }0(X) ∪  }1(X) ∪  }2(X) ∪  }4(X),

}(X') = }0(X') ∪  }1(X') ∪  }2(X') ∪  }4(X'),

„‰Â ËÌ‰ÂÍÒ i ∈  {0, 1, 2, 4} ÓÁÌ‡˜‡ÂÚ ÍÓÎË˜ÂÒÚ‚Ó ̋ ÎÂ-
ÏÂÌÚÓ‚ ËÁ Y Ë Y', ÒÓ‰ÂÊ‡˘ËıÒfl ‚ ÒÓÓÚ‚ÂÚÒÚ‚Û˛-
˘Ëı ÔÓ‰Ï‡ÚËˆ‡ı (Ó˜Â‚Ë‰ÌÓ, ˜ÚÓ }3(X) = }3(X') =
= ∅ ).

ç‡ÔÓÏÌËÏ, ˜ÚÓ ÙÛÌÍˆËÓÌ‡Î (2.8) ‚˚‡Ê‡ÂÚÒfl
˜ÂÂÁ ÙÛÌÍˆËÓÌ‡Î (2.1) ÓÚ ÔÓ‰Ï‡ÚËˆ

ê‡‚ÂÌÒÚ‚Ó  = (T ')

Ó˜Â‚Ë‰ÌÓ ÔË Î˛·ÓÏ ‚˚·ÓÂ ÔÓ‰Ï‡ÚËˆ˚ Y. çÂ-
ÔÓÒÂ‰ÒÚ‚ÂÌÌÓ ÔÓÍ‡Á˚‚‡ÂÚÒfl, ̃ ÚÓ ÏÓÊÌÓ ‚˚·‡Ú¸
Ë ÔÓÒÚÓËÚ¸ ÔÓ‰Ï‡ÚËˆ˚ Y Ë Y', Ú‡ÍËÂ, ‰Îfl ÍÓÚÓ-
˚ı ÒÔ‡‚Â‰ÎË‚Ó ÒÎÂ‰Û˛˘ÂÂ:

Φ8 X( ) Φ1 T( )
T } X( )∈
∑ Φ1 T( ),

T }i X( )∈
∑

i 0 1 2 4, , ,{ }∈
∑= =

Φ8 X'( ) Φ1 T '( )
T' } X'( )∈
∑ Φ1 T '( ).

T ' }i X'( )∈
∑

i 0 1 2 4, , ,{ }∈
∑= =

Φ1 T( )
T }0 X( )∈∑ Φ1T ' }0 X'( )∈∑

Φ1 T( )
T }4 X( )∈
∑ Φ1 T '( ),

T ' }4 X'( )∈
∑>

Φ1 T( )
T }2 X( )∈
∑ Φ1 T '( ),

T ' }2 X'( )∈
∑>

Φ1 T( )
T }1 X( )∈
∑ Φ1 T '( ).

T ' }1 X'( )∈
∑≥
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ëÎÂ‰Ó‚‡ÚÂÎ¸ÌÓ, Φ8(X '(A, B)) < Φ8(X(A, B)).
ëÎÂ‰ÒÚ‚ËÂÏ ˝ÚÓÈ ÎÂÏÏ˚ fl‚ÎflÂÚÒfl ÛÚ‚ÂÊ‰Â-

ÌËÂ.
ã Â Ï Ï ‡  16. å‡ÚËˆ‡, ÏËÌËÏËÁËÛ˛˘‡fl

ÙÛÌÍˆËÓÌ‡Î (2.8), ‰ÓÎÊÌ‡ ·˚Ú¸ ‡‚ÌÓÏÂÌÓÈ.
ëÎÂ‰Û˛˘‡fl ÚÂÓÂÏ‡ – Ó‰Ì‡ ËÁ ÓÒÌÓ‚Ì˚ı ‚ ÒÚ‡-

Ú¸Â. éÌ‡ ÌÂÒÎÓÊÌÓ ‰ÓÍ‡Á˚‚‡ÂÚÒfl ËÌ‰ÛÍˆËÂÈ ÔÓ
ÍÓÎË˜ÂÒÚ‚Û ÍÓÓ‰ËÌ‡Ú ÔÂ‚Ó„Ó ‚ÂÍÚÓ‡ ËÁ Ô‡˚
‚ÂÍÚÓÓ‚ ÔËÏÂÌÂÌËÂÏ ÎÂÏÏ˚ 16 [16].

í Â Ó  Â Ï ‡  8. èÛÒÚ¸ (A, B) – ÔÓËÁ‚ÓÎ¸Ì‡fl Ô‡-

‡ ‚ÂÍÚÓÓ‚ ËÁ . á‡‰‡˜‡ ÏËÌËÏËÁ‡ˆËË ÙÛÌÍ-
ˆËÓÌ‡Î‡ (2.8) Ì‡ Ï‡ÚË˜ÌÓÏ ÏÌÓÊÂÒÚ‚Â M(A, B)
ËÏÂÂÚ Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ, ÓÔÂ‰ÂÎflÂÏÓÂ Ì‡-
ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌÓÈ Ï‡ÚËˆÂÈ X*(A, B):

Φ8(X(A, B)) = Φ8(X*(A, B)), (10.1)

ÔË˜ÂÏ Φ8(X*(A, B)) < Φ8(X(*A, B)) ÔË X(A, B) ≠
≠ X*(A, B).

àÁ ÚÂÓÂÏ˚ 8 ÒÎÂ‰ÛÂÚ, ˜ÚÓ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏË-
ÌËÏ‡ÍÒÌ‡fl Ï‡ÚËˆ‡ – Â‰ËÌÒÚ‚ÂÌÌÓÂ Â¯ÂÌËÂ ‚ ÏÓ-
‰ÂÎË Ç.

ëÎÂ‰Û˛˘ÂÂ ÛÚ‚ÂÊ‰ÂÌËÂ fl‚ÎflÂÚÒfl Ó˜Â‚Ë‰Ì˚Ï
ÒÎÂ‰ÒÚ‚ËÂÏ ÚÂÓÂÏ 5 Ë 8 Ë ÎÂÏÏ˚ 16 [16].

í Â Ó  Â Ï ‡  9. ÑÎfl ÔÓËÁ‚ÓÎ¸ÌÓÈ Ô‡˚ ‚ÂÍÚÓ-

Ó‚ (A, B) ∈  Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl Ï‡-
ÚËˆ‡ X*(A, B) fl‚ÎflÂÚÒfl Â‰ËÌÒÚ‚ÂÌÌ˚Ï Â¯ÂÌËÂÏ
Á‡‰‡˜ ÏËÌËÏËÁ‡ˆËË ÙÛÌÍˆËÓÌ‡ÎÓ‚ (2.9) Ë (2.10) Ì‡
Ú‡ÌÒÔÓÚÌÓÏ ÏÌÓ„Ó„‡ÌÌËÍÂ M(A, B): ÔË k = 9
ËÎË k = 10 ËÏÂÂÚ ÏÂÒÚÓ

Φk(X(A, B)) = Φk(X*(A, B)), (10.2)

ÔË˜ÂÏ Φk(X*(A, B)) < Φk(X(A, B)), ÂÒÎË X(A, B) ≠
≠ X*(A, B).

íÂÏ Ò‡Ï˚Ï ÔÓÍ‡Á‡ÌÓ ÒÎÂ‰Û˛˘ÂÂ [16].
í Â Ó  Â Ï ‡  10. ç‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒÌ‡fl

Ï‡ÚËˆ‡ – ˝ÚÓ Â‰ËÌÒÚ‚ÂÌÌ‡fl Ï‡ÚËˆ‡, ÏËÌËÏËÁË-
Û˛˘‡fl Ó‰ÌÓ‚ÂÏÂÌÌÓ ‚ÒÂ ÙÛÌÍˆËÓÌ‡Î˚ (2.1)–
(2.10).

áÌ‡˜ÂÌËÂ ÙÛÌÍˆËÓÌ‡Î‡ (2.8) ÓÚ ‡‚ÌÓÏÂÌÓÈ

Ï‡ÚËˆ˚ ÎÂ„ÍÓ Á‡ÔËÒ‡Ú¸. èÛÒÚ¸ (A, B) ∈  Ë

X(A, B) ∈  (A, B). ÑÎfl Î˛·ÓÈ ÔÓ‰Ï‡ÚËˆ˚ Y Ï‡-
ÚËˆ˚ X(A, B) Ì‡Ë·ÓÎ¸¯ËÈ ̋ ÎÂÏÂÌÚ ‡ÒÔÓÎÓÊÂÌ ‚
ÔÂ‚˚ı ÒÚÓÍÂ Ë ÒÚÓÎ·ˆÂ. ÖÒÎË i Ë j, 1 ≤ i ≤ n, 1 ≤
≤ j ≤ m, – ÔÓËÁ‚ÓÎ¸Ì˚Â ËÌ‰ÂÍÒ˚, ÚÓ ÍÓÎË˜ÂÒÚ‚Ó
ÔÓ‰Ï‡ÚËˆ, ‰Îfl ÍÓÚÓ˚ı ̋ ÚË ËÌ‰ÂÍÒ˚ ÓÔÂ‰ÂÎfl˛Ú
Ì‡Ë·ÓÎ¸¯ËÈ ˝ÎÂÏÂÌÚ, ‡‚ÌÓ 2n – i × 2m – j = 2n + m – i – j.
èÓ˝ÚÓÏÛ

„‰Â X(A, B) = (xij) – ‡‚ÌÓÏÂÌ‡fl Ï‡ÚËˆ‡. ëÎÂ‰Ó-
‚‡ÚÂÎ¸ÌÓ, ‰ÓÍ‡Á‡Ì‡ ÚÂÓÂÏ‡ [16].

R+ =,
n m,

min
X A B,( ) M A B,( )∈

R+ =,
n m,

min
X A B,( ) M A B,( )∈

R+ =,
n m,

M̃

Φ8 X A B,( )( ) 2
n m i– j–+

xij,
j 1=

m

∑
i 1=

n

∑=

í Â Ó  Â Ï ‡  11. ÖÒÎË Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌËÏ‡ÍÒ-

Ì‡fl Ï‡ÚËˆ‡ ( , ) = ( ) Ó·‡ÁÓ‚‡Ì‡ ÔÂÂ-
ÒÚ‡ÌÓ‚ÍÓÈ ÒÚÓÍ Ë ÒÚÓÎ·ˆÓ‚ Ì‡ÒÎÂ‰ÒÚ‚ÂÌÌÓ ÏËÌË-
Ï‡ÍÒÌÓÈ Ï‡ÚËˆ˚ X*(A, B) = ( ), ÚÓ

(10.3)

ì˜ËÚ˚‚‡fl (7.6), (10.1), (10.2), ÙÓÏÛÎ‡ (10.3)
ÓÔÂ‰ÂÎflÂÚ Ì‡ËÏÂÌ¸¯ËÂ ÁÌ‡˜ÂÌËfl ÙÛÌÍˆËÓÌ‡ÎÓ‚
(2.8)–(2.10).
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X̃∗ Ã B̃ xij*

xij*

Φ8 X∗ A B,( )( ) 2
n m i– j–+

x̃ij*.
j 1=

m

∑
i 1=

n

∑=


